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Abstract

We develop a probabilistic information framework via what we call irrevocably mod-
ulated filtrations produced by non-invertible matrix-valued jump processes acting on
multivariate observation processes carrying noisy signals. Under certain conditions, we
provide dynamical representations of conditional expectation martingales in systems
where signals from randomly changing information networks may get irreversibly
amalgamated or switched-off over random time horizons. We apply the framework
to scenarios where the flow of information goes through multiple modulations before
reaching observing agents. This leads us to introduce a Lie-type operator as a mor-
phism between spaces of sigma-algebras, which quantifies information discrepancy
caused by different modulation sequences. As another example, we show how ran-
dom graphs can be used to generate irrevocably modulated filtrations that lead to pure
noise scenarios. Finally, we construct systems that exhibit gradual decay of additional
sources of information through the choice of spectral radii of the modulators.

Keywords Stochastic information networks - Modulated sigma-algebras - Random
bridge processes

Mathematics Subject Classification 60G - 60H

1 Introduction

It is common to observe random systems in physics, engineering, neuroscience, biol-
ogy and economics, where agents in the environment, in whichever form they can be
represented by, are governed by the processing of complex information on a dynamic
basis. This is perhaps one of the reasons why we see a significant collection of scien-
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tific literature devoted to some form of stochastic filtering; e.g., see [8] for an account
of Kalman filter alone.

Numerous theoretical and practical questions can be studied as part of information
processing, e.g., properties of the observation process (what is the process), the nature
of information dissemination (how it diffuses), characteristics and objectives of the
agents (who processes the information) and so forth. For example, a vector-valued
observation process, say {§,},>0 commonly takes a linear form §, = Z + 7, where Z
is some random vector representing the signal (e.g., message, image, payoff etc.) and
{n,}:>0 is some independent stochastic process representing noise (see [1, 2, 7, 9, 22]
and references therein)—it is also possible to systematically go beyond an additive
form for observation processes and study their mathematical properties (see [23, 25,
36]). For the aforementioned who aspect, a natural habitat for information processing
arises in control problems, where agents aim to maximize an objective (e.g., a utility
function) and make decisions accordingly (see [3, 4, 6, 14, 33] and references therein).
This paper is concerned with the how aspect; given an observation process in some
form, how does information spread out from where it originates to where it reaches.
We focus on finite-time systems due their practical relevance in inference problems,
where signals are revealed without noise only at some future point in time—models
over infinite-time horizons can be embedded into our framework just as well.

In [34], a relevant setup has been constructed by allowing information to dynam-
ically switch on and off, where a stochastic differential equation (SDE) was derived
for a class of conditional expectation martingales (i.e., the filter) governed by
this mechanism—Iet us recall the SDE of [34][Proposition 1.1]: Let Z be some
square-integrable random variable (i.e., the signal), {P;},cj0.,77 € {0, 1}" be a
mutually independent vector-valued cadlag stochastic jump process with 7 < oo,
and {&,};cj0,77 € R" be a noisy observation process such that each coordinate
(6" c0.r) € R takes the anticipative form & = Z(t/T) + 0@, where
{ ,BIOT) }tefo.77 1s an independent Brownian bridge noise and o® € (0, 00) is the signal-
to-noise ratio for i = 1, ..., n. For the rest of the paper, we use ® to denote the
Hadamard product of R"-valued vectors—i.e., the Hadamard product of two R”"-
valued vectors is an R”-valued vector produced by element-wise multiplications.

Proposition 1.1 Let the filtration {f,P’E},e[o,T] be given by

FPE =0 (1Py ® Eudo<u<t, (Pudo<u<t)

and define J; = {i : P =1}, C, = ¥, 1{Py # P,_}and Ay = inf{r : C, = k}

with Ao = 0. Then, the {F;**}-martingale {ZF},cj0.7) where ZF = E[Z | F 5] —
E[Z] admits the representation

G Ae—
zP = WIn, #9) (/A 6%=b qu(k_l))

k=1 k=1

t
+ W{Tac, # 9} (/ e dWLSCt)) +Y Aazf
Acy

u<t
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fort < T, where {W,(kfl)} is an {]:,P’E}-Brownian motion between jump times,
{C:)t(k_l)} is an {ftP’E}-adapted process for k = 1,...,C; + 1, and AZ,P # 0 if
and only if J\Ji— # 0.

Each process {Et(l)},e[oj] above is called a Brownian information process (BRB) of
the Brody—Hughston information-based framework, which forms the basis of a fruitful
research stream that found numerous applications and developments in quantum mea-
surement theory and stochastic reduction dynamics in [10, 11, 13, 29], mathematical
finance and price dynamics in [18, 19, 21], theory of stochastic processes in [23, 24,
30, 35] and Markovian optimal election problems of [31].

In Proposition 1.1, the flow of information is dynamically modulated by being
switched on and off randomly before reaching observing agents, who make their infer-

ence on Z based on the filtration {.7-',P’§ }te[o,77 on an L£2-best-estimate basis. Note that

&, can be recovered from ]—'tP’E if and only if P; =1 for any ¢ € [0, T']. In this paper,
we shall extend this behavior significantly i) by augmenting {£;};c[0,7] from BRBs to
Gaussian random bridges (GRBs) of [30] that generalize Gaussian processes includ-
ing Gaussian bridges of [17, 28] and ii) through what we call irrevocably modulated
filtrations by using degenerate matrix-valued stochastic processes {ﬁ t}rero,r] € R™"
(matrices will be denoted with the ~ hat) acting on {&,},¢[0,7], where filtrations in a
system are more broadly given by the following:

s

o =o({Py Eu}Ofufts {Pu}Ofufl)s (D
that can lead to dynamic affine mixing of information. This leads to randomly formed
dynamic information networks that bring forth numerous non-trivial complexities,
where closed-form solutions for the conditional expectations are no longer available
in general, even in the pure Markovian case. We shall provide key conditions for the
setup to remain analytical for explicit computations, without necessarily having to
resort to numerical methods. It turns out that one such condition is for the rows of
the singular matrix {P,};¢[0,7] to be mutually orthogonal—which the system in [34]
happens to satisfy. In fact, for GRBs with continuous paths, this will show that the
SDE in Proposition 1.1 is of a fundamental structure, where {P,};cj0,7] € R" takes
the more general form

. T
1
Po=[I1POl s PPl PP @)

given that P;') € R" is the vector constructed from the ith row of the matrix P,.
Thus, we can reach a family of SDEs that generalize the functional form as given in
Proposition 1.1 by introducing a modulated GRB {&,},<(0.7] (as will be detailed), and
a mapping between two modulated sigma-algebras as follows:

G({ﬁu Eu}Ofufta {ﬁu}ofuff) =0 ({Pu ® gu}()fuftv {ﬁu}0§u§t> . 3)
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We shall highlight a related stream of research called compressed sensing (see [12,
15, 16, 26, 27]) providing important results on signal recovery in undetermined linear
systems, where we encounter noisy observations § = AZ+ n, with A anm x n matrix
for m < n. This stream studies regularization problems of the form min||Z|| ;1 such
that ||A\Z — &|l .2 < € € R, and hence, differs from ours in their focus and direction,
but the mathematical setups have overlaps, where compressed sensing can be studied
as a specific scenario in our dynamic modulation framework.

2 Stochastic Setup

We adopt the convention sup¥ = —oo and work on a probability space (2, F, P)
equipped with a filtration {F;};<c0, Where Foo = F. We work with right-continuous
complete filtrations and stay over a finite-time interval T = [0, T'] for some 7" < oo;
we also denote T_ = [0, T"). We choose w € 2 outside P-null sets and drop it from
relevant expressions.

