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Abstract

The variance-gamma (VG) distributions form a four-parameter family that includes
as special and limiting cases the normal, gamma and Laplace distributions. Some of
the numerous applications include financial modelling and approximation on Wiener
space. Recently, Stein’s method has been extended to the VG distribution. However,
technical difficulties have meant that bounds for distributional approximations have
only been given for smooth test functions (typically requiring at least two deriva-
tives for the test function). In this paper, which deals with symmetric variance-gamma
(SVG) distributions, and a companion paper (Gaunt 2018), which deals with the whole
family of VG distributions, we address this issue. In this paper, we obtain new bounds
for the derivatives of the solution of the SVG Stein equation, which allow for approx-
imations to be made in the Kolmogorov and Wasserstein metrics, and also introduce a
distributional transformation that is natural in the context of SVG approximation. We
apply this theory to obtain Wasserstein or Kolmogorov error bounds for SVG approxi-
mation in four settings: comparison of VG and SVG distributions, SVG approximation
of functionals of isonormal Gaussian processes, SVG approximation of a statistic for
binary sequence comparison, and Laplace approximation of a random sum of inde-
pendent mean zero random variables.

Keywords Stein’s method - Variance-gamma approximation - Distributional
transformation - Rate of convergence

Mathematics Subject Classification (2010) Primary 60F05 - 62E17

B Robert E. Gaunt
robert.gaunt@manchester.ac.uk

1" School of Mathematics, The University of Manchester, Manchester M13 9PL, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10959-018-0867-4&domain=pdf
http://orcid.org/0000-0001-6187-0657

466 Journal of Theoretical Probability (2020) 33:465-505

1 Introduction
1.1 Overview of Stein’s Method for Variance-Gamma Approximation

The variance-gamma (VG) distribution with parameters» > 0,0 e R, 0 > 0, u € R
has probability density function

ﬂ
= ;eg%(x_“) el ) K, —W|x —ul), .1
o/l (%) 2./02 + o2 . o2 »

where x € R and the modified Bessel function of the second kind K, (x) is
defined in “Appendix A”. If the random variable Z has density (1.1), we write
Z ~ VG(r, 0,0, n). The support of the VG distributions is R when o > 0, but
in the limit 0 — 0 the support is the region (u, 00) if 6 > 0, and is (—oo, ) if
0 < 0. Alternative parametrisations are given in [10] and [29] (in which they use the
name-generalised Laplace distribution). Distributional properties are given in [16] and
Chapter 4 of the book [29].

The VG distribution was introduced to the financial literature by [32]. Due to their
semi-heavy tails, VG distributions are useful for modelling financial data [33]; see the
book [29] and references therein for an overview of the many applications. The class
of VG distributions contains many classical distributions as special or limiting cases,
such as the normal, gamma, Laplace, product of zero mean normals and difference
of gammas (see Proposition 1.2 of [16] for a list of further cases). Consequently, the
VG distribution appears in many other settings beyond financial mathematics [29]; for
example, in alignment-free sequence comparison [31,45]. In particular, starting with
the works [15,16], Stein’s method [50] has been developed for VG approximation.
The theory of [15,16] and the Malliavin-Stein method (see [36]) was applied by [12]
to obtain “six moment” theorems for the VG approximation of double Wiener-Itd
integrals. Further VG approximations are given in [1] and [2], in which the limiting
distribution is the difference of two centred gamma random variables.

Introduced in 1972, Stein’s method [50] is a powerful tool for deriving distribu-
tional approximations with respect to a probability metric. The theory for normal
and Poisson approximation is particularly well established with numerous applica-
tion in probability and beyond; see the books [6] and [3]. There is active research
into the development of Stein’s method for other distributional limits (see [30] for
an overview), and Stein’s method for exponential and geometric approximation, for
example, is now also well developed; see the survey [48]. In particular, [39] have
developed a framework to obtain error bounds for the Kolmogorov and Wasserstein
distance metrics for exponential approximation, and [40] developed a framework for
total variation error bounds for geometric approximation.

This paper and its companion [23] focus on the development of Stein’s method for
VG approximation. At the heart of the method [16] is the Stein equation

p(x)

2

o2 (x — W f(x) + (@ +200x — 1) 1) 4+ (1 — (x — ) f(x) = h(x),
(1.2)
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where h(x) = h(x) — Eh(Z) forh : R — R and Z ~ VG(r, 0, o, ). Together
with the Stein equations of [41] and [43], this was one of the first second-order Stein
equations to appear in the literature. We now set u = 0; the general case follows from
the translation property thatif Z ~ VG(r, 6, o, n) then Z — u ~ VG(r, 0, 7, 0). The
solution to (1.2) is then

—0x/o? \/9272 X \/ﬁ
e +o 2 0 +o ~
n(x) = — T v( 2 IXI>/O ef'e Itlvlv<—2|t|)h(t)dt

e—0x/0? /62 + o2 © e /62 ¥ o2
I ") Ky | ———
X

X
x|

o

|t|)ﬁ(t) dr,
(1.3)

B o2|x|V o

where v = % and the modified Bessel function of the first kind 7,,(x) is defined
in “Appendix A”. If & is bounded, then fj(x) and fé (x) are bounded for all x € R.
Moreover, this is the unique bounded solution when r > 1.

To approximate a random variable of interest W by a VG random variable Z, one
may evaluate both sides of (1.2) at W, take expectations and finally take the supremum
of both sides over a class of functions H to obtain

sup [ER(W) — Eh(Z)| = sup [E[c? W[ (W) + (o2r + 20W) f1 (W)
heH heH

—(r0 = W) fr(W)]]. (1.4)

Many important probability metrics are of the form supj 4, [ER(W) — Eh(Z)|. In
particular, taking

Hx ={1(- <2)|z € R},
Hw = {h : R — R|his Lipschitz, ||h/|| < 1},
Hew = {h : R — R |h is Lipschitz,| 2] < 1 and [|1']| < 1}

gives the Kolmogorov, Wasserstein and bounded Wasserstein distances, which we
denote by dx, dw and dpw, respectively.

The problem of bounding sup;,4, |EA(W) — [EA(Z)] is thus reduced to bounding
the solution (1.3) and some of its lower order derivatives and bounding the expecta-
tion on the right-hand side of (1.4). To date, the only techniques for bounding this
expectation for VG approximation are local couplings [15,16] and the integration by
parts technique used to prove Theorem 4.1 of [12]. Other coupling techniques that
are commonly found in the Stein’s method literature, such as exchangeable pairs [51]
and Stein couplings [7], have yet to be used in VG approximation, although one of
the contributions of this paper is a new coupling technique for SVG approximation by
Stein’s method.

The presence of modified Bessel functions in the solution (1.3) together with the
singularity at the origin in the Stein equation (1.2) makes bounding the solution and
its derivatives technically challenging. Indeed, in spite of the introduction of new

@ Springer



468 Journal of Theoretical Probability (2020) 33:465-505

inequalities for modified Bessel functions and their integrals [17,18] and extensive
calculations ( [15], Sect. 3.3 and Appendix D), the first bounds given in the literature
[16] were only given for the case & = 0 and had a far from optimal dependence on the
parameter r. Substantial progress was made by [9], in which their iterative approach
reduced the problem of bounding the derivatives of any order to bounding just the
solution and its first derivative. However, the bounds obtained in [9] have a dependence
on the test function # which means that error bounds for VG approximation can only
be given for smooth test functions.

1.2 Summary of Results and Outline of the Paper

In this paper and its companion [23], we obtain new bounds for the solution of the
VG Stein equation that allow for Wasserstein and Kolmogorov error bounds for VG
approximation via Stein’s method. This paper focuses on the case 6 = 0 (symmetric
variance-gamma (SVG) distributions), whilst [23] deals with the whole family of VG
distributions. This organisation is due to the additional complexity of the 6 7~ 0 case.
One of the difficulties is that when 6 # 0, the inequalities for expressions involving
integrals of modified Bessel functions that we use to bound the solution take a more
complicated form, meaning our main results need to be presented in parallel for the
two cases. It should be noted, though, that, once the inequalities for modified Bessel
functions have been established (which has now been done in [17,18,21]), the intrinsic
difficulty of bounding the derivatives of the solution of the Stein equation in the
two cases is similar. This organisation allows for a clear exposition with manageable
calculations.

In Sect. 3, we obtain new bounds for the solution of the SVG Stein equation (The-
orem 3.1 and Corollary 3.3) that have the correct dependence on the test function % to
allow for Wasserstein (]|/#’|) and Kolmogorov (lA]) error bounds for SVG approxi-
mation via Stein’s method. This task is arguably more technically demanding than for
any other distribution for which this ingredient of Stein’s method has been established.
Indeed, Theorem 3.1 builds on the bounds of [15,16], the iterative technique of [9],
and three papers on inequalities for integrals of modified Bessel functions [17,18,21]
whose primary motivation was Stein’s method for VG approximation. In Proposi-
tions 3.5 and 3.6, we note that higher-order derivatives of the solution cannot have a
dependence on & of the form A or |A'].

In Sect. 4, we introduce (Definition 4.3) a distributional transformation, which we
call the centred equilibrium transformation of order r that is natural in the context of
SVG approximation via Stein’s method. As our choice of name suggests, it generalises
the centred equilibrium transformation [43], which is itself the natural analogue for
Laplace approximation of the equilibrium transformation for exponential approxima-
tion [39]. In Theorem 4.10, we combine with the bounds of Sect. 3 to obtain general
Wasserstein and Kolmogorov error bounds for SVG approximation. Our bounds are
the SVG analogue of the general bounds of Theorem 3.1 of [39] that have been shown
to be a useful tool for obtaining bounds for exponential approximation.

It should be noted that even with the new bounds of Sect. 3, with other coupling
techniques, such as local couplings, more effort may be required to obtain Wasser-
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stein and Kolmogorov bounds than would be the case for normal approximation, for
example. This is due to the presence of the coefficient o%x in the leading derivative of
the SVG Stein equation (1.2). This therefore provides motivation for introducing this
distributional transformation.

In Sect. 5, we apply the results of Sects. 3 and 4 in four applications, these
being: approximation of a general VG distribution by a SVG distribution; quanti-
tative six moment theorems for SVG approximation of double Wiener-1t6 integrals;
SVG approximation of a statistic for binary sequence comparison (a special case of the
D, statistic for alignment-free sequence comparison [4,31]); and Laplace approxima-
tion of a random sum of independent mean zero random variables. Our error bounds
are given in the Wasserstein and Kolmogorov metrics, and in each case such bounds
would not have been attainable by appealing to the present literature.

