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Abstract

In this work we present different results concerning mixing properties of multivariate
infinitely divisible (ID) stationary random fields. First, we derive some necessary
and sufficient conditions for mixing of stationary ID multivariate random fields in
terms of their spectral representation. Second, we prove that (linear combinations
of independent) mixed moving average fields are mixing. Further, using a simple
modification of the proofs of our results, we are able to obtain weak mixing versions
of our results. Finally, we prove the equivalence of ergodicity and weak mixing for
multivariate ID stationary random fields.

Keywords Multivariate random field - Infinitely divisible - Mixed moving average -
Lévy process - Mixing - Weak mixing - Ergodicity

Mathematics Subject Classification (2010) 60E07 - 37A25 - 60G60 - 62M40 - 60G10

1 Introduction

In 1970 in his fundamental work [11], Maruyama provided pivotal results for infinitely
divisible (ID) processes. Among them, he proved that under certain conditions, known
afterwards as Maruyama conditions, these processes are mixing (see Theorem 6 of
[11]). After him various authors contributed on this line of research, see for example
Gross [7] and Kokoszka and Taqqu [9]. In 1996 Rosinski and Zak extended Maruyama
results proving that the a stationary ID process (X;);ecr is mixing if and only if
lim/— o0 E [ X=X ] = E [¢!X0] E [e~*0], provided the Lévy measure of X¢ has
no atoms in 2w Z. More recently, Fuchs and Stelzer [6] extended some of the main
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results of Rosinski and Zak to the multivariate case. Parallel to this line of research,
new developments have been obtained for ergodic and weak mixing properties of
infinitely divisible random fields. In particular, see Roy [15] and [16] for Poissonian
ID random fields and Roy [17], Roy and Samorodnitsky [18] and [22] for a-stable
univariate random fields.

In the present work we fill an important gap by extending the results of Maruyama
[11], Rosinski and Zak [13,14], and Fuchs and Stelzer [6] to the multivariate random
field case. First, this is crucial for applications since many of them consider a multidi-
mensional domain composed by both spatial and temporal components (and not just
temporal ones). This is typically the case for many physical systems, like turbulences
(e.g. [1,2]), and in econometrics (e.g. models based on panel data). Second, with the
present work, we also close the gap between the two lines of research presented above
by focusing on the more general case of multivariate stationary ID random fields.

On the modelling/application level, we prove that multivariate mixed moving aver-
age fields are mixing. This is a relevant result since Lévy driven moving average fields
are extensively used in many applications throughout different disciplines, like brain
imaging [8], tumour growth [3] and turbulences [2,3], among many.

Moreover, we discuss conditions which ensure that a multivariate random fields is
weakly mixing. In particular, we show that the proofs of the results obtained for the
mixing case can be slightly modified to obtain similar results for the weak mixing
case. Finally, we prove that a multivariate stationary ID random field is weak mixing
if and only if it is ergodic.

The present work is structured as follows. In Sect. 2, we discuss some preliminaries
on mixing and derive the mixing conditions for multivariate ID stationary random
fields. In addition, we study some extensions and other related results. In Sect. 3,
we prove that (sums of independent) mixed moving averages (MMA) are mixing,
including MMA with an extended subordinated basis. In Sect. 4 we obtain weak
mixing versions of the results obtained in Sect. 2 and we prove the equivalence between
ergodicity and weak mixing for stationary ID random fields.

In order to simplify the exposition, we decided to put long proofs in the appendices.

2 Preliminaries and Results on Mixing Conditions

In this section we analyse mixing conditions for stationary infinite divisible ran-
dom fields. We work with the probability space (2,.%#,P) and the measurable
space (R?, Z(R?)), where Z(R?) is the Borel o-algebra on the vector field R4,
We write £ (X;) for the distribution, or law, of the random variable X,. Now,
let (6;),cr be a measure preserving R! action on (R, .%#,P). Consider the ran-
dom field X;(w) = Xg o 6;(w), t € R, The random field (X1)sert defined in
this way is stationary and, conversely, any stationary measurable random field can
be expressed in this form. Further, we have, with a little bit of abuse of notation,
0y(B) := {fy(w) € L :w € B} = {0 € Q: Xo(0) = Xy(w) for o € B}. We
denote by || - ||oo the supremum norm.
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Then (X;),cr: is mixing if and only if (see Wang, Roy and Stoev [22] equation
(4.4)):

lim P(A N6, (B)) = P(A)P(B), (1)

forall A, B € oy andall (t,),en € 7, where oy := o ({X; : t € R'})isthe o-algebra
generated by (X;),cp and J := {(t,,),,EN C R limys oo 1tnlloo = oo}

The following definition is based on the characteristic function of (X;),.ps [see
[22] equation (A.6)]:

r q
nlgrgo]E exp | i Zﬂszj exp (i Z Vkka-Hn)
j=1 k=1

r q
=E | exp iZ,BJ-ij E|:exp (iZka,,k>i| , 2)
j=1 k=1

forallr,qg e N,Bj, vk € R, pj, s € R! and (t,)neny € 7. Further, for the multi-
variate (or R?-valued) random field, we have the following definition based on the
characteristic function of (X;);cp!-

Definition 2.1 Let (X,),cp: be an R?-valued stationary random field. Then (X), g/
is said to be mixing if for all A = (s1,...,sn) . st = (P1s..., pw) € R™ and
91, 92 S Rmd
Jim E [exp (i(61, X5) +(62. X,))] = E [exp (i (61, X2)] E [exp (i (62, X,))]
&)

where X, = (X! ...,Xém)’ e R™ and fi, = (p1 + tys ..., pm + 1), where

S1°
(tn)nen is any sequence in 7.

Further, we recall the definition of an infinitely divisible random field.

Definition 2.2 An R? valued random field (X 1)ier! (or its distribution) is said to be

infinitely divisible if for every (X;, ..., X ), where k € N, and for every n € N
there exist i.i.d random vectors Yi("’k), i=1,...,n,in RIxk (possibly on a different
probability space) such that (X, ..., Xy,) 4 Yl(”’k) + -4 Yn("’k).

It is straightforward to see that the above definition is equivalent to the follow-
ing definition. An R? valued random field (X¢);ere (or its distribution) is said
to be infinitely divisible if for every finite dimensional distribution of (X;),cpi,

namely Fy,. ., (x1,....x0) = P(X; <xi,..., X, <x¢) where k € N, and

for every n € N there exists a probability measure w,; on R?>k such that
(n times) wn

Frp o (15 oo X)) = % -0 % o k= 1) -

We are now ready to state our first result.
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Theorem 2.3 Let (X;);cpt, with | € N, be an Re-valued strictly stationary infinite
divisible random field such that Q, the Lévy measure of £ (X), satisfies Qo({x =

(xX1,....xq) € RT3 e {l,...,d}, x; € 2 Z}) = 0. Then (X,),cpi is mixing if
and only if
tim B[/ X0 ] = B[] B[], @)
n—oo

forany j,k =1,...,d and for any sequence (ty)neN € 7.

The above theorem relies on the following result, which is the multivariate random
field extension of the Maruyama conditions (see Theorem 6 of [11]).

Theorem 2.4 Let (X;),cp! bean RY-valued strictly stationary infinite divisible random
field. Then (X;),cri is mixing if and only if

(MM1) the covariance matrix function ¥ (t,) of the Gaussian part of (Xy,), cp
tends to 0, as n — 00,

(MM2') limy— oo Qor, (x|l - I¥ll > 8) = 0 for any § > 0, where Qyy, is the Lévy
measure of £ (Xo, X;,) on (R?, B(RYY),

where (t,),eN Is any sequence in 7.