For modeling signals, we employ some random vector Z € £>(2, F, P) with law
v < P and a state-space (R”, B(R")), where B(R") is the Borel o-field. We denote
the marginals of Z as ZO fori =1,...,n. Every stochastic process we consider
has cadlag paths; that is, if {X;};eT is a stochastic process, then for any w €
we have X (w) € D(T, R"), where D(T, R") is the Skorokhod space of R"-valued
cadlag paths for n € N,. We note that the law of cadlag processes can be fully
characterized by their finite-dimensional distributions using Kolmogorov extension
theorem, which is highly useful for our framework since, for example, the definition
of {&,};cT (Definition 2.1 below) relies on finite-dimensional distributions. In addition,
since every cadlag process that is adapted is also progressively measurable, stochastic
integrals (e.g., integrals involving modulated information processes) that will appear
in this paper are adapted, a property we need for dynamical representations of £2-
best-estimates. We shall write ]-"tX = o({X;} : 0 < s < t) for the natural filtration,
where ]-"tx C Fi. We let {X;};eT be a multivariate Gaussian process with a positive-
definite covariance kernel IA(SJ for all {s,t} € T, where E[X;] = 0 foranyr € T
without loss of generality. The coordinates of {X;};ct are denoted as {X ,(l)},eqr for
i =1, ..., n. Finally, we shall use C*(T, R") C D(T, R") for R"-valued continuous
functions with continuous derivatives up to kth order. To model noisy observations on
Z, we call GRBs from [30] due to their canonical anticipative form that is natural for
signal processing (see Proposition 2.2).

Definition 2.1 Let {&,};cT be an R"-valued {F;}-adapted stochastic process such that:
i) &7 = Z, and ii) For all m € N4, every 0 < t(l) < ... < t,(,f) < T and

o)) eR fori=1...,n
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n
(i) (i) (i)
P<ﬂ§<lt) =x" ... <':> <x |ET:Z>

iz 1

=P (ﬂ xﬂw <x . X(f,’ <x\ | Xr = z)
i=1

v-a.e. z. Then, {§,};eT is an R"-valued GRB, with f-f =o({&,}: 0 <s <1) for any
teT.

When {§, };cT is viewed as a noisy observation process, each coordinate can be viewed

as an information source. We assume that each {X (i)}teT is mutually independent of
Z® fori =1, n—as such, we refer to {X;},ct as the driving noise of {&,};cT.

- 5k s sl A1 . .
Proposition2.2 Let K, 1 = K; 7Ky r, where K 1 is the inverse. Then, {§,};cT
admits the anticipative representation

law

A *
Et = KtTZ+(Xl Kt,TXT)' 4)

Proof The result follows from Definition 2.1 and the orthogonal decomposition of
Gaussian processes that applies since {&,};cT given Z = z is Gaussian with K7 7
being non-singular. O

Remark 2.3 Neither X, nor X are ff -measurable for ¢+ € T. The process {X; —
K :F’TX T }reT 1S a Gaussian bridge (see [17]), which can also be interpreted as noise.

The signal Z is not ]:f -measurable for r € T_ and is revealed without noise att = T
due to the representation in (4).

Note that GRBs are not necessarily Gaussian, but they generalize their corresponding
drivers over finite-time horizons; e.g., GRBs are Gaussian when Z is (jointly) Gaussian.

Remark 2.4 1If {X, @ }teT are mutually independent, K ;k,T is a diagonal matrix. Hence,

having K*(’ D — K(’ ’)/K;' ;), each coordinate {Ez(i)}te’ll‘ fori = 1,...,nis an R-
valued GRB satlsfylng the anticipative representation

(i) 1w 2 5(i.0) (i @) *(i,0) v (i)
DR ZO 4 (x - KXY )

Clearly, any given {&,};cT is not necessarily Markov with respect to {5’-',E }, and to work

with Markov GRBs, the following result is what we need.

Lemma 2.5 Any {&,};cT is Markov with respect to {ff} if and only if its driving noise
{Xt}ieT is Markov with respect to {.7-',X }

Proof See Appendix. O
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As a highly relevant result for the next section, we will need the following special
Markovian property for {&,};cT, where each coordinate may have its own time-change.
For this, we ask the following condition from {X;};cT.

Definition 2.6 We say {X,},cT satisfies the time-changed Markov property at t € T,

if
P (Xt € dz

for any 0 < tl(i) <

ﬂﬂX()_x(’))—P(X,edz

i=1j=1 7

ﬂ X(lix) = x;gl) ) ) (6)

-<t,g)<t§T,f0ri=1,...,n.

Lemma 2.7 Let {X,}cT satisfy the time-changed Markov property in (6) at t = T.
Then, for any B € B(R") and t/) € T_,

n .
P(ZeB \/fiff):l@(lel;

i=1
Proof See Appendix. O

M ) : (7)

i=1

Corollary 2.8 If {X,([)},eqr are mutually independent and Markov with respect to
(FXYfori =1,....n, then (7) holds for any B € B(R") and t©) e T_.

Proof If {X ,(i)}teqr are mutually independent fori =1, ..., n,

P| X7 € dz m ﬂ X((,) = (’) l—[P X(l) dz® ﬂ X((z) _x(t) ’

i=1j=1
®)

and hence, if also {X ,(i) }teT 1s Markov with respect to {]—",X © }, then the time-changed
Markov property in Definition 2.6 holds. O

Definition 2.9 Let ¢ : R” — R” be an affine map and { X, };cT satisfy property (6) at
t € T. If the transformed process {¥} (X;)}:eT also satisfies the time-changed Markov

property att € T, we say {X;};eT 1S time-changed-Markov-invariant under 9.

Example 2.10 Markov subclasses of Volterra processes preserve Markov property
under affine transformations. That is, if we have the kernel decomposition

. . 4 . ; [ ! i 1
X0 x :/O KD, u) aw® :kf)(;)/o K ) dw D, )
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fori =1, ..., n, where each {W,(') }eT 18 a Brownian motion, then the linear combi-
nation

n . n ) . n ) . t . )
> P Ox =3 p X+ p K0 f Ky () W)
. . . 0
i=1 i=1 i=1

law

t
= Xo+1€1(t)/ k2 (u) AW, (10)
0

is itself a Markov process, where { W;};cT is a Brownian motion.

Next, we introduce the (]:f , P)-martingale {Z, },eT by Z; = E[g(Z) |]:;E] for a mea-

surable map g : R" — R, which is the £?-best-estimate of the signal Z, given ]-"f.
Only when g = 1, which is the indicator function, we shall denote this martingale

by m:(dz) = E[1(zedy) | ]:f] =P[Z e dz| .7-'}5] to distinguish it as a measure. We are
interested in dynamical SDE representations of filters such as {Z;};cT in this paper,

; o)
and we will need {S,(')} teT to be an (Ff , P)-semimartingale to apply Itd calculus —

i o)
but {Et(l)}teqr in general is not an (.7-",5 , P)-semimartingale.

Example 2.11 If {X t(i)},eqr is a mutually independent (.7-'lX (i), P) fractional Brownian

motion with Hurst exponent H € (0, 1), then {g}“ }teT admits the following represen-
tation:

(i) law

r= Xt(l)+

2H 2H 2H
t +T — |t —T| (Z(l) B X;)) '

Vo] an

Unless H = 1/2, {ft(l)}teT is not an (]-'f , P)-semimartingale. Since {Xt(l)}teqr is an
H -self-similar process, we have

Law((X"}ier; P) = Law((T7 X}, ci0.17: P) (12)

given that z, = /T — see [17]. Hence, {Et(i)},eqr satisfies a scaling property such that
we have

. . t2H 1—1t. —1 2H . .
g0 ' pH (X,E?+ S 2' =1l (11120 —XY))). (13)

The following result as a corollary to [36][Proposition 2.14] is very useful for our
purposes.

Proposition 2.12 If {X;};eT is an (}"tX, P)-semimartingale, {€,};cT is an (.7:,5, P)-
semimartingale.