The rest of this paper is organised as follows. In Sect. 2, we introduce the class of
SVG distributions and state some of their basic properties. Section 3 gives new bounds
for the solution of the SVG Stein equation. In Sect. 4, we introduce a new distributional
transformation, which we apply to give general bounds for SVG approximation in the
Wasserstein and Kolmogorov metrics. In Sect. 5, we apply our results to obtain SVG
approximations in several applications. Proofs of technical results are postponed until
Sect. 6. Basic properties and inequalities for modified Bessel functions that are needed
in this paper are collected in “Appendix A”.

2 The Class of Symmetric Variance-Gamma Distributions

In this section, we introduce the class of symmetric variance-gamma (SVG) distribu-
tions and present some of their basic properties.

Definition 2.1 If Z ~ VG(r, 0, o, ), for r, o and u defined as in (1.1), then Z is said
to have a symmetric variance-gamma distribution. We write Z ~ SVG(r, o, 1).

Setting & = 0 in (1.1) gives the p.d.f. of Z ~ SVG(r, o, u):

r—1
_ 1 [x —pl 2 |x — ul
p(x)—UﬁF(%)< . ) Krzl( . ) x eR, 2.1

where K, (x) is a modified Bessel function of the second kind. The parameter r is
known as the scale parameter. As r increases, the distribution becomes more rounded
around its peak value u (as can be seen from (2.3) below). The parameter o is called the
tail parameter. As o decreases, the tails decay more quickly (see (2.2)). The parameter
W is the location parameter. Calculations can often be simplified by using the basic
relation that if Z ~ SVG(r, 1, 0), then 6 Z + u ~ SVG(r, o, ). The SVG(r, 1, 0)
distribution is in a sense the standard symmetric variance-gamma distribution.

The presence of the modified Bessel function makes (2.1) difficult to parse at first
inspection. The following asymptotic formulas help in this regard. Applying (A.6) to
(2.1) gives that, forallr > 0,0 > Oand u € R,
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1 [
p(x)NWMZ le=l=ul/o x| > oo. (2.2)
2

Similarly, applying (A.4) to (2.1) (see [15]) gives that

1 ()
, X =, r>1,
E ) :
px) ~ ——log |x — e, xX—>u, r=1, 2.3)
no

’_J

L r(g)
oy vE T(3)

x — |~ ,x—)pL,O<r<1.

The density thus has a singularity at x = p if r < 1. In fact, for any parameter, the
SVG(r, o, 1) distribution is unimodal with mode w. This can be seen from the fact
that the function x” K, (x) is a decreasing function of x in the interval (0, co) for all
v € R (see (A.8)).

The SVG distribution has a fundamental representation in terms of independent
normal and gamma random variables ( [29], Proposition 4.1.2). Let X ~ F(%, %)

(with p.d.f. mx’/z’le”‘/z, x > 0)and Y ~ N(0O, 1) be independent. Then

w4 oXY ~SVG(r, o, 1.

The SVG distribution has moment generating function M(t) = (1 + o
t € R, and therefore has moments of arbitrary order. In particular, the mean and
variance of Z ~ SVG(r, o, ) are given by

242)=r/2,

EZ =pn, Var(Z) =ro’. (2.4)
Perhaps surprisingly, this author could not find a formula for the absolute centred

moments of the SVG(r, o, i) distribution in the literature. The result and its simple
proof are given here.

Proposition 2.2 Let Z ~ SVG(r, o, it). Then, for k > 0,

E|Z —ulf =

250t r(4H)r(44) o5
:

vroT(3)

Proof We follow the approach given in Proposition 4.1.6 of [29] to obtain the moments
of the SVG(r, o, 0) distribution. Recall that Z — p =4 0/XY, where X ~ I'(%, 3)
and Y ~ N (0, 1) are independent. Therefore

E|Z — ulf = o*EIX IRV,

whence the result follows on using the standard formulas EX® = I'( % +s)/T (%) and
k_ 1 k+1
E|Y| fz a0 (M. o
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In interpreting Corollary 5.4, it will be useful to note the following formulas for the
moments and cumulants of Y ~ SVG(r, o, 0) ([12], Lemma 3.6):

EY? =ro?, EY* =30 +2), EY® =155 (r +2)(r +4),
(Y) =ro?, ka(Y) = 6ro*, ke(Y) = 120ro®,

with the odd order moments and cumulants all being equal to zero.
Lastly, we note that the class of SVG distributions contains several classical distri-
butions as special or limiting cases ( [16], Proposition 1.2).

1. Let X, have the SVG(r, % w) distribution. Then X, converges in distribution to

a N (i, 0'2) random variable in the limit r — oo.

2. A SVG(2, 0, n) random variable has the Laplace(u, o) distribution with p.d.f.
px) = %e""_”'/", x € R.

3. LetXq,...,X,and Yy, ..., Y, beindependent standard normal random variables.
Then o 22=1 X Yy has the SVG(r, o, 0) distribution.

4. Suppose that X ~ I'(r, A) and Y ~ I'(r, 1) are independent. Then the random
variable X — Y has the SVG(2r, 1, 0) distribution.

3 Bounds for the Solution of the Stein Equation

In this section, we obtain bounds for the solution of the SVG Stein equation (that is
(1.2) with & = 0) which have the correct dependence on the test function % to allow
for Wasserstein and Kolmogorov distance bounds for SVG approximation via Stein’s
method.

For ease of exposition, in our proofs, we shall analyse the solution of the
SVG(r, 1, 0) Stein equation. The general case follows from that fact that SVG(r, o, )
=4 1+ oSVG(r, 1,0) and a simple rescaling and translation. The solution of the
SVG(r, 1, 0) Stein equation is then

K, * v A Ly > v h
s == i namio - 25 Sk aioe 6
|x|V 0 |x|1) X
K, * 5 L ' h
=2 e nami@ an+ SR [ prgmio . 62)
x”Jo el oo

where v = 5! and hi(x) = h(x) — Eh(Z) for Z ~ SVG(r, 1, 0). The equality
between (3.1) and (3.2) follows because |¢|" K, (|¢]) is proportional to the SVG(r, 1, 0)
density. The equality is very useful, because it means that we will be able to restrict
our attention to bounding the solution in the region x > 0, from which a bound for all
x € R is immediate.

‘We now note two useful bounds due to [ 16] for the solution of the SVG(r, o, 1) Stein
equation that will be used in the proof of Theorem 3.1 and some of the applications
of Sect. 5. For bounded and measurable 2 : R — R,
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< (2 5D Ny (33)
o\r 2r(r+1)

2 .
Ifl < el LK 34

Let us now state the main result of this section.

Theorem 3.1 Suppose that h : R — R is bounded and measurable. Let f be the
solution of the SVG(r, o, u) Stein equation. Then

3 1 ~
(e =) fOI < (5 5) 171l (3.5
1 1Y\ -
G =) fr el < ;( —>|Ih||, (3.6)
1
G =) f" @) < —(9 + )IIhII (3.7

Now suppose that h : R — R is Lipschitz. Then

7
£l < Ellh’ll, (3.8)
9 1 ar(H) N
Ifl < %<r+1 + T 1)>||h I, (3.9)
" 9 /
170 < mllh I, (3.10)
and also
x — ) £/ ()l < 2<§ + %> 1] (3.11)
—2\2 20041 ’ ’
4 i /
I = f" Ol < o <1+2(r+1))||h I, (3.12)
9 1
I — w P < —(9 + —) 7). (3.13)

Proof As noted above, for ease of notation, we set o = 1 and u = 0. The bounds for
the general case, as stated in the theorem, follow from a simple change in variables;
see the proof of Theorem 3.6 of [16]. We also recall that it suffices to obtain bounds
in the region x > 0.

Let us first establish the bound for || f||, which we will need to obtain several of
the other bounds. By the mean value theorem, |2(x)| < ||A'||(Ix| + E|Z|), where
Z ~ SVG(r,1,0). From (2.5) we have E|Z| = —=I'(“51)/T'(5). Now, on using
inequalities (A.16), (A.18), (A.17) and (A.19) to obtain the second inequality we
have, for x > 0,
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K,(x) [* I,(x) [
IOl < IK] x )/ (t +EIZDt"1,(1) dt + ”x(v)/ (t+JE|Z|)t”Kv(t)dt}
0 X
1 1 JATw+ 1
<|KI{=+E|IZ|- 1+E|z| - T—— 2
< Il 5t |Z| 2v+1+ +E|Z| NCEST }
T Ea F(v+1)< 1 +ﬁr<v+%>)
- 2 T+ H\2v+1 2 (v + 1)
5 Fw+1)
= 1K 5+—3},
ﬁl"(v+§)
where we used the standard formula uI" () = I'(u + 1) to obtain the final equality.
Now, % is a decreasing function of v for v > —% (see [26]), and so is bounded
2

above by I'(3) = /7 forall v > —1. Hence, | f(x)| < J||#'|| for all x > 0, which is
sufficient to prove (3.8).

The bounds for || f/|| and || || can be obtained through an application of the iterative
technique of [9]. Differentiating both sides of the SVG(r, 1, 0) Stein equation (1.2)
gives

xfO@) + 4+ D (x) — xf/(x) = B (x) + f(x). (3.14)

We recognise (3.14) as the SVG(r + 1, 1, 0) Stein equation, applied to f’, with test
function i’ (x) + f (x). We note that the test function 4’ (x) + f (x) has mean zero with
respect to the random variable Y ~ SVG(r+1, 1, 0). This fact will be required in order
to later apply inequalities (3.3) and (3.4). Since £ is Lipschitz, by inequality (3.8), we
have that E|i/(Y)+ f(Y)| < 0o, and in particular as (3.14) isthe SVG(r+1, 1, 0) Stein
equation applied to f’, we have that E[Y f®)(Y) + (r + 1) f/(Y) — Yf'(Y)] = 0,
and thus E[A'(Y) + f(¥)] = 0. Therefore, applying inequalities (3.3) and (3.4),
respectively, with r replaced by r 4 1 and test function A’(x) + f(x) gives

AT 1 l
1A= <r+1 +21“( )IIh(X)+f(X)|I

(%

L+l
(Y Y TG A
_( + : ))("h"+"f")—§<r+1+2r(g+1)>”h”’

9
LA 1A I+ 1) < H—lllh/ll,

IA

il

where we used (3.8) to bound || f]].
Let us now establish the bounds (3.5), (3.6) and (3.7). On using inequalities (A.20)
and (A.21) to obtain the second inequality, we obtain, for x > 0,
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K,
f ol = ’ )

