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Packing rectangles into a large square
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Abstract If ¢ > 5 and if x is sufficiently large, then any collection of rectangles of sides of
length not greater than 1 with total area smaller than x> — cx/® can be packed into a square
of side length x.
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1 Introduction

First publications related to packing of rectangles or squares appeared over fifty years ago.
In 1957 Kosiniski [6] proved, among others, that any sequence of rectangles of total area V
and with sides of length not greater than D can be packed into a rectangle of side lengths 3D
and (V 4 D?)/D. This result was improved in [4,7,8]. Other problems related to this subject
were outlined in the sixties of the last century by L. Moser [9]. He asked, for example, “Can
every set of rectangles of total area 1 and maximal side 1 be accommodated in a square of
area 27” (the answer is positive [5]) or “What is the smallest number A such that any set of
squares of total area 1 can be packed into some rectangle of area A?” (some bounds are given
in [3,10,11]). The question of packing of equal squares into a square as small as possible
was posed in [2].

Let I, be a square of side length x. We say that a collection Ry, R», ... of rectangles can
be packed into I, if it is possible to apply translations and rotations to the sets R; so that
the resulting translated and rotated rectangles are contained in 7, and have mutually disjoint
interiors. Denote by s(x) the greatest number such that any collection of rectangles of sides
of length not greater than 1 with total area smaller than s(x) can be packed into /.
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Packing rectangles into a large square 91

Groemer [4] proved that s (x) > (x—1)2 provided x > 3. By Remark 3 of [5] we know that
s(x) > x2 —2x +2 for x > 2. The aim of this note is to show that s(x) > x2 — 0(x5/6).
It is an open question whether the exponent 5/6 may be lessened in the above-presented
estimation.

If all rectangles are unit squares, then s,,;;(x) > xt—0 (x(3+‘/§)/7 log x) (see [1]). Also
in this case we do not know whether the exponent (3 + +/2)/7 may be lessened. On the
other hand, by [12] we know that s,,;; (x) is smaller than x% — 107190 /x[x — [x + 1/2]]
provided x(x — [x]) > 1/6.

2 Preliminaries

Let R be a finite collection of rectangles Rj, R, ..., R, of sides of length not greater than
1. Denote by w; the width and by #; the height of R;. Furthermore, assume that w; < h;
forany i = 1,...,z andthat hy > hy > --- > h_.

Let S be a rectangle of width @ > 1 and height d > 1. Denote by p a vertex of S.
Moreover, let Si,..., S, be a collection of rectangles S; of width v; < a and height
smaller than d such that p € §; and S; C S for i =1,...,r.Then S\ J/_, S; iscalled
ao — polygon of base a, top a —max(vy, ..., v,) and height d (see Fig. 1). The rectangle
S is also called a o-polygon.

Lemma 2.1 Let a > 1, d > 1 and assume that the total area of rectangles in R is not
smaller than (a + 1)(d + 1). There exist integers ji < --- < ji such that the following
conditions are fulfilled:

—as<bi<a+1, where by =wj_ +---+wj_1 fori=1,....k (jo=1);
—d=<h +hj;+--+hj_, <d+1;

the rectangles Ry, ..., Rj | can be packed into the union Ule L; of rectangles (with
mutually disjoint interiors) L; of sides of length b; and hj;_,;

— the area of the uncovered part of Uf:l L; is smaller than a + 1.

Proof Denote by j; the smallest integer such that wy + wy + --- 4+ w;;—| > a. Moreover,
denote by j, the smallest integer satisfying wj, +---+wj,—1 > a and so on. Let k be the
smallest integer such that 2y +hj, +---+hj_, > d.Clearly, the rectangles Ry, ..., Rj |
can be packed into the union U{‘(:l L; of rectangles (with mutually disjoint interiors) L; of
sides of length b; and & j,_, (see Fig. 2). The area of the uncovered part in each L; does not
exceed b;(hj,_, — hj,_1). Consequently, the area of the uncovered part of Ui-‘zl L; (the
waste in this packing) does not exceed

Fig.1 o-polygon oP
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Fig.2 Ly, Ly, ...
Fig.3 A; a; — \; i
Lo
d; Ls
Ly
a;
Fig.4 Ly,

wy = (hy —hj )by + (hj, —hjp_1)bo+---+ (hj_, —hj_1)by
< —hj+hjy—hp+---+hj_, —hj) max(by,...,b)
= (hy — hj,) - max(by. ... by)
< max(by, ..., by)
<a+1.

By the proof of Lemma 2.1 we deduce the following two results (see Figs. 2, 3, 4).