Notice that the above conditions are fewer than the Maruyama conditions. This is
because we used the following lemma, which is a multivariate random field extension
of Lemma 1 of [10] and Lemma 2.2 of [6].

Lemma 2.5 Assume that lim,_. o Qos, (|[x]| - |yl > 8) = 0 holds for any § > O,
where Qoy, is the Lévy measure of £ (Xo, X;,) on (R?, BR?)), and (tp)nen € R
Then one has

lim Il - 11yl Qog, (dx, dy) = 0.

=00 Jo<[lx[2+lylI2<1
2.1 Related Results and Extensions

In this section, we present different results which follow from, are related to or extend
the theorems presented in the previous section.

The first result is a corollary which follows immediately from Theorem 2.3, and
states that a multivariate random field is mixing if and only if its components are
pairwise mixing.

Corollary 2.6 An R?-valued strictly stationary i.d. random field X = (Xt);crt with
Qo({x = (x1,...,x5) e R? : 35 ¢ {1_,...,d},xj € 2n7Z}) = 0 is mixing if and
only if the bivariate random fields (X(f), X(k)), j. ke {l,...,d}, j <k, are all
mixing.

Proof 1t follows immediately from Theorem 2.3. O

The following corollary is a generalisation of Corollary 2.5 of [6].
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Corollary 2.7 Let (X;),cp! be an R4 -valued strictly stationary ID random field. Then
with the previous notation, (X;);cg! is mixing if and only if

tim {1l + [ min(L ]+ 1) Qo @r. )} = 0 )
n—0o0 R2d

Jor any (tp)nen € .

Proof We can follow the argument by [6]. To this end, note that if we assume that (5)
holds, then conditions (M M 1) and (M M2') hold and, thus, Theorem 2.4 implies that
(X1);er! 1s mixing.

For the other direction assume that (X;),cp: is mixing then by Theorem 2.4 con-
dition (M M1) holds. Furthermore, for every § > 0 with Q j;(dKs) = 0 and any
J.k=1,...,d,(cf.(21)),

k
o, |, — 05

o as n — oo. (6)
6

forany (t,)nen € 7, where the symbol “—” means convergence in the weak topology.
In addition, we know that the Lévy measures Q jx are concentrated on the axes of R2.
Now consider a § > 0 such that conditions (22) and (6) hold. Then we have

lim sup g, min(l, |xy|)Q0’k)(dx,dy) <e

n—o0

+1im sup e min(l, ey QG (dx. dy) = e.
n—oo

Letting € \, 0 we obtain that lim sup,,_, fR2 min(1, |xy|)Q0tk)(dx dy) = 0 for
any j,k=1,...,d. Finally,

[ min Z|xk| Zm Qo (dx. dy)
d
=y / min(1, vy, 1) Qur, (dx, dy)
J.k=

d
/ min(1, |xy)) Qg (dx,dy) — 0, as n — 0.
Jj.k=1

Therefore, this implies that

lim min(L, [lx[ - Iyl Qos, (dx, dy),

n—o00 de

for any (¢,),eny € 7, hence we obtain that condition (5) is satisfied. O
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The next two results are a reformulation of Theorem 2.3. However, the first requires
a short preliminary introduction, which will be useful for Sect. 4 as well. Recall that
a codifference t(X1, X») of an ID real bivariate random vector (X1, X») is defined as
follows

T(X1, X2) = log B[/ ¥17X2) | — log E[™¥1] — log B[ 7% ],

where log is the distinguished logarithm as defined in [19] p. 33. Following [6] we
recall that the autocodifference function for an R?-valued strictly stationary ID process

.....

.....

reR,

Corollary 2.8 Let (X;),cri, with | € N, be an RY-valued strictly stationary infinite
divisible random field such that Q, the Lévy measure of £ (Xy), satisfies Qo({x =
(x1,...,xq) e RY :3j € {1, .., d}, xj € 2nZ}) = 0. Then (X;),cp! is mixing if
and only if T(t,) — 0 as n — oo for any sequence (ty)neN € 7.

Proof It follows immediately from Theorem 2.3. O

Corollary 2.9 Let (X;);cpi, with I € N, be an Re-valued strictly stationary infinite
divisible random field such that Qy, the Lévy measure of £ (Xy), satisfies Qo({x =
(x1,...,xq) € R :3j e {1, ....d}, xj € 2xZ}) = 0. Then (X;),cri is mixing if
and only if

.oy () (k) -y (J) . (k)
lim E[e'“‘z’ -Xg >] =E[e”‘o’ ] .E[e*’xo ] @)

]| =00

forany j,k=1,....d, where || - || is any norm on R (e.g. the sup or the Euclidean
norm) and t € R,

Proof “=": Assume that (X;),cp/ is mixing. Then by Theorem 2.3 we know that

s I o e I
n—oo
holds for any j,k = 1, ..., d and for any sequence (f,),cn € -7 . Now consider the

following simple result.

Let M1 = (A1,dy) and M> = (A, dy) be two metric spaces. Let S € A be an
open set of M. Let f be a mapping defined on S. Then lim,_,. f(x) = [ iff for any
sequence (xp),eN of points in § such that Vi € N : xj, . and lim,, o, X, = ¢ we have
limy, 00 f(xp) =L

From this result and from the fact that we are considering any sequence such that
lim;,— o0 ||#n |0 = 00, we obtain Eq. (7).

“«<": Assume that (7) holds. Then we have that (8) holds by the result stated above.
Then by Theorem 2.3 we obtain that (X;), s is mixing.
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Now consider the set & := {(t,,)neN C R limy— o0 ||2a ]| = 00, where || - || is any
norm on R/ } Notice that any sequence (#,),eN € 7 belongs to & and vice versa,
because on the finite dimensional vector space R! any norm || - |, is equivalent to any
other norm | - ||. Hence, we obtain that Eq. (8) holds for any (#,),en € &, and by
applying the argument above we obtain our result. O

Remark 2.10 1t is possible to see that the extension that we have done in the above
corollary, can be applied to all our results that holds for “any sequence (#,),eN € 7.

The next result is a multivariate and random field extension of Theorem 2 of Rosinski
and Zak [13] and it will help us to generalise Theorem 2.3.

Theorem 2.11 Let (X;),cg! be an R4 -valued stationary ID random field such that Q,
the Lévy measure of X, satisfies Qo({x = (x1,...,x4) € RY . djefl,....d},x; €
2nZ}) # 0. In other words, Qo has atoms in this set. Let

ZZ{ZZ(Zl,u-,Zj)ERd:zj
=2mk/yjVjel{l,...,d}, wherek € Zandy = (y1,...,y;) is an atom of Qo}.

Then (X;);cr is mixing ifand only if for some a = (ay, ..., aq) € R4\ Z, witha, #0
forp=1,...,d,

; ) (k) ; () ; (k)
lim E I:el(anfn _akXO )] =FE I:elajx() ] -E I:e_lakXO :I s

n—o00

forany j,k =1, ...,d and for any sequence (t;),eN € 7.