< ||h||{ Ko () \ tlv(t)dz+i”v(fl)/ t”KU(t)dt}

/xt”lv(t)fz(t)dt—i”v(fl)/ K, (H)h(t) dr

v—1

~ v+1 3v4+2 - 3r+1 - 3 1 ~
<I I|<2v+1+ ) 2v+1” I > [I72]] <2+2r>ll Il

On using the differentiation formulas (A.9) and (A.10) and inequalities (A.22) and
(A.23), we obtain, for x > 0,

f ()| = ‘M 1 (Oh(1) dr + I;Iff) /oot”Kv(t)ﬁ(t) dr
0 X

v—1

< ||ﬁ||{;_1(lx)/oxmv(t)dt+ I“)Ct‘ff) /Oot”Kv(t)dt}

- 1 1 4 3 . 2 1 1 ~
<2 D) = 2y = r+ Wil = (14— )IAl.
2v+1 2 2Qv+1) 2r

Since it suffices to consider x > 0, we have proved (3.5) and (3.6). Now, from the
SVG(r, 1, 0) Stein equation we have that, for x € R,

bef" ] = 1h(x) = rf' () + xf @ < 1B+ + Ixf @l

Applying (3.4) to bound || f'|| and (3.5) to bound ||xf (x)|| yields the bound

oot < (1ar- 2 (22 YV = Lo+ N\
llxf (X)II_( +r-;+<§+;))ll I|—§< +;>II Il

We now bound [|xf’(x)|, [lxf” (x)|| and ||xf® (x)|| for Lipschitz & using the iter-
ative technique of [9] similarly to how we obtained inequalities (3.9) and (3.10). We
recall that (3.14) is the SVG(r +1, 1, 0) Stein equation, applied to f’, with test function
R’ (x) + f (x), which we also recall has mean zero with respect to the SVG(r + 1, 1, 0)
measure. Therefore, applying inequalities (3.5), (3.6) and (3.7), respectively, with r
replaced by r + 1 and test function /’(x) + f(x) gives

1 /
m) 12" (x) + fFO

< h 9 3 1 W
< < 2 + 1)) 1A'+ 1£1) < <§+m)” Il,
" 9 1 ,
lxf" (Ol < ( D) (12" 1+ 1 1) ( + e 1))”h I,

9 1
lxf @)l < —(9 + —)(uh I+ 1£1l) < (9 + ?)uh’n,

3
lxf' (Ol < <—

where we used inequality (3.8) to bound || f||. The proof is complete. O
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In the following corollary, we apply some of the estimates of Theorem 3.1 to
bound some useful quantities. We shall make use of these bounds in Sect. 4. It will be
convenient to define the operator T, by T, f (x) = xf'(x) + rf (x).

Corollary 3.2 Let f be the solution of the SNG(r, o, 0) Stein equation. Then for h :
R — R bounded and measurable, and Lipschitz, respectively,

5 1\ -
2 /
T, <(=+— I~ 3.15
ol rf||_<2+2r)” (B (3.15)
T Y1 < 2 5+ L A (3.16)
" —4 r+ 1 : :

Proof As f satisfies 027} f/(x) = h(x) + xf (x), we have o2(T, f') (x) = h'(x) +
xf'(x) + f(x). From the triangle inequality and the estimates of Theorem 3.1,

2 / r 5 1 ~
oI = Al + lIxf ol = >ts5, IAll,
r

2T YN < 10+ Ixf ol + 10 < d 22+ —2 Y+ 2l
" - - 2\2 " 2(r+ 1 2 ’

which proves the result. O

Corollary 3.3 Let f, denote the solution of the SVG(r, o, u) Stein equation with test
function h;(x) = 1(x < z). Then

1/1  =al) ) 2 o5 1
<—\- ST K < A T S ~ N
||fz||_a<r+2r(,gl)> 17 S0 P IT A< S+ 5

3 1
I =) fe Ol = 5 + 5

2r’

1 1
(x =) fl ) < —<1 + —>,
o 2r

1 1
I = N = 5 (9 + -).
o r

Proof Apply the inequality ||}~zz|| < 1 to the bounds (3.3), (3.4), (3.15), (3.5), (3.6)
and (3.7), respectively. O

Remark 3.4 For the normal [6] and exponential [5] Stein equations, because the solu-
tion of the Stein equation with test function /,(x) = 1(x < z) can be expressed in
terms of elementary functions, a detailed analysis of the solution yields bounds with
smaller constants that would be obtained by first working with a general bounded test
function / and then bounding || h </l < 1. However, because of the presence of modified
Bessel functions in the solution, such improvements would be more difficult to obtain
here.

It is natural to ask whether, for all z € R, a bound of the form || f/'|| < C; o could
be obtained for the solution f. The following proposition, which is proved in Sect. 6,
shows that this is not possible.
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Proposition 3.5 f/A (x) has a discontinuity at x = (.

Similarly, one may ask whether a bound of the form || f®|| < C, ||| could be
obtained for all Lipschitz 2 : R — R. The following proposition, which is proved
in Sect. 6, again shows this is not possible (see [11] for similar results that apply to
solutions of Stein equations for a wide class of distributions). Our approach differs
from that of Proposition 3.5 in that we do not find a Lipschitz test function / for which
/" has a discontinuity. This would be more tedious to establish for f” than for f’
and instead we consider a highly oscillating test function and perform an asymptotic
analysis.

Proposition 3.6 Let f be the solution of the SVGG(r, o, u) Stein equation. Then, there
does not exist a constant M, , > 0 such that || f®|| < M, ,||h'|| for all Lipschitz
h:R— R

Remark 3.7 (i) Throughout this remark, we set © = 0. The bounds (3.4) and (3.10)
are of order r ! as r — oo. This is indeed the optimal order, which can be seen by the
following argument, which is similar to the one given in Remark 2.2 of [24] to show
that the rate in their bound for solution of the gamma Stein equation was optimal.

Evaluating both sides of the SVG(r, o, 0) Stein equation at x = 0 gives f'(0) =
ﬁfz(O). Also, evaluating both sides of (3.14) (with general o) at x = 0 gives that
77(0) = Wlﬂ)(h’ (0) + f(0)), from which we conclude that the O(r~') rate in
(3.10) is also optimal.

(i1) The bound (3.3) for || f|| is of order FT3as r — 00. Indeed, for r > 1,

2 INE 2
Z < (2? < - (3.17)
P T Ty
1
which follows from the inequalities % > (x + %)_% for x > 0 (see [25]) and

1
% < (x + }T)_% for x > —% (see [13]). The 0(}"—%) rate is optimal, which can

be seen as follows. Take /i to be A(x) = l'if x > 0 and h(x) = —1if x < 0, so that
h(x) = h(x). Then

FO+) = —tim { &, (X /x e (L) ar
- xlw o2xv "\o 0 "\ o
. 1 X S t
— lim 2—1U — t"K,| — ) dr
xJ0 | o“xV o X o

VAT +3)  Jar()
C 20T+ 1) 2020 (L)’

Here, we used that the first limit is equal to zero by the asymptotic formulas (A.3)

and (A.4). We computed the second limit using the asymptotic formula (A.3) and

that the integrand is proportional to the density of the SVG(2v + 1, o, 0) distribution.
1

Therefore, by (3.17), we conclude that the optimal rate is order r~2 as r — o0.
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(iii) Arguing as we did in part (i), we have that f(0) = o2(r + 1) f”(0) — h'(0),
which for a general Lipschitz test function z is O (1) (see bound (3.10)), and so the
bound (3.8) is of optimal order.

(iv) In the light of inequalities (3.8)—(3.10), one might expect inequalities (3.6) and
(3.7) to be of lower than (3.5) as r — oco. However, this is not the case. A calculation
involving L’Hbpital’s rule (which is given in Sect. 6) shows that, for any bounded
h:R—> R,

lim xf(x) = —h(o0), lim xf(x) = h(—00), (3.18)
X—>00 X—>—00
and from the SVG(r, o, 0) Stein equation and inequality (3.9) we obtain
. ,, 1 - . 2 .
lim xf"(x) = —[h(=00) + lim xf(x)] = —h(—00).
X——00 o X——00 o

Thus, inequalities (3.5) and (3.7) are of optimal order in r. We expect this to also be
the case for inequalities (3.11)—(3.13), although verifying this would involve a more
detailed analysis, which we omit for space reasons.

4 The Centred Equilibrium Transformation of Order r

In this section, we introduce a new distributional transformation and apply it to obtain
general Wasserstein and Kolmogorov error bounds for SVG approximation.

We begin with the following proposition which relates the Kolmogorov and Wasser-
stein distances between a general distribution and a SVG distribution. This proposition
is of interest, because Wasserstein distance bounds are often easier to obtain than Kol-
mogorov distance bounds through Stein’s method. The proof is deferred until Sect. 6.

Proposition 4.1 Let Z ~ SVG(r, o, ). Then, for any random variable W :
(i) Ifr>1,

1 (5
AW, 7)< | —— dw(W, Z). @.1)

ov/m T(5)

(ii) Suppose that ¢ ~Ldw (W, Z) < 0.676. Then, if r = 1,

2 1 dw (W, Z
dK(W,Z)§{Z—i—log(ﬁ)—l—ilog(dw(;fv Z))} W(M ) 42

(i) If0 <r < 1,
F(l%) T ,
dx (W, Z) < 2(—712”1“(%)) (o aw(W, 2)) . (4.3)
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Remark 4.2 (i) If o ~'dw (W, Z) = 0.676, then the upper bound in part (ii) is equal to
1.075, and is therefore uninformative.
(i1) Recall that N (u, 02) =4 lim, o SVG(r, %=, ). Therefore from (4.1) and

) 7;5
. VAl (x—1) . . . .
the limit limy_, oo oy = 1 (see (3.17)), we recover the inequality (with obvious
abuse of notation)
2 2 % 2
dx (W N o) = (==5) Vaw (W N i o),

which is a special case of part 2 of Proposition 1.2 of [48]. It is known (see [6], p. 48)
that this bound gives the optimal rate under some conditions, but in other applications
the rate is suboptimal. Proposition 5.1 gives an application in which the inequalities
(4.1), (4.2) and (4.3) are not of optimal rate in § = dw (W, Z); see Remark 5.2.

As in Sect. 3, we define the operator T, by T, f(x) = xf'(x) + rf(x). We also
denote D = %. From now until the end of this section, we set & = 0.

Definition 4.3 Let W be a random variable with mean zero and variance 0 < ro? <

oo. We say that W"" has the W-centred equilibrium distribution of order r if
EWf(W) = o’ET, f'(W") (4.4)

for all twice-differentiable f : R — R such that the expectations in (4.4) exist.

