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Abstract

The paper deals with some properties of set-valued functions having bounded Riesz
p-variation. Set-valued integrals of Young type for such multifunctions are introduced.
Selection results and properties of such set-valued integrals are discussed. These inte-
grals contain as a particular case set-valued stochastic integrals with respect to a
fractional Brownian motion, and therefore, their properties are crucial for the investi-
gation of solutions to stochastic differential inclusions driven by a fractional Brownian
motion.
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1 Introduction

Since the pioneering work of Aumann in 1965 [6], the notion of set-valued integrals
for multivalued functions has attracted the interest of many authors from both the-
oretical and practical points of view. In particular, the theory has been developed
extensively, among others, with applications to optimal control theory, mathematical
economics, theory of differential inclusions and set-valued differential equations, see,
e.g., [1,3,4,21,23,29]. Later, the notion of the integral for set-valued functions has
been extended to a stochastic case, where set-valued Itd integrals have been studied.
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Moreover, concepts of set-valued integrals, both deterministic and stochastic, were
used to define the notion of fuzzy integrals applied in the theory of fuzzy differential
equations, e.g., [14,24]. On the other hand, in a single-valued case, one can consider
integration with respect to integrators such as fractional Brownian motion which has
Holder continuous sample paths. In some cases, such integrals can be understood in
the sense of Young [30]. Controlled differential equations driven by Young integrals
have been studied by Lejay in [25]. A more advanced approach to controlled differen-
tial equations is based on the rough path integration theory initiated by T. Lions [26]
and further examined in [12,17]. Control and optimal control problems inspired the
intensive expansion of differential and stochastic set-valued inclusions theory. Thus,
it seems reasonable to investigate also differential inclusions driven by a fractional
Brownian motion and Young-type integrals also. Recently, in [7] the authors consid-
ered a Young-type differential inclusion, where solutions were understood as Young
integrals of appropriately regular selections of multivalued right-hand side. Set-valued
Aumann or Itd-type integrals are useful tools in the investigation of properties of solu-
tion sets to differential or stochastic inclusions and set-valued equations [2,15,16,22].
Therefore, it is quite natural to introduce set-valued Young-type integrals. Motivated
by this, the aim of this work is to introduce such set-valued integrals and to investigate
their properties, especially these which seem to be useful in the Young set-valued
inclusions theory. It is known that three of properties of Aumann set-valued integrals
are crucial in the differential inclusions theory. Namely, they are the existence of a
Castaing representation of the set of integrable selectors, decomposability of this set
and valuation of a Hausdorff distance between set-valued integrals by the distance
between integrated multifunctions (see, e.g., [20]).

Set-valued Young integrals considered in the paper deal with the class of set-valued
functions having a bounded Riesz p-variation. Such integrals contain as a particular
case set-valued stochastic integrals with respect to a fractional Brownian motion.
Therefore, in our opinion, their properties are crucial not only for the existence of
solutions to stochastic differential inclusions and set-valued stochastic differential
equations driven by a fractional Brownian motion but also for useful properties of
their solution sets.

The paper is organized as follows. In Sect. 2, we define a space of set-valued
functions of a finite Riesz p-variation. Section 3 deals with the properties of sets of
appropriately regular selections of such set-valued functions. Here, we shall establish
a new type of decomposability for sets of functions with a finite Riesz p-variation as
well as their integral property. Finally, in Sect. 4, we introduce a set-valued Young-
type integral which is based on the sets of selections examined in Sect. 3. We shall
investigate properties of this set-valued integral.

2 Finite p-Variation Set-Valued Functions

Let (X, ||-||) be aBanach space. Denote by Comp (X) and Conv (X) the families of all
nonempty and compact, and nonempty compact and convex subsets of X, respectively.
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The Hausdorff metric Hy in Comp (X) is defined by
Hx (B, C) = max {Hx (B,C), Hx (C, B)},

where Hy (B, C) = sup,ep distx (b, C) = sup,p inf.cc |[c—b| x.If X is separable,
then the space (Comp (X), Hy) is a Polish space and (Conv (X), Hy) is its closed
subspace. For B, C, D, E € Comp (X), we have

Hy(B+C,D+E)<Hx(B,D)+ Hx (C,E) (1)

where B + C := {b+c:b € B, c € C} denotes the Minkowski sum of B and C.
Moreover, for B, C, D € Conv (X), the equality

Hx (B+ D,C+ D)= Hx (B,C), 2)

holds, see, e.g., [23] for details.
We use the notation

Al x := Hx (A, {0}) = sup |la]|x for A € Conv (X).

acA

Let T > 0 and B € (0, 1]. For every function f : [0, T] — X, we define

_ d My (f) =
1/lo = sup If@lx and Mp(f) = sup =—"—75

te[0,T]

By C# (X), we denote the space of S-Hélder-continuous ( or shortly S-Holder) func-
tions with a finite norm

1fllg == 1flloo + Mp(f).

It can be shown that (C’3 A ,3) is a Banach space. Similarly, for a set-valued
function F : [0, T] — Comp (X), let

[Fllpg = I Flloo + Mp(F)

where

Hx (F(t), F(s))
|Flloo = sup [[F(t)|x and Mg(F) = —
1€[0,T] 0<s<t<T (t—ys)

A set-valued function F is said to be 8-Holder if || F'||g < co. By ch (Comp(X)), we
denote the space of all such set-valued functions. The space of f-Holder set-valued
functions having compact and convex values will be denoted by CP(Conv(X)).

Let (E, d) be a metric space. Forevery 0 < a < b < T, by II,, = {ti}fl:O, we
denote a partitiona = tg < t» < --- < t, = b of the interval [a, b]. For every function
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f:[0,T] - Eand 1 < p < oo, we define its Young p-variation on [a, b] by the
formula

Var,(f,la,b]) —supZ d(fti-1), f()"

i=1

and a Riesz p-variation on [a, b] by the formula

d(f(tz 1)s f(tt))

(t — ti—)P~!