Lemma 2.2 Let a > 1, d > 1 and let n be a positive integer. Assume that the total area
of rectangles in R is not smaller than n(a + 1)(d + 1). There is an integer k and there are
n mutually disjoint o -polygons A; (for i = 1,...,n) of base a;, top a; — \; and height
di, wherea < a; <a+1, d <di <d+1 and Z?:l Ni < 1 such that the following
conditions are fulfilled:

— the rectangles Ry, ..., Ry can be packed into U?:l Aj;
— the area of the uncovered part of \J!_, A; is smaller than a + 1.

Lemma 2.3 Let a > 1. There is an integer m and there are m rectangles L; (with mutually
disjoint interiors) of height not greater than 1 and width b;, where a < b; < a + 1, such
that:
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Fig.5 0;
t

— the rectangles from R can be packed into \JjL, L;;

— the area of the uncovered part of \JiL, L; is smaller than 2a + 1.

In the following lemma we will describe how to efficiently pack rectangles L;.

Lemma 2.4 Let B be a o-polygon of base b, top b — )\ and height h, where h > b > 27
and 0 < )\ < 1. Furthermore, let L; (fori = 1,...,m) be a rectangle of width b; and
height t;, where

b<b <---<by<b+1
and where t; <1 for i =1,...,m. Put w =b,, —b and
v(b. hoh ) = (b7 + b+ Db [ a2 + 36714

If b is sufficiently large and if

m
Zarea(Li) <area(B) —v(b, h,\, ),

i=1

then Ly, ..., L, canbe packed into B.

Proof Assume that b > 27 and that the sum of the areas of rectangles Ly, ..., L, isnot
greater than area(B) — v(b, h, \, ).
Put

t b
1¥; = arctan b + arccos ——
i /1.2 2
! bi +1

(see Fig. 5). Without loss of generality we can assume that 9 < --- < ,.

We pack the rectangles Li, Lo, ... into B as in Fig. 6. Contrary to the statement suppose
that the rectangles cannot be packed. We show that this leads to a contradiction. Let L, be
the first rectangle which cannot be packed into B.

By by <b+pu<b+1 and u >b—xn—1>b—2 inFig. 6 we have

\/b,%—u2<\/(b+l)2—(b—2)2 V6b 7

0 <tanf = 7
= tan " b—2 “bp—2"Vp
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Fig.6 L; C B

We need a more precise estimation. Since #, < 1 and sinf < 6 < /7/b, it follows that
u=>b—\N—tsinf >b—n—+7/b.By b, < b+ p we obtain

2 _ 2
anp = Y0e ~ 1
u
_ VbW — (-2 —JT/D)
b——T/b

~ \/2b(x )+ i =22 —T/b+ 2(b — WTTb
- b2 —20b+ 22 +7/b —2(b — Wb

\/2b(x+u)+1+6\/15
< .
b2 —22b—6b

It is easy to check that
2b(h+u) + 1 +6b
b2 —22b—6+/b

for sufficiently large b.
Since /a1 + a2 < Jar + Ja for non-negative values oy and o, it follows that

6 <tanh < f(b,\, 1),

<200 4+m)b~t +7p732,

where
f(b,ny ) = @n+2m) 2= V2 4 7127374,

The uncovered dark shaded part on the left side of B in Fig. 7 consists of a number
of triangles. The total length of the left sides of the triangles is smaller than 4 + 1. The
height of each such triangle (the height parallel to the bottom of B) is not greater than sin 6.
Consequently, the uncovered dark shaded part on the left side of B in Fig. 7 is of the area

1 1 1
w < §(h+ 1)sinf < §(h+ 16 < §(h+ Dfb,n ).

Similarly we estimate the area w, of the uncovered dark shaded part on the right side of B:

1
o S < E(h + D f(b,n, ).
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Fig. 7 Wasted area

Since the distance between p and ¢ is equal to ) and the height of each L; is not greater than
1, it follows that the non-shaded uncovered part on the right side of B in Fig. 7 is of the area

wy, <\ <1

Denote by w; the area of a right triangle of legs of length b and b tan 0. Moreover, denote
by wj the area of the light shaded uncovered part of BinFig. 7. By ni +m+---+n =6
(see Fig. 6) we deduce that

1 1
wy < a):— = §b2 tanf < zbzf(lL s M)

The uncovered non-shaded part on the top of B in Fig. 7 is of the area

1 1
wr < Ebz tan® + area(L,) < Ebzf(b, )+ b+ 1
Consequently, the area of the uncovered part of B does not exceed

w=w + w+ o0, +w; + w;
<B*+h+Dfb, ) +b+2
= B> +h+D[C@r+20 2oV 4 7 2p 3 b 42
< (O +h+D[@r+2w o712 435734,
for sufficiently large b. This implies that

Kk—1
Zarea(L,-) > area(B) — w > area(B) — v(b, h, \, 1),
i=1

which is a contradiction. m]

3 Packing into a large square

In the main packing method I, will be partitioned into a number of o-polygons. Next,
rectangles from R will be packed into adequate o -polygons.
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Theorem 3.1 Let € > 0. Any collection of rectangles of sides of length not greater than 1
with total area smaller than x* — (5 + €)x°/% can be packed into I, for sufficiently large x.