As we shall see later, it is convenient to write Var(W) = roZ2, because the variance of
aSVG(r, o, 0) random variable is 7o 2. As the name suggests, the centred equilibrium
distribution of order r generalises the centred equilibrium distribution of W, denoted
by WZ, that was introduced by [43]. Its characterising equation is

1
Ef(W) — f(0) = EEWz]Ef”(WL). 4.5)

We also refer the reader to [8] for a generalisation of (4.5) to all random variables W
with finite second moment. The centred equilibrium distribution is itself the Laplace
analogue of the equilibrium distribution that has been shown to be a useful tool in
Stein’s method for exponential approximation by [39]. We can see that W"2 = W by
setting f(x) = xg(x) in (4.5). For r # 2, a characterising equation of the form (4.5) is
not useful. To see this, recall that the Stein operator for the SVG(r, o, 0) distribution
is Af(x) = o2xf"(x) + o2rf’'(x) — xf (x). Setting f(x) = g(x)/x then gives

£ _50)

Ag(x) = 02g"(x) + (r — 2)#(

which has a singularity at x = 0 if r # 2.

We also note that WY1 = W*®@  where W*® has the W-zero bias distribution of
order 2 (see [19]). This distributional transformation is a natural generalisation of the
zero bias transformation (defined below) to the setting of Stein’s method for products
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of independent standard normal random variables. We shall make use of this fact in
Sect. 5.3.

We now obtain an inverse of the operator 7, D. This inverse operator will be used
later in this section to establish properties of the centred equilibrium distribution of
order r. Recall that the Beta(r, 1) distribution has p.d.f. p(x) =rx"~1,0 < x < 1.

Lemma4.4 Let B, ~ Beta(r, 1) and U ~ U(0, 1) be independent, and define the
operator G, by G, f (x) = ZE f (xU By,). Then, G, is the right inverse of the operator
T, D in the sense that

T, DG, f(x) = f(x). (4.6)

Suppose now that f is twice differentiable. Then, for any r > 1,

G, T, Df (x) = f(x) = f(0). 4.7

Therefore, G, is the inverse of T, D when the domain of T, D is the space of all
twice-differentiable functions f on R with f(0) = 0.

Proof We begin by obtaining a useful formula for G, f (x) = ’r—‘E f(xUB;):
X 1 rl x pt
G, f(x) = —/ / fub)yrb™ "V dbdu = / f f()s" T dsde. (4.8)
rJo Jo 0 Jo

We now use (4.8) to verify (4.6):

T,DG, f(x) =T, (xr /x Fs)s ! ds)
0
= x( —rx! /X F(s)s" Mds +x7" - f(x)x’l)
0

+rx " fx f(s)s" lds
0
= f(x).

Finally, we verify relation (4.7). We have
X t
G, T,Df (x) = / / (sf"(s) + rf/(s))sr_lt_r ds dt
0 JO

X t X
= /0 = /0 (" () dsdr = /0 fnde = f(x) = f(0),

as required. O

Before presenting some properties of the centred equilibrium distribution of order
r, we recall two distributional transformations that are standard in the Stein’s method

literature. If W is a mean zero random variable with finite, nonzero variance o2, we
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say that W* has the W-zero biased distribution [27] if for all differentiable f for which
EWf (W) exists,

EWf (W) = o’Ef/(W).

For any random variable W with finite second moment, we say that WU has the
W-square bias distribution ( [6], pp. 34-35) if for all f such that EW?2 f (W) exists,

EW2 f(W) = EW2E f(W5).

When EW = 0, there is neat relationship between these distribution transformations:
W* =; UWH, where U ~ U (0, 1) is independent of wH (this is a slight variant of
Proposition 2.3 [6]; see [19], Proposition 3.2).

The following construction of W' generalises Theorem 3.2 of [43]. Similar con-
structions for distributional transformations that are natural in the context in gamma
and generalised gamma approximation can be found in [44] and [42].

Proposition 4.5 Let W be a random variable with zero mean and finite, nonzero vari-
ance ro?, and let W* have the W-zero bias distribution. Let B, ~ Beta(r, 1) be
independent of W*. Then, the random variable

WY =4 B,W*
has the centred equilibrium distribution of order r.

Proof Let f € C,, the collection of continuous functions with compact support.
In Lemma 4.4 we defined the operator G,g(x) = ’r—CEg(xU B,) and showed that
T.DG,g(x) = g(x) for any g. We therefore have

2 Vv 2 V 1 2
o’ Ef(W') =c°ET, DG, f(W') =EWG, f(W) = ;EW f(UB,W)

= lezEf(UB,WD) = o’ Ef(UB WD) = 6’ Ef (B, W").

r

Since the expectation of f (W"r) and f(B,W¥*) is equal for all f € C,, the random
variables W and B, W* must be equal in distribution. O

In the following proposition, we collect some useful properties of the centred equi-
librium distribution of order r. As might be expected in the light of Proposition 4.5,
some of these properties are quite similar to those given for the zero bias distribution
in Lemma 2.1 of [27].

Proposition 4.6 Let W be a mean zero variable with finite, nonzero variance raz, and

let WYr have the W-centred equilibrium distribution of order r in accordance with
Definition 4.3.

(i) The SVG(r, 0, 0) distribution is the unique fixed point of the centred equilibrium
transformation of order r.
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(ii) The distribution of W"" is unimodal about zero and absolutely continuous with
density

1
fwve (w) = iz/ PEWL(W > w/n)]dr. (4.9)
o°Jo

It follows that the support of W' is the closed convex hull of the support of W and
that W"r is bounded whenever W is bounded.

(iii) The centred equilibrium transformation of order r preserves symmetry.

(iv) For p > 0,

EW}H—Z
ro?(p+D(p+r)

E|W|p+2

E[(W')P] = :
LW ro(p+ D(p+7)

and E|WVr|P =

(v) For c € R, cW"" has the cW-centred equilibrium distribution of order r.

Proof (i) This is immediate from Definition 4.3 and the Stein characterisation for the
SVG(r, o, 0) distribution given in Lemma 3.1 of [16].

(i1) Firstly, we note that, for fixed ¢ € (0, 1), the expectation EfTW1(W > w/t)] is
increasing for w < 0 and decreasing for w > 0. We therefore deduce that p(w) is
increasing for w < 0 and decreasing for w > 0. Now, from Proposition 4.5, we have
that WYr =; B, W*. Formula (4.9) then follows from the fact that X* is absolutely
continuous with density fy=(w) = E[W1(W > w)]/Var(W) (part (ii) of Lemma 2.1
of [27]) and the standard formula for computing the density of a product.

(iii) We follow the argument of part (iii) of Lemma 2.1 of [27]. Let w be a continuity
point of a symmetric random variable W. Then, for fixed r € (0, 1), EfZW1(W >
w/t)] = E[-W1(—W > w/t)] = =E[W1I(W < —w/t)] = E[W1I(W > —w/t)],
using EW = 0. It is now evident from (4.9) that fyv. (w) = fyv (—w) for almost
all w. Therefore, there is a version of the dw density of W"” which is the same at w
and —w for almost all w[dw], and so W' is symmetric.

(iv) Substitute wP*! and |w|Pt! for f(w) in the characterising equation (4.4).

(v) Let g be a function such that EW g(W) exists, and define g(x) = cg(cx). Then
g®(x) = **1g® (cx). As WY has the W-centred equilibrium distribution of order
r,

EcWg(cW) =EWg(W) = o’ET, Dg(W"") = (co)’ET,Dg(cW"").

Hence, cW"" has the ¢ W-centred equilibrium distribution of order r. O

We end this section by proving Theorem 4.10 below, which formalises the notion
that if £(W) and £(W "r) are approximately equal then W has an approximation SVG
distribution. This theorem is the SVG analogue of Theorem 2.1 of [39], in which
the Wasserstein and Kolmogorov error bounds are given in terms of the difference in
absolute expectation between the random variable of interest W and its W-equilibrium
transformation. We follow the approach of [39] and begin by stating three lemmas.
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Lemma4.7 Let Z ~ SVG(r, 0, 0). Then, for any random variable W,

Pla =W =b) < Crop—a+2dx(W, 2), (4.10)

where

Proof Clearly,
Pla<W<b)<Pla<Z<b)+2dg(W, Z).

Since, forall» > Oando > 0, the SVG(r, o, 0) density p(x) is an increasing function
of x for x < 0 and a decreasing function of x for x > 0, we have that

(b—a)/2

(b—a)/2
Pla<Z<b) < / px)dx = 2/ p(x)dx. 4.11)
0

—(b—a)/2

To obtain (4.10), we bound the integral on the right-hand side of (4.11), treating the
casesr > 1,r = 1 and 0 < r < 1 separately. For r > 1 we bound the density p(x)

by 201/51*(%) / F(%) using (2.3) and then compute the trivial integral; for r = 1 we
use inequality (6.7); and for 0 < r < 1 we use inequality (6.8). This yields (4.10), as
required. o

The next lemma follows immediately from the estimates of Theorem 3.1 and Corol-
lary 3.2, and the subsequent lemma is straightforward and we hence omit the proof.

Lemma 4.8 Foranya € R and any € > 0, let
€
he(x) :=e ! / 1(x +5 < a)ds. (4.12)
0

Let fy.e be the solution of the SVG(r, o, 0) Stein equation with test function hg c.
Define hy0(x) = 1(x < a) and f, 0 accordingly. Then
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| faell < ! 1+ 70G) (4.13)
a,e i o r 21—‘(%) ) .
I fae GOl < 2 4 ~ 4.14)
xfa,e X = ) 2 .
1 1
lxfs )l < ;(1 + 5) (4.15)
5 1
AT f |l < PR (4.16)

Lemma4.9 Let Z ~ SVG(r,o,0) and W be a real-valued random variable. Then,
forany e > 0,

dgx(W,Z) < Cr,(r,e =+ sup |Eha,e(W) - Eha,e(zﬂv
aeR

where Cy s ¢ is defined as in Lemma 4.7 and hg ¢ is defined as in Lemma 4.8.

Theorem 4.10 Ler W be a mean zero random variable with variance 0 < ra? < oo.