Vp(f, la, b])—spZ

We denote Var,(f,[0,T]) by Var,(f) and V,(f, [0, T]) by V,(f), respectively.
If Var,(f) < oo (resp., V,(f) < 00), we call f a bounded Young (resp., Riesz)
p-variation function. The class of all functions of bounded p-variations will be denoted
by BVar,([0, T], E) or BV, ([0, T], E), respectively. In the sequel, we denote spaces
BVary([0,T], E) and BV,([0, T'], E) simply by BVar,(E) and BV,(E), respec-
tively. If (X, || - |lx) is a Banach space, then BVar,(X) or BV,(X) with norms
I £ lvar, = supepo. 7 I1f Ollx + Var,(f)VP and || fllv, = sup,epo.ry I1f Ollx +
(Vp(f N/P, respectively, are Banach spaces. For X = R“ and considered with the
Euclidean norm, we will use the notation ||x|| instead of ||x|| ga.

We collect some properties of functions of bounded V/,-variation in the following
proposition.

Proposition 1 [10,11] Let f : [0, T] — E. Then, forevery 1 < p < oo, the following
conditions hold:

(a) Foreveryla,b] C[0,T]anda <t < b we have
Vp(f.la, tD) + Vp(f, t, b)) = V,(f, la, b]).

(b) if f € BVy(E), then Vi(f.la.b]) < (b —a)' /P (V,(f.la.b])""" for every
[a, b] C [0, T], (Jensen inequality).

(c) if (fn) is a sequence such that limy,_, .. d(f,(t), f(¢t)) = 0 for every t € [a, b],
then V,(f, [a, b]) <liminf, . V,(fy, [a, b]).

(d) if X is a reflexive Banach space and f € BV,(X), then f admits a strong
derivative " and V,(f, [a, b]) = fab ||f’(t)||§ dt, (Riesz theorem).

Let (X, | - ||) be a Banach space, and let I[1,,, : 0 =1t <t; <---<t, =T bea
partition of the interval [0, T']. Given a set-valued function F : [0, T] — Comp (X),
we set

" HE(F (4;), F (ti-1))

V,(F, IT,) =
g " ; (t — ti—)P~!
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Then, by a Riesz p-variation on [0, 7], we mean the quantity

Vp(F) = S];lp Vy(F, ITy).

By BV, (Comp (X)), we denote the space of all set-valued functions from [0, T']
into Comp (X) having finite Riesz p-variation.

3 Selections of Finite p-Variation Set-Valued Functions

Let T > 0O be given and let F : [0, T] — Comp(X) be a measurable set-valued
function. A measurable function f : [0, T] — X is called a measurable selection of
Fif f(t) € F(t) forallt € [0, T]. For 1 < p < 00, define the set

Spr(F) = {f e LP([0, T, X): f(t) € F(t) ae. te[0,TI.

Srr(F) is a closed subset of L”([0, T], X). It is nonempty if F is p-integrably
bounded, i.e., if there exists g € LP([0, T] such that ||[F(¢)||x < g(t) for a.e.
t € [0,T]. In such a case, there exists a sequence (f;) C Srr(F) such that
F(t) = {fn(t)}f;o=1 for all ¢+ € [0, T]. The sequence (f;) is called an L?-Castaing
representation for F. For other properties of measurable set-valued functions and

their measurable selections, see, e.g., [5].

Definition 1 Let F : [0, T] — Comp(R?) be a set-valued function. For 1 < p < oo,
define

Sy, (F):={f € BVp(Rd) 1 f(@t)y e F(t),t €[0,T]},

the set of selections of F with a bounded Riesz p-variation.

Let F € CP (Comp (R?)). Such set-valued functions need not admit any Holder
or even continuous selection, see, e.g., [10]. However, considering the smaller class
BV, (Comp (Rd)) cch (Comp (Rd)), the following selection theorem holds true.

Proposition2 [11] Let F : [0,T] — Comp(Rd) be a set-valued function. If F €
BV, (Comp(Rd))for some 1 < p < oo, then there exist a function ¢ € BV), (R?) and
a sequence of equi-Lipschitzian functions (g,)qc | with Lipschitz constants L, < 1
such that taking f, = gn o ¢, we have V,(fy,la,b]) < V,(F,la,b]) for every
0<a<b=<Tand F(t) = {fu(®)};2, for every t € [0, T]. The set {132, is a
V-Castaing representation for F.

Let us note that the set Sy, (F) need not be closed in the topology of point conver-
gence even if F is bounded.

Example 1 The set Sy, (F) need not be closed in the topology of point convergence
even if F is bounded. To see this, let W be a Wiener process defined on some adequate
probability space (£2, F, P). Let W (-, ) denote its trajectory connected with a fixed
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@ € §2. Then, M = sup,¢jo 1 |W (7, ®)| < 0o, because of continuity of trajectories
of a Wiener process. Let F : [0, T] — Com p(R ) be a set-valued function defined by
formula F(t) = [-M, M] forevery t € [0, T]. Let (I1,);2, = ({t;}_,);2, denote a
sequence of normal partitions 0 = #| <, < --- < t, = T of the interval [0, T], and
let W, (-, ®) denote regularizations of W (-, @) defined by the formula below

W(t,®) for t =1
is linear for t € (t;,ti41)

W(t, w) = {

It is clear that W, (¢, w) € F(t). Moreover, for a linear function g(¢) = at + b, we
have V, (g, [#;, ti+1]) = |al? (t;11 — 1;) < oo. Therefore, we get by Proposition 1(a),

n—1

Vop(Wa (@), [0, T) = Y Vp(Wa (-, &), [, 1i41])
i=1
- {|W(z,»+1,cb>—vv(zi,@)|f’
< max
(tiv1 — )P

n—1
,i=1,2,...,n—1}'Z(ti+l_ti)<oo'

It means that W, (-, @) € SVp (F). But W, (¢, w) tends to W(t, @) forevery ¢t € [0, T].
Since V),(W(-, @) = +oo forevery | < p <2, then W(-, w) ¢ Sy, (F).