Proof Consider an element a € RY\Z with ap #0for p=1,...,d. We know that
the set of atoms of any o -finite measure is a countable set (the proof is straightforward)
and that any Lévy measure is o-finite. Hence, the set of atoms of Qg is countable,
which implies that Z is countable. This implies that our a exists. Now, let

aa 0 -+ 0
0 a --- 0
M, = .
0 0 ag

Notice that M/, is an invertible d x d matrix and X; is a d-dimensional column vector.
We have that (X;),r is mixing if and only if (M, X),cr: is mixing. This is because
by looking at the Definition 2.1 it is enough to show that for every m € N, A =
(S15...,5m) € R" and @ = (1, ...,6,) € R™ we have (9, MyxX,) = (0, X;),
where M *xX; = (My Xy, ..., MyXs,) and§ € R™ Notice that form = 1 we have
Mg*X; := M, X,, t € Rl. Indeed, we have (6, M xX;) = 27:1 Yoy ans(,{)ij =
(Ma%0, X;) = (0, X;), where Myx0 := (Ma0y, ..., My0,,) € R™9,

Now, the Lévy measure Qg of M, Xy is givenby Q§(-) = Q()(Ma’1 (+)) (see Propo-
sition 11.10 of [19]). Since a ¢ Z, Qf has no atoms in the set {x = (x1, ooxg) €
RY:3j e{l,...,d}, x; € 2nZ}. This is because
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08(fx = (x1,...,x2) eRY:3j e {l,...,d},x; € 2nZ}))
= Qo(fx = (x1,...,x2) € R :3j e(1,...,d},x; € 2nZ/a}}),

sincea ¢ Zthen3j € {1,...,d}:a; # 2nk/y; for any k € Z and any atom y of
Qo, hence

=Qo({x =(x1,....xg) €eRY:3j e(l,....d}
such that x; # y;, wherey is any atom of Qg}) = 0.

The equality to zero comes from the fact that the set considered has no intersection
with the set of atoms of the measure Q. Finally, by using Theorem 2.3 the proof is
complete. O

From this result we have the following generalisation of Theorem 2.3.

Corollary 2.12 Let (X;),cpt be an RY-valued stationary ID random field. Then
(X1);ege s mixing if and only if £ (X;, — Xo) e ZL(Xo — X{) forany j, k =
1,...,d and for any sequence (t,)neN € 7, where X is an independent copy of X.

Proof This result is an immediate consequence of Theorem 2.3, Corollary 2.6 and
Theorem 2.11. O

We end this section with a simple general result which will also be useful for the next
section.

Proposition 2.13 Let (X;),cp! be a linear combination of independent, stationary, ID

and mixing random fields. In other words, letr € Nandlet (X;),cp! 4 Croi YR, eres
where (Ytk)teRz, k=1,...,r, are independent RY-valued stationary, ID and mixing
random fields. Then (X;),cp: is stationary, ID and mixing.

3 Mixed Moving Average Field

In this section we will focus on a specific random field: the mixed moving average
(MMA) random field. Before introducing this random field we need to recall the
definition of an R?-valued Lévy basis and the related integration theory. Lévy basis
are also called infinitely divisible independently scattered random measures in the
literature. In the following let S be a non-empty topological space, %(S) be the
Borel-o-field on S and 7 be some probability measure on (S, Z(S)). We denote
by By (S x R’) the collection of all Borel sets in S x R! with finite 7 ® A/-measure,
where A/ denotes the /-dimensional Lebesgue measure.

Definition 3.1 A d-dimensional Lévy basis on S x R is an R-valued random measure
A ={A(B) : B € By(S x RY))} satisfying:

(i) the distribution of A(B) is infinitely divisible for all B € Z(S x RD),
(ii) for an arbitrary n € N and pairwise disjoint sets By, ..., B, € JBo(S x R’ the
random variables A(B1), ..., A(By) are independent,
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(iii) for any pairwise disjoint sets By, By, ... € %Bo(S x R!) with Uy Bn € Bo(S x
R’) we have, almost surely, AUpen Bn) = D en A(By).

Throughout this section, we shall restrict ourselves to time-homogeneous and factoris-
able Lévy bases, i.e. Lévy bases with characteristic function given by

E[eiw,A(B»] _ Y ONB) )

foralld e R? and B € PBo(S x R’), where IT = 7 ® A/ is the product measure of the
probability measure 77 on S and the Lebesgue measure A! on R/ and

1

Y(©O) =ify.0) - 5 (0. 36) + /Rd (¢ =1 =i, ) 1on(Ix)) Q(dx)

is the cumulant transform of an ID distribution with characteristic triplet (y, X, Q).
We note that the quadruple (y, X, Q, 7) determines the distribution of the Lévy basis
completely and therefore it is called the generating quadruple. Now, we provide an
extension of Theorem 3.2 of [6], which does not need a proof since it is a combination
of Theorem 3.2 of [6] and Theorem 2.7 of [12]. It concerns the existence of integrals
with respect to a Lévy basis.

Remark 3.2 In this section we are considering a g-valued random field, since the d is
used for the R9-valued Lévy basis, and we denote by M, 4 (R) the collection of ¢ x d
matrices over the field R.

Theorem 3.3 Let A be an R?-valued Lévy basis with characteristic function of the
form (9) and let f : S x R/ — My xq(R) be a measurable function. Then f is A-
integrable as a limit in probability in the sense of Rajput and Rosinski [12], if and only

if

[ [ rasr+ [ rasmaonarass
S JR! 11

—1jo,11(Ix 1)) Q(dx)||ds (dA) < oo,

/f[ | £ (A, $)Z (A, s)||dsm(dA) < 0o, and

S JR

/f / min(l,||f(A,s)x||2)Q(dx)dsn(dA) < 0.
s JR! JRE

If f is A-integrable, the distribution of [ [ri f(A, s)A(dA, ds) is infinitely divisible
with characteristic triplet (Vint, Lint, Vint) given by

Yint = /f f(A, )y +/ FA, 9)xAjo,11(| f (a, s)x]|)
S JR! R
—1j,11(lx[))v(dx)dsm(dA),
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it = / / F(A. )T (A, 5)dsm(dA), and
S JR!
vin(B) = / / f 13(f(A, $)x) Q(dx)ds7(dA)
S Rl R‘l

for all Borel sets B € R7\{0}.

Proof This theorem is a specific representation of Theorem 3.2 of [6] and Theorem
2.7 of [12]. O

Let us now introduce the main object of interest of this section: the mixed moving
average random field.

Definition 3.4 (Mixed Moving Average Random Field) Let A be an R?-valued Lévy
basison § x Rl and let f : § x R! — M xq(R) be a measurable function. If the
random field

X, :=/f F(A, t —s)A(dA, ds)
S JR!

exists in the sense of Theorem 3.3 for all 7 € R/, it is called an n-dimensional mixed
moving average random field (MMA random field for short). The function f is said to
be its kernel function.

MMA random field have been discussed in Surgailis ez al. [20] and Veraart [21]. Note
that an MMA random field is an ID and strictly stationary random field.

The following lemma is a direct application of Corollary 2.7 to our MMA random
field case.

Lemma3.5 Let (X;),cpi < (fS fR’ f(A,t —s)A(dA, ds)),crt be an MMA random
field where A is an R%-valued Lévy basis on S x R! with generating quadruple

(y,2,0,m)and f : S x R — My x4 (R) is a measurable function. Then (X;),cp
is mixing if and only if

n—oo

lim {H// f(A,—s)Zf(A,tn—s)’dsn(dA)H
s JRI
+/f / min(1, || f(A, —=s)x]|| - [| f (A, tn — S)X||)Q(dx)d57f(dA)} =0,
S JR! JRA

for any (ty)nen € 7.

The following theorem is the main result of this section, while the next corollary is an
extension of it.

