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Abstract

In this paper, we generalize the concept of gamma bridge in the sense that the length will
be random, that is, the time to reach the given level is random. The main objective of
this paper is to show that certain basic properties of gamma bridges with deterministic
length stay true also for gamma bridges with random length. We show that the gamma
bridge with random length is a pure jump process and that its jumping times are
countable and dense in the random interval bounded by O and the random length.
Moreover, we prove that this process is a Markov process with respect to its completed
natural filtration as well as with respect to the usual augmentation of this filtration,
which leads us to conclude that its completed natural filtration is right continuous.
Finally, we give its canonical decomposition with respect to the usual augmentation
of its natural filtration.
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1 Introduction

The gamma process has proven very successful when modelling accumulation pro-
cesses. Early studies by Hammersley [14], Moran [21], Gani [13], Kendall [18],
Kingman [19] addressed the modelling of water stored in and released from reser-
voirs and accumulation related to storage in general. Dufresne et al. [9] show how to
employ the gamma process to model liabilities of insurance portfolios for continuous
claims. For these risk models, the fixed budget horizon of one year is assumed. The
authors investigate furthermore the gamma process in the setting of ruin theory and
supply ruin probabilities in form of tables. The gamma process replaces the compound
processes used traditionally. In Emery and Yor [12] and Yor [25], gamma bridges were
studied and their application to stop loss reinsurance and credit risk management was
pointed out in Brody et al. [8]. This work introduces and focusses on random gamma
bridges, which model accumulated losses of large credit portfolios in credit risk man-
agement. These studies were continued by Hoyle et al. in a series of papers, see, e.g.
Hoyle and Mengiitiirk [16]. In a further article, pricing at an intermediate time is
studied Hoyle et al. [15]. Returning to the starting point accumulation processes for
storage, we refer to recent developments in Chan et al. [10] for further references.
Numerical results may be found in Assmusen and Hobolth [2].

In this paper, we generalize the concept of a gamma bridge to random times, at
which the bridge is pinned, to study amongst others its Markov property and to give
its decomposition semi-martingale. There are two recent works in which bridges with
random length are studied. The first by Bedini et al. [5] studies related properties
of the Brownian bridge with random length, and the second by Erraoui and Louriki
[11] studies Gaussian bridges with random length. In both works, existence of an
explicit expression for the bridge with random length is exploited. Applications for
the gamma bridge with random length suggest itself for accumulation processes in
financial mathematics, see [3].

The paper is organized as follows. Section 2 begins by recalling the definitions and
some properties of gamma processes and gamma bridges of deterministic length, which
will be used throughout the paper. In Sect. 3, we define the gamma bridge with random
time T which will be denoted by ¢ and we consider the stopping time property of t with
respect to the right continuous and completed filtration ]Fi_’c generated by the process
¢. Moreover, we give the conditional distribution of t and ¢, given ¢ foru > ¢ > 0.
Next, we establish the Markov property of the process ¢ with respect to its completed
natural filtration. As a consequence, we derive Bayesian estimates for the distribution
of the default time 7, given the past behaviour of the process ¢ up to time . After that,
we study the Markov property of the gamma bridge with random length, with respect
to ]Ffr’c. Finally, we give its semi-martingale decomposition with respect to Fic.

The following notation will be used throughout the paper: for a complete probability
space (£2, 7, P), JVP denotes the collection of P-null sets. If 6 is a random variable,
then Py denotes the law of 6 under P. 2 denotes the space of right-continuous functions
with left limits (cadlag) from R, to R, endowed with Skorohod’s topology, under
which the space Z is a Polish space. If E is a topological space, then the Borel o-
algebra over E will be denoted by Z(E). The characteristic function of a set A is
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written I 4. The symmetric difference of two sets A and B is denoted by A A B. Finally
for any process Y = (Y;, t > 0) on (£2, %, P), we define by:

() FY = <37,Y =0, s <1), t > 0) the natural filtration of the process Y.

(i) FY-c = <9}Y’C = FY Vv Np,t > 0) the completed natural filtration of the
process Y.

(iii) FL¢ = (y‘,{f = NF = FLvpt = 0) the smallest filtration
containing F¥ and satsi:ftying the usual hypotheses of right-continuity and com-
pleteness.

2 Gamma and Gamma Bridge Processes

The purpose of this section is to recall the definition and some properties of the standard
gamma process and the gamma bridge with deterministic length.

2.1 Gamma Process

By a standard gamma process (y;,t > 0) on (§2,.%,P), we mean a subordinator
without drift having the Lévy—Khintchine representation given by

E(exp(—Ay)) = exp (—r /0 "1 exp(—ax)) @m) (1)
=1+n" @)

exp(—x)

where v(dx) = L0,00) (x) dx is the so-called Lévy measure. We note that the

formula (2) is obtained from (1) using the Frullani formula.

The following properties, inferred from (2) by means of standard arguments (see
Theorems 21.1-21.9, pp. 135-140 in Chapter 4 of Sato [22]), describe the paths of
the gamma process.