For the statement below, we fix n = 1 and drop the (i) superscript for notational
convenience—multivariate expressions will naturally appear in the next section. Also,
we work with {X;};eT with continuous paths, but the statement can be extended for
{X:}teT with jumps, as long as {X;};eT 1S an (.7-",X, P)-semimartingale.
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Lemma 2.13 If{X;};eT is a Markov (.7-',X , P)-semimartingale with quadratic variation

{O:YieT and K € CY(T), there exists an (.7-';, P)-semimartingale {S;(z)}ieT_ With
quadratic variation { Q¢ }ieT_ for any z € R, such that

t t
7,(d2) = 70(dz) exp ( / ou@,z)dsl,(z)—% / au(s,z>2dQu>, (14)
0 0

fort € T_, where 01(§,2) = K} (z — E[Z|&]) with K = K, 7(K,Kr.T —
KirKi 7)™l

Proof See Appendix. O

Proposition 2.14 Let {X,};cT be a Markovian (FX, P)-martingale, where Q € C'(T).
Then, {Z;};cT_ satisfies the non-anticipative representation

t
Zi = Zo+ / OulEn, Z)AW,, (15)
0

fort € T_, where ©,(&., Z) = (Q)"*(Qr — Q)7'0,(&. Z), with ©,(5, Z) =
Covlg(Z2), Z | &], and {W;}ieT_ isa (}'f, P)-Brownian motion. In addition, the pro-
cess {O(&, Z)}ieT_ is an (ff, P)-supermartingale.

Proof We have {X,};cT a (FX, P)-martingale and a Markov process. If Q € C!(T),
using Lemma 2.13, we have the following:

t t
7,(d2) = mo(dz) exp ( / @,(s,z)dm—% / 6u<s,z)2du), (16)
0 0

where K27 = (07 — 007\ 616.2) = (0Q)"?0y(£.2). Q; = dQ,/dr and
{WilieT_ isa (ff , P)-Brownian motion—which follows from Lévy characterization,
Dambis—Dubins—Schwarz theorem and [36], given that Gaussian martingales satisfy
Ks: = Qs forany s, ¢t € T. The SDE in (15) is from Lebesgue integration on (16).

The (}'f , P)-supermartingale property of {®,(&;, Z)};eT_ follows from Doob—Meyer
decomposition theorem. O

Remark 2.15 1If {X,};cT is an (]—',X , P)-Brownian motion, we are at the intersection of
GRBs and Lévy random bridges of [23]. In this case, Q; = ¢ and Q; = 1forallr € T,
and we get expressions as provided in the Brody—Hughston information framework
[11,18].

3 Irrevocably Modulated Information

Let {ﬁ t}eT € R be a mutually independent matrix-valued stochastic process with
finite activity where ]—"tP = o({ﬁ s} 10 <s <t),thatis singular for all t € T, except
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when it is the identity matrix—i.e., when I;, = i ; for the identity matrix i . When
we say that the matrix-valued random variable P is mutually independent, we do not
mean that the elements of P; are mutually independent with respect to each other (i.e.,
entries of the matrix can be dependent on one another), but rather that these elements
are mutually independent with respect to Z and &, for every ¢t € T.

We denote the space of all possible P’s as P(n), write P;l) € R*asthen x 1
vector formed from the ith row of ﬁt, and denote its (i, j)th element as P,(l’] ) eR
fori, j =1,...,n, We can implicitly consider R"*" matrices for m < n by fixing
(m — n) rows of {P;},cT to the zero vector 0" —i.e., we can represent scenarios we
see in compressed sensing (see [15]) while remaining in P(n). We now introduce the
following main object.

Definition 3.1 Let 775 = o ({Py &, Jo<u=r. {Pulo<u<:). We call {F4};cr an irre-

vocably modulated filtration with respect to {F* },er, if P(P, = I,) = 0 for any
teT.

Whenever ﬁ, #* I the pair (ﬁ,& ‘s ﬁ,) does not provide full knowledge on the original
vector &, for any ¢ € T. Therefore, the action of P, in general shrinks the information

content of &, irreversibly at that ¢ € T, especially since P, is mutually independent
of Z and &, for every ¢ € T. For the remaining, to keep the special case of full access

to the original §,, we shall not necessarily impose ]P’(ﬁ, =1 +) = 0, but always keep
P(P; #1;) > 0foranyr € T.

Remark 3.2 1f {ﬁl}lET is diagonal, then .FIP’E = O'({Pu ® ELI}OSMSI’ {PM}OSMSZ)7
where { P, };cT € R" is a vector-valued process having the same law of {diag(P;)};cT;

where diag(ﬁ,) is the R"-valued diagonal of ﬁ, for any ¢ € T. Therefore, .7-',P’E is a
generalization of the o -algebra given in Proposition 1.1.

Since {ﬁ t}reT is mutually independent of Z, its standalone appearance in {.7-',P’E }rel0,71
does not help with inference. Thus, even if agents in the system are aware of the
modulation itself, they still cannot resolve the irrevocably modified information that
is either switched-off or mixed via a linear combination. This simplifies calculations
without losing the crux of our objectAive, and in fact, in certain cases, it does not even
matter whether we separately add { P;};cT or not, as stated below.

Remark 3.3 Let {P,},cr be diagonal such that P\ € {0, 1} forall 1 € T fori =
1,...,n. Then, {Pt}zeT is {o({Py &, }o<u<t)}reT-adapted if and only if {&,};cT is
continuous and IP’[&I(Z) =0]=0forallt € (0,T]andi =1, ..., n.

We can now define {Z,ﬁ }teT asthe (}}P’E, P)-martingale given by Zlﬁ =E[g(Z) | ]—',P’g],
for some measurable g : R” — R. Accordingly, we define the (]—",P‘E, P)-martingale

{ﬂ,ﬁ}te’ﬂ‘ by nlﬁ(dz) =P(Z e dz| ]—‘IP’E), when g(.) is the indicator function.
Proposition 3.4 Z,’; = E(z,| 7).
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Proof Let {H;}ier be Hy = o ({€,)o<u=r, {Pulo<u=i). Since (P&}t projects
{€ hrer to an information subspace, {7, }ier C {M,}rer is an enlargement. Thus,
z{’ = B[z} | FI¥], where ZF = E[g(Z) | H,1. We further have Z* = Z, since
{P;};eT 1s mutually independent. O

Remark 3.5 TEP(P, = I,) = 1 forallt € T, {ZP},cr = {Z:}rer P-as.

In full generality, the filter {Ztﬁ }reT does not admit closed-form solutions, and one
would need numerical methods to estimate it. Nonetheless, we can still navigate toward
an analytical setup where explicit computations can be hoped for. As a start, we choose
{X¢}teT to be Markov with respect to {.7-"tX }, where { X ,(i) }teT are mutually independent
across i = 1, ..., n. In addition, we ask that P(P;i) =0,§, =0)=0forallt €T

andi = 1,...,n. We shall also work with {X,(i)},eqr such that Ks(ft’i) = K for all
s,t € Tandi =1, ..., n for parsimony, which can be relaxed.

Lemma3.6 Let 1.”) = 0 v sup{u : [|P||;2 # O,u € [0,1]) fort € Tandi =
L....n. If P e {p©, 0} for some p© # 0 € R" forall u < t, and if {X,}seT

satisfies time-changed Markov invariance under the action of each p®, then

zF = /”g(z)IP [z € dz ‘é,[, ff’], (17)

where {éu}ugt given {I;u}uft is a GRB with .ET, = [ér((ll)), ...,é(?n))]—r and T, =
t Tt

[r,(l), . rt(")]T, such that
2 lav {f(ff’ + K37 (20 =%7) if1IP 11 0. "
u - X .
0 if 1P 2 =0,
with X, satisfying P, ® X, = ﬁuXu foru <t, where {P;};eT € R" is
. T
1
P,:[||P§)||£2,,..,||P§’)||£2,...,||P§”)||£z] : (19)
and ZO = || p®D|| 2 (p)T Z when || P{|| g2 # 0 and Z© = 0 otherwise.
Proof See Appendix. O
Remark 3.7 If Z = Z1, and each element of p(i) is positive, then
_ . @
70 _ Z||P ||L' (20)

POl

so that signal modulation acts as the ratio of the £! and £> norms of p) for any
i=1...,n.
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As of this point, without loss of generality, p*”) is normalized such that (p) p®) = 1

foralli = 1...,n, unless stated otherwise. Thus, ||P(l)|| r=1= ‘L’t() =t and

POl = 0= ¥ <

Remark 3.8 One can model {P,(j)},,ft e {p¥,0} fori = 1,...,n by introducing a
mutually independent stochastic process {Y, },<; € R" such that

PO =1{(r" e YO p?, @1
for some Y € B(R). We call {Y . }u<: an exogenous signal corrupter process.