Proof Assume that € > 0 and that x > (5+ 6)6/ 7. Consider a collection C of rectangles P;
of sides of length not greater than 1 with total area smaller than x> — (54 ¢)x>/%. If C is finite,
then put R = C and denote by z the number of rectangles in R. Otherwise, we can assume
that area(P1) > area(P;) > .... There is an integer z such that Zloiz area(P;) < % By
[5] we know that rectangles R;, R;41, ... can be packed into /1. Let R be a collection of
rectangles R;, where Ry =1; and R, = P;_y for i =2,...,z.

We show that rectangles from R can be packed into 7, provided x is sufficiently large.
Clearly,

Zarea(R[) <x?- o+ e)xs/6 + 1.

i=1

We can assume that the width w; of R; is not greater than its height #; for i =1,...,z
and that hy > --- > h,. Put

n=[x"°],

a=x/n —x!/?

and
d=x—x'2

Itis easy to verify that n(a+ 1)(d+1) < (x — D2.If p < n(a+1)(d+1), then, by [4],
all rectangles from R can be packed into /.. Otherwise, by Lemma 2.2 we deduce that there
is an integer k| and there are n mutually disjoint o -polygons A; of base a;, top a; — \; and
height d;, where

a<ai<a+1, d<di<d+1

(for i = 1,...,n) and where " i < 1 suchthat Rj,..., Ry, can be packed into
i=1 1 p

(U, A; and that the waste in this packing (i.e., the area of the uncovered part of |JI_, A;)

is at most

w1=a+1=x/n—x1/2+1.

Clearly,

ky n
Zarea(Ri) > Zarea(A,-) —w].

i=1 i=1

We lose no generality in assuming that d; > dy > --- > d,.

I, will be divided into: n polygons A; and n + 1 other o-polygons. Then Ry, ..., Ry,
will be packed into [J7_; A;. The remaining rectangles from R will be first packed into
larger rectangles L; or L. Next, L; and L} will be packed into I, \ ;_, A;.

We apply Lemma 2.3 for packing Ry, +1, ..., R;. There is an integer m and there are
rectangles L; (for i = 1,..., m ) of width b;, where

x1/2 <b; < xV2
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Fig. 8 Partition of I
Bni1
d1 Dy Do Dy,
el €n
Fig. 9 Partition of D; a; — \1 an — An
]
l by Bnt1
B Bs B!
di
Aq Ao An
ay
and height not greater than 1 such that Ry, 41, ..., R; canbe packedinto |J/L, L; and that
the waste in this packing is no more than
w) = 2x12 4 1.
There is no loss of generality in assuming that by < by < --- < by,.
We divide I, into: n rectangles D; (for i = 1, ..., n) of width ¢; and height d; and one
o-polygon B,1 of base x — d, and height x (as in Fig. 8). Now we will describe how to
choose proper values ey, ..., e,. This action depends on the width of some rectangles L;.

Put e; = a; —\1 +b;. Clearly, D can be divided into the o-polygon A and a o-polygon
B of base by, top by — 1 and height d; (see Fig. 9). Denote by m the greatest integer
such that

mi
> area(L) < area(Bi) — v(bi, d, ki, by, — b1).

i=1

By Lemma 2.4 we know that L1, ..., L,, can be packed into By, for sufficiently large x.
Obviously,

mi+1
Z area(L;) > area(B1) — v(b1,d1, Ni, buy+1 — b1).

i=1
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Consequently,

m
> area(L;) > area(By) — (x'* + 1) = v(by. d1. his by 11 — b1).

i=1
We proceed in a similar way for i =2,...,n — 1. Put
e =a; — \i +bpy;_+1
for i =2,...,n— 1. Each D; is divided into the o-polygon A; and a o-polygon B; of base
bm;_y4+1,t0p by, ,+1 — X; and height d;. Denote by m; the greatest integer such that

mi
> area(Ly) < area(B;) — v(bm,_ 1. di. his by, — bm,_y 1),
i=mj_1+1

By Lemma 2.4 we know that Ly, 41,..., Ly
sufficiently large. Moreover,

can be packed into B; provided x is

i

mi
Z area(L;) > area(B;) — (x'? + 1) — V(D415 dis Nis b1 — by +1)-
i=mj_1+1

Clearly, if m; = m for some integer i, then all rectangles from R were packed into .
Denote by m,, the greatest integer such that

my
Z area(L;) < area(By+1) —v(x —d,, x, 1, 1).
i=m,_1+1
By Lemma 2.4 we know that L, ,+1,...,L,, canbe packed into B,1. Moreover,
my
Z area(L;) > area(Bp+1) — ()cl/2 +1)—vx —dy, x,1,1).
i=mpy_1+1