Proposition 1 The gamma process (yy,t > 0) has the following properties:

(1) y is a purely jump process;
(i1) y is not a compound Poisson process, and its jumping times are countable and
dense in [0, 00) a.s.;
(iii) the map ¢ > y; is strictly increasing and not continuous anywhere a.s.;
(iv) y has sample paths of finite variation a.s.;
(v) v, t > 0, follows a gamma distribution with density
x'~Lexp(—x)

fyt (x) = IR0

[0.00) (). 3)
where I is the gamma function.
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The second property means that, for any # > 0, y has infinite activity, that is, almost
all paths have infinitely many jumps along any time interval of finite length. It is
a direct consequence of v(R;) = +oo, whereas the fourth property arises from

1
/ x v(dx) < +oo0.
0

Remark 1 1. It is clear that the process gamma (y;, ¢ > 0) is a process with paths
in 2.

2. The process (y; — y;- := ez, t > 0) of jumps of the gamma process (y;,t > 0) isa
Poisson point process whose intensity measure is the Lévy measure of (y;, t > 0),
see Theorem 1, p. 13 of Bertoin [4]. Forr > 0, letus denote by (JI’ > er > ... ) the
sequel of the lengths of jumps of the process (y;, t € [0, r]) ranked in decreasing
order. It is not difficult to see that since the intensity measure of the Poisson point

process ((t, ¢;), t > 0))is dr exp(=x) L(0,00) (x) dx, the jump times (U}, U5, ...)
x

constitute a sequence of i.i.d r.v.’s with uniform law on [0, ] which is independent
from the sequence (J,g k> 1). Thus, we have the following representation:

yt = Z‘]]: ]I{Ulffl}’ t e [0, r]. (4)
k>1

We note that: y, =) . J/.
The next proposition gives three other useful properties of the gamma process.

Proposition 2 (i) Foreveryr > 0, the o-algebras, O'(&, u€[0,r]) and o (yu, u €
Vr
[r, 00)) are independent.

@ii) Foranyr > 0, (y;,0 <t <r) satisfies the following equation

t —
V,ZMH/ Ve, ®)
0

r—s
where (M],t € [0,r]) isa g,(r)-martingale with %,(r) =o(ys,s €[0,t]U{r}).
(iii) (y¢,t = 0) has the Markov property with respect to its natural filtration.

Proof For (i) and (ii) See, [12]. (iii) (y;, ¢ > 0) has the Markov property since it is a
Lévy process. O

For a deeper investigation on the properties of the gamma process, we refer to

Kyprianou [20], Sato [22] and Yor [25].

2.2 Gamma Bridge with Deterministic Length

A bridge is a stochastic process that is pinned to some fixed point at a fixed future
time. In this section, we define the gamma bridge with deterministic length and we
give some important properties of this process. For fixed r > 0, we define the gamma
bridge of length r by setting
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Definition1 Let r € (0, +00). The map " : 2 — & defined by

_ Yinr (@)
vr() '

¢ (w) t>0, we £, (6)

is the bridge associated with the standard gamma process (y;, ¢ > 0). Then, clearly
¢y =0and ¢/ = 1. Werefer to ¢" as the standard gamma bridge of length r associated
with y. We note that ¢” is also called the Dirichlet process with parameter r.

We note that the process ¢” is really a function of the variables (r, ¢, w), and for
technical reasons, it is convenient to have certain joint measurability properties.

Lemma 1 The map (r,t,®) —> ¢/ (w) of ((0,+00) x Ry x £2, 2((0, +00)) ®
BRy) @ F ) into (R4, ZRy)) is measurable. In particular, the t-section of
(r.t,w) — &/ (w): (r, w) — ¢/ (o) is measurable with respect to the o-algebra

%((O, +oo)) ® Z, forallt > 0.

Proof Since the map (r, t) —> t A r is Lipschitz continuous and ¢ +— y; is cadlag
for almost all w € §2, the map (r, ¢, w) — ¢/ (w) can be obtained as the pointwise
limit of sequences of measurable functions. So, it is sufficient to use standard results
on the passage to the limit of sequences of measurable functions. O

As a consequence, we have the following corollary.

Corollary 1 The map (r, w) —> ¢/ (®) of ((0, +00) x 2, ((0, +00)) ® .7) into
(9, B (D)) is measurable.

A number of properties of the gamma bridge ¢” sample paths can be easily deduced
from the corresponding properties of the gamma sample paths. Hence, we have

Proposition 3 The gamma bridge ¢/, t > 0, has the following properties:

(1) ¢" is a purely jump process, and its jumping times are countable and dense in
[0, r] a.s.;
(ii) the map t +— ¢/ is strictly increasing and not continuous anywhere in [0, r] a.s.;
(iii) ¢" has sample paths of finite variation in [0, +00) a.s.;
(iv) ¢ has the following representation:

.
g=> Z_kJ Lyr<y, t=0. )

k>1 iz J

We now turn to distributional properties of the gamma bridge.