Although Lemma 3.6 provides a significantly simplified expression, it still does not
necessarily offer a closed-form solution. The reason is as follows: Note that (17) and
A A AT
(79) give rise to a time-changed kernel-valued process {P, ¥, P, },<;, given that

_wtf”,t,("’ cey0,...,0,7

v, = 0’""wr,("),r}")""’o’ ; (22)

0,....0,..., I//T,("),r,(")’ ]

where each time-changed coordinate in (22) is as follows:

o = KoL S _ . .
Voo 0 =K p (Ko oKrr — Ko Ko (23)

Although the kernel P, W, 13; is well defined, it is singular since det(P, W, ﬁ,T) =
0 (unless P, =1 1), which blocks us from reaching explicit expressions involving
conditional density functions and may give rise to redundancy issues (i.e., superfluous
information). In order to drive around this block, we need the conditional measure in
(79) to accept the following factorization:

[, P (X(f,)) € dx(l)
k[

xP =z0, m’;;l ﬁ,J.) v(dz)

’

Jan T2 P <X(§3) € dx” ’ X =20,k ﬁ,_/.) v(dz)

which removes any redundancy and singularity issues, and brings us to the result
below.
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Proposition 3.9 If{X,};cT is Markov under affine transformations and (p® p) = 0
foralli # j, then the following holds:

e g @Il (z“% £ rf”) v(dz2)
t

zP = , (24)
Jen Tlizi (z(t) g(m, r,(l)) v(dz)

where the map h : R x R x T — R above is
hiz® () )y _ K =) g @) 1 7(0)2 g+ 25
(z %‘ UL T,) = exp .7 z Sfr(i) - E(Z ) (7 ) (25)

; B
given that Kr,(i).T (l) Tl/f (l) yor ,fort e T_.

Proof Having p) mutually orthogonal fori = 1,...,n and P, ® X, = P, X, for
all u < t, by using Corollary 2.8, it follows that {X: uu<: satisfies the aforementioned
factorization. Thus, the corresponding conditional density functions exist and the result
follows from Lemma 3.6. O

Definition 3.10 Let {7;};eT and {J,C},Eqr be set-valued processes given by J; = {i :
PPl 2 =1}, and J€ = {i : [|P”]| 2 = 0}, respectively.

Since J; U ._7ZC = 7 for all r € T, using Proposition 3.9 and Definition 3.10, we can
further decompose (24) into J;-driven orthogonal components as follows:

s Jws@e (K Ticg (FVE) - 1EK)) 6 Gvida)

Z T - .26
Janexp (K2 p Tieg, (208 - 3E02K; ) ) € @vd)
given that the function-valued process {qb,f Ju<s 18
ch@D, s(, 7y if TC £,
o€ 17> Mie, o 27)
1 it 7€ =0,

¢

where 7, ) < tforalli e Jtc. The J;-decomposition in (26) will be useful in the next

section when we provide dynamical SDE representations for {Zlﬁ }reT-
Example 3.11 Let {ﬁu}uft be diagonal such that P,(j) € {e®, 0} for all u < r, where

e e R is the standard basis vector such that only the ith coordinate of ‘) is 1 and
the restis O, fori = 1, ..., n. Then, we have

hEDED 1) =D E0 0, foralli € 7. (28)
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This is the case when information flows switch on and off without getting mixed with

each other. If we further set Z = Z1, g(Z) = g(Z), and choose each {Xt(i)},eqr to be
a Brownian motion, we get the setup of [34].

Remark 3.12 The piecewise-enlarged filtrations introduced in [29] used for stochastic
quantum reduction can be recovered by imposing the following:

1. p(i)ze(i)forizl...,n
2. jo;é@andjoc 7&®7

3. {|J:1}seT is non-decreasing, where |.| is the cardinality.

Then, {.EP’E},GT is an example of a piecewise-enlarged filtration of {.7-',‘7 YT, Where
we defined 770 = o (& }ocuzs 1 i € To).

We conclude this section by extending {P,(j)}uft e {pV,0} to {P,(i)},eqr, where

- =Uj T for some m € N3 such that {P,(l)},eqrd e {p9d 0)fori=1,...,n
andd =1, ..., m. This allows us to augment Proposition 3.9 toward a broader class of
{P}er, and consequently, toward filters taking more general forms. First, we slightly
extend Definition 2.6, where we say {Xf}teqr ford = 1,...,m satisfies the joint
time-changed Markov property at T € T, if

n kdl

(xie s ANN G =5
d=1 d=li=1j=1 7
—P(ﬂXd € dz?

A1) = ) o)

d=liz1 'k

foranyO < t(dl) < tlgj‘ii) < T,fori=1,...,n,d =1,...,m. For below,
= [Ty_1,Ty) ford = 1,...,m, where Ty = 0 and T,, = T. We also define the

set—valued process {7;};eT_ where 7, = {d : T;—; < t} for any t € T_, that tracks
the time periods.

(d.i)

Proposition 3.13 Let 7" = 0 v sup{u : ||PP||p2 = 1,u € [Ty_1. 1]} fort € T¢

andi =1,...,nandd = 1,...,m, where Pg) IS {p(d’i), 0} for some normalized
p @D £0 e R" forallu € T. Given that P 4 ®X:jd = ﬁuqud, l:f[Xil, e X

satisfy property (29) under each p‘®?, then

zf:/ ¢@P|Zedz| ()& 7P| (30)
deT,
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where {§t reTd given {Pt}tdl‘d is a GRB wzthE 4= [S(d Do é;'(d NT and rf =

(d 1) (d n)
[‘L’t(d 1), R I,(d ")]T, such that

o (d.i i) @D\ eppl
Z(d.i) law {Xz( UKy (Z(d’l) - X7 l)) ifIPP 2 =1, 31)
(@) law

0 if1IPP 12 =0,

with Z@-D = (p @Y1 Z when ||P§i)||,:z =1 and Z'%D = 0 otherwise, fort € T?.

Proof Following the same logic as in Lemma 3.6, we have

A —d A
P =P(Zedzl \/ o ((Pu @& ers. (Pubyer)
deT;

=P(zedzl \/ o (e i =1, on (P yene )
deT;

(32)

Then, using a generalized version of Lemma 2.7 extended for the joint property in
(29)—which we shall omit to avoid repetition—we get the following:

|T| n kdl

P|Zedz ﬂﬂmé(gjf))—x(d') ﬂP,J

dlll]lj

7l n ke
=P Zedz mmé((‘;;))— (dl m s
d=1i=1 ka,i j=1
and the rest of the proof follows in a similar way as in Lemma 3.6. O

For the next statement, we define {(i(rl(),-) }ret as the {|7;|},eT x 1 vector-valued process
1

g(l,i)(tt(l,i)) 5(1,1)(rl(1,i))
¢(’3,> = : = : forZ; = {1,...,d},t € T. (33)
é(‘Tl l)(T (71, l)) é(d,i)(.rt(dyi))

Note that for each (i), {(;S(Ti(),-) }teT 18 a vector-valued process that is non-decreasing in
! .
its dimension. Similarly, we define the {|7;|};cT X% 1 vector {Zfl)}teqr by
ASD) 7 /(L)

7" = : =| forZ; = {1,....d),t €T. (34)
Z(T1) F(d.0)
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Proposition 3.14 Keep the setup in Proposition 3.13. If (p'@D p®-Dy = 0 for all
i # j, then

P Jen g @ T HE ¢(’3>, t)v(dz)

! i)
fen T HEY fi)l(,),rf’))V(dz)

(35)

where the map H : R7! x RIZ x T — Ry is given by

O 0! RS 0! .
(l) ¢ !(:)’ z(l)) = €xp <_§ <¢r’§” R0 (Zt)) r,j” (¢;§i> RO (Zt)>> )

(36)
with o @) = KpplK o 200 K gz (27017, and the |T,) x |T;)
kernel matrix

Y iy e pgll),|T,|)1/’ft“»">,ft<'7f'~”
r o= : : , (37)
1
@) ) ) ) .
POT VT (irs s W 0Tk (TiLis
where p =pUD(p®&NT fori=1...,nandt e T_.