Suppose that (W, W"r) is given on a joint probability space so that W' has the
W -centred equilibrium distribution of order r. Then

3 ar(% 5 2
dx (W, Z) = (2 +o (3) )g +5Croap + (10 + ;)]P’(|W —WwV| > B,

r(s)
4.17)
where C; 5 4p is defined as in Lemma 4.7. Also,
3 al(5 1
dx(WYr, 7) < (1 + —+ —(21)>é + (3 + —)IP(|W - WY > B).
" ar(g))e U
(4.18)
Suppose in addition that E|W |3 < oo. Then
dw (W Z)<9 5+ ! E|W — W (4.19)
WA =0 rr1 ’ '
v, 1 9 v,
dw(W ’,Z)SZ 41+T E|W —W"r|, (4.20)
dx(W"r, 7) < l(1+ + () >E|W— whr. (4.21)
A

Proof For this proof, we shall write k = dx(W, Z). Let A := W — WVr. Define
I := 1(J]A| < B); note that W"» may not have finite second moment. Let f be the
solution of the SVG(r, o, 0) Stein equation with test function &, ¢, as defined in (4.12).
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Then ET, f/(W"r) is well defined, because |7, f'|| < oo (see Lemma 4.8), and we
have

E[o>T, f'(W) — Wf (W)l = o *E[L (T, /(W) — T, ' (W'))]
+o?B[(1 — IN(T, f' (W) = T, £ (WV))]
= J1 + />

Using (4.16) gives |J2] <2 x (% + %)IP(|A| > (). Arguing as we did at the start of
the proof of Corollary 3.2 to obtain the second equality, and then using inequalities
(4.13) and (4.15) and Lemma 4.7 in the last step gives

A
Ji= azE[h / (T, 1) (W +r)dr}
0
A
=E[11/ {(W+t)f’(W+t)+f(W+t)—e_ll(a —e < W+t §a)}dtj|
0

0
< (Ixf" @I+ I FIDEILA] +€! /ﬁﬂ"(a —e<W+r=a)d

-
() -
(1+Z+2F( +1)) + Be Crae—i-Zﬂe
Similarly,
0
Ji = =(Ilxf I+ I FI)EH Al —6_1/ Pla—e<W+t=<a)ds

(%1)

> (1+= 1C e — 2Bk,
= ( +2r+21“(%)> — Be r,o,€ Be 'k

and so we conclude that

(3) -
|J1|§< +2—+2r(%1)> +Be1Crpe +2Be k.

Using Lemma 4.9 and taking € = 48 now gives

<(5+N\rqa AL
K_( +;) ( |>,B)+< +2—+F [id

+2,8€_1/<

1 3 ar(3)\p 5
<(5+=)ra 124 2\ 2 “x,
_< +r) ( |>ﬂ)+< +2r+2F(r+1))0+4 ro4p T K

whence on solving for « yields (4.17).
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Now let us prove (4.18). We can write

Elo?T, f/ (W) = WY fF(WY)] = E[Wf (W) — WY f(WV)]
=E[L(Wf(W) — WY fF(WY N+ E[1 — L)(WFW) — W f(WVr)].

Taylor expanding, applying the triangle inequality to ||xf’(x) + f(x)||, and using the
estimates (4.13), (4.14) and (4.15) then gives that

Elo?T, f/(W") — WY f(W')]

Ixf'(x) + fFOONEIL A+ 2]lxf () IP(A] > B)
1 3 ar(%) 1

;(1 by —2F(%)>ﬂ + (3 + ;)P<|A| > B),

IA

which gives (4.18).
Suppose now that E|W |3 < oo, which, by part (iv) of Proposition 4.6, ensures that
E|W"r| < co. Let h € Hyw. Then
Eh(W) = Eh(Z) = E[o°T, f'(W) = Wf(W)] = o*EIT, f'(W) = T, f (W],
and by Taylor expansion, we have
[ER(W) — ER(Z)| < o?|I(T; f) |E|W — W"7|.

On using the estimate (3.16) we obtain (4.19), as required. Also,

|2 E[(T YWYy = WY f(W')]| = [EWF (W) —EW" f (W)
< lxf'x) + FOIEIW — WY, (4.22)

Applying the estimates (3.11) and (3.8) to (4.22) yields (4.20), whilst applying the
estimates (3.6) and (3.3) yields (4.21). O

5 Applications
5.1 Comparison of Variance-Gamma Distributions

The following proposition quantifies the error in approximating a general VG distribu-
tion by a SVG distribution. We refer the reader to [30] for a number of similar bounds
for comparison of univariate distributions. The proof provides an example under which
the bounds on ||(x — 1) f®(x)|, k = 0, 1,2, 3, for the solution of the SVG Stein
equation that were given in Theorem 3.1 prove useful. This application also serves as
a simple example in which the inequalities of Proposition 4.1 are suboptimal.
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Proposition 5.1 Let X ~ VG(ry, 01, 01, 1) and Y ~ SVG(ry, 02, 2). Then

1 lo? — oF|
2(rp + 1)) o2

9 (1 7l (23
2_(72<r2+ i 2r(% +1)

+<7+ i )| |+(7r‘+27+ & >|9|
2T 2 ) T T T T )
G.1)

dw(X,Y) < ;(1 +

>(|afr1 — o2l + 2101 (1 — p2)1)

Suppose now that 11 = (. Then

1 1 o} olr 0 rn+1 #anl(%
dK(X»Y)§—<9+—>‘l——12 +2‘1_ 121 +ﬂ(2+ 1 4 r(+21))
2 rn 05 05712 lop) r ZF( z )

Remark 5.2 The function 4 (x) = x is in the class Hw. Therefore
dw(X,Y) = [EX — EY| = |r61 + p1 — pal.

When 1 = uy, this lower bound is equal to 71|61 |, and so there exist constants ¢ > 0
and C > 0 independent of 67 such that c|6| < dw(X,Y) < Cl61], if in addition
r1 = rp and o7 = o0p. Comparing with the Kolmogorov bound (5.2), we see that the
inequalities of Proposition 4.1 are suboptimal in this application.

Proof Let A, ¢ ., denote the differential operator on the left-hand side of the VG
Stein equation (1.2). Suppose that 4 : R — R is either bounded or Lipschitz. Let f
be the solution of the SVG(r3, 02, n2) Stein equation. Then

Eh(X) = Eh(Y) = ElAr,,0,05,1, f (X)]
= E[Ar.0,00,1 f (X) = Ary 01,0101 f (X1 (5.3)

That E[A, 6,,0,,; f (X)] = 0 follows from the assumptions on /, the estimates of
Theorem 3.1, and Lemma 3.1 of [16]. Firstly, we prove (5.1). Suppose & € Hw. Then,
from (5.3),

|ER(X) — Eh(Y)|
= |[E[o{ (X — w) f"(X) + (ofr1 + 261 (X — w) £/ (X) + (1161 — (X — 1)) f(X)
— 03 (X — ) f/(X) — o3 f1(X) + (X — o) f(X)]]
= |E[(6f — o) (X — u2) f"(X) + of (u2 — 1) f(X) + (o711 — 03r2) f/(X)
+201(X — p2) f/(X) + 201 (2 — 1) f/(X) + 11601 £ (X) + (1 — p2) £(X)]|
<lof — oz lll(x — p2) £/ Ol + ot — pal £l
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+ (lofr1 — o3ral + 2101 (1 — ) )L F/l
+ 210111 (x — p2) f/ )| + (r1161] + [pe1 — maDI £l (5.4)

Using the estimates of Theorem 3.1 (with ||2/|| < 1) to bound (5.4) yields (5.1).
Now suppose that 1 = p2. Take h (x) = 1(x < z). On using the estimates of
Corollary 3.3 to bound (5.4), we obtain (5.2), as required. O

5.2 Malliavin-Stein Method for Symmetric Variance-Gamma Approximation

In recent years, one of the most significant applications of Stein’s method has been
to Gaussian analysis on Wiener space. This body of research was initiated by [34],
in which Stein’s method and Malliavin calculus are combined to derive a quantitative
“fourth moment” theorem for the normal approximation of a sequence of random
variables living in a fixed Wiener chaos.

In a recent work [12], the Malliavin-Stein method was extended to the VG distri-
bution. Here, we obtain explicit constants in some of the main results (in the SVG
case) of [12], these being six moment theorems for the SVG approximation of double
Wiener-It6 integrals. Our results also fix a technical issue in that the Wasserstein dis-
tance bounds stated in [12] had only been proven in the weaker bounded Wasserstein
distance (at the time of [12] the bounds for the solution of the Stein equation in the
literature [15,16] had a dependence on the test function £ such that this was the best
that could be achieved).

Letus first introduce some notation; see the book [36] for a more detailed discussion.
Let D74 be the Banach space of all functions in L9(y), where y is the standard
Gaussian measure, whose Malliavin derivatives up to order p also belong to L9 (y).
Let D be the class of infinitely many times Malliavin differentiable random variables.
We introduce the so-called I'-operators I'; [35]. For a random variable F' € D%, we
define I'y (F') = F and, for every j > 2,

T;(F)=(DF,—DL™'T;_{(F))g.

Here D is the Malliavin derivative, L™ is the pseudo-inverse of the infinitesimal
generator of the Ornstein-Uhlenbeck semi-group, and $) is a real separable Hilbert
space. Finally, for f € $©2, we write I,(f) for the double Wiener-Ito integral of f.

Theorem 5.3 Let F € D** be such that EF = 0 and let Z ~ SVG(r, o, 0). Then

dw(F,Z) < Elo?F — ['3(F)|

o2(r+1)
9< 1 nl(=H)
20\r+1 2r(5+1)

>|r02 — E[T2(F)]]. (5.5)

If in addition F € D38, then T3 (F) is square-integrable and

Elo®F — I3(F)| < (E[(@®F — [3(F)?])". (5.6)
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Proof Let f : R — Rbetwice differentiable with bounded first and second derivative.
Then it was shown in the proof of Theorem 4.1 of [12] that

|E[c?Ff"(F) + o*rf'(F) — Ff(F)]|
= [E[f"(F)(0*F = T3(F)) + f(F)(ro* — E[[2(F)]]| (5.7)
< If"IIElo*F — T5(F)| + || f'|IElra? — E[T2(F)]l.