However, the set Sy, (F) is closed in the norm || - ||y, because of Jensen inequality
I fu(®) = fOI < max{1, T'=P}| f,, — flly, — 0 and Proposition 1(c).

Proposition3 Ler F : [0,T] — Comp(Rd) be a set-valued function, F €
BVp(Comp(Rd)) for some 1 < p < oo. Let {fu}y_, be the V,-Castaing repre-
sentation of F given in Proposition 2. Then, for every f € Sy, (F) and every € > 0,
there exist a finite measurable covering Ay, . .., A, of the interval [0, T'] and functions

Svs oo fin € {m}o0 such that

n
f=Y Ix fi,| <e
=1

Lp

Moreover, for every f € Sy,(F) and every € > 0, there exist n > 1, a partition
I, :0=1ty <ty <--- <t, =T and functions fi,, ..., fx, € {fm}f,f:l such that

n—1
F=2 M fiy| <e
j=0

o0

Proof Since Sy, (F) C Spr(F) and the V),-Castaing representation of F' is also an
LP-Castaing representation of F introduced in [9], then the proof follows by Lemma
1.3 of [20].
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We prove second inequality. Let f € Sy, (F) be arbitrary taken. There exists §
such that | f(z) — f(s)]| < €/3 and || f,(t) — fi(s)]| < €/3 forevery |t —s| < &
(see Proposition 1). Let us take a partition [T, : 0 < § < 2§ < --- <nd < T. Since
f@) e {fm®}5_,thenforeveryk =0, 1, ..., n there exists my such that || f (k&) —
S (k)| < €/3. Therefore, || f(t) — fin, (t)|| < € fort € [k, min{(k + 1)8, T'}].

Thus,

<e.

n—1
Hf - Z LR

n—1
= Hf = Miks. mingt s, 7)) Fong
k=0 )

k=0 oo

O

Let us note that a similar approximation property with respect to V,-variation norm
need not hold true.

Now we introduce the notion of V,-decomposable selections of set-valued functions
and investigate their properties.

Let (£2, A, ) be a measure space. A set A C LP(£2, A, RY) is said to be LP-
decomposable, if forevery f1, fo € Aandevery A € Aonehas I4- f1+ 1~ fo € A,
where A~ denotes the complement of the set A in £2. For any L”-decomposable sets
H, K C LP(£2, A, RY), the Minkowski sum H + K is again an LP-decomposable
subset of the space L?(£2, A, RY).

For a given set B C LP(£2, A, IRd), we denote the set {22:1 Tp, - Bt A €
A, Br € B, n=1,2,...} bydecpr(B) and call it an L?-decomposable hull of a set
B.

By dec»(B), we denote a closed L”-decomposable hull of a set B. Similarly as in
the case of convex and closed convex hulls, they are the smallest L”-decomposable
and closed L?”-decomposable sets containing the set B, respectively.

From this, it follows that the set Sy»(F) consisting of all L”-selectors of a
given measurable set-valued function F is always L?-decomposable and therefore,
Srr(F) = deczpr(Szr(F)). Conversely, if a closed set A C LP($2, A, RY) is LP-
decomposable, then there exists a measurable set-valued function F : £2 — R? such
that A = Sp» (F), (see [20]). For other properties of L”-decomposable sets, see [19].

L'-decomposability of the set of L!-selectors of a given measurable set-valued
function F is crucial for investigating properties of a set-valued Aumann integral of
F defined by the formula

/F(t)duz{/ ) dp: fesL.(F)}.
A A

Unfortunately, the set Sy, (F) need not be L”-decomposable for any p > 1, and
therefore, if one defines a set-valued Young integral in the Aumann’s sense, it is
difficult to obtain its reasonable properties. This leads to the idea of a different type
of decomposability called V),-decomposability.

It follows from Proposition 1(d) that a function f belongs to BV, (R?) if and only

if its strong derivative f’ belongs to LP([0, T]), f(t) = f(0) + fot f'(s)ds and
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Vp(f,10,1]) = fot | f/(s)||? ds for every ¢ € [0, T]. This property has been inspiring
to the following definition.

Definition 2 A set A C BV, (R?) is V),-decomposable (decomposable in the sense
of its Riesz p-variation) if for every fi, f» € A and every a € [0, T] the function
f = f1 @4 f> defined by

1
f@) = f1(0) +/0 (T0.a)(5) - f1(5) + T, 71(5) - fo(s)) ds

belongs to the set A.
For a given set B C BV, (R?) by decy, (B), we denote a V),-decomposable hull
of a set B, i.e., the smallest V),-decomposable set containing the set B.

Remark 1 Every function f = f| @, f> from Definition 2 can be represented by the
formula

fi@®) for 0<t<a

A {fm — p@ + fila) for a<t<T"

Moreover, for every B C BV,,((R?), we have
; m—1
decy,(B) = {f € BV, (Rd) Cf() = fi (0)+f0 (Z Wi i) () - £1(s)) ds :
i=0

Im,: 0=ty<---<ty=T,m=1,2,..., fieB,i=1,...,m}.

Definition 3 A set R C BV, (R?) is called an integral if there exist xo € RY and a
measurable and p-integrably bounded set-valued function @ : [0, T] — Conv(R?)
such that

R = xo +/q§(s)ds = {f € BV,,(R”"): fe) :xo—}-/.qﬁ(s)ds, OS SLp(qf’)}.
0

We denote by R () the set

t
RO ={f®:f()eR}= {xO +/O ¢(s)ds, ¢ € SLP@)}

Theorem1 Let R C BVP(Rd) be an integral. Then, R is closed with respect to the
norm || - |0 and V,-decomposable.