Proof The proof follows similar to Proposition 3.9, since (p@? p*-1)) = 0 for all
i # j implies

m
]P’(ﬂ X4 e dz

m n

(d,i) (dl)
X =5, )
d=1i=1

d=1 kd i
n m
d d,i d,i
_ P (m X( i) c 7@ ﬂ X( l) — xlgd_,-l)) . (38)
i=1 d=1 d=1 kd:
fori =1, ,n,d=1,...,m. When I (:) existforalli =1, , n, the conditional
densities exist, and the result follows from Proposition 3.13. O

Remark 3.15 One can consider multiple signal vectors Z% € EZ(Q, F,P) with
(R", B(IR"*)), noisy observation processes {£%};eT € R and {Pt:},eqr € R'e X«
from P(ny) fora = 1..., m for some m € N —here, n, highlights that the dimen-
sions may vary with respect to «. If all are mutually independent acrossa = 1..., m,
then we simply have

]P’(Zledzl,...,Z’”edz’"

\/f,‘i’”f“> ]‘[n W@, (9)
a=1
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given that 71,{3 (dz%) = P(Z% e dz* | ]:;: ’EQ), where each can be calculated using
Proposition 3.14 under the given constraints, by setting ¢ = 1) and applying their
own time changes.

3.1 Dynamical Representations

We keep the conditions in Proposition 3.9 to provide an SDE representation for
{Z,P }reT, and choose {X ,(')},Eqr with continuous paths, which already provide fairly
involved expressions for the dynamics of {ZtP }teT. Nonetheless, the result below can

be extended for Proposition 3.14 as well as for {X ,(i)},eqr with general cadlag paths.

We introduce the {}}P’E}-adapted counting processes {C;};eT and {6;};cT as follows:

Ci=)Y U{P,# P, } and § =1{K, #0}, where K;=T\J—. (40)

u<t

Hence, IC; # ¢ if and only if when at least one coordinate of the vector in (19) that
equals zero at 7— € T becomes nonzero atz € T. We also have C;, > > _, §, for any
t € T. Finally, we define Ay = inf{¢ : C; = k} with A9 = 0.

u<t

Lemma 3.16 Ifeach {X,(i)},eqr is an (ftX(i), P)-semimartingale with quadratic varia-

tion {Ql(i)},dr and K € CY(T), there exist (f,P’E, P)-semimartingales {St(i’k_l)(z(i))}
Nerst=ag fork = 1., C; + 1 with quadratic variations { Q" )t for any z € R"
and p) e R" fori =1, ..., n, such that

A A Cr Ag— 4 - . .
7l (dz) = 7 (dz) + Y U{Tn,, # ) / xldz) Y 0, 70)dsiH P ED)
k=1 Akt i€Tn
4 5 - . . .
+1{Tne, #9) / 7P Y ouE 70)dsi-0E0)
Ac,

t i€Jnc,

+ 3@ (dz) - 7F @2,

u<t

fort € T_, where ot(é, Z(i)) = K,‘S,T(Z(i) - E[Z(i) |£t,v 7tﬁ])~

Proof See Appendix. O
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Proposition 3.17 Let {X,(i)}teqr be an (]—',X(i), P)-martingale, where Q) e CY(T) for
i=1,...,n. Then, {Z,P},qu satisfies

Z, _ZO +Zﬂ{jAk 1 75@}/ Z @ (E Z(l))dW(zk 1)

Viedn

+ 1T, #0) f 3 0uGE Z0)yawi D 43 zP — zP s, @

C[lEJA u<t

fort € T_, given that (:)t(é, A [(Q(’)) ]1/2(Q<l) Qt(i))_1®,(§, Z(i))A where

0/, Z0) = Covlg(Z), ZD |E,,, FPY, and (W DYa,  <ion, are (F 5, P)-
Brownian motions.

Proof Since each {S,(i’k_l)(Z(i))}Ak_15t<Ak from Lemma 3.16 is a continuous

p . . .
(F; ’E, P)-semimartingale, we can decompose it as

St(i,kfl)(z(i)) _ Wt(i,kfl)(z(i)) + At(i,k—l)(z(i))’ (42)

where {W,(i’kfl)(Z(i))}Ak_]5,<Ak is a continuous (ftp’g,IP’)-local martingale, and
the adapted continuous process {A;i’kfl)(z("))} Ar_i<t<A, has bounded variation.
Now start with {X,(i)},eqr to be an (.EX(”,P)-Brownian motion. Since {At("’kfl)
(Z(i))}Ak,lgkAk has zero quadratic variation in any case and th(i) =drforanyi € Z,
wehaved(W <7D 0y w0y = dr. Thus, (W* D EO)} A, <1<, must

be an (F, P’E, P)-Brownian motion by Lévy characterization theorem. Hence, we have
t y y
il =#f  (EFVE, ), (43)

for Ay—1 <t < Ay as a Doléans—Dade exponential, where {gt(k_l)(é, ) Ap_ <t <Ay
is

t

E*DE, 7) = exp > 0wz (dW,f"”‘*”(Z(”) + dAg»H)(z(")))
Ag—1 iedn_,

1 [ S
e _E/A YooY el 2o 2)pf du |
Mliedn_y jedn
(44)
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@) ‘ak_l)(z 1

glven that o, is the correlation factor across {W,(l (’))} Ap_i<t<Ay- Since

{71, YAr_1<t<A; 1S an (.7-',P’£, P)-martingale, we have

(k—1) _
[5 E&o|rt 1] = 1. (45)
Since {W"* "V z0)} A, <ia, is a Brownian motion, and (45) must hold, {A/*~"

(Z(’-))}A,{_1 <1<, must be a constant [P-a.s. Hence, there exists an (.’FIP’E, P)-Brownian
motion {W,("k_l)}Ak_ISKAk such that we can replace dS,(l’k_l)(Z(i)) = W(l =D

When {X ,(i) }teT 1S amore general continuous (.7-",X © , P)-martingale, Dambis—Dubins—
Schwarz theorem applies through time-changed Brownian motions, and thus, we get

Ap— N _ . .
; (dz) = 710 (dz) + Z UTr, #9) (/ nf (dz) Z Gul(E, 2(1)) dWlf”kl))
Ag—1

k=1 P€TN_y

t . _ . X N
1{Tn, # ) f wldz) Y Gy 2D AW D | + 3 (] (dz) - 7t (d2)d,
Ac

! i€Jnc, us<t

o= s — o p.
where & (8, 20) = [(0{")1'20,(8,20) and (W V)5, <ion, are (575, P)-
Brownian motions. Finally, (41) follows from Lebesgue integration. O

Note that the SDE in Proposition 3.17 is a generalization of the form in Proposi-
tion 1.1—due to the conditions imposed as part of Proposition 3.9, one can start from
an already modulated GRB {£, },c1 from the outset, and switch the coordinates on and
off.

Corollary 3.18 Keep the setup in Proposition 3.17. Then,
! (dz2) = nf @2) (1‘[ ELTVE, z)) £ E. ).
k=1

fort € T_, where Sf\kk_l)(é, z)fork =1,...,C; is given by

Ar— o ‘
51(\]1—1)(8 z) =exp | H{Ta,_, # 9} Z 5u(’§,2(’))dWL$”k_1)

Aj—1 leJAk—l

Ag— .
xexp [~ IA 2O TS S 5 6 20)5,E, 290 du

2 A
L iedny JeTn

+ 10, # 9) (k@) - 7f, (D). (46)
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and where ét(C,)(é’ z) is the same as in (46) where (k — 1) is replaced by Cy, Ax— is
replaced by t, and the jump term 1{KCp, # ¥} = 0.