If h € Hw, then the solution f of the SVG(r, o, 0) Stein equation is twice differen-
tiable with bounded first and second derivatives. Using the estimates (3.10) and (3.9)
of Theorem 3.1 to bound || f”|| and || f’|| then yields (5.5). Inequality (5.6) is justified
in [12]. O

Corollary 5.4 Let F, = L(f,) with f, € $°% n > 1. Also, let Z ~ SVG(r, 5, 0)
and assume that E[Fnz] = ro?2. Then

1 o2 1 2 4 3
—Ke(Fy) — ?K4(Fn) + Z(K?:(Fn)) +o KZ(Fn)) .

dw(Fp, Z) < ————
w(F. 2) 02(r+1)<120

(5.8)

Proof 1t is a standard result that E[T"> (F,,)] = x2(F,) (see Lemma 4.2 and Theorem
4.3 of [35]), and it was shown in the proof of Theorem 5.8 of [12] that

1 o2 1
E[(0°F, — T3(Fy)°] = Tag K6 tFn) = Ska(F) + 7 (3 (F)? + %o ().
Inserting these formulas into (5.5) yields (5.8), as required. O

Remark 5.5 One can obtain Kolmogorov distance bounds by applying Proposition 4.1
to the bound (5.8). However, these bounds are unlikely to be of optimal order. Unlike
for normal approximation, for which an optimal rate of convergence in Kolmogorov
distance has been obtained [37], there is a technical difficulty for SVG approximation
because the first derivative of the solution f, of the SVG(r, o, 0) Stein equation with
test function s (x) = 1(x < z) has a discontinuity at the origin when z = 0 (see
Proposition 3.5). We can, however, bound the expression using the inequalities (3.7)
for ||xf”(x)|l and (3.4) for || f'|| to obtain the bound

2 2
o 7 +E|m — E[T2()]]

1
1 1 M(H)\21)12 2
< 20—2<9+;){E[<02—T> }} +E|r02—E[F2(F)]|,

provided the expectations exist. However, there are no formulas in the literature for the
expectations E[['3(F)/F] and E[(I'3(F))%/F?] (when they exist), and it is unlikely
they could be expressed solely in terms of lower order cumulants of F.

1 1
dk(F,2) < — |9+ - |E
x( )_202<+r>

B F3(F)’ 2
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5.3 Binary Sequence Comparison

Here we consider an application of Theorem 4.10 to binary sequence comparison. This
a special case of a more general problem of word sequence comparison, which is of
importance to biological sequence comparison. One way of comparing sequences uses
k-tuples (a sequence of letters of length k). If two sequences are closely related, we
would expect their k-tuple content to be similar. A statistic for sequence comparison
based on k-tuple content, known as the D, statistic, was suggested by [4] (see [45]
for further statistics based on k-tuple content). Letting .4 denote an alphabet of size d,
and X, and Y the number of occurrences of the word w € A in the first and second
sequences, respectively, then the D, statistic is defined by

Dy = Z Xy Y.

we Ak

Due to the complicated dependence structure (for a detailed account see [46]),
approximating the asymptotic distribution of D; is a difficult problem. However, for
certain parameter regimes D; has been shown to be asymptotically normal and Poisson
[31].

We now consider the case of an alphabet of size 2 with comparison based on the
content of 1-tuple. We suppose that the sequences are of length m and n, the alphabet
is {0, 1}, and P(0 appears) = IP(1 appears) = % Denoting the number of occurrences
of 0 in the two sequences by X and Y, then

Dy=XY+(m—X)(n—-Y).
Clearly, X and Y are independent binomial variables with expectations 7 and 7.
Straightforward calculations (see [31]) show that ED, = '”7" and Var(Dp) = % and
the standardised D statistic can be written as

_Dz—EDz_(X—%)(Y—%) (5.9)
-~ Var(Dy) \/%T n ’ '

By the central limit theorem, (X — %)/ \/% and (Y — %) /\/% are approximately
N(0, 1) distributed, and so W has an approximate SVG(1, 1, 0) distribution. In [16], a
O(m~" 4+ n~") bound for the rate of convergence was given in a smooth test function
metric (which requires the test function to be three times differentiable). In Theorem
5.8 below, we use Theorem 4.10 to obtain bounds in the more usual Wasserstein

and Kolmogorov metrics. Our rate of convergence is slower, but we do quantify the
approximation in stronger metrics. We will first need to prove the following theorem.

Theorem 5.6 Suppose X1, ..., X,, are i.i.d. and Yy, ...,Y, are iid., with EX| =
EY) =0, EX? = EY? and E|X; > < oo and E|Y,|* < oo. Let Wy = ﬁ X

and W = % S| Yiand set W = Wy Ws. Let Z ~ SVG(1, 1, 0). Then
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1 1
dw(W, Z) <2011 — + — |E|X,PE|Y; . 5.10
w ( ) < <ﬁ+ﬁ> | X1 PE|Y1] (5.10)

If in addition EX% = IEYl3 = 0and IEX‘IL < 00 and EY14 < 00, then

(W Z)<{4433+202[1 ( ! >+1 ( mn )}}<1+1)§
5 = . . (0] e S— o — —
: S\ExiEy?) T G ) ]\ T

(EX?EY;‘)%. (5.11)

Remark 5.7 The rate of convergence in Kolmogorov distance bound (5.11) is unlikely
to be of optimal order, but is better than the O (m_% log(m) + n_% log(n)) rate that
would result from simply applying Proposition 4.1 to (5.10). A reasonable conjecture
is that the optimal rate is O(m_% + n_%).

Proof Since Z ~ SVG(l, 1, 0), we will apply Theorem 4.10 with r = 1, for which
WV = W*® | the W-zero bias transformation of order 2. We begin by collecting
some useful properties of this distributional transformation. In [19], the following

construction is given: W*®? = Jrlﬁ W W5.Since W and W, are sums of independent

random variables, we have by part (v) of Lemma 2.1 of [27] that W}" = W — X—”n + 5—%
and Wz* =W, — 5—% + % where I and J are chosen uniformly from {1, ..., m} and
{1, ..., n}, respectively. It was shown in the proofs of Corollaries 4.1 and 4.2 of [19]
that
13/ 1 1
EIW — W*?| < —( — + — |E|X; PE|Y; ? 5.12
| | < s\ " | X1 [PElY] (5.12)

and, if EX; = EY} =0,

20/1 1
E[(W — W*®)?] < ?<; + ;)IEX‘I‘EYI“. (5.13)

The assumption IEX? = IEYI3 = Oimplies EXT = EY;* = 0 ([27], part (iv) of Lemma
2.1), which allowed [19] to obtain the O (m~" +n~!) rate in (5.13).
The bound (5.10) is immediate from (5.12) and (4.19):

99 1287 1 1
dw(W,2) < ZEIW — w*®| < —(

— + — |EIX; PE|IY: )P,
ol \/E+ﬁ>|l| [Y1]

and 1287 =20.11.
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Now we prove (5.11). We begin by setting r = o = 1 in (4.17), using that F(%) =
/7, and applying Markov’s inequality to obtain

dx(W, Z)
< {5 + 732 4 E[1 + log (1)} }/3 + 91og <l> + 12P(|W — W*P| > B)
m 2 b4 B

—_ w*2))2
< {11.55+3.1910g (%)},34_ 1o LWV = WP)T]

‘32
1
Setting B = (E[(W — W*®)2])3 gives
1 1
dx(W,Z) < {2355+ 1.071log [ ——————— | WE[(W — W*®)?])3.
k( >_{ + og(E[(W_W*@)Z])}( [ )
(5.14)
Substituting (5.13) into (5.14) and simplifying then yields (5.11). O

Theorem 5.8 Let W be the standardised D; statistic, as defined in (5.9), based on
I-tuple content, for uniform i.i.d. binary sequences of lengths m and n. Let Z ~
SVG(1, 1, 0). Then

1
dw(W.Z) <2011 — + — ).
w(W. Z) < ( _m+ﬁ>
1
mn 1 1\3
dK(W,Z)5{44.33+2.0210g< )}<_+_> _
m+n m n

Proof LetI; and J; be the indicator random variables that letter 0 occurs at position i
in the first and second sequences, respectively. Then X = Y 7" | [ and Y = Z?Zl Jj.
We may then write

(IR -G )

where X; = 2(I; — %) and Y; = 2(J; — %). The X; and Y; are all independent with
zero mean and unit variance. Also, EX; = EY} = 0, E|X;|® = E|Y;|® = 1 and
EX? = EY} = 1, and the result now follows from Theorem 5.6. ]

5.4 Random Sums

Let X1, X», ... be i.i.d., positive, non-degenerate random variables with unit mean.
Let N, be a Geo(p) random variable with P(N, = k) = p(1 — p)*~ 1, k > 1, that

is independent of the X;. Then, a well-known result of [47] states that p Zlszl X
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converges in distribution to an exponential distribution with parameter 1 as p — O.
Geometric summation does indeed arise in a variety of settings; see [28]. Stein’s
method was used by [39] to obtain a quantitative generalisation of the result of [47].
If we alter the assumptions so that the X; have mean zero and finite nonzero variance,
then p% Z,N:pl X; converges to a Laplace distribution as p — 0; see [52] and [43].
Recently, [43], through the use of the centred equilibrium transformation, mirrored the
approach of [39] to obtain an explicit error bound in the bounded Wasserstein metric.

In this section, we use Theorem 4.10 to obtain Wasserstein and Kolmogorov error
bounds for the theorems of [43]. Indeed, Theorems 5.9 and 5.10 below give Wasserstein
and Kolmogorov distance bounds for the approximations of Theorems 1.3 and 4.4 of
[43], respectively. The results of [39] are also given in these metrics, and we follow
their approach to obtain our Kolmogorov bounds. For a random variable X, we denote
by distribution function by Fx and its generalised inverse by F L

Theorem 5.9 Let N be a positive, integer-valued random variable with u = EN < 0o
and let X1, X2, ... be a sequence of independent random variables, independent

of N, with EX; = 0 and EX} = o} € (0.00). Set 0> = LE[(X, X;)°] =

ﬁE[ Z,N= 1 O'iz]. Also, let M be any positive, integer-valued random variable, inde-
pendent of the X;, satisfying

2
P(M =m)=—2P(N=m), m=12,....
no

Let Z ~ Laplace(0, %). Then, with W = \/Lﬁ ZIN=1 X;, we have
dw(W,Z) < 120" {E|Xy — X5 | + sup o/ E[|N — M|2]}. (5.15)
i>1

Suppose further that | X;| < C foralli and |N — M| < K. Then

17.04 I
dx(W.2) = — {sup||FXi - Fy ||+CK}; (5.16)

i>1

if K = 0, the same bound also holds for unbounded X;.