Proof If R is an integral, then for every ¢ € [0, T] R(t) is a closed subset of R¢ by
Theorem 8.6.7 of [5]. Let (f,)S%; C R be a sequence convergent to some f with

n=1

respect to the norm || - ||s0. Since R is an integral, then f,(¢) = xo + fé ¢n(s) ds for
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some ¢, € Spr(@). But f,,(0) = xo and therefore, f(0) = x¢. Moreover, since @ is
p-integrably bounded by some function g € L?([0, T']), then sup, V,(f,) < liglizr.
It follows from Proposition 1(c) that V,,(f) < |lgllLr. Therefore, f € BVP(Rd)
and f(t) = xo + fé f'(s)ds. Since @ is p-integrably bounded and has closed and
bounded values, then the set Sy» (@) is closed, bounded and convex in L? ([0, T]).
Therefore, it is weakly compact there. Thus, there exists a subsequence (¢, ) of (¢,,)
weakly convergent to some ¢ € Spp(®). Let J : LP([0,T]) — C([0,T]) be a
linear operator defined by formula J (¢/) = xo + fo ¥ (s) ds. Since J is norm-to-norm
continuous, then it is also weak-to-weak continuous. Thus, f,, = xo + fo P, (5) ds
tends weakly to xo + [y @ (s)ds. But (f,) tends to f = xo + [y f/(s)ds in || - |l
norm. Thus, ¢ = f’, and therefore, f' € Sz»(®). This implies f € R, which proves
the closedness of R.

Now let us take f1, f € R. There exist a set-valued function @ and functions
@1, ¢2 € Spr (@) such that f1(1) = xo+ [y ¢1(s)ds and fo(t) = xo + [, ¢2(s) ds for
every t € [0, T']. Leta € [0, T'] be arbitrarily taken and let y () = Tjo,4)(s) - $1(s) +
Lo, 71(s)-¢2(s). Theny € Sp» (@) andtherefore, f = fi®, fo = xo+ [ y(s)ds € R.

It means that R is V,-decomposable. O
Theorem2 Let R C BV, (Rd), R(0) = xo, be bounded, V,-decomposable, convex
and closed with respect to the norm || - ||co. Then, R is an integral.

Proof Assuming that R C BV, (Rd), let f1, f» € R and a € [0, T'] be arbitrarily
taken. If f = fi ®, f2, then f € R by the assumption of V),-decomposability. We
define the set M by the formula

M= {qseLP([o, ) : xo+/¢(s)ds ER}.

Then, M is convex in L? ([0, T']). It is bounded and closed in L? ([0, T']) by Proposi-
tion 1(d).

Since R(0) = xo,then R = {fo : fo =x0+ [ fo(s)ds; f, € M}. We will show
that the set M is LP-decomposable in L? ([0, T'], B([0, T']), 1), i.e., we will show that
for every set A € B([0, T]) and any ¢,y € M, the function y = 4 - ¢ + Ty~ - ¢
belongs to the set M. B([0, T']), as usual, denotes here the Borel o algebra of subsets
of the interval [0, T'], and A is a Lebesgue measure.

We take a partition I7,, : 0 = 1) < t; < -+ < fay < top41 = T and the
set A of the form A = Ul’f:o[tz,-, hiy1). Since R is V),-decomposable, it is easy to
see that taking any fi,..., fon+1 € R a function f given by the formula f(¢) =

X0 + fot Z,-zio Tj;.1,1)(8) - f1(s)ds belongs to R. Therefore, taking f;, = ¢ for
i=1,2,...n andfz’l.+1 = fori =0,1,...n, we have

xo+/)/(S)ds =xo+/(1[A(S)-¢(S)+1[A~(S)-1ﬂ(S))dS
t
=xo+/ f(s)ds e R.
0
It means that y € M.
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Let M = 2 Up {B C [0.T]: B = J/Z)[t2i. i+1)}. Then, M is a ring
generating a o -algebra 8 ([0, T]). We will show that M is a monotone class also. To this
end, assume that (A;){2, C M and A; C A; . We prove that the set A = Ul 1 Ai
belongs to M. We can find an infinite partltlon Iy : 0=ty <ty <th <---of [0 T1,
and takmg Ak = U olt2i, hiy1), we get Ak C Ak+1 CAand A = hmk_,oo Ak =
Uk 1Ak Therefore, Ta(s) = limg_ 00 I (s) for every s € [0, T]. Since the sets

(Ak) form a decreasing family, then a sequence (][ i ~(s)) is a decreasing sequence

of functions convergent to T4~ (s), where A~ = ﬂk=1 (Ap)~.

Let us take any ¢, Y € M, A = (J72[12i, tai+1), and let y (s) = L4(s) - ¢ (s) +
Ta~(s)- ¥ (s). Then, y (s) = limg— o0 yi(s), where y(s) = 1 ; (s) ¢(s)+][ ~(s)-
¥ (s). It was shown in the first part of the proof that yi(s) e M, because 0 X0 +
[ vi(s)ds € R. We show that y € M, i.e., that f = xo + [ y(s)ds € R. We know
that fi = xo + [ yx(s)ds € R. We have

[ fe = flloo = sup

tel0,7T]

T
< fo I7(s) — y ()]l ds.

/ (Vk(s) =y (s))ds

However, yx(s) — y(s) a.e. and the sequence ||y (s) — y(s)|| admits a p-integrable
majorant 2|¢ (s)| + 2|y (s)|. Therefore, || fx — flloo — 0. Since R is closed by the
assumption, then f € R and therefore, y € M.