Note that {Z}3 }teT jumps if and only if a previously zero coordinate of { P;};cT in (19)
becomes nonzero (not when a nonzero coordinate becomes zero). Also, if Jp, , = ¥,
that is if P, , = 0 in (19) and all information is lost at time Ay_; for some k =

L] Ct’ then {Z})}Ak—lst<Ak = Z[I:k_l -

Remark 3.19 From Proposition 3.4, Z,ﬁ = E[Z; |]—'tP’§], and hence, using Proposi-
tion 2.14,

n t ~
[g(Z)]+ ) E [ ( fo OF (&, Z“‘))dW;“) ‘ f,”*”’] : (47)
i=1

for 1 € T_, given that ©7(§, Z0) = [(0") 120 — o) '©x(&, D)) where
OF (&, 70y = Cov(g(Z), zV |&;]and {W,(l)},eqrf are (]-'f, P)-Brownian motions.

From Proposition 3.17 and Remark 3.19, if we take each {X,(i) }eT to be an (.7-",X(i) , P)-
martingale fori = 1, ..., n, we see that the following holds:

[</ | Z®*<s z<’>>dw<'>) 7 ’E}

Ay— . .
/ 3 OuE. Z0)awkD

Ak—1 i€Tn,

t
+ > OuE 20y aw i + 3zl — z s,

AC, tEJA u<t

where we set Jyp # ¥ and {|J;|};eT to be non-decreasing. The identity above
links (ff_, P)-Brownian mo_tio_ns with (EP’E,P)-Brownian motions, as well as
{07 (&, ZM)}er_ with {©,(8, ZD)}er .

Proposition 3.20 For Ja,, # 0. (0., ZD)a, <i<n, is an (F 5. P)-
supermartingale.

Proof Note that {Z\”}a, ,<i<a, defined by Z = Elg(Z)ZD)| FF- 5 is an
(}'l IP’) martingale. Also, {V( }Ar_<t<A, defined by V(l) ZP]E[Z(’))|}" ]
is an (F; E, P)-submartingale by using Proposition 3.17 and applying Itd product

rule, where non-negative drift terms arise due to cross-products of the (.7-",P’§, P)-
Brownian motions. Thus, using Doob—Meyer theorem, we can uniquely decompose

{\_/t(i)} A <t<A, INnto an (ﬁp’g, P)-martingale plus a non-decreasing process. It fol-

lows that E[©, (&, Z0) | FF#¥] < ©4(&, ZO) forany Ag_; <s <1t < Ay. o
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3.2 From Multi-Order Modulation to Information Discrepancy

We can employ irrevocably modulated filtrations to model sequential multi-order mod-
ulation, where the flow of information is exposed to multiple modifications in some
order before reaching agents. Since P (n) is closed under multiplication, we can choose
/i, € P(n) and l}t € P(n), and consider Atl}t € P(n) and lAi,At € P(n), where

E [g<Z> | f,m] AE [g<Z> | f,’m] it L[A,. B, # 0, (48)
[ (Z)|f“‘“] [ (Z)I]-‘BA‘E] if L[A,, B,] =0, (49)

where 0 € P(n) is the zero-matrix, and L : R™" x R"*" — R"*" js the Lie bracket
such that L[fi,, I§t] = A,ﬁ, — étﬁt. Here, we have the filtrations {]—",AB’E}ZGT and
{]—',BA’E }teT given by the following:

}—tAB’S =0 ({AAuéu Eu}ofuil’ {AA”I}”}OSMSI> 0
ftBAYE =0 ({éuAAu Eu}OSMSf’ {I}”AAU}OSL'SI> ' Gb

For the non-commutative case in (48), 1) neither Al or Bt can be 1 t € P(n) or
0 c P(n), and 11) neither Bt &, can be recovered from A B, &, nor A, &, can be
recovered from B At &,. Note that the singularity of {A }reT and {Bt},eqr is crucial
for (48)—if {At},eqr and {B,},ET would instead be non-singular, then the non-
commutativity would not make any difference for signal inference, since we would
have E[¢(2)| FA2¢] = E[g(2)| FP44] = Elg(2)| Fi1.

In order to quantify the information discrepancy caused by non-commutative
sequences of modulation, we shall introduce a Lie-type operator acting on the space
of o -algebras.

Definition 3.21 LetF(n, §) be the space of all irrevocably modulated o -algebras 7 Pg
for all possible P € P(n) for some &. Then, L* : F(n, &) @ F(n, &) — L(n, &) is
such that

o ~B ~ ~ A A
L*[FP & 7P 8 =5 (L[P“, Pﬂ]g, P, Pﬂ),

(52)

where LL(n, &) is the space of all o-algebras of the form in (52), for any P € P(n)
Y

and P € P(n).

. ~O, AQ ~ . .
We shall sometimes use L P = L[P , Pﬂ] for notational convenience. Note that

A A e ~B A A AQ A
it £%7 = 0, then L*[FP 5, FP 4] = 5(B”, P”). Although P“ B’ € P(n) due
to closure under multiplication, P(n) is not closed under the action of L, and hence,

A

L o’ is not necessarily an element of P (n).
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Remark 3.22 Although LL(n, &) includes irrevocably modulated o-algebras, it also
includes o -algebras such as o (&, f’a, ﬁﬂ) when (I:Ol’ﬁ)_l exists and & can be recov-
ered from U(ia’ﬂé, IA’(X, ﬁﬂ).

We denote PC (n) as the space of R *" non-singular matrices, so that P (n) N PC(n) =
{f }. We let Q(n) be the space of R"*" matrices formed via L[ﬁa, ﬁﬂ] for any
PY e P(n) and ﬁﬁ € P(n). Any {i?’ﬂ}teqr € Q(n) is {F;}-adapted and jumps

whenever {IA’?},ET € P(n) or {ﬁtﬁ}zeﬂl‘ € P(n) jumps. Note that {I:?’ﬁ},eqr can jump
between P (n) and PC (n).

As an application, we can consider systems with information asymmetry, which is
a fruitful research area in mathematical economics and game theory. We can consider

aq ~B
regular agents A® and AP having access to either F¥ ¢ or F¥ £, respectively (but
not to both), and there may even exist another group of agents A* who have access

~a ~B ~
to L*[FP &, FP -§1—hence, whenever LO“S € PC€(n), A* can recover & to their
advantage with better inference capability. Then, using

aql ~ B

P, P, 5% b 59 i

LFE S = o (WP, Plgozus (Pilosuse (Posuss) . (53)

we can provide a dynamic quantification of the information asymmetry between agents

A% and AP In doing so, we associate ZIAB =E[g(Z)] ]:,AB’s] to agent A%, Z,BA =

Elg(Z) | FE**] to agent A?, and define

rr =E |:g(Z) | LB ff“]} , and pFd =P (z e dz| LFABE, f,“ﬁ) :

(54

For notational convenience, we simply write I';t = L[A,é ¢ B ,At] without additional
superscripts. From L;, we can construct L; € R" by

. T
1
Lo= [Pl e IEP N 2] (55)

where Lt(i) € R" is the n x 1 vector formed from the ith row of L,. Let Z;"(i) =
||Lf')||2§ (L')YTZ when [|L"| 2 # 0 and Z"") = 0 otherwise, and accordingly,

define {é_',*’(i)}teqr fori =1,...,nas

T
T
t

£%,(i) law X;k’(l) + —K;’ (Z*,(z) — X;’(l)) if ||L§l)||£2 #0, (56)
0 it ||ILY)[ 2 =0,

such that L, ® X = L,X, fort € T. Also, let 7* = {i : [|L\"”||z2 # 0} for the
statement below.
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Corollary 3.23 Let {X,};eT be Markov with mutually independent coordinates. If
{(Luyuzt € P), then if LY € (19,0} for 190 # 0 € R for all u < t, such that
AO19y =0 foralli # j and {X;}ieT satisfies time-changed Markov invariance
under the action of each l @,

r o Jin 8@ [ics RGO &RV g &)z
Jan Ticgs RGO ERD 0 @)v(d2)

(57)

IfL, € Py atanyt € T, then J* = T, h(z*D 4D 1) = h(z D, D, 1) and
C(Z*) = 1in (57).