Proof Since Z ~ Laplace(0, %) =4 SVG(2, %, 0), we will apply Theorem 4.10
with » = 2, for which WY1 = WL the W-centred equilibrium distribution. For W as
defined in the statement of the theorem, it was shown in the proof of Theorem 4.4 of

[43] that WE = =2 (XM +XL). Then
. o . NvM
WL —w = 2 {(XE — Xp) +sgn(M — N) Z x; .

i=(MAN)+1
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Plugging this into (4.19) (with » = 2) and bounding E| 3"} . v)41 Xi
sup;> oiE[|N — M|%] (see the proof of Theorem 4.4 of [43]) yields (5.15). Now,

using (4.17) and the formulas F(%) = /7 and F( ) = glves that
5 24/2
dx(W, Z) < ( +2f> SENpC LP(W — WE| > B)
o
= 17.04é + 11P(|W — WL| > B). (5.17)
o

Letting 8 = M_%{ sup; > ||F1,;i1 — F;Ll I+ CK}, and using Strassen’s theorem we
obtain (5.16) from (5.17), and the remark after (5.16) follows similarly. O

Theorem 5.10 Let X1, X», ... be a sequence of independent random variables with
EX; =0, IEXZ2 = o2, and let N ~ Geo(p) be independent of the X;. Let W =

p? oI, X; and let Z ~ Laplace(0, -%). Then

1

dx (W, Z) < 17. 04— sup ||F_ F_ . (5.18)
O i>] Xi
If in addition p = sup; - E|X;|? < oo, then
1 J
dw(W,Z) < 12p2lo + — ). (5.19)
302
The O(p%) rate in (5.19) is optimal.
Remark 5.11 (i) Theorem 1.3 of [43] gives the bound
dpw (W, Z) < pz(zf+a)<a+ 3p2) (5.20)

which holds under the same conditions as (5.19). Aside from being given in a stronger
metric, the bound (5.19) has a theoretical advantage of having a multiplicative constant,
12, which is independent of o, whereas (5.20) has a multiplicative constant 2/2+a0.
The bound (5.20) has a smaller constant than (5.19) when o < 12 — 2+4/2, whilst the
constant is larger when o > 12 — 2V2.

(i1) The argument used to prove the final assertion of Theorem 5.10 also shows that
the O( p%) rate in (5.20) is optimal.

(iii) Suppose now that T = sup;>| EX f.‘ < 00. Then arguing as we did in the proof
of Theorem 5.6 would result in the alternative bound

dx (W, Z) < Cp3(1+ 1), (5.21)
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where C > 0 does not depend on p. Thus, the dependence on p is worse than in
(5.18), but (5.21) may be preferable if sup; 1 || F;{_l — F;Ll || is difficult to compute or

large. The same remark applies to Theorem 5.9.
The quantity sup;- || Fy, ' F o Ll | can be easily bounded if the X; have finite

support. To see this, suppose that Xll, Xo, ... are supported on a subset of the finite
interval [a, b] C R. Theorem 3.2 of [43] (see also Proposition 4.5) gives that X L—,
By X*, where B, ~ Beta(2, 1) and X*, the X-zero bias distribution, are independent.
But part (ii) of Lemma 2.1 of [27] tells us that the support of X* is the closed convex
hull of the support of X, and since B, is supported on [0, 1] it follows that X’ is
supported on [a, b]. We therefore have the bound sup; - || F X, '_F ; Ll | <b—a.

Proof As noted by [43], the assumptions on N and the X; imply that L(M) = L(N),
so we can take M = N. Inequality (5.18) is now immediate from (5.16). To obtain
(5.19), we note the inequality (see [43])

13

L L ElX;| 14
ElXy — Xyl < E|X1| +supE|X;”| = E|X{]| + sup - <0+,
i>1 i1 30 30

where we used the Cauchy-Schwarz inequality. Inequality (5.19) now follows from
(5.15).

Finally, we prove that the O (p 2 )ratein (5.19) is optimal. Suppose, in addition to the
assumptions in the statement of the theorem, that X1, X», ... are i.i.d. with moments
of all order and EX f # 0. Consider the test function A (x) = sin(tx), |t| < 1, which s
in the class Hw. We have E sin(¢Z) = 0. We now consider the characteristic function
ow(t) = E[e”W], and note the relation E sin(tW) = Im[¢w (t)]. From the above, we
have that dw (W, Z) > |Im[ew (¢)]|. Recall that the probability generating function

of N ~ Geo(p) is given by Gy (s) = ﬁ, s < —log(1 — p). Then

1
pox,(p21)

1
ow (1) = Gy (px, (p21)) = - (5.22)
1 — (1= plex, (p21)
Now, since EX| = 0 and EX} = 0%, as p — 0,
3 LAOC S N DR I B 2
ox,(p2t)y =1-— Ept o’ — 61p2t EXy 4+ O(p?). (5.23)

Plugging (5.23) into (5.22) and performing a simple asymptotic analysis using the
. 1,1/23px3
formula T = 1—z+0(|z|?), |z| — 0, gives that Im[gw (1)] = —6]”+J—§t2/21+0(p),

and so the O( p%) rate cannot be improved. O

@ Springer



Journal of Theoretical Probability (2020) 33:465-505 495

6 Further Proofs

Proof of Proposition 3.5. As usual, we set 0 = 1 and u = 0. The solution of the
SVG(r, 1, 0) Stein equation with test function ,(x) = 1(x < z) is then

K, *
Jf: () = — |;:f|) /0 [t L, (1t D[1(¢ < 2) —P(Z < 2)]dt
- Iiilry) / [t Ky (ItD[1(¢ < 2) — P(Z < 2)]de. (6.1)

Setting z = 0 and differentiating (6.1) using (A.9) and (A.10) gives that

K, x
folr) = %sgnm/o "1, (#)[1G < 0) — $1dr
- Iﬁ;—ﬂx')SgH(X)f 11" Ky (JD[1( < 0) — 3]dr.

We now note that, for all v > —%,

I [Iv+l(|x|) >
im | ————

X[V Jy

Ky (DL < 0) — %]dt} =0,

x—0

due to the asymptotic formula (A.3) and the fact that |7|* K, (|¢|) is a constant multiple
of the SVG(r, 1, 0) density meaning that the integral is bounded for all x € R. Then

K X
L(x) t‘)[”(t)dt]’
2xV 0

Kys1(—x) [*
fo0-) = —%[ﬁ /O (=", (=1) dr]

i Kv+1(_x) -
=1m|———-
10 [ 2(=x) Jo

Jo(0+) = —E% |:

u’I,(u) dui|.

On using the asymptotic formulas (A.3) and (A.4), we obtain f(; O+) = — 2(T1+1) and

fo’ 0-) = m which proves the assertion.
O

Proof of Proposition 3.6. Asusual, we seto = 1 and u = 0. Consider the test function
h(x) = Smg—ax), which is in the class Hw. Therefore, if there was a general bound
of the form || f®| < M, ||h’||, then we would be able to find a constant N, > 0,
independent of a, such that || f®|| < N,. We shall show that £ (x) blows up as
x — 0 for a such that ax <€ 1 <« a’x, meaning that such a bound cannot be
obtained for || f|| which proves the proposition. Before performing this analysis,
we note that the second derivative 7”(x) = —asin(ax) blows up if ax K 1 <
a*x (consider the expansion sin(t) = t + 0@, t+ — 0). A bound of the form
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IFN < Myollill + My |11l + My 2|[h" ] is therefore still possible, and we know
from Sect. 3.1.7 of [9] that this is indeed the case.

Let x > 0. We first obtain a formula for f 3)(x). To this end, we note that twice
differentiating the representation (3.1) of the solution and then simplifying using
the differentiation formulas (A.9) and (A.10) followed by the Wronskian formula
L) Ky1(x) + Ty (1)K, (x) = 1 [38] gives that

B h(x) d? [(K,(x) I,(x)
=52 =[G ()] oo [ (5)]

X / " K, (0)h(t)ds.

Differentiating this formulas then gives

T 3
O = (x) _ ﬂz‘)_ [ d <K (x))]/ LR df + Ry
0

X dx xV

+ﬁ(x){ —x"I, (x) (Kx—(vx)> x"K, (x) (%)}

M) Qv +2)hx) & (Ko() vy g
=— - —[@< = )}fo " 1,(0h(r)dt + Ry,
(6.2)

where

_ a3 I, (x) o v ~
R _—[$< o )]/x t"K,(t)h(t)dt.

Here, to obtain equality (6.2) we used differentiation formulas (A.9) and (A.10) fol-
lowed again by the Wronskian formula. For all v > —% and x > 0, we can use
inequalities (A.14) and (A.19) to bound R;:

& /1, I,
|R1|<||h||[ (x(f))}/ PRy ) dt < i) (")

ﬁF(U + E)
2r(v+1)

w ~
x/ PR, di < ]
X

As ||ﬁ|| <2|h|| = %, the term R; does not explode when a — oo.
Applying integration by parts to (6.2) we obtain

FO@ = 0 +[ 3(KV(X)>:|/xh’(u)/utvlv(t)dtdu—i—Rl+R2,
X dx 0 0

xl)
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where

20 +2 N d® [(K,(x)
x2 dx3\ v

Ry = —ﬁ(x){ )} /Ox " 1,(1) dt} = —h(x)A,(x). (6.3)

For all v > —%, we show that there exists a constant C,, > 0 independent of x such
that A, (x) < C, forall x > 0. To see this, it suffices to consider the behaviour in the
limits x | 0 and x — oo. We first note that A,(x) — 0 as x — oo, which follows
from using the differentiation formula (A.13) followed by (A.6) and the following
limiting form (see [22]):

X
1
L) dt ~ ——x""V%e¥, x> 00, v > —1.
/0 ' V2w 2

Also, using the differentiation formula (A.13) followed by the limiting forms (A.3)
and (A.4) gives that, for v > —l, asx | 0,

d® (K, (x) X
[@< o )}/0 t"1,(¢) dt
_ _((Zv + 13Kv(x) n (1 n Qv + 1)(2v+2)> Kv+1(x)) /x P dr
0

X x?2 xV

(v DU+ 2T+ D) - /L

2042
X

and therefore A, (x) is bounded as x | 0, as required. We conclude that R, does not
explode when a — oo.
Now, we use the differentiation formula (A.13) to obtain

f(3)(x) _ h)(CX) _ (2]) + 1)(2\) + Z)Ker] (-x) /x h/(u) /u tvlv(t) dt du
0 0

xvt2
+ R1 + R + R3,
where
2 DK K * u
|R3|='<( v+1) u(x)+ u+1(x)>/ h’(u)/ 1) dr du

xV xV 0 0

v+ DKy(x) | Kipi(x)) 200+2)
< . I , 6.4
< ( P S IEIC) (6.4)
where we used (A.15) and that ||2’|| = 1 to obtain the second inequality. For v > —L

the expression involving modified Bessel functions in (6.4) is uniformly bounded for
all x > 0, which can be seen from a straightforward analysis involving the asymptotic
formulas (A.3) — (A.6). Therefore, the term R3 does not explode when a — oo.
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We now analyse the behaviour of £ (x) in a neighbourhood of x = 0 when
a — oo. Forall x > 0, the terms Ry, R> and R3 are O(1) as a — oo. Therefore using
the asymptotic formulas (A.3) and (A.4), we obtain

3) _ cos(ax) QRv+1DQRv+2) 2'T'(wv+1)
[ =— X + xv+2 ’ xv+1

X u t2v
——drd o
x/(; cos(au)/0 INCESN) u+ 0(Q)

2 D2 2) [*
:_cos(ax) +( v+ 1)Q2v +2) 2 cos(au) du + 0(1). x | 0.
0

x y2v+3

In addition to x | 0 and a — oo we let ax | 0. Therefore on using that cos(t) =
1-— %tz + 0(t4) as t | 0, we have that, in this regime,

1 a’x? 2042 [F a’u?®
3) _ _ e 2v+1 _sr
[P ) = x<1 5 >+x2V+3f0” <1 5 )du+0(1)
X

2 1 2 2
_ax_Ebax L gy A
2 2v+4 2(v+2)

+ 0(1).