Finally, put

n—1
e, =X — E e.
i=1

The rectangle D, is divided into the o-polygon A, and a o-polygon B}, of height d,, and
base

n

n n—1
b=y —an+hn=x— D an+ D hi— D bu_ i1
i=1 i=1

i=1

(mo = 0). Since

n
Z)‘i <1,
i=1

n
x—nx1/2:na52a,~ <n(a+1):x—nxl/2+n
i=1
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and
n—1
(= Dx"2 <> by, 1 < (= D@4,
i=1
it follows that

2o+ 1<b <x1? 41,

Denote by Ry, the lastrectangle packed in L,,,. The rectangles Ry, ..., Ry, were packed into
AU-.-UA,. Therectangles Ry, +1, ..., Rk, werepackedinto ByU---UB,_1UB,.The
remaining rectangles Ry,1, ..., R, will be packed into B;. Unfortunately, it is possible
that Ly, +1,..., L, are too large to apply Lemma 2.4 and therefore we need to repack
Riy41, ..., Ry into other larger rectangles. We apply Lemma 2.3. There is an integer / and
there are rectangles L} (for i =1,...,1) of width b}, where

b <bj<b +1

and height not greater than 1 such that Ry,1, ..., R; canbe packed into Ule L’ and that
the waste in this packing is no more than

w3 =20 +1 <2x!/2 4+ 3.

It remains to check that

1

D area(L)) < area(B)) = v(b' dy. b, 1), *)
i=1
for sufficiently large x (then, by Lemma 2.4, L}, ..., L] and, consequently, the rectangles
Riy41, - .., R, can be packed into B;).

Put w1 = by 41 — b1 and u; = by;41 — bm;_y41 for i =2,...,n — 1. Obviously,
> wi < 1By
ki n
Zarea(Ri) > Zarea(Ai) — wi,
i=1 i=1
ko my
Z area(R;) > Zarea(L,-) —wy
i=k+1 i=1
and
z 1
z area(R;) > Zarea(L;) — w3,
i=ky+1 i=l
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100 J. Januszewski

we have

z n n—1
Zarea(Ri) > Zarea(A,-) —w1 + Zarea(Bi)
i=1

i=1 i=1

n—1

—(n = D21 =D vyt di his )

i=1
+area(Byy1) — (X + 1) —v(x —dp,x, 1, 1) — w2
1
+Zarea(L;) — w3.
i=1
Consequently,
%2 - 6+ e)xs/6 +1>x*— area(B,’l) —w] — Wy — w3 — n(xl/2 +1)

n—1

= D 0By 15 dis his i) = V(8 =y, x, 1, 1)

i=1
l
+ Z area(L}).
i=1
To prove the inequality (x) we show that

¢ =w +a)2—|—w3+l+n(xl/2+ 1)
+U(-x _dnv)C, 17 1) + U(b/;dna N> 1)

n—1

+ Z Vb 41, dis hir i) < (54 €)x™/.
i=1

It is easy to check that

o+ to3+1+n@x?+1) <x/n+3x"2+6+nx"?+1) < (1 +¢/4)x°,
v(x —dy, x, 1, 1) <v(x? x,1,1) = @ + D@x V4 4 3x738) < ex/0/4

and
V(B dy, s 1) < ex¥/6/4,

for sufficiently large x. This implies that

e +x+1
i—1+1 —1/4
¢ < (L+3e/4/0 4 7 o ——— [+ 2u) ' + 36,1
i=1 mi_1+1
n—1

2+ 1) +x+1
(x1/2)1/2

< (143e/4)x/° 4+ > [@n +2u) '+ 357 1B.
i=1

The arithmetic mean of a list of non-negative real numbers is smaller than or equal to the
quadratic mean of the same list. Therefore

12 1/2 e
o+t <[ - D+ o]
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for non-negative numbers o1, ..., a,_i. Since Z?;ll (N + i) < 2, it follows that

n—1

> @ni+2u)'? <2 — D'
i=1
Hence

2x +2x12 42

¢ < (1+43¢/4x°° + .
X

200 = D2 430 — DB
< (14 3e/4)x%0 4 3 4 2x 14 4 2x7 W4y [2(xV/0)1/2 4 351657 1/8]

= (54 3¢/M)x30 4 6x19/2 4 4513 4 657/ 4 ax—1/6 4 x5/

Consequently,

<6+ e)x5/6,

for sufficiently large x. O

Open Access This article is distributed under the terms of the Creative Commons Attribution License which
permits any use, distribution, and reproduction in any medium, provided the original author(s) and the source
are credited.
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