Proposition4 (i) For all 0 <t < r, the random variable ¢/ has a beta distribution
B(t,r —t), i.e. its density function is given by

I'(r)

t—1,1 _ r—t—1
rore—n* 479 ot ®)

@er(x) =
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(i) Forany0 =1ty <t} < --- <ty = r, the vector (g{l =L G — {tfﬂ) is
independent from y,, with density

n

F(r) ti—ti—1—1
[T, 't —ti-1) l_[ i

i=1

with respect to the Lebesgue measure dx . ..dx,—1 (or, as well, dx, . .. dx,) on
the simplex

{1, x) 0 =0, x1 4+ -+ x, =1}

(iii) Forallt <u < randx € (0, 1), the regular conditional law of {) given {] = x
is given by:

]P)(é‘,: € dy|§[r =X)

_ re-n  g-ola -y
T Tw—-0F—u) (1 —x)r==1

]I{x<y<l}dy- )

In the same spirit as in Proposition 2, we have

Proposition5 (i) ¢” is a Markov process with respect to its natural filtration.
(ii) ¢” satisfies the following equation

r r tl_é‘;
{[ZN[—F 0 }"—Sds, te[osr]s (10)

where (N],t € [0,r]) isa Fcr-martingale.

Proof (i) From Theorem 1.3 in Blumenthal and Getoor [6], it suffices to prove that for
every bounded measurable function g we have:

E[g@nIt). ...l =E[gnle) ], (11)

forall0 <t <...<t, <u <randforalln > 1.
Using Proposition 2 (i), we have

[ Yu yll ytn
E g(zr)lgrv"”g-r =K g(_)|_s7_j|
[ u n tn] L )’r yr yr
Z]E_g <&>|m’ ﬁ""’ y[nl7ﬁ]
L \Vr/) Vo V1 Vi Vr

L Vr Vr

=E g(c;)mf,}-
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Hence, the formula (11) is proved; then, ¢ is a Markov process with respect to its
natural filtration.
(i1) We have from Proposition 2 (ii) that

r—s

t _
y,=M;+/ YV refo,rl,
0

where M" is a martingale with respect to the filtration %,(r) =o(ys,s €[0,t]U{r}).
Then, it is easy to see that

ro__ A" 11— Cvr
;& =N, + A ds, te[0,r], (12)

r—=s

r

M r
where N” = —L 1 € [0, r]. Firstly, notice that.Z C %" and y, is %" -measurable

Vr

forall ¢ < r. Moreover, Eq. (12) yields, that is the process N” is F¢ -adapted. In view
of these considerations, as well as the fact that M/ is a Ef,(r)-martingale we obtain

E[Nn%f’] _ E[%@f’] =E[E[%|%”]|%§r]
Yr Yr

Mr r r
- E[—S|fif ] =E[N1F | =N,

for0 < s <t <r.Itfollowsthat (N/,t € [0, r])is aFt’ -martingale. Hence, equation
(10) is satisfied. O

Remark 2 We can rewrite (5) in the form

INAF )/ _ J/
Yinr = Mtr/\r +/ : sSdS, t>0. (13)
0 _
Then, we obtain
M AV I
Ct’=”;”=%+/ ; C;ds, t>0. (14)
r r 0 -

r

xTr Mt/\r
For every t > 0, we set N[ = —~. We have thus
Vr

r—=s

r N 11— &5
g =N/ + A Lis<ryds, t>0. (15)

It follows from the above proposition that (ﬁ,’ .t > 0) is a F¢ -martingale stopped
atr.
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3 Gamma Bridges with Random Length

In this section, we define and study a process (¢;, t > 0) which generalizes the gamma
bridge in the sense that the time r at which the bridge is pinned is substituted by an
independent random time t. We call it gamma bridge with random length. We prove
that the random time 7 is a stopping time with respect to the completed filtration F¢-¢,
and we give the regular conditional distribution of t and (z, {) given ¢ . Moreover,
we prove that the gamma bridge with random length ¢ is an in-homogeneous Markov
process with respect to its completed natural filtration ¢ as well as with respect
to Fic. The last property allows us to deduce an interesting consequence, that is
the filtration IF%-¢ satisfies the usual conditions of completeness and right-continuity.
Finally, we give the semi-martingale decomposition of ¢ with respect to IFi’C.

Now, we give precise definition of the process (¢;,t > 0). Due to Corollary 1 we
could substitute r by a random time 7 in (6). Thus, we obtain

Definition2 Lett : (2, %, P) — (0, +00) be a strictly positive random time, with
distribution function F(¢) := P(t <t),t > 0.Themap¢ : (2, %) — (2, B (2))
is defined by

&) = é‘tr(w)|r=t(w)v (t,w) e Ry x £2.

Then, ¢ takes the form
Yint

&= — t>0. (16)
T

Since ¢ is obtained by composition of two maps (r, ¢, w) — ¢/ (w) and (¢, w) —
(t(w), t, w), it is not hard to verify that the map ¢ : (22, %) — (%, %4 (D)) is
measurable. The process ¢ will be called gamma bridge with random length t.

As mentioned above, we work under the following standing assumption:

Assumption 1 The random time 7 and the gamma process y are independent.