We have shown that the set

={AeB0, T :Ms-¢p+1Mp~ -y eMif ¢,y € M}

contains a ring generating ([0, T']) and a monotone class

A= {A,AN Cl0.71: A=t 1)

My i=0

From the monotone class theorem, we deduce that for every ¢, 1 € M and every set
0 € B(|0, T']) the set Tpp + Lo~ belongs to M. Therefore, M is L”-decomposable
and by Theorem 3.1 of [20] there exists a measurable set-valued function @ : [0, T] —
CI(R?) such that S;»(®) = M = {¢ € LP([0, T]) : xo + [ ¢(s)ds} € R. It means
that R = xo + f @ (s)ds. Since S;r(®) = M is convex, then @ has convex values
by Theorem 1.5 from [20]. Moreover, @ is p-integrably bounded by the boundedness
of M. Therefore, R should be an integral. O

Definition 4 Let X be a real normed linear space. Let A, B € Conv(X). The set C €
Conv(X) is said to be the Hukuhara difference A =~ B if A = B + C. Consider a set-
valued mapping G : R! — Conv(X). We say that G admits a Hukuhara differential
at g € R1, if there exists a set Dy G (1p) € Conv(X) and such that the limits

. G(to + At) — G(19)
lim
At—0+ At
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and

. G(tg) ~ G(tg — Ar)
lim
At—0+ At

exist and are equal to the set Dy G(1p).

For a detailed discussion of the properties and applications of the Hukuhara differen-
tiable multifunctions, we refer the reader to [23].
Now we are ready to prove the main decomposability results of the section.

Theorem 3 If a closed and bounded set R C BVp(Rd) with R(0) = xo is Vp-
decomposable, then there exists a measurable and p-integrably bounded set-valued
function @ : [0, T] — Comp(Rd) such that the set-valued function t — R(t) is
Hukuhara differentiable for almost every t € [0, T] and DyR(t) = co® (t).

Proof Assume that a closed and bounded set R in B VI,(Rd) is Vj-decomposable. It
is also closed with respect to || - ||oo. Therefore, it follows by Theorem 2 that R is an
integral, i.e., there exists a measurable and a p-integrably bounded set-valued function
®:[0,T] —> Comp(Rd) such that

R=x0+/¢>(s)ds= {fer,,(Rd):f(-)=xo+f¢(s)ds, ¢>eSLp(<D)}.
0

Since R(0) = xp, then R(¢) is an Aumann integral, R(f) = xo + fot D(s)ds =
{f@t) = xo + fé ¢(s)ds, ¢ € Spp(@)}. From this, we deduce that the Hukuhara
derivative Dy (R(t)) exists for almost every ¢ € [0, T] and DgR(t) = co® (), see,
e.g., [29]. O

Remark2 If a set R C BVp(Rd) is an integral, then R(r) = xo + fot @ (s)ds for
every t € [0, T] and some measurable and p-integrably bounded set-valued function
@. The reverse implication need not hold as the following example shows.

Example2 Let @ : [0,1] — R! be a constant set-valued function @ (1) = [0, 1].
Let R(r) = fot @(s)ds = [0,t]. Then, R(-) is Hukuhara differentiable with
Dy(R())(t) = &(t). We will show that R = Svp (R(-)) is not an integral. Let
us take f1(¢r) =0 and

. t for 0<t<1/2
fz(t)—{_H_l for 1)2<r<1"
Of course, f1, f2 € Sy, (R(-)). However,

0 for 0 1/2
£ = (i @12 )(0) = {—t+l/2 o 1

Then, f(t) ¢ R(t) fort € [1/2, 1],and therefore, f = (f1®1/2/2) ¢ Sv,(R()) = R.
It means that R is not an integral.
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Theorem4 Let F : [0, T] — Conv(R?) be a Hukuhara differentiable set-valued
function, F € BV), (Conv(Rd)), F(0) = xq. Then, the set

IS(F)={f € BVP(Rd) : f €Sy, (F)and f' € Sr(Du(F))} 3)

is Vy-decomposable and therefore, it is an integral.

Proof Really, let f, g € R.Then, f, g € Sy,(F). Therefore, f', g" € LP([0, T]) and
f', ¢ € Spp(Du(F)). Then, the function y = Tjo ) - f'+ Ljo,71- &' € Spr(Du(F))
because the set Sp» (Dy (F)) is LP-decomposable. From this, we get (f @, g)(t) =
%0+ [y y(s)ds € xo + [y Dp(F)(s)ds = F(1). Since V,((f @4 8)) < V,(f) +
Vp(g) < 0o, then (f ®, g) € Sy, (F), and therefore, (f @4 g) € R. We proved that
‘R is Vp-decomposable and it is an integral by Theorem 2. O

Let C € Conv(R?) andleto (-,C) : R" > R', 0 (p,C) = sup,cc < p.y >
be a support function of C. Let X denote the unit sphere in R?, and let V denote a
Lebesgue measure of a closed unit ball B(0, 1) in R4 ie.,V =n9%/r 1+ %1) with
I" being the Euler function. Let py be a normalized Lebesgue measure on B(0, 1),
ie.,dpy =dp/V. Let

M = { u: wuis a probability measure on B(0, 1) having
the C' — density du/dpy with respect to measure py }.

Leté, :=du/dpy,andlet V&, denote the gradient of §,,. By w, we denote a Lebesgue
measure on X. The function St, : Conv (Rd) — R9 called a generalized Steiner
center, and given by the formula

St,(C) = V™! (/ po (p, C)su(p)dw(p)—/ o(p, C)v%‘u(p)dp> )
b B(©.1)

for every i € M, has the following properties.
For A, B, C € Conv (Rd) anda,b € R!

St,(C) € C, St,(aA + bB) = aSt,(A) + bSt,(B),
152, (A) — St (B)| < L, - Hga (A, B), ©)

where L, = dmaxpcx &, (p) +max,epo,1) | v (P (see e.g., [13]).