If we take choose a such that ax < 1 < a’x, then £ (x) blows up in a neighbour-
hood of the origin, which proves the assertion. O

Proof of (3.18). As usual, we set 0 = 1. From the formula (3.1) for the solution of the
SVG(r, 1, 0) Stein equation we have

lim xf(x) = — lim {@/x "I, (t)h(r) dt — %/wt”Kv(t)ﬁ(t)dt}
X—>0Q 0 x

X—>0Q0

=L+ D

We shall use L'Hopital’s rule to calculate /; and /. In anticipation of this we note

that
g<x”—‘ _g(l Kv<x)) I SN e CAS1C)
dy \ K, (x))  dx\x x¥ ) Ky K,(x)2

where we used the quotient rule and (A.10) in the final step. Similarly, on using (A.9)
we obtain

d xvfl B _.Xv72 B xU7]Iv+1(x)
dx Iv(x)> L) Lx)?
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Therefore, by L'Hopital’s rule,

, xV 1, (x)h(x) 1-
I = — lim — — = —~h(00),
x—00 x X" Ky () 2
K, (x) Ku(x)z
—x"K,(x)h 1-
L = — lim ;C v(o)h(x) = —Zh(c0),
x—00 XV~ X7 (x) 2
I, (x) 1,(x)?

where we used the as~ymptotic formulas (A.5) and (A.6) to compute the limits. Thus,
limy—, o0 xf (x) = —h(c0). Similarly, by considering (3.2) instead of (3.1), we obtain
limy_, _ oo xf(x) = h(—00). O

The following lemma will be used in the proof of Proposition 4.1.

Lemma 6.1 (i) Let v > 0. Then x" K, (x) < 2'~'T'(v) for all x > 0.
(ii) Suppose 0 < x < 0.729. Then Ko(x) < —2log(x).

Proof (i) We have that % (x”Kv (x)) = —x"Ky,_1(x) < 0 (see (A.8)), which implies
that x" K, (x) is a decreasing function of x. From (A.4) we have lim, o x"K,(x) =
2= (v), and we thus deduce the inequality.

(i1) From the differentiation formula (A.7), forall x > 0, % (— 2log(x)— Ko (x)) =
—% + Ki1(x) < 0, where the inequality follows from part (i). Therefore —2 log(x) —
Ko (x) is adecreasing function of x. But one can check numerically using Mathematica
that —210g(0.729) — K(¢(0.729) = 0.00121, and the conclusion follows. O

Proof of Proposition 4.1. For ease of notation, we shall set u = 0; the extension to
general £ € R is obvious. Throughout this proof, Z will denote a SVG(r, o, 0)
random variable.

(i) Letr > 1.Proposition 1.2 of [48] states that if a random variable Y has Lebesgue
density bounded by C, then for any random variable W,

dg(W,Y) </2Cdw(W,Y). (6.5)

Since the SVG(r, o, 0) distribution is unimodal about 0, it follows from (2.3) that the
density is bounded above by C = ZO’I\/EF(%) /T (%), which on substituting into
(6.5) yields the desired bound.

(i1) Here we consider the case r = 1. We begin by following the approach used
in the proof of Proposition 1.2 of [48], but we need to alter the argument because
the SVG(1, o, 0) density p(x) = %KO(%) is unbounded as x — 0. Consider
the functions %,(x) = 1(x < z), and the ‘smoothed’ &, o (x) defined to be one for
x <z + 2«, zero for x > z, and linear between. Then
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P(W < 2) =P(Z < 2) =Eh;(W) — Eh; o(Z) + Eh; o(Z) — Eh;(2)

1
<Eh; (W) —Eh;4(Z) + EP(Z <Z <z+42ux)

1 1
—dw(W,Z2)+ -P(z < Z < z+2a)
20 2

IA

1
Y dw(W,Z)+P0O = Z < a), (6.6)
o

where the last inequality follows because the SVG(1, o, 0) density is a decreasing
function of x for x > 0 and an increasing function forx < 0,andsoP(z < Z < z+42«)
is maximised for z = —a. Suppose that ¢ < 0.729. Then we can use Lemma 6.1 to
obtain

@ t 1 [&
]P’(0§Z<oc)=/ —K()(—)dt:—/ Ko(y)dy
0o To o T Jo

o

1 (o 200 o
< —/ —2log(y)dy = —|:1 + log (—>j| 6.7)
7 Jo o o

Substituting into (6.6) gives that, forany z € Rand « > 0,
1 200 o
PWW<2)—P(Z<z2) < —dw(W,2Z2)+ 1—[1 + log <—>:|
200 To o

We take o = %«/nadw(W, Z), which, as we assumed that O’_ldw(W, Z) < 0.676,
ensures that < < 0.729. This leads to the upper bound

PW<z)—-P(Z<z)< {2+10g (%) n %log (dw(;fv Z))} /dw(nVi;, Z).

Similarly, we can show that

P(WW<z2)—P(Z<z)> —{Z—I—log (%) + %log <dw(l(jV Z))},/dwi:[;’ Z).

Combining these bounds proves (4.2).

(iii) Let 0 < r < 1. Then the SVG(r, o, 0) density is unbounded as x — 0 and is
a decreasing function of x for x > 0 and an increasing function for x < 0. Therefore,
we argue as we did in part (ii) and bound P(0 < Z < «) and then substitute into (6.6).

Letv = %, so that —% < v < 0. We have
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PO<Z<a) ;lfa (i> K,,(L) dt
o /m2’T'(v+35)Jo \o o

e
o

¥y UKy (y)dy

1
JT2'T (v + %)/0

o

1 T A—v—1 2v
= AT+ %)/0 2 TeyTdy
(— 1 2v+1
- (=) it = Cyoa®tl,  (6.8)
VA2 H T4 D) 2v + 1\ o *

where we used a change in variables and (A.2) in the second step and Lemma 6.1 in
the third. We therefore have that, for any z € R and o > 0,

1
PW<z)—P(Z<2z) < o dw(W,Z) + Cy oot
o

1
To optimise, we take o = (zéﬁ#) 20+D which results in the bound

1 2v+1
P(W <2) — P(Z < 2) < 2(2Q2v + 1)Cy.0) T (dyw (W, 2)) 705D

1

2F(—v) 200+D) 2v41

=2 dw (W, Z)) 2040
(ﬁ(zo)zv“r(v - %)) (¥, )

As in part (ii), we can similarly obtain a lower bound, and on substituting v = %

we obtain (4.3), which completes the proof. O
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Appendix A: Properties of Modified Bessel Functions

Here, we list standard properties and inequalities for modified Bessel functions that
are used throughout this paper. All formulas can be found in [38], except for the
differentiation formulas (A.12)—(A.13), which can be found in [15] and [20], and the
inequalities.
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The modified Bessel function of the first kind of order v € R is defined, for x € R,
by

I (x) =

I

1 %
rorroa ()

The modified Bessel function of the second kind of order v € R is defined, for x > 0,
by

o0
Ky (x) = / e~ COsh() cosh(vr) dr. (A.1)
0

It is clear from (A.1) that
K_,(x) = Ky, (x). (A.2)

The modified Bessel functions have the following asymptotic behaviour:

1 X\V 5
T (5) (t+oad).  xyo. (A3)
v-1 ] >
Ko) ~ {2 FupxP(1+0G?), x10,v#0, A
—log x, x}0,v=0,
L(x) ~ \/;_x X — o0, (A.5)

K, (x) ~ /;—xe_", x = 00, (A.6)

The following differentiation formulas hold:

(Ko(x)) —Ki(x), (A7)
d
a(x"Ku(X) = —x"Ky_1(x), (A.8)
i(b(x)) _ ™ (A.9)
dx \ xV xV
g(Kv(x)> _ _Km(x)’ (A.10)
dx xV xV
& (L)Y L&) Qv+ D)
@( xV >_ X’ xv+l ’ (A1D)
> (K,(0)\ _ Kyx) | Qv+ DKyyi(x)
d? (Kv(x) Qv+ DK, (x) ( (2v+1)(2v+2)) Ky11(x)
— == " |1+ )
dx3 xV xV x?2 xV
(A.13)
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Applying the inequality 7/, +1(x) < I (x), x > 0, u > —% [49] to the sixth differen-
tiation formula of Corollary 1 of [20] gives the inequality

3 /1 I
@ ( ”(x)) BEUIC N N (A.14)
dx3 \ xv xV 2

The next inequality follows from two applications of inequality (2.6) of [17]. For
x >0,

X ru 2(1)+2)
/O /0 " I,(t)dr du < zv—_HxUIH_z(x), v>—1. (A.15)

The following bounds, which can be found in [18,21], are used to bound the solution
to the SVG Stein equation. Let v > —%. Then, for all x > 0,

K X 1
L x)f () dr < =, (A.16)
xV 0 2
I o0
Lf)/ MK, () de < 1, (A17)
X X
K x 1
ﬁ/ ML) dr < ———, (A.18)
xv 0 2v+1
1 o0 al'(v + 1
v() / K, (1) dr < VAl +3) (A.19)
x ), (v + 1)
K,(x) %, vl
LA L)dt < —— A2
xv71 t U(t) < 2\) + 17 ( O)
I o0
”V(fl) f K, () dr < 1, (A21)
X x
Kyi1(x) [* v+1
Zvtl ) I T A2
xv71 1 U(t)dt < 2\)+1’ ( )
I 00 1
Lff) 'Ky (t)dt < ~. (A.23)
xVv x 2
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