Theorem 3.6 Let (X;),cp 4 ([ [pi f(A t —5)A(dA, ds)),cpt be an MMA random
field where A is an R? valued Lévy basis on S x R with generating quadruple

(y, 2,0, m)and f : S x R — My xq(R) is a measurable function. Then (X;),cp
is mixing.
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From the above result and Proposition 2.13, we have this corollary.

Corollary 3.7 Sums of independent MMA random fields are stationary, ID and mixing
random fields.

Proof This corollary is an immediate consequence of Theorem 3.6 and Proposi-
tion 2.13. O

Remark 3.8 The above corollary holds for any linear combination of independent
MMA, including MMA with different Lévy basis and different parameter space S.

3.1 Meta-Times and Subordination

In this section we give a brief introduction of the concepts of meta-times and subor-
dination, and present a result which is a corollary of Theorem 3.6.

First, we recall the definition of an homogeneous Lévy sheet (see [4] definition
2.1). Let AZF indicate the increments of a function F over an interval (a, b] C R'j_
and let @ < b indicate ' < b' fori = 1,...,k (see [4]), where R = {x ¢ R™ :
xi>0,i=1,...,m}andm € N. Letk, [ € N.

Definition3.9 Let X = {X; : t € ]R]_j_} be a family of random vectors in R?. We
say that X is an homogeneous Lévy sheet on ]R/_‘F if Xy =0foralls € {t € R’; :
t/ =0 for some j € {l,...,k}}as., A[a’}X, R AZZX are independent whenever
n > 2 and (a1, b1l, ..., (an, by] C ]R'_i are disjoint, X is continuous in probability,

AgﬂX 4 APX forall a, b, t € RF with @ < b, and all sample paths of X are lamp.

The concept of lamp (i.e. limits along monotone paths) is the analogue of cadlag, but
in the multiparameter setting. If X = {X, : 7 € Rﬁ} is a homogeneous Lévy sheet
then .Z (AL X) € IDRY).

Now let X = {X, : t € Rﬁ_} be an R¢-valued homogeneous Lévy sheet on R'j_
and Ay = {Ax(A): A € ,%’(Rﬁ)} be the homogeneous Lévy basis induced by X,
namely Ax ([0, t]) = X; a.s. forall ¢ € Rﬁ. LetT ={T; :t € Rﬁ} be an R -valued
homogeneous Lévy sheet and Ar = {A7(A) : A € %’(Rﬁ)} be the non-negative
homogeneous Lévy basis induced by T. Define .#! = o (A7(A) : A € %) (R’i)) to
be the o -field generated by A 7. Then there existsa (# 1, % (Rﬁ_), A (R¥))-measurable
mapping ¢7 : @ x RX — R¥ such that for all v € Q and A € %, (R%), the set
T(A)(w), given by T(A)(w) = {x € Rﬁ : ¢7(w, x) € A} is bounded and

A7 (A) (@) = Leb(T(A)(®)).

Foreach w, T(+)(w) is called a meta-time associated with At (-)(w).Let M = {M(A) :
A € 2 (RY)) be defined as

M(A) (@) = Ax(T(A))(w)
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forall A € # (R’jr). We say that M appears by extended subordination of Ax by At
(orof X by T). Then by Theorem 5.1 of [4] we have that M ia a homogeneous Lévy
basis.

Therefore, we have the following corollary of Theorem 3.6.

Corollary 3.10 Let X = {X; : t € RK} be an R?-valued homogeneous Lévy sheet on
R and Ax = {Ax(A) : A e ,%’(Rk)} be the homogeneous Lévy basis induced by
X. Let T = {T, : t € R*} be an R, -valued homogeneous Lévy sheet and Ay =
{AT(A): A e @(Rk)} be the non-negative homogeneous Lévy basis induced by T.
Let M = {M(A) : A € f%’b(R’i)} be an extended subordination of Ax by Ar. Let

d —
(YD rert = (Jpet [i f(B. t—5)M(dB, ds)),cpi, where f: RET xR — My (R)
is a measurable function. Then (Y;),cg! is mixing.

Proof 1t is sufficient to notice that the framework introduced above holds for the case
R¥ and not just for R’; (see [4]) and that M is an R?-valued homogeneous Lévy basis
on R¥. Then by using Theorem 3.6 we obtain the result. O

4 Weak Mixing and Ergodicity

In this section, we will first show how to modify our results to obtain weak mixing
version of the results presented before and then prove that for stationary ID random
fields ergodicity and weak mixing are equivalent. We start with a definition of a density
one set and of weak mixing for stationary random fields.

Definition 4.1 A set E C R/ is said to have density zero in R/ with respect to the
Lebesgue measure A if

lim —— 1 A(dx) =0.
TLmOC (ZT)I /(\—T,T]l E(X) ( X)

A set D C Rl is said to have density one in R! if R\ D has density zero in R’.

The class of all sequences on D that converge to infinity will be denoted by
Tp = {twen CR'ND: lim Jityfloc = o0}

Definition 4.2 Consider the random field X; () = X 06, (w), t € R, where {6/}, cre
is a measure preserving R’-action. Let ox be the o-algebra generated by the field
(X1);eri- We say that (X;),cps is weakly mixing if there exists a density one set D
such that

lim P(AN6, (B)) = P(AP(B),

forall A, B € ox and all (t,),eN € Ip.

We are now ready to state the weak mixing version of Theorem 2.3.
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Theorem 4.3 Let (X;),;cpt, with | € N, be an Re-valued strictly stationary infinite
divisible random field such that Q, the Lévy measure of £ (X), satisfies Qo({x =
(xX1,....xq) € RT3 e {l,...,d},x; € 2nZ}) = 0. Then (X,),cpi is mixing if
and only if there exists a density one set D C R such that

tim B [0 X0 ] =5 [oX0] B[]

n—od
forany j,k =1, ...,d and for any sequence (t;),eN € Ip.

Proof 1t is possible to see that the argument used in the first part of the proof of
Theorem 2.3 applies and holds also for the case (t,),en € Tp. Moreover, using
Theorem 4.4 the proof is complete. O

Theorem 4.4 Let (X;),cp! bean R9-valued strictly stationary infinite divisible random
field. Then (X;),cg! is mixing if and only if there exists a density one set D C R such
that

(M M1) the covariance matrix function X(t,) of the Gaussian part of (X t)t, €R!
tends to 0, as n — oo,

(MM?2) lim,— o0 Qos, (X1l - IyIl > 8) = 0 for any § > 0, where Qy, is the Lévy
measure of £ (Xo, X;,) on (R?, B(R?)),
where (t,),eN Is any sequence in Jp.

Proof 1t is possible to see that the arguments used in the proof of Theorem 2.4 go
through for the case (t,;),en € Ip- O

Remark 4.5 1t is possible to obtain weak mixing version also for the following results
previously stated: Corollaries 2.6, 2.7, 2.8, 2.9, Theorem 2.11, Corollary 2.12 and
Proposition 2.13. The proofs of these results are omitted because they follow exactly
the same arguments used in the proofs of their respective results. The only difference
is that we have (¢,),eny € Ip and not (¢,;),en € 7 but this does not trigger any
change in the arguments used in the proofs of these results.

Among these results, we have the following corollary, which is the weak mixing version
of Corollary 2.7 and it will be useful for our next result: the equivalence between weak

mixing and ergodicity for stationary ID random fields.