Since the set C) = {& € C1(B(0, 1), RT) : [ € dpy = 1} is separable, then there
exists a countable subset {§,} C C ‘5 dense in Cé with respect to supremum norm. Let
{in} be a sequence of measures from M with densities {£,}. It is known that every
set C C Conv(R%) has a representation

C = {51,(O)} pem:
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where St,,(C) are generalized Steiner points of C given by formula (4), see also [13].
Therefore, by separability of C{}l, we have

{Stl/-n (C)}n 1

Let F:[0,T] — C onv(Rd ) be a set-valued function. Then,

t t
Sty ([ F(s)ds) =/ (St (F(s)) ds 6)
0 0

for every ¢t € [0, T'] by [8] and we obtain

t [o9] t o)
/F(s)ds:{Stun (/t F(s)ds)} :{/ (Stﬂn(F(s))ds} G
0 0 n=1 0 n=1

Assume that F € BV, (C onv(Rd)) is Hukuhara differentiable, F(0) = xg, and con-
sider again a set ZS (F') defined by (3). This set is an integral by Theorem 4. We prove
the following result.

Theorem5 Let F € BVp(Conv(Rd)) be a Hukuhara differentiable set-valued func-
tion, F(0) = xo. Then, there exists a Castaing representation { f,},> | of F with
fn €ZS(F) foreveryn=1,2,....

Proof Since F(t) = xo + fot Dy (F)(s)ds, then by formula (7) we obtain

]

t t
F(t) =xo —i—/ Dy (F)(s)ds = xo + {/ Sty, (D (F)(s)) ds}
0 0

n=1

It means that the sequence {f,}°°, defined by the formula f,(t) = xo +
fo St,,(Da(F)(s))ds is a Castaing representation of F. Moreover, f, (1) =
Sty,(Du(F)(@)) € Dp(F)(t). We have to show that f, € BVp(Rd) and f, €
L? ([0, TT). We know that f,,(¢) = xo + fot Sty (Dp (F)(s))ds = xo + Sty, (F(1))
by equality (6). It follows from formula (5) that

I fu(®) = fu(Il = Ly - Hga (F (1), F(s)),

where L, = dmax,ex &, (p) + maxpepo,1) | V §.(p)|l. Therefore, for every 0 <
a<b<<T,

Vp(fny a, b]) sup Z ”f”(tl fn(tl I)HP

I'Im i—0 i — ti—1)P~ !
H a(F(ti—1), F(t;))
<L, supz : ._l;i_l)P 1l ) =L,V,(F,la,b]) < oco.
M =0
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Therefore, f,, € BVp(Rd).
Now, we are able to apply Corollary 3.4(a) from [11] to deduce that f, sat-

isfies fot | fi(s)|I”ds < oo. Since f, is a measurable selection of Dy (F), then
fr € Spr(Du(F)). Therefore, f, € ZS(F) foreveryn = 1,2, .... O

4 Set-Valued Young Integrals

At the beginning of this section, we recall the notion of a Young integral in a single-
valued case introduced by Young in [30]. For details, see also [17]. Let f : [0, T] —
R? and g:[0,T] — R be given functions. For the partition [T, : 0 = 1y < 1] <

- < ty, = T of the interval [0, T'], we consider the Riemann sum of f with respect
tog

S(f+ 8 M) =) f (ti-1) (8(t)) — g (Gi-1)).

i=1

Let |IT,| := max{t; —t;_1 : 1 < i < m — 1}. Then, the following version of
Proposition 2.4 in [18] holds.

Proposition4 Let f € BVarp(Rd) and g € C* (Rl) where 1/p + a > 1. Then, the
limit
T
lim S(f.g. 1) = [ fdg
[T |~ 0

exists and the inequality

< C, p) (Vary(N)'" My (g) 1 =) (8)

t
/ Fdg— ) (g(0) — g(s)

holds for every 0 < s <t < T, where the constant C («, p) depends only on p and «.

Corollary 1 Let fi, f» € BVar,(R?) and g € C* (R') where 1/p +a > 1. Then,

H/ frdg — fzdg

= (Ifi = folloo + Cl@. p) (Vary(fi = 12)""") Mac () (1 + 7%,

In the case [ € C/g(R") and o, B € (0, 1] with « + B > 1, one can express the
Young integral by fractional derivatives. Namely, let

for (@) =(f@®) = fO+) Lo,y (t) and fr_(t) = (f(t) — f(T—) Lo, (@).
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The right-sided and left-sided fractional derivatives of order 0 < p < 1 for the function
f 110, T] — R' are defined by

! f@ IO = f()
ot = i (5 42 | )

and

C ( f@ Tf(t)—f(s)d>
— s

ra—p o

D;—f(t) = (T — t)P . (s — [),OJrl

Then, the following result holds, see, e.g., [28].
Proposition 5 Suppose that g : [0,T] — R!, g € C* (Rl) and f € CP (Rd). Then,
the integral fOT f dg exists in the sense of Riemann and
T T -
/ fdg = (~1)° f DL, for (DD gr_ (1) dt + £(0)(g(T) — g(0))
0 0

for every p € (1 — «, B). Moreover, the following version of inequality (8)

< Cla, )My (8) Mg(f)(t2 — 11)* TP

n
/ fdg — ft)(gt) — g(t1)
n

holds for every 0 < t; < to < T, where C(a, B) depends only on o and B.
Let us consider again a set ZS(F') given in (3)

IS(F) = {f € BV,(RY): f €Sy, (F)and f' € Spr(Dy(F))).