For SDE representatlons define ‘L’ = 0V supfu : ||L( )||£2 # 0,u € [0, t]} for
teT, Cf = Zufr ]l{Lu #= LM_}, 8 = H{IT\TJ* # ¥}, and finally, A} = inf{z :

o ~B
C; = k} with Aj; = 0; the dynamics would then involve (L*[.EP ’E, FIP ’E], P)-
Brownian motions.

One can surely propose alternative ways to quantify information dlscrepancy—

e.g., via f- d1vergences (see [5, 20]). In this spirit, if ntAB (dz) = p B(z)dz and
7} A(dz) =p; A(z)dz, the symmetric Kullback-Leibler divergence

fa s . BA
oA [ AB 5 BA :/ AB 10 B > PzM(Z) dz.
(72117 4] Rn( @) ( o AR e I E

(58)

can be used, which defines a metric-valued process. On the other hand, { ptL* (d2)}ser
in (54) is a measure-valued process, and it can be used to model inference dynamics
of the agent group A*.

3.3 From Random Graphs to Pure Noise Scenarios

Let {G (v, e;)}:eT be an undirected graph-valued stochastic process with n-vertices v
and randomly evolving edges {e; };cT. Then, there exists a Laplacian matrix G, € Rmxn
that canonically represents G (v, e;) at any time ¢ € T. Since each G;i) € R” satisfies
Z;’-ZI Gfi’j) =0fori =1,...,n, {Gt} must be singular, and hence, é, € P(n).
Therefore, we can employ {G (v, e;)};eT to generate what we specifically call a graph-
induced irrevocably modulated filtration {]-",G(U‘e)’g},eqr given by

f.tG(u,e),E -0 ({éu EM}OSMS“ {G(v, eu)}0§L1§t> . 59)

FE@AE — 764 and we allow the notational difference to highlight it as

graph-induced for the statement below, where we also write 7; Glve) dz) =P(Z €
dz | FOUOE) Z p(z ¢ dg | FOH),

Surely,
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Proposition 3.24 Let Z = Z1. Then, n° " (dz) = v(dz) forall t € T.

Proof Since {X,};cr is mutually independent of Z and Z?zl Gfi’-/ ) = 0fori =

1, ..., n,any dependence on Z drops from {é, &, }ieT through é,l = ( using Propo-
sition 2.2. O

We therefore see that random graphs in the context of irrevocably modulated fil-
trations can lead to pure noise scenarios. We believe that studying irrevocably
modulated filtrations through the eigenvalues of {13 +}reT—¢€.g., via the spectral gap of
{G (v, e;)}seT—may provide further insight into quantifying information shrinkage,
of which we leave details for future.

3.4 From Spectral Radius to Information Decay

Using irrevocably modulated filtrations, one can also construct systems that exhibit
gradual decaying of the impact of having additional information sources as time
progresses. As an example, allow T_ = (J]_, T¢ for some m € N, and choose
{Pﬁ')},ETl = pUD fori = 1,...,n over the period T', such that {13,},€11q is irre-
ducible with each entry non-negative. Using Perron—Frobenius theorem, {I3 t}em! has
apositive eigenvalue A that is its spectral radius. Now, we ask A* < 1, and for any T
ford =2,...,m,let {Pt}ter be such that P, over t € T is given by {(P)? YreT! -

Thus, having the spectral radius A* < 1, the decay of {Pt},eqr is controlled by (4
as time progress through T¢ from d = 1 into d = m. Accordingly, scenarios would

. . zd . .
arise where each coordinate of {&, },T«, as in Proposition 3.13, converges toward each
other through T¢ from d = 1 into d = m, making each information source more and
more indistinguishable as time evolves.

4 Conclusion

We develop a probabilistic information framework that embeds filtrations generated
by non-invertible matrix-valued modulators acting on noisy observation processes.
We produce dynamical representations of conditional expectations in systems where
signals from randomly changing information networks may switch-off or get irre-
versibly amalgamated over random time horizons. Since the main focus of this work
has been the modulation aspect, we chose to maintain a signal-plus-noise structure for
the observation processes without getting digressed toward what other forms informa-
tion may take. GRBs provide valuable modeling flexibility and analytic tractability,
but the framework can be applied to other processes, e.g., Lévy random bridges of [23],
Lévy information processes of [25], randomized Markov bridges of [32] and many
more—however, these classes are not necessarily closed under affine transformations
and additional care may be required.
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5 Appendix
5.1 Proof of Lemma 2.5

Proof The direction that {X;},cT being Markov with respect to {.7-',X } implies {&,};eT

is Markov with respect to {.7-',5 } is proved in [30][Proposition 2.3]. For the opposite
direction, we first define

P(XIde7XT6d1|th ZX],...,thzxn)

S, T;t1...,1,) =
( ! ") P(X, € dx, X1 € dz)

. (60)

forO <t) <...<t, <t <T.Then,if {§};eT is Markov with respect to {j’-'f}, we
have

P(¢, §x|§tl =x1,...,§tn =x,)=P¢, <x |§ln =Xx,)
ng PG, <xnl1§ =x,§r =2)PE, €dx)P(§7 €dz | §, =x)
~ Juo ey PG, < x0 1§ =x. &7 = )P(E € d0)PEr € dz [E, =x)
Jrr B(Xy, < x| Xi = x. X7 = 2P, € d0)P(E7 € dz | §, = x)
= ng fR; PX,, <x,| X, =x,Xr =2)P¢, edx)P(é; €dz | &, =x)
ng @1, T; 1,)P(&, € dx)P(Ep €dz | &, =x)
- S Jiy @ T3 1)PE, € d0)PEp € dz | €, =x)

(61)

We also have the following:

P(gzl le,..-,ifn <x,|§ =x)PE, €dx)
f]R;IP(Et] lev"'sgt,, <xp|§ =x)PE, €dx)

Jen P&y 3100 8, Sxa | & =x,Er =P, € d0)P(Er € dz |§ =)
" i S P& = %1, &, <%0 | =X, 7 = DPG, € d0)PEr € dz € =)
ng Ot T;ty....t,)PE, edx)P(Ep €dz | &, =x)
- Jon Jog @@ Ti0 . 1)PG, € d)PEr € dz [§, = %)

PE <x|§ =x1,....§, =x,) =

(62)
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Since (61) and (62) are equal, it follows that {X,};cT is Markov with respect to {}"ZX }.
O

5.2 Proof of Lemma 2.7

Proof Since we work over D(T, R"), it suffices to show

P|Ze dz ﬂﬂs‘(’j_x(” =P<Ze dz

ll]l-’

i=1 kl
forall ki € Ny, all 0 < 1{” < - <4 < T, andall (x{.....x) € RN for

i=1,...,n
Using Definition 2.1, we can write

IP(Ze dz

ﬂ ﬂ £ =

Iljlj

?)- P (Mo 60 < 4?87 =< e
l
Jrn P (ﬂ?:] ﬂﬁ’:l 5,(8 € dx,(‘i) &7 = Z) v(dz)

]P(m;’ . X(f,)) € dx( D Xr = z) v(dz)

o ]P’(ﬂl’le N X‘f)) e dx X7 = z) v(dz)
(64)

Denoting Z = {1, ..., n} and defining the following map:

P(XT e dz

( (
mt lm] 1XI1)> l))

o1, . ) VieD) = X cdD ,
T Z

(65)

and using the time-changed Markov property in (6), we have

P|Zedz ﬂﬂé((’,g— @

l]jlj

(ﬂz g IX(L)> € dx(”) o(T: 1", ... " Vi e Du(dz)

fan P (m, g IX((,) € dx(”) o(T: 0,1 Vi e Tyv(dz)

P(ﬂj?:l X:kf}) € dx,ﬁ§)> O(T: 1 1 Vi € Tyv(dz)

fR,,IP’< " 1x<(,) € dx W) O(T: 1) 1 Vi € Tyv(dz)
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P(ﬂ X<§)) e dyy | X7 = z) v(dz)