Corollary 4.6 Let (X;),cp! be an R9-valued strictly stationary ID random field. Then
with the previous notation, (X;);cr! is mixing if and only if there exists a density one
set D C R! such that

lim {IIE(tn)II +/ min(1, [lx][ - Iyl Qor, (dx, dy)} =0
n—o00 R2d

Jor any (tn)nen € Ip.

Proof See discussion in Remark 4.5. O
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In order to prove the equivalence between ergodicity and weak mixing for ID stationary
random fields we will need various preliminary results, some of which have already
been proven in the literature. We start with two known results.

Lemma 4.7 (Lemma 4.3 of the ArXiv last version (i.e. v3) of [22]) Let f : R > R
be non-negative and bounded. A necessary and sufficient condition for

1
lim ——— ndt =0
TLmOO (2T)l /(\—T,T]l f( )

is that there exists a subset D of density one in R! such that

nhﬁn;o f(ty) =0, forany (ty)nen € Ip.

Lemma 4.8 (Theorem 2.3.2 of [5]) Let i1 be a finite measure on R!. Then

1
lim —— a(t)dt = u({0}),
Jim o /( gy 0 = (oD
where [i denotes the Fourier transform of (.

The following lemma is an adaptation to our framework of Lemma 3 of [14].

Lemma 4.9 Let (X;);cr! be an R?-valued stationary ID random field and Qéf be the
Lévy measure off(X(()/), X,(k)). Then for every 8 > 0and j, k =1, ...,d, the family

of finite measures of (Q(J)f | Kg) (eRr! IS weakly relatively compact and

lim sup/ lxy| Q¥ (dx, dy) =0, (10)
Ks

§—0 teR!
where Ks = {(x, y) : x2 + y2 < 82}
Proof This result comes directly from the proof of Lemma 3 of [14]. O

Now we will investigate the auto-codifference matrix of the R¢-valued stationary ID
random field (X;);cgs, which was already introduced in Section 2.1. Consider

t) = (70) :

jk=1,...d

with
. : v ®) () ) ix )
0 (,) =7 (X0, X)) = log B[ /™0 X0 | ~ log B[ %" | ~ log B[ 7 ¥ir |

+/2(e"x — 1)@ — DO v, dy), (1
R
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where F,{q k is the covariance function of the Gaussian part of (X(()k), X ,("j )) and it is
given by

Jjk Jjk
jk _ UO O't’l
th T jk Ujk

In 0

Proposition 4.10 Let (X;),cpt be an R4 -valued ID random field (not necessarily sta-
tionary). Then for any j,k = 1, ..., d the function

R xR 5 (5, 1) — U0 xY, xP) e C

is non-negative definite.

Proof We argue as in Proposition 2 of [14]. Without loss of generality let 7 > s with
t,s € R'. As seen above, we have

T (X§"), X}”) =o' + /H;z(e“‘ — (e — DQJf (dx, dy). (12)

Since (s, t) — ot] ¢ 1s non-negative definite because it is a covariance function, it just

remains to show that the second element on the RHS of (12) is non-negative definite.
However, this is a consequence of Lemma 4 in [14]. O

We can now state and later prove (see “Appendix C”) the second main theorem of
this section, which states the equivalence between ergodicity and weak mixing for ID
stationary random fields.

Theorem 4.11 Letl,d € N. Let (X;),crt be an R9-valued stationary ID random field.
Then (X;),cpi is ergodic if and only if it is weakly mixing.

5 Conclusion

In this work we derived different results concerning ergodicity and mixing properties of
multivariate stationary infinitely divisible random fields. A possible future direction
consists of the investigation of statistical properties of the results presented in this
paper. For example for multivariate stochastic processes, showing that mixed moving
average (MMA) processes are mixing implies that the corresponding moment based
estimator (like the generalised method of moments (GMM)) are consistent (see [6]).
However, it is not clear that a similar result holds for the random fields case. Other
possible directions would be to extend the present results to the case of random fields
on manifolds or on infinite dimensional vector spaces. However, the literature is not
as developed as for the R!-case and requires further work.
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Appendix A: Proofs of Sect. 2
Proof of Theorem 2.3

This proof is an extension to the random field case of the proof of Theorem 2.1 of [6].
“=": Assume (X;),cg: to be mixing. This implies

Tim B [exp (1461, Xo) +i(6, X,,))] = E [exp (i(61, Xo)] E [exp ({62, Xo))]

for any 6y, 6, € RY. Now, setting (61, 62) = (—ex, e;), j,k = 1,...,d with ¢; the
unit j-th vector in R?, Eq. (4) is satisfied.
“«<": Assume that Eq. (4) holds for every j,k =1, ..., d, and then we have

() 5 ®) G ok
lim E [el (X"{ X0 )i| =E [e’X((i/)] E [E’Xék)] , (13)
n—oo
forevery j,k =1, ..., d. Thisis true because of the following reasoning. In particular,

we extend the proof of Rosinski and Zak [13], Theorem 1, to the multivariate random
field case. Assume that Eq. (4) holds. We will initially prove the following. For every
Y € L2(Q, .7, P) (complex valued)

- () _
lim B[ 7| =E[X" | E[7], (14)

n— oo

for j = 1,...,d. It is possible to see that Eq. (14) holds for ¥ € Hy :=
. ()
lin(l,e X [t € R} := (Z € LXQ.Z.P) : Z = apl + Y aie'Xi .1; €

Rl.ne N}. Consider now the L2-closure of Hy and call it H. Then by standard den-
sity argument Eq. (14) is true for any ¥ € H. Now, consider any Y € L*(Q,.%,P)
(complex valued). We can write Y = Y| + Y, where Y1 € H and Y5 € HL = {(We
L%(Q,.Z,P): E[ZW] = 0VZ € H}, where E[- 7] denotes the inner product (usually
written as < -, - >) from L?(Q2, %, P) x L?(2, .Z, P) to R. Notice that we are using
the conjugate (i.e. in symbol “~ ) because this is how the inner product space over
a complex space is defined. Further, notice that we can write Y = Y| + Y> since the
L?-space endowed with that inner product is a Hilbert space.

Since E[e!Xn ¥»] = 0 for every 1, € R! and E[Y>] = 0 by definition of H, we get
that
lim B¢ 7] = lim E[e¥n? | =E[X|E[7] =E [ |E[F].

n—0o0 n—oo

. . iy 6,
Hence we have equation (14). Putting now ¥ = e X0 in (14),fork =1,...,d, we
obtain
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lim B [et X+ Xé’”)] :E[e"xé”]]E[efXS")], (15)

n—o00

whichis Eq. (13). We now prove that equations (4) and (13) imply the multidimensional
Maruyama conditions:

(M M1) the covariance matrix function X(#,) of the Gaussian part of (X t)t, R!
tends to 0, as n — o0, where (t,),eN is any sequence in 7.

(MM?2) Tim, o0 Qor, (1] - Iyl > 6) = 0 and im0 fo_y, 2y oy bl
Iyl Qos, (dx, dy) = O for any § > 0, where Qyy, is the Lévy measure of . (X, X
on (R4, B(R%)).

Actually, we will not prove (M M?2) but we will prove instead the following condi-
tion:

(MM?2) limy— o0 Qor, (x| - ly]l > 8) = 0 for any § > 0, where Qyy, is the Lévy
measure of £ (Xo, X;,) on (R?, B(RY)Y).

This is because in Lemma 2.5 we will prove that (M M2') implies (M M?2).