Definition 5 We define a set-valued Young integral of Hukuhara differentiable F €
BV, (ConvR") with respect to a function g € C* (R'), 1/p +a > 1, by the formula

t t
(IS)/ Fdg :=cle{/ fdg:erS(F)},
0 0

forevery 1/p +a > 1and g € C*(R").
We have

t
II(ZS)/ Fdgll <My () IFllg (14 Cla, BYTP) (1 — 5)°
)
for 0 < s <t < T. Since F and Dy (F) take on convex values, then the sets
SV,(F) and Sy »(Dp(F)) are convex and therefore, ZS(F) and (ZS) fé F dg for
every t € [0, T] are convex subsets of BVP(Rd yand R, respectively.

The following lemma was proved in [27].

@ Springer



Journal of Theoretical Probability (2022) 35:528-549 543

Lemmal Let g € C“ (Rl). Then, for every p € (1 — «, B), there exists a positive

constant C(p) such that for every f1, fo» € ch (Rd), t €[0,T]and 6 € (0, 1] the
inequality

H£ﬁ®_£ﬁ@

< C) [Ifi = falloo + (Mg (f1) + Mg (f2))0P] 677

+ 1/10) = L2O[lg(T) — g0)].

holds.
Using this lemma, we are able to prove the following result.

Theorem 6 For every p € (1 — «, B), there exists a positive constant C(p) such that
for every 6 € (0,1], t € [0, T] and for every Hukuhara differentiable set-valued
functions Fi, F, with bounded Hukuhara derivatives, the inequality

t t
Hpa <(IS)/ Fidg, (IS)/ P dg)
0 0

T
=C(p) </0 Hpga(Dp (F1)(s), Dy (F2)(s)) ds

+(T+T"F)( sup Dy (F)@®)|+ sup ||DH(F2>(r)||)9ﬁ)9‘f“
t€(0,T] t€(0,T]

T
+ My (8) T“/O Hpga (Dy (F1)(s), D (F2)(s)) ds. ©))

holds.

Proof Let F : [0,T] — Conv (Rd) be Hukuhara differentiable. If the set-
valued function Dgy(F)(-) is bounded, i.e., SUP;¢(0,7] IDg(F)()|| < oo, then
I Fllcc < T sup,eio.ry 1PH(F)(@0)| and V), (F) < T sup,cpo. 7 1Du (F)(@)]|7 as well
as Mg(F) < T'-# sup;co.7 1P (F)(@)|| for any p > 1 and B € (0, 1). Thus
F e BVp(Conv(Rd)) and Sy, (F) # 0.

We obtain by Lemma 1, for any f; € ZS(Fy), f» €,ZS8(F2), p € (1 — «a, B),
te[0,T]and @ € (0, 1]

[ 5= [

<CO[Ifi = follos + (Mg (f1) + Mp (2001077 + | fi — follooMa(g) T
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Thus,

t t
dist pa <f fidg, (IS)/ 33 dg)
0 0

SC(P)[diStoo(flsIS(FZ))‘i‘( sup Mg (f1)+ sup Mﬁ(fz))eﬂ}Qp
FHELS(F) LS (F)

+distoo (f1, ZS(F2)) Ma(g)T*.

Hence,

t t
H ga <(IS) / Fidg, (ZS) / deg)
0 0

<C(p) |:Hoo (ZS(F1),IS(F2))+ ( sup Mg (fi)+ sup Mg (fz))Qﬁ] 6"
f1eIS(Fy) freIS(F)

+Mo (8) T* Hoo (ZS(F1), IS(F2)) -

The same estimation holds for H ga ((IS) fot Fidg, (ZS) fot 33 dg).
Therefore,

t t
Hpa ((IS) / Fi dg, (ZS) / F dg)
0 0

SC(/O)[HOO (ZS(F1), IS(F2)) +( sup Mg (fi)+ sup My (fz))Qﬂ] 6"
fIeLS(F) HEeIS(F)

+Mo () T* Hoo (ZS(F1), IS (F2)) - (10)

Suppose that f € ZS(F). Then, it is expressed as the integral, i.e., f(-) = fo ¢(s)ds
for some ¢ € Spr(Dy(F)) and we have

Ifo—fol_ o Ie@drl

0<s<t<T (t— S)ﬁ 0<s<t<T (t — S)ﬁ

Mp(f) =

From the other side, we get by formula (2), the equalities

Hpya (F(1), F(s))
Mg(F) = _
p() ngg)gT (t —s5)P

Hpa (/ff Dy F(t)dt + [y DyF(t)dt,0+ [y Dy F (1) dr)

= sup
0<s<t<T (r — S)ﬂ
1
Hpa (fs Dy F(7)dr, 0) I f{ DuF(x)de|
= sup 3 = sup —/3
0<s<t<T (f — S) 0<s<t<T (t - S)
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Therefore,

Mg(f) < Mp(F)
and taking in the mind the beginning of the proof, we get

sup | fllg <IIFlg < (T +T'"P) sup | Du(F)®)| < 0. (11)
fELS(F) tel0,T]

Let ¢1 € Spr(Dy(F1)). Then, by Theorem 2.2 from [20], we have

f¢1(S)dS—/ $2(s)ds

< inf f lp1(s) — ¢2(S)|IdS—fO distga (¢1(s), D (F2)(s)) ds

$2€S1p (D (F2))

inf
$2€S1p (D (F2)) ze[o T

T
5/0 Hpa(Dp (F1)(s), Du(F2)(s)) ds.
Thus,
_ T
Hoo (IS(F1),ZS8(F2)) 5/(; Hypia (D (F1)(s), Dy (F>)(s)) ds.

In a similar way, we get

T
Heoo (IS(F2), IS(F1)) S/O Hpa (D (F1)(s), Dy (F2)(s)) ds

and finally

T
Hoo (IS8(F1), I8(F2)) E/O Hpga(Dp (F1)(s), Dy (F2)(s)) ds.