Using the fact that the process ¢ is obtained by the substitution of » in {” by the
random time 7 allows us to derive a lot of information about its path properties. Hence,
we have

Proposition 6 The gamma bridge (¢;, t > 0) with random length t has the following
properties:

(1) ¢ is a purely jump process, and its jumping times are countable and dense in
[0, T] a.s.;
(1) the map t > ¢ is increasing and not continuous anywhere on [0, t] a.s.;
(iil) ¢ has sample paths of finite variation a.s.
(iv) ¢ has the following representation:

I , t>0,
Z Z]>1JT {Uk<t} B

k>1
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where the jump times (Ulr LU, .. ) constitute a sequence of r.v.’s identically
distributed with the law given by

P[U;gr]:IP[rgt]Jr/ P[U} < t] P-(dr)
(1,+00)

1
:P[Tfl]+tE|:—H(T>t):|, t>0,k>1.
T

3.1 Stopping Time Property of 7

The aim of this subsection is to prove that the random time 7 is a stopping time with
respect to F¢:¢.

Proposition7 Forallt > 0, we have P ({§; = 1} A {t < t}) = 0. Then, T is a stopping
time with respect to ¢ and consequently it is a stopping time with respect to Fi_’c.

Proof First, we have from the definition of ¢ that £ = 1 for t < . Then, {t <t} C
{¢; = 1}. On the other hand, using the formula of total probability we obtain

P({,:l,t<r)=/ P = 1|t = r)P.(dr)

(t,400)
_ / (¢ = P, (dr)
(t,400)

=0.

The latter equality uses the fact that ¢, is a random variable having a beta distribution
for0 <t < r. Thus, P({¢; = 1} A {r <t}) = 0. It follows that the event {t < 1}
belongs to L%g vV Ap, forall t > 0. Hence, 7 is a stopping time with respect to F¢-¢
and consequently it is also a stopping time with respect to Fi‘ O

In order to determine the conditional law of the random time t given ¢;, we will use
the following

Proposition 8 Let t > O such that F(t) > 0. Let g : R —> R be a Borel function
satisfying E[|g(t)|] < +o0. Then, P-a.s., we have

Elg(v)l¢] = f 8D b () Lo+ / ¢(Nbe COPe(dr) Towg <1y, (17)
©0.n F@) (t,400)
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where the function ¢;r is defined on R by:

ber(x) = b )
f g ()P (ds)
(t,+00)
. I'(r)
=0 7=

= ) Lo.n(x), x€R, re(t,+o0).

(1 —x)" ———P.(ds)
/@,m rs—n "

(18)
Proof Let us consider the measure p defined on Z(R) by

p(dx) = 81(dx) + dx,

where §;(dx) and dx are the Dirac measure and the Lebesgue measure on Z(R),
respectively. Then, for any B € Z(R) we have

P e Blt=r)=P(/ € B) = /l;qt(hx)u(dx),

where the function g, is non-negative and measurable in the two variables jointly given
by

g (r, x) = Lix=1yIir <1y + @7 (O Ljo<x <y Ljr<r)-

It follows from Bayes formula (see [23], p. 272) that P-a.s.:

/ g("qi(r, ¢)P- (dr)
Elg(t)|g] = 2%

/ q:(r, &) P (dr)
(0.+00)

/ g P (dr)l,—y +/ 8w (&P (dr)jo<¢ <1y
0,11 (t,-00)

F®)lig,=1y + / @7 (&) P (dr)Ljo<g <1y
o0

(1,400)

=/ @Pr(dr)ﬂ{q,:l}-i-/ g(r)per ()P (dr)jo<g, <1)-
o, F@) (t,400)
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Corollary 2 The conditional law of the random time T given ; is given by

Prig=x(x, dr) = Tix=1y L0, (r) Pz (dr) + ¢¢r (x) Tjo<x <1y Lt +00) (r) P (dr)

19)

F()

The previous proposition can be expanded as follows:

Proposition9 Let u > t > 0 such that F(t) > 0. Let g be a bounded measurable
function defined on (0, +00) x R. Then, P-a.s., we have

a(r. 1)
Elg(z, — P, (dr) I, -
la(z. 1] /M o P T
4 /( 807 806 (@) Pl g ). 20)
t,4+00
and
g(r, 1)

Elg(r. ¢l ] = /

———— P (dr)l,=y +/ 9(r, Doer (C)Pr(dr)Ljo<¢, <1y
o, F@) tu

+ f( Gl )0 ) B g . @1
u,+00

Here, the function &, ,(r, -) is defined by

&1 u(r,x) == Elg(r, ¢))Ig) = x]
= fR 8, ) Perjer— (dy). (22)

Proof First of all, it is easy to see that (20) is an immediate consequence of Proposition
8. Now, to show (21) we begin with by splitting E[g(z, &,)[¢:] as follows:

Elg(z, &)l&i] = Elg(z, DIz <& ] + Elg(r, Dl <r<uy|g] + Elg(r, S)lju<cy|S:].
We obtain from Proposition 8 that

a(r. D

T P (dr)p—
F0) (dr)lig,=1y

Elg(r, Dljpn|t/] = f
(0,7]
and

Efg(z, DIjr<r<uyl&r] = / 9(r, Doer (6P (dr) Lio<g, <1y-

(t,u]
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Next, we prove that

Elg(z, &) lju<eylé] =/( )Qiz,u(r,Ez)qﬁ;;(éz)Pr(dr)ﬂ{0<;,<1}- (23)
u,+00o

Indeed, for a bounded Borel function 7 we have

Elg(t, ) lper k(2] = / Ela(r. £ (dr)

(u,+00)

_ /( EIBla( £ B0
u,+00o

- / EIELG(, £/ Th(c)) TP (dr).
(u,+00)
Using (22), fort < u < r, we get

Elg(t, t)luen)h(e)] = / E[®,.(r, ¢ () P: (dr)

(u,+00)
= IE[Qst,u (T, é‘t)H{u<r}h(§t)]-

It follows from (20), that P-a.s.

E[&; 4 (7, &) ju<yl ] =/( : Grulr, &) ¢er (G) Pe(dr) Lo<g <1y (24)
u,+00

This induces that

E[g(r, ;u)]l{u<r}h(§t)] =E I:‘/( Qﬁt,u(”v ;t)‘ﬁ@‘[ (;t) P, (d}’) ]I{0<§,<1} h(fr)] .

u,+o00)

Hence, the formula (23) is proved and then the proof of the proposition is completed.
O

3.2 Markov Property of { and Bayes Estimate of 7

In this part, we prove that the gamma bridge ¢ with random length 7 is an in-
homogeneous Markov process with respect to its completed natural filtration F¢-€.

Theorem 1 The process (¢;,t > 0) is an Fs-Markov process. That is, for any t > 0,
we have

ELf Cam) | ZE 1 = BLF (G151, P-as., (25)

forallt, h > 0 and for every bounded measurable function f.
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Proof First, we would like to mention that since o = 0 almost surely it is easy to see
that

ELf (&) Z5 1 = ELf (Grn) 0]

Letus assume ¢ > 0. As I, o) = [z <} P-a.s, we rewrite E[ f (¢41) L?f] as follows:

ELf G FE] = BLF (o) ey + BLF Goan) | F Mg <n)

= f(W)g=1y + ELf o) F My <ry.

So, it remains to show that

ELf (o)< | 701 = BLf (o)L <oy1C ], P — acs.

To do this, it is enough to verify that

/ S Gn)dP = / ELf (G118 1dP, (26)
ANfr<t}

AN{t<t}

forall A € ﬂ\,{. We start by remarking that, for ¢ > 0, 9,{ is generated by

. {tnfl 4’[7172 é‘l‘l . §t0
Ctps O 1= yOp—1 = ..., 0020 = —,0] := —,
Sty Ctuy Cn Cn
0 <1t <t < -+ < t, =t for n running through N. Then, by the monotone

class theorem it is sufficient to prove (26) for sets A of the form A = {¢; € B, o1 €
Bi,...,a, € B,} with B, By, B, ..., B, € 4(R), n > 1. Moreover, on the set
{t < t}, we have

Bro= Tl — g k=1,....n.
ytk

Using Proposition 2 (i), then for 7 < r the vectors (B1, ..., By) and (¢, ¢/, ;) are
independent. Now, taking into account all the above considerations, we have

/ F@Can)dP = B[ f(Cran) IBx By scooxBy Cor 1, -y o) Lpary ]
AN{t<t}
= E[f(Cr+n) IBx B, x--xB, (15 B1s - - -5 Bn) Lz <1} ]
= /( )]E[f(C,r+h)HB(C[)HBIX.--xBn(ﬂl, ooy Bn)] Pr(dr)
1,00
- /( B € o DI Bl sy B )
1,00

= ELf (G41) L (&) Ly <oy 1 E[LBy x...x B, (B1s - - -, Bn)]
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= E [ELf G811 &) T <o) 1 E[IB, x.x B, (Bl - - -, Bn)]
= E[E[f (Cr+m& 1B (&) L <oy 1By x-.xB, (B1s - - -, Bu)]
= E[E[f (C+m)18 13 (&) Ljp <oy 1By x-.x B, (@1, - ., )]
= E[ELf Cr+m 8] I x By xc--xB, Gy 015 oy an) Ty <y

/ E[f (¢r)1¢] dP.
AN{t<t}

Hence, (26) is proved and this ends the proof. O
Corollary 3 The Markov property can be extended to the completed filtration F¢°.
The aim of this proposition is to provide, using the Markov property, that the observa-

tion of ¢; would be sufficient to give estimates of the time t based on the observation
of the information process ¢ up to time ¢.

Proposition 10 Let 0 < ¢ < u.

(1) For each bounded measurable function g defined on (0, 00), we have P-a.s.

Elg(0)| 751 = g(t A D) + f( 00 @B Lo @)
t,+00

(i) For each bounded measurable function defined on (0, +00) x R, we have P-a.s.