= (66)
Jan P <ﬂ7:1 X:E)) e dy) | X7 = z> v(dz)

Finally, from Definition 2.1 and (66), we get

P (ﬂLl gtigg € dx) & = z> v(dz)

n ki
P|Zedz ﬂﬂ ((’3 X :
i=1j=1

Jer P <ﬂ?_1 5:51)) € dxkl) ’ST = Z) v(dz)
(67)

which in turn yields (7) for any B € B(R"). O

5.3 Proof of Lemma 2.13

Proof First, we define k{, = 9K} /ot and k', = 9K}, /0t, where K} =
K; /K7 r.FromProposition 2.2 and Lemma 2.5, we get 7, (dz) = H, (&) hy (& d2),
where we defined the maps 7 : Ry x R — Ry and H : Ry x R — R, as follows:

1
hy(&; dz) = exp (K?,T(zst—izzK;’jTOv(dz), and H, (&) = /R hy (& d2).
(68)

Hence, h € C"*(Ry, R) and H € C'*(Ry, R). Since {K;*; (Z — X7)} is a contin-
uous finite variation process, using Proposition 2.12, {(&;, &) }teT = {{X1, Xi)}reT 18

the quadratic variation for the (.7-}s , P)-semimartingale {&;};cT. Also, using It6 product
rule, we get 7, 'dm; = h; 'dh, — H7'dH, + H72d (H;, H;) — (h, Hy)~'d (h;, H;).
Thus, we have the following:

2 2
— Z Zz 2
ht ]d/’lt = (k?’TZS[ - E (k;quK;jT + K;STk;k'T)) dt + A (K;S,T) d (Xt, Xt) + ZK;S,Tdst,

2
(69)
E[Z?
H'dH, = (kf,TE[sz]sf .l 2'5’] (ki K7 + Kf,rkf,r)) ds
E[Z?
[ '5’]<K;‘,T)2d (X:, X} +EIZ | &1K] &, (70)
by using Fubini’s theorem. For the quadratic terms, we have
H72d (H,, H;) = E[Z | &17(K? )%d (X;, X,) (71)
t I t/ — t t.T I t]
(heHy)~'d (hy, Hy) = ZE[Z | &K )2 (X, X)) . (72)
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We gather the terms above as follows:

1
(6. 2) = K & —EIZ1&D — 5 (K 1K + KDk r) (22 = ELZ2 1 81)

(73)
0E 0 =5 (K1) (2 B2 180) + (KD (ELZ 16 P —2E1Z151),
(74)
0.2 =K} 7  —E[Z|&])). (75)
and write n,_ldn, compactly as
m(dz) N (dz) = (e (&, 2)dr + 6,8, 2)d (X, Xi) + 04(€, 2)d&r)
_ we (€, 2) 0: (£, 2)
=6 <d§f a0 ot z)dQ’>
£ 01(8, 2)dS; (2), (76)

where o0;(&,z) # 0 P-as since {&},er is continuous. Using Proposition 2.12,

{Si(2)}reT_ is an (F;, P)-semimartingale with {(S;(2), S;(2)}rer_ = {Q/}rer_ for
any z € R. Since {S;(z)};eT_ is continuous, (14) follows as a Doléans—Dade expo-

nential for the (ff , P)-martingale {7m;};cT. |

5.4 Proof of Lemma 3.6

Proof Letn, = ﬁ, &, for some ¢t € T. Using Proposition 2.2, and the independence
of {Xt(l)}te'ﬂ" fori =1,...,n, we can write

n E NP X 4 K (P Z = 1PN X)) given B (77)

where XV is equal in law to X, but which is not necessarily mutually inde-

pendent across i = 1,...,n. Then, y, law P, ® é, given IA’t, and defining

2P = P2 (P)TZ whenever ||P”||z2 # 0. the modified information
E, € R”" is as given in (18), which holds since ||P§i)||£z =0= P;i) = 0 for
any i = 1,...,n. Thus, if we also write £® (1) as the value of {é,ﬁ’)},,g atu € T,

since ]P’(P,(j) =0,6,=0)=0forallu € T, we can write

nil (@0) = P (2 e dzlo ((Py ® &, Jozuss: (Pulozus)

=P(zedzlo (EVCMozuz i = 1oon (Puocusr) ). (78)
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since {T, )} is progressively measurable with respect to {.7-'u }ue']r Given that { X, };eT
satisfies the time-changed Markov invariance, X, satisfies (6) at each p®, and thus,
using Lemma 2.7,

(ﬂl IX((:) edxkl)‘XT—z ﬂJ 1 >v(dz)

fRn (ﬂl 1X(O) € dx(l) =2z, ﬂ/ l )V(dz)

n

=P|Zedz|[E ((’3 =x, m P, . (79)
i=1 ki
for all k; € N4, any ky > max(ky, ..., k), any 0 < tl(i) < e < tlg) <t < T where

||P((,))||£2 # 0, and all (x(') ...,x,g)) € Rk, given that 7 = ||p(i)||221(p(i))Tz for

i = 1, ..., n.Also, since
o (ED @M osuss i = 1o n A Pudosust) € 0 (EYyeyer 1= 1o (Pudosuss )

we can enlarge ]—',]‘D’E by defining Q,P’ =0 ({E ’)}0<u<t i=1,..., n) \/]—',P’g.
Then, using the tower property and (79), we get

PE] ﬁ,g}
t

EOCDy:i=1,...,n, EP’E}

2Pz =E [ [z € dz

:]E|:]P’|:Zedz

F,“] (80)
and (17) follows from (80), the independence of {ﬁ,},e'ﬂ', and since le; =
Jen 8@ E (d2). O
5.5 Proof of Lemma 3.16

Proof Since {ﬁ,},eqr has finite activity, it has finite number of jumps, and hence,
{ntﬁ }teT can be decomposed into a sum of its continuous and discontinuous com-
ponents through r[t (dz) = ~,ﬁ(dz) + ) < Anf (dz), where {frtﬁ},em is the
continuous part. Using (26), we define & € C'2(Ry,R") and H € C'2(Ry, R")
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as follows:

_ 1
hiEdz) =exp | K2 p D (z@s}” - §<z<’>)21<:jr) ¢C (z)v(dz), and
=N/

G = [ niido

For any t € [Ag—1, Ax) and any k, (T }re(a, . a0 and {TC }re[A,_.A,) are€ constant
processes. In addition, {¢C (z)};e[a,_,,,) is constant since r,(i) < tfori e JE.
Keeping t € [Ak—1, Ak), defining o (é, 7@y as stated in thp propo§ition, and fol-
lowing similar steps as in Lemma 2.13, where we have ()~ 'dazf = h;'dh, —
H,_ldH, + H,_zd (H,, Hy) — (h,H)~Yd (hy, Hy), we gather all the derivative terms,
without presenting them explicitly, as follows:

@ @) ~'awl o) = Y2 @ 2 + 6 E 200 (X0, X0) + 00 B, 20)aE
ieJ:
203 o€ 20y ED), (81)

iejAk—l

for Ja,_, # ¥, where o, (é, Z(i)) # (0 P-a.s since {é,t }Ar_1<t<A, 1s continuous with at
least one element of T, being ¢. Since linear combinations of { X ,(i) }teT are semi{nartin—
gales, using Proposition 2.12 and (18), each {S,(i’k_l) (Z("))}A,H <t<A. iSan (.7-',P’§ , P)-
semimartingale for any z € R" with quadratic variation (X ,(i), )_(t(i))} Apoi<t<Ap =
{Qti)}Ak_1§t<Ak' For the discontinuous part of {rrf}uf,, using Proposition 3.9 and
the continuity of {X [(i)}teqr, we have

Z A”f (dz) = Z (ﬂuﬁ(dZ) - Nf_ (dz)) 1{P, # P, )

u<t ust

=Y (vl @o) - nf @0) UITNTu- #0), (82)

u<t

since Anf (dz) # 0 if and only if at least one coordinate of P, in (19) is such that
P |12 = 0at time u— and [|PY|| > = 1 at time u. Then, 7F = [} d7} plus

u—

(82) gives the result. ]
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