Regarding (M M 1), we have the following. Since (X¢, X;,) has a 2d-dimensional
ID distribution, its characteristic function can be written, using the Lévy—Khintchine
formulation for every 6 = (0, 62) € R? x R?, as (see Theorem 8.1 of [19] and the
proof of Theorem 2.1 of [6])

; , 61\ (ot 1//6
(01, X0)+i(02,X1,) | — _
= J=ewli{(o)- () 2{(Gn)- = ()

+/2d (e"<91~x>+i<92’>’> —1—i <6, x> (x| —i
R

< 62,y > 1, 11(Ily D) Qoy, (dx, dy)}- (16)

By substituting (—ex, ¢;), (0, ¢;) and (—e,0), j, k = 1,...,d for (61, 02) in (16)
we get the description of equation (4) in terms of the covariance matrix function of
the Gaussian part of (X t(nj ) , X(()k)) and the Lévy measure Qo;,, namely

. ) (k) A i . -1
lim E [e,(x,; %o )} (]E [elxé”]ﬂ«:[e—lxé’”])
n—oo

— nhngo exp {ij(tn)+/2d (ei(}'(j>_x(k>) _eiy(j) N e—ix(k) + 1) QOI,, (dx, dy)} =1
- R

for arbitrary j, k = 1,...,d, where ajk(t,,) is the (k, j)-th element of X (#,). By using
the identity Real(e!(=*+Y) — =% — ¢V 4 1) = (cosx — 1)(cos y — 1) + sinx sin y
and taking the logarithm on both sides, we get

lim |:a,'k(tn)+/ ((cosx 1)(cosy 1)+smx sin y(J)) Qo (dx, dy):|
n—o00 [ R2d
=0, a7
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() x® G
forany j,k =1, ..., d. Applying the same argument to £ |:el(x’” o )] <E [er((,’)]

T\ 1 .
E[e’xo ]) we obtain

lim [ — Ujk(t,,)—l—/ ((cosX(k) — 1)(cos y(j) — 1)—sinx(k) sin y<j>> Qoy, (dx, dy):| =0,
n—o00 ]:de

(18)

forany j,k =1, ..., d. Putting together equations (17) and (18), due to the consis-
tency of the Lévy measures (see Proposition 11.10 of [19] and the proof of Theorem
2.1 of [6]),

n—o0

lim (cosx(k) — 1)(cos y(j) — l) Qor, (dx, dy)
R2d

= lim | (cosx —)(cosy — QG (dx,dy) =0, (19)

n—oQ RZ
forany j,k=1,...,d, where Q((){,f)
(R2, B(R?)).
Now, for fixed j,k € {1,...,d} the family of measures {.X(X(()k), Xt(,',i))}neN is
tight. To see this, note that by letting K, = {(x, y) € R? : x> 4+ y?> < r?} and using
the stationarity of (X;),cgr: We have

denotes the Lévy measure of .2 (X (k), Xt(n] )) on

1 1 1
P((Xo, X;,) ¢ Kr) < P(IXoll > 272r) + P> Xy, | > 272r) = 2P(| Xoll > 27 27r),

hence lim,_, o SUp, < P((Xo, X;,) ¢ K,) = 0.Since {-Z (X0, X;,)}nen is tight, then

{Z(X (k), X t(,,j ))}neN is tight. Notice that we are proving more than necessary because
it is sufficient to prove the above limit for sup, .. Thus, by Prokhorov’s theorem we
have that the family {<Z (X (k), X t(y}/ ))},,EN is sequentially compact (in the topology of
weak convergence). Choose any sequence (7,),en € 7 and let Fji be a cluster (or
accumulation) point of the family {.& (X(()k) , Xg))},,EN. Then, using Lemma 7.8 of
page 34 of Sato’s book [19], we have that Fj; is an ID distribution on R? with some
Lévy measure Q jx. Moreover, let (#,,)men be a subsequence of (7,),en such that

2P X ~Fir, asm — oo, (20)

Im

Notice that () men € 7 as well. We know that Fj; exists by Prokhorov theorem on
Euclidean spaces. Then, for every § > 0 with Q jx(0K5) =0,

oY . asm— oo @21)

—Ujk
K§ 2, k§
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Since (cosx — 1)(cos y — 1) > 0 and using equations (19) and (21), we deduce that

0< (cosx — 1)(cosy — 1)Q jx(dx, dy)
K

= lim [ (cosx — D)(cosy — Q" (dx, dy)

n—oo K¢
8

< Jim | (osx = 1)(cosy - QG dx, dy) = 0.

n—oo

Every Lévy measure Q j; is concentrated on the set of straight lines {(x, y) € R2 .
x € 2nZ or y € 2nZ}. This is because only on these lines the integrand (cos x —
1)(cos y — 1) is zero, otherwise it is positive, and because § can be taken arbitrarily
small.

By the stationarity of the process and (20), the projection of Q j onto the first and
second axis coincides with Q(k) and Q(j ) respectively, on the complement of every
neighbourhood of zero (because (21) holds on any complement of every neighbour-
hood of zero). Recall the assumption on Qg, i.e. Qo({x = (x1,...,x7) € RY : 3j €
{1,...,d},x; € 2rZ}) = 0. Hence, we have forevery a € Z, a # 0,

0k((2ma) x R) = 0 ((2ma}) = Qo(R x ... x R x {27a} x R x ... x R)
<QoxeR:Te{l,...,d}),x; €2nZ}) =0

and similarly Q jx(R x {2wa}) = 0. Therefore, Q jx, j, k=1, ..., d is concentrated

on the axes of RZ and on each of them coincides with Q(k) and Qé/ ) Ttis important to
stress the main ideas of the above argument. First, we showed that Q j; is concentrated
onlyon {(x, y) : x € 2nZ or y € 2n7Z} and then using the assumption of our theorem
we showed that only when x = 0 or y = 0 the measure Q j; is nonzero. Further, the
stationarity of the process allows the fact that when we project Q jx on the axes the

projections coincide with Q(k) and Q(] ) avoiding the case of having QO on one axis
and Q(J ) on the other.
Now observe that, for every ¢ € R/, using the consistency of the Lévy measure

Jk) 1 jk) 1 2 k)
IxyIQo, (dx,dy) < % +y )Qo, (dx,dy) < x“Qg,  (dx,dy)
Ks 2 Ks 2 |

x|<é

1 k
+—]1 ¥R (dx, dy)
2 Jiyi<s

lf xQ“mm+1/ y>0Y dy)
2 Jixi<s 2 Jiyi<s

= / szo(dx) <€, (22)
[x]<s8
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for any positive € and any j,k = 1,...,d, if only ¢ is small enough. This implies
that, by (22) forevery j,k =1,...,d we have forallm € N

. . ik ik
/ |sin.x sin y| Q" (dx, dy) < / ey Q5 (dx, dy) < e,
Ks Ks

for sufficiently small § > 0. Since Q j is concentrated on the axes of R? then
ng sinx sin yQ jx(dx, dy) = 0 and using (21) we get lim,,_, o ng sin x sin yQ(()il:)
(dx,dy) = 0. Thus,

lim [ sinxsinyQ{" dx, dy) =0, (23)
2 m

m—00 R

for every j,k = 1,...,d. Combining equations (17), (19) and (23) we obtain that
ojk(tw) — Oasm — ooforall j,k =1,...,d. Since (;)menN is a subsequence
of an arbitrary sequence 7, € 7, it follows that o (t,) — 0 as n — oo and thus
2(t,) — 0asn — oo, for any (t,),en € 7. This is because we have used the fact
that if a sequence has the property that any subsequence has a further subsequence
that converges to the same limit, then the sequence converges to that limit. Hence,
condition (M M 1) follows.
To prove (M M2'), observe that, for any m € N,

d
A\ 2
QOtm (”x”z : ”y”2 > 62> = Qot,,, Z ()C(k)y(j)> > 82

k=1

d
" , S
<> o <‘x(")y<’)) > E)'

jok=1

In view of (21) we also get

. s N
lim sup QU (‘x(k)ym‘ . _> <04 <‘x(k)y(n’ . _) —0.
Mm—s 00 m d d

foranyé > Oand j,k =1, ...,d. Hence, lim; o0 Qoy, (x|l - |yl > §) = O for any
8 > 0 and together with the fact that (f;)xcn is a subsequence of an arbitrary sequence
7, € 7 we obtain condition (M M2').