Elg(t, )71 = g(x A t, D=1
+ /( )g(r, e)ber (6P (dr) o<, <1)- (28)
t,+o0o
Elg(z, &)l 01 = gt At, D=

+/ g(r, Doer (6P (dr)ljo<g, <1y
(t,u]

+f / g(ry Y)Perier = (dy)er (60)Pr (dr)jo<g, <1y
(u,+o0) JR
(29)

Proof (i) Obviously, we have
Elg(0)| 71 = Elg(z A DIy Z T+ Elg(x v Ol 7]
Now, since g(t A 1)z <y is ﬁf’c—measurable, P-a.s, one has
Elg(t A Dlr<n| Z01 = g(r A<y

=g A I)H{{r:”.
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On the other hand, due to the facts that g(t vV H)[j;<)is o (s, t <5 < 400) V Ap-
measurable and ¢ is a Markov process with respect to its completed natural filtration
we obtain P-a.s.

Elg(r v )l <) F 1 = Elg(x v Dl <n)l¢i],
The result is deduced from (17).
(i1) Equation (28) is an immediate consequence of (i). Concerning Eq. (29), we use

the same method which we used to prove (i). O

Remark 3 The process ¢ cannot be ahomogeneous ¢ -Markov process. Indeed, Propo-
sition 10 enables us to see that, for A € ZZ(R) and t < u, we have P-a.s.,

P, € AlF) = Tiieay Lig,=1y +]I{leA}/( ]¢g,r(Cz)IP’r(dr) Lio<e <1
tau

4 / / T, <y <1y Pegicr o (dy) s (6) Pe(dr) Tiog, <1y,
(u,+00) JA
which is clear that it does not depend only on u — t.

. (¥4
3.3 Markov Property with Respect to 5’

We have established, in the previous section, the Markov property of ¢ with respect
to its completed natural filtration Fé-¢. In this section, we are interested in the the
Markov property of ¢ with respect to Fi‘ It has an interesting consequence which
is none other than the filtration IF%-¢ satisfies the usual conditions of completeness
and right-continuity. However, we need the following condition of on the integrability
of 7.

Assumption 2 There exists a sufficiently small @ > 0 such that
E(r“) < 4o00. 30)
The next theorem shows the Markov property of ¢ with respect to Iﬁ‘i’c.

. . ¢.c
Theorem 2 The process ¢ is a Markov process with respect to F3 ™.

Proof 1t is sufficient to prove that for any 0 < ¢ < u and any function bounded
continuous g, we have

E[g()|. 71 = Elg(@)&], P—aus. 3D

Let (t,),en be a decreasing sequence of strictly positive real numbers converging to
t:thatis0 <t < - - <typ1 <t <--- <t <U,ty, \(tasn —> +00. Since g is
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bounded and ﬁff = ﬂﬁfl’c, P-a.s., we have
n

Elg@)l 5= lim Elg() 75 ]. (32)
n—>+00
It follows from the Markov property of ¢ with respect to [F$+¢ that
Elg@)IZ 1= lim Elg@)l,], P-as. (33)
n—>+0o0
It remains to prove that
lim E[g()I¢, 1= E[gu)lg], P-as. (34
n——+00

The proof is splitted into two parts. In the first one, we show statement (31) for # > 0,
while in the second part we consider the case t = 0.
Let t > 0. We begin by noticing that from Proposition 10, P-a.s., we have

Elg(&)1&, 1= g) <]I{g,n=1} +'/( ] ber (81, )P (dr)ﬂ{0<;,n<1})
I u
+ /( | K, u(r, Ct,,)‘f’;,jl (&) Pr(dr) Ljo<¢, <13
u,+00

= g(1) (H{fgn} SRR (dr)]I{,”<,}>

(tn,u

+ / Koy, 80,00 (6) Po(@r) T, ).
(u,+00)

Where the function K, , (r, x) is defined on Rby for0 <t <u <r

K u(r,x) :==E[g()Ig = x]

= /Rg(y)]I{x<y<l}P§,ﬂ§[=x(dY)~ (35)

Since lim;, s 100 Ij1, <7} = Ijz<1), assertion (34) will be established if we show, P-a.s
on {t < t}, that

lim 85, @A) = [ gy @B, (36)
1m0 S (1y,u) (t,u]
and
lim Ko7 )8, GO Pe@) = [ K606 6) Prlar).
n=>400 J (u,+00) (11, +00)

(37)
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We start by proving assertion (36). The integral on the left-hand side of (36) can
be rewritten as

K 1,6 Pe(@n)
ty,u

Be; (6,) Bedr) =
(a | eg@ra
(tn,+00)

/ (1—; )r&]}’ (dr)
(] ") Tor—t) °

= I .
K F(S) {O<(,n<l}
1-— —P.d
Am@‘ ) T @)

First, let us remark that the function

]I{0<{,n <1 }

I"(r)