Hence, by formula (10) together with (11), we obtain inequality (9). m]

Corollary 2 Let F,, F be Hukuhara differentiable set-valued functions with bounded
Hukuhara derivatives satisfying

sup Hgra(Dg(Fy)(t), Du(F)(t)) = 0asn — oo.
1€[0,T]

Then,

t t
sup Hpa <(IS)/ F,dg, (IS)/ ng) — 0asn — oo. (12)
te[0,T] 0 0
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Proof Let us note that for every n > 1 we have

sup [|Dg(Fn)(@)]l = sup Dy (F)@)]

t€[0,T] t€(0,T]
< sup Hpa(Du(F,)(1), Dy (F)(1)).
te(0,7T]

Thus,

sup [|[Dp(Fo) (@) — sup [|[Dy(F)(1)]| asn — oo.
1€[0,T] 1€[0,T]

Therefore, the sequence (sup,E[O’T] 1D H(Fn)(l)||)n>1 is bounded. Hence, we get by
Theorem 6 N

‘ t
limsup< sup Hpa ((IS)/ F,dg, (IS)/ Fd))
n 1€[0,T] 0 0

< C(p)(T +T'F) (sup sup || D (F)(®)|| + sup ||DH<F)<t>||) gP=".
n tel0,T] t€l0,7T]

Since 8 > p and 6 € (0, 1] is arbitrarily taken, we obtain formula (12). O

It was proved in [20] that for measurable and p-integrably bounded set-valued
functions Fy, F» : [0, T] — Comp(Rd), the equality

See (clga{Fy 4+ F2)()}) = clpo{Spr (F1) + Spe(Fa)} (13)

holds. Therefore, a set-valued Aumann integral satisfies

t t t
/(F1+F2)dt=/ F1dt+/ F>dr.
0 0 0

We will show that a set-valued Young integral is additive also.

Theorem?7 Let F, Fi, F» € BVP(Conv(Rd)) be Hukuhara differentiable with p-
integrably bounded Hukuhara derivatives, 1 < p < oo. Let g € C*(R"), where
1/p+a > 1. Then,

t t t
(IS)/ (F1+ F)dg = (IS)/ Fidg + (IS)/ F>dg.
0 0 0

Moreover, if the set F(0) is bounded in RY, then (IS) [, F dg and (ZS) fst Fdg are
bounded sets in C*(R?) and in R?, respectively.
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Proof We show that ZS(F| + F;) = ZS(F)) + ZS(F). Let us take an arbi-
trary f € ZS(F) + F,). Then, f € SV,(F1 + F2), f' € Spp(Dy(F1 + F»))
and f() = fo f'(s)ds. Since Dy (F;)(t) takes on compact and convex values in
RY, then ' € Spr(Du(Fi + F2)) = clpp{Spp(Dy(F1)) + Spo(Dp(F2))} by
equality (13). Therefore, there exist sequences (¢,1,) C Spp(Dy(Fp)) and (‘153) C
Srr(Dg(F>)) such that qb,lz + ¢>,% — f’ with respect to the L”-norm convergence.
But Sp»(Dg(F1)) is a closed, convex and bounded subset of L” by [20], and
therefore, weakly compact. Then, there exists a subsequence (¢,1,k) weakly conver-
gent to some ¢! € Sy »(Dy(F))). Similarly, passing to the subsequence if needed,
(¢’r2u<) tends weakly to some ¢* € Sppr(Dy(F»)). Therefore, f/ = ¢! + ¢* €
Ser (D (F1) + Spe(Dp(F2)). But f(-) = [o f'(s)ds = [ ¢'(s)ds + [;¢*(s) ds.
Since [y ¢'(s)ds € [y Du(Fi)(s)ds = Fi(t), then [;¢'(s)ds € ZS(Fy). In the
same way, fo #*(s)ds € ZS(F»), and therefore, ZS(F; + F») C IS(F)) + IS(F»).
For the proof of a reverse inclusion, it is enough to note that taking f1 € ZS(F1) and
f> € ZS(F2), their sum belongs to SV, (Fi + F>) and the sum of their derivatives
belongs to Sz» (Dy (F1 + F)). Hence, f1 + f» € ZS(F1 + F»).

Now let us remark that the operator J : BVP(Rd) — R4 defined by the formula
J(f) = fot f dg is linear. From this, we get

t
(I5) /0 (F\ + F2) dg = J(IS(Fy + F2)) = J(IS(F) + IS(Fy)

t t
— JIS(F) + J(IS(Fy) = (IS) /O (F1)dg + (Z8) /O (Fy) dg.

Hence, the first statement follows.

We show that the set ZS(F) is bounded in the space (BVp(Rd), I~ llv,). Let
f € ZS(F) be arbitrarily taken. By assumption, the set Sy»(Dg (F)) is bounded
in L? norm by some constant M. Since f' € Sp»(Dy(F)), then (Vp(f))l/l’ =
o If/ @7 ds) /P < M.

Moreover, || (1) — f(O)|| < T'=YP(V,(f)!/? for every ¢ € [0, T] by Proposi-
tion 1(b). This implies

1£1v, =11 Fllo + (Vp(IDY? < sup 1O + TP M + M
heZS(F)

Then, for every f € ZS(F), we get by Corollary 1

[ s
0
=

sup ||| + (T "VPYM + C(a, pyMT' VP My (g) (1 4+ T%)
heIS(F)

sup ||| + (T 7VPYM(1 + C(a, p)My (g) (1 +T*)).
heZS(F)

= (If e + €@ p) (Var,(N)'") Ma () (1 + T%)
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Using Corollary 1 once again, we obtain in a similar way

1
[ £ et = (1fls + Clap) (Vary (1)) M () 1 ="

< sup RO+ (T7YP)M(1 + C(a, p)My (8) T).
heIS(F)

Thus, we obtain the appropriate boundedness of both integrals. O
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