Now, by Theorem 2.4 the proof is complete.

Proof of Theorem 2.4

This proof is an extension to the random field case of the proof of Theorem 2.3 of [6].

“="": We have shown in the proof of Theorem 2.3 that mixing implies conditions
(MM1)and (M M?2').In particular, mixing implies formula (4), which implies (M M 1)
and (M M?2).
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“«<": For the other direction we have the following. Assume that (M M 1) and
(M M?2') hold. Then by Lemma 2.5 condition (M M?2) holds. We need to prove that
the process is mixing, i.e. forallm € N, A = (s1, ..., sn) s it = (P1, ..., pm) € R™
and 6y, 6, € R4

Jim E [exp (i(61, X5) +i(02, Xji,))] = E [exp (i (61, Xo.) ] E [exp (i (62, X,1))] .
(24)

where X; = (Xj,,..., Xy ) € R™ and fi, = (p1 + tn, ..., pm + ta), Where
(t))nen is any sequence in .7 .

The family of R2md _yalued distributions of the ID random fields (X, X,),denoted
{L (X, Xj,)}nen is tight. Indeed, let K be the 2md-dimensional ball around the
origin with radius of length ~/2ma, then by stationarity of the process (X 1)icRrl We
have

P((X5, X,) ¢ K) < Y PUIXy @)+ Y PUXp, 40,1 =

j=1 j=1

> a)=2m Y P(|Xll = a),

j=1

hence limg— o0 sup;_ , , P((Xy, Xjz,) € K) = 0. Again notice that we are proving
more than necessary because it is sufficient to prove the above limit for sup, , ,. Let
(@', =1, Q1) and (a?, =2, 0?) be the characteristic triplets of .Z(X;) and LX)
respectively.

Suppose F' with characteristic triplet (o, R, Q) is a cluster point of the distributions
of (X», Xj,). As in the proof of the previous theorem, we have that F is the limit as
r — oo of the distributions of (X;, Xj,), where ji, = (p1 +1t,..., pu + 1) with
t; is a subsequence of 1,. Let (o, X;, Q) be the characteristic triplets of (X, X, ).
By Lemma 7.8 of [19] F is an ID distribution on R2md We denote by @, (01, 62)
the characteristic function of £ (X}, X;,) at the point (61, 62) € Rmd % R™d_ The
logarithm of ®, (61, 67) can be written (see proof of Theorem 2.3 and Theorem 2.3.of
[6]) as

log &, 61,60 = i | (©! o (Y. s (9
) =1 B - A5 )
g P (01, 02 0, Ol,Z ) 6, r 6,
+f (eF 00 — 1 — (01, x) 100,y
{llxll<8.llyll <8}
~i{62, y) Ty (1y1) @, (dx, dy)
+f e T TR (Y
{llxI=8 or [lyll=8}

—i (02, y) 10,11y D) O (dx, dy)
=h+DL+ 1+ 14
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We need to prove that log @, (61, 62) — log ®1(01) + log ®2(62) as r — oo for
all 01,0, € R™ where &, and ®, are the characteristic functions of X; and X 0
respectively.

Itis possible to see immediately that /; = i(ozl, 01)+i (012, 02), just by setting ot =
(@), a?)' = (a', «?)'. Further, by condition (M M 1) I, converges to —%(2191, 01) —
%(2202, 62) asr — oo, where £! and £2 are the md-dimensional covariance matrix
of (X;) and (X ) respectively.

For 14, we have

lim s = / (0402 — 1 — 46y, )10yl
r=eo {lIx[=8 or [yl=8}
—i(62, y)10.13(ly 1)) Q(dx, dy)

= [ (e e @' @)
{llx[1=8}
[ (i <0y > tondyD) @),
{llyll=8}

This is because of the identity

m m m m
exp (Zai + Zbi) — 1 =exp (Zai) — 1 +exp (Zbi) -1,
i=1 i=1 i=1 i=1

which is valid when a;b; = 0 for any 1 < i, j < m, and because, letting x =
(x(l)/, ceey x(’")/) e (RY)" and y = (y(l)/, ey y(’")/> € (RY)™, we have

Qdlxl - Uyl > 8) = liminf O, (flx[l - Iyl > 8)

(MM2)
<hmmfZQo,,+p,_S, (|||x<f>|| Iy > m) =0,

r—00
Jj.i=1

for any § > 0, which shows in particular that Q(]|x|| - ||y|| >0)=0.
Analogously to x and y we denote by 0, “) and 0, Y the j-th R¢-component of 6;
and 65, respectively. Concerning /3, con51der the multlvarlate Taylor expansion of

eHOXIF O 6y, x) Lo,y (Ix 1) — i 62, ) Lo,y 1) =: g(x, ¥)

with respect to the variable (x, y)" at the point (xg, y9)’ = 0. For any § > 0 small
enough, we obtain
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1867

2

2

_ 1 (g0 L) N (0) ()
I = 2|:/{‘||x|<8,|y|<5} Z< > + Z<6’2 Yy ) 0, (dx, dy)

J=1 J=1

= (j) ) (k) (k)
5 o)) o

+2/
{llx[I<8.llyll<8} 1

Js

where R is the reminder and in the integral form it is given by

®4+R

1
= f 6 ./ (1= 0)D3 ,(g(tx, 1y)dt Qx(du),
{lxll <8yl <8}

and so

1
61R| < f f (01 1) + {62, 13)
{llxll<é,llyll<d} JO

1
=/ |(01,x>+<92,y)|3Qr(dx,dy)/ rdt
{llxll<d.l1yll<8) 0

1
= —/ {61, x) + (62, V)7 O, (dx, dy)
{llx]l <8, ||y|\<5}

A )
y

H( ) ( ||x||2Q1(dx>+/
{0<]lx <8} {0<[lyll<é}

3
O (dx, dy)

{llx[I<8.llyll <8}

o O1.13)+i (62,1) ‘dth(dx, dy)

||y||2Q2(dx))

and thus 6|R| < € for any positive € if only § is sufficiently small. Notice that our
estimates are sharper than the ones of [6] because we work with the explicit integral

form of the remainder. Moreover, we obtain forevery j, k=1, ...,

enough that

Jusrcs e 75N e

=[] o) /{uxn<a Iyl <8) [« [l er@xan

DI (2 D[ ®
< [0 e8] [ S R [
: 2 {0<\|x<f>||2+||y<’<>\|25232}‘ ‘ e
<[o?] - e8] | <]
O< D24y ® |2 <1y
Hy( )HQO tr+pr—s; <dx(J) dy(k)) r—>oo 0,

m and any § small

(dx(l) dy(k))
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by using condition (M M?2). Finally, we have
1 2
5 (01, x)"Q,(dx, dy)
2 Jixti<s.1yli<s)

+/ O 1 — 01, ) 1o, (Ix 1D Q' (dx) | < Iy + U
{0<|lx||<é}

For J;, we have

1 1
Ji = ‘5/ (61, )0, (dx, dy) — 5/ <91,x>2Qr<dx,dy)‘
{O<llxll<8,llyll<8} {0<]lx || <8}

< f (61, x)>0,(dx, dy) < ||01||2/ Ix]I>Q" (dx).
{0<|lx||<é}

{0<llx[I <8}

For J,, we have

Jp = ’/ 59], x)2 4O 1 — iy, )1 (Ix ) @ (dx) |,
{0<|lx|| <8}

and, by using the multivariate Taylor expansion and noticing that in this case the
expansion is only for the variable x, we obtain

Jr < 16118 / llx]I*Q" (dx).
{0<|lx || <8}

Similar arguments apply to the second addend of the first term of I3.
Combining all the different results, we get

lim log (81, 62) = log ®1(61) + log P2(62). V61,6, € R™,
r—00
and consequently we obtain the desired result in (24), which concludes the proof.