([,I",X) —> (l —X)rm

defined on {(z, r) € (0, 400)%,t < r} x (0, 1) is continuous. Using the facts that &,
is decreasing to ¢; and P[¢;, = 0] = 0, P-a.s on {r < 7}, we have

lim (1 r O — -y D g 1

n_llfoo( = &) To—1) {tn<ry To<g, <1y = A = &) Tor—n {t<r} o< <1}

(38)

On the other hand, since the function x — (1 — x)" is decreasing on (0, 1) for all
r > 0and re) ( D :

r 1t +
0< ——=r"|1- ol=11, 39
=Te-n '”[ " (r2>] <

for large enough r, see [1], p. 257, 6.1.46, then for any compact subset . of (0, +00) x
(0, 1) it yields

sup (1 —x)" r'o

]It < +OO
(t,x)eX Ir'r—r tr=r)

Hence, P-a.s on {t < t}, we have

r
r
sup (1 _ Ctn) ) H{t,,<r}]I{0<§z <1} < Fo0. (40)
neN I'(r—ty) "

We conclude assertion (36) from the Lebesgue dominated convergence theorem.
Now, let us prove (37). Recall that the function K;, ,(r, ¢;,) is given by

Ky u(r, &) = f g(Y)]I{x<y<1}IP’;;\;;l=x(dy)|x=;,,1
R

B F(r _ tn) ( ) (y _ Ct,,)u_t_l(l _ y)r—u—l
T Twu—-t)lr—u) Jr gL =g,

Lig, <y<1ydy.
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Since g is bounded, we deduce that K;, ,(r, ¢;,) is bounded. Moreover, we obtain
from the weak convergence that

lim Kl‘n‘u(rv Ct,,) = Kl,u(rv &),

n——+o0o

P-a.s on {t < t}. Combining the fact that K, ,(r, ¢, ) is bounded, (38) and (40)

assertion (37) is then derived from the Lebesgue dominated convergence theorem.
Next, we investigate the second part of the proof, that is the case t = 0. It will be

carried out in two steps. In the first one, we assume that there exists ¢ > 0 such that

P(t >¢)=1. 41
As in the first part, it is sufficient to verify that

nj)rriooE[g(iu)lir,,] = E[g(¢u)lto], P-as. (42)

Without loss of generality, we assume f, < o A ¢ for all n € N. It is easy to see that
under condition (41), E[g(¢,)|¢;, ] takes the form

Elg(&)1&,] = g(l)/( ]¢;,; (&1, )Pz (dr)

[ K60 @) P
(u,+00)

On the other hand, we have

E[g(&u)1%0] = Elg(&u)] = g(1) F (u)
+ / / g (y)dy Pr(dr).
(u,+00) JR

Then, in order to show (42) it is sufficient to prove, P-a.s, the following

lim G¢r (8, )P (dr) = F(u), (43)

n—> 400 (e,u

and

tim [ K66 ) P

n—s 400
(u,+00)

=/ fg(y)%{(y)dyﬂ”r(dr)- (44)
(u,+00) JR
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First, for r > &, we have

im (1—g ) — . 1 —1
n—>-to00 In F(l"—tn) {tn<r} {0<{,n<l} .

Since the gamma function is increasing on [2, c0), for r > 2 + 1, we obtain

") I'(r)
sup (1 — ¢, < . 45)
neN rr—t) I'(r—n)
: r'r)y . .
It follows from (30) and (39) that the function » —— F(—t) is P, -integrable on
r—1I

(e, 400). Hence, (43) follows from a simple application of the Lebesgue dominated
convergence theorem. In the same way as in the first case (r > 0), we obtain from the
weak convergence that

lim K, . (r, ;“:)=L/ g Y 1 = y) T o< y<1y dy,
n—-oo " LI —u Jr ’

then also (44) follows from a simple application of the Lebesgue dominated conver-
gence theorem. Finally, we have to consider the general case, that is P(r > 0) = 1.
In order to prove the Markov property of ¢ with respect to IE‘SF’C att = 0, it is suffi-
cient to show that ﬁgf is P-trivial. This amounts to prove that ,Zf , is P-trivial since

eg“gf = 904 vV Ap. To do so, let ¢ > 0 be fixed and consider the stopping time
7, = T \V &. We define the process ¢ by

{67120} :={¢] lr=rves 1 = 0}.

The first remark is that the sets (7. > ¢) = (7 > ¢) are equal and therefore the
following equality of processes holds

§.T£H(I>£) =d ]I(r>e)-
Then, for each A € ﬁg f there exists B € ﬁgf such that
AN(t>¢e)=BN(t > ¢).

As P(t, > ¢/2) = 1, according to the previous case we have that fgf is P-trivial.
That is, P(B) = 0 or 1. Consequently, we obtain

P(AN(t >¢))=0or P(AN (T > ¢)) =P(t > ¢).

Now if P(A) > 0, then there exists ¢ > 0 such that P(A N {t > &}) > 0. Therefore,
forall 0 < & < ¢ we have

P(AN(t > &) =P(r > &).
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Passing to the limit as &’ goes to 0 yields P(A N ( > 0)) = P(r > 0) = 1. It follows
that P(A) = 1, which ends the proof. O

Corollary 4 The filtration F*° satisfies the usual conditions of right-continuity and
completeness.

Proof See, e.g. [[6], Ch. I, Proposition (8.12)] O

3.4 Semi-martingale Decomposition of {

Our purpose is to derive the semi-martingale property of ¢ with respect to its own
filtration IF%-¢. Firstly, we obtain from representation (15) that

t
:t=N,+/ Zyds, 130, (46)
0

where the processes N and Z are defined as follows:
Ni(@) = N] (@) lr=t(0),

and

1—-¢
Zt = S tt H{t<r}v

for (¢, w) € Ry x £2. Now, let us consider the filtration
H = (%; = Z5v o (0), tZO), (47)

which is equal to the initial enlargement of the filtration F¢:¢ by the o-algebra o (7).
Since the processes ¢ and Z are H-adapted, it follows from equation (46) that N is
H-adapted. Moreover, T is a stopping time with respect to H. The next proposition
will play a very important role in forthcoming developments, since it shows the semi-
martingale property of ¢ with respect to H.

Proposition 11 (i) We have
t
]E[/ |Zs|ds} < 400,Vt > 0.
0

(i) The process N= (IV,, t > 0) defined by

~

t
No=¢- / Zods, 120, 48)
0

is a H-martingale stopped at t.

Proof (i) We first note that Z is a non-negative process. Since s < r, ¢! has a beta
distribution B(s, r — 5), E (¢/) = s/r. So, we can see, for any ¢ > 0, that
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t “+00 tAr 1—]E r
IE|:[ Z ds] :/ / ids}?,(dr)
0 0 0 r—s
400 tAY 1
:/ / —dsP;(dr) < 1.
0 0 r

(i1) By assertion (i), the process (Z;, t > 0) is integrable with respect to the Lebesgue
measure, hence N is well defined. It is clear that the process Nis H-adapted and
N[ NT, P-a.s, on the set {t > 7}. Now, since (N t > 0)isaPF¢ -martingale
stopped at r we obtain, forany 0 <t <th <--- <t, =t,n e N*, h > 0and g
a bounded Borel function, that

E[(Newn — NDg(&tys -+ §s 0]

- / B[N, — Mg, .t r)IPs(dr)
(0,+00)
— /(0 )IE[(]V,’M — NDg(/ ... ¢ P (dr)
N3
+ f ELN. 4, — NG, & PPr(dr)
[t,t4+h)
+ / ELN.y — NG, & PIPe(dr)
[t+h,+00)
- / ELN, — Nl & PP (dr)
0,1)
+ / EINT = NDg (.. ¢ 1P (dr)
[t.t+h)
+ / E[(N},, — N)g(&/, ... ¢ )P (dr) = 0.
(14, 4-00)

The desired result follows by a standard monotone class argument. This completes
the proof. O

Therefore, it follows from Stricker’s Theorem [24] that ¢ is a semi-martingale relative
to its natural filtration F%-. A natural question is: What is the explicit form of its
canonical decomposition? That is the problem we want to discuss. The method consists
in applying the stochastic filtering theory.

Theorem 3 The canonical decomposition of ¢ in its natural filtration F®° is given by
~ ! 1
& =N +/ (I —=1¢) ——@¢r (8s) Pr(dr) Lip<g, <13ds, (49)
0 (s,400) I —§

where (ﬁt, t > 0) is an F&“-martingale stopped at t.

Proof Let us start by recalling that 7 is a stopping time with respect to F5-¢. A well-
known result of filtering theory [7] (T1, p. 87) (or Theorem 8.1.1 and Remark 8.1.1
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[17] for more general setting) tells us that the decomposition of ¢ in its natural filtration
[F$-¢ is given by

t
& =N+ / E (Z|.75°) ds, (50)
0

where (ﬁt,t > 0) is an F%“-martingale stopped at t. Therefore, we have only to

compute the conditional expectation of Z; relative to ff . Indeed, using (27) we
have

1-— 1
E (ZSLQ\S{’C) =E ( & ]I{s<r}| G\SL(;) =(1- gv) E (: H{s<r}| G‘SLC)

T—S

1

(s,400) I — S

=0-=4&) ber (85) Pr(dr) Ljo<g, <1y-

Hence, we derive the canonical decomposition (49) of ¢ as a semi-martingale in its
own filtration F%-¢ i

Remark 4 The results of the paper can be straightforwardly extended to a large class

(n,x)

of gamma subordinator (y, , t>0),n,k > 0, with Lévy measure

K
v(dx) = " exp(—nx) Lo,00) (x) dx

and whose law at time ¢ is the gamma distribution with density

r]KI xl(tfl exp(—nx)
I'(kt)

fy,("’K) x) = I[0,00) ().

The Lévy—Khintchine representation is given by
(n,k) A —Kt
E(exp(=Ay, ")) = (1 + ;) .

On the other hand, they can be also easily extended to the gamma bridges of length r,
starting at 0, with an arbitrary ending point a > 0

¢ =a ) > 0.
Vr

For the sake of simplicity, we have therefore considered only the case n =k = a = 1
without loss of generality.
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