Proof of Lemma 2.5

Fix € > 0, put Bs = {(x,y) € RY x R? : |x||2 + ||y|®> < 8%} and Rs = {(x,y) €
R? x R : 8% < ||x||> 4 ||y|I* < 1}. Then, we get

/ 1l 1y 1 Qor, (dx, dy) = / Il 11yl Qor, (dx, dy)
(O<lxl2+IyIP<1) Bs

+/ llxIl - Iyl Qor, (dx, dy) := Py + Pa.
Rs
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We will estimate the terms P; and P, separately. Using the stationarity of Qq;, (due
to the stationarity of (X4, ), i) and the consistency of the Lévy measure, we get

|P1

IA

1 1
—/ ||x||2Qotn(dx,dy>+—/ Iyl Qoy, (dx, dy)
2 Bs 2 Bs

1 1
= / llx11* Qoy, (dx, dy) + = / Iy Qo (dx, dy)
2 J{x2 <82, yeRd) 2 J{ylr<s2.xerd)

= / [ Qo (dx).
lx][ <8

Here Qy is the Lévy measure of Xg. Thus, for some appropriately small §y we have

IA

(25)

€
|P1 =/ Il - 11yl Qo, (dx, dy) < 3
§

By,

. . 82
For the second term, set cp = min {60, é} with ¢ = Qg <||)c||2 > 70) < 00. Then,

for C = Rs, N {llx|l - llyll > co} we obtain

|P2| = / lxll - Iyl Qox, (dx, dy) +/ lxll - Iyl Qox, (dx, dy)
c Rsp\C
1 €
= EQOIn ©) +/ - Qoy, (dx, dy)
Rsy\C 89

IA

1 €
EQOI,,(”)C” Ayl > co) + %Qom (R5y\C)

1 € 2 5 2 %
< = Qo (Xl - Iyl > co) + 5= Qor, | 1o ») 2 Ixl17 > — UL x, ) 2 IvI7>
2 8¢ 2 2
1 82
€ 2 0 1 €
< EQOtn(”x” Iyl > co) + EQOtn (IIXII > 2) = EQOtn(”x” Iyl > co) + T

For n large enough we have Qo;, (Ilx] - [yl > co) < % and therefore

€
| P, :/ llxIl - Iyl Qog, (dx, dy) < A (26)
R;s
Finally, combining (25) and (26), and letting ¢ — 0, we obtain the result of the lemma.

Proof of Proposition 2.13
By independence of the random fields (Ytk)teRz, k = 1,...,r, we have that the

Lévy—Khintchine representation of (X;),cg: can be written as the product of the Lévy—
Khintchine representation of the (Y,k) erl>k =1,..., r.Inother words, foranyn € N
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and 6; eRd,j: 1,...,n, we have

n
E|exp|i) (6. Xy)

n

.
=FE |exp iZ ],ZY" =[]E |exp iZ(ej,Yt’;)
j=1 k=1 j=l1

Now (X,),cp is stationary since for any 7 € R/

n

=

i . yk — k
E | exp zZ(QJ,YZj) =E [ exp 129 Y
j=1 j=1
because (YX),cp: is stationary, for any k = 1, ..., r. Moreover, (X;),cp! is ID since

it is a sum of independent ID random fields.

To show that (X;),.rs is mixing we proceed as follows. Consider any sequence
(tn)nen € 7 and consider the joint random field (Xo, X, ). First, notice that the
covariance function of the Gaussian part of (X;, ),neRz, call it ¥ x (), is given by the
sum of the covariance functions of the (Ytk)teR” call them Xy« (t,), k = 1,...,r.
Moreover, notice also that the Lévy measure of the Lévy—Khintchine formula of the
law £ (X,,, Xo), callit Qx oy, , is given by the sum of the Lévy measures of the Lévy—
Khintchine formula of the laws .E(Y,’;, Yé‘), call them QY",Otn’ k=1,...,r. 1tis
possible to see this in formulae.

E [exp (i (61, X1,) + i (62, X0))]
|:exp< QI’ZYII; +i GQ,ZY(;{ ):|
_HE[exp( 6,7, )+l(92,Y0))]
) ()3 e ()
= 5 - a5 r n
L[lexp{l<(92> (0/2( > >\g, (tn) 6
+/ (er=rmti=to= 1 —i <0y, x > 1o (Ix])
R2d

—i <6y,y> 1[0,1](||y||))QYk,o;n(dx,dy)}
e ZZ=1ai‘> 1 (&) - ((91)
- {l<<92)’<222101'2‘ 2\\6 ’;F ) 0>
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[ (i i <0 Lael)
R

.
—i <6y > 1[0,1](||y||)) Z Qyr o, (dx, dy)}

k=1

61\ [k 1//6 01
= ) - a5 ) F lf
P {l <<92) <a§>> 2 <<92> x ")<92>>
+/ (ei<9"x>+i<92’}'> —1—i<6,x> 1 lxl)
RZd

—i <62,y > Lo (1)) @x o, (@, dy)}

where

k o 20) Zy(tn)
r (’”)‘(Eykm) %(0) )

In order to prove that (X;),.r: is mixing we need to show that conditions (MM 1)
and (M M?2') hold. However, these conditions hold for each Xy« (#,) and Oyk oy,
where k = 1, ..., r. Moreover, since both the covariance matrix function X (#,) of
the Gaussian part of (X;),cgr and its Lévy measure Qx o, are sums of Xy« (#,) and
Qy# oy, Tespectively, for k = 1, ..., r, then we have that these conditions hold also
for them. Hence, (X;);cgs is mixing.

Appendix B: Proofs of Sect. 3

Proof of Lemma 3.5

The argument of the proof of Lemma 3.4 of [6] can be extended to our setting. To this
end, notice that we can write

Xo\ _ f(A, —s) i
(Xt") _/s/uw <f(A’tn_S)>A(dA,ds), f € R

From this and from Theorem 3.3 it is possible to compute the covariance matrix
function of the Gaussian part of (X;),cr: by

L (20) ()
F“""(E(m) 2<0>)’

where
() = / /1 f(A, =) f(A, 1, — s)ds(dA), 1, € R\
S JR
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The Lévy measure Qo;, of £ (Xo, X;,) is given by
O, (B) = / / / 13(f (A, =5)x, f(A, tn — $)2) Q(dx)ds (dA),
S JR! JRA

for all Borel sets B C R27\ {0}, using again Theorem 3.3. Therefore, given this explicit
representation of Qq;, we have that

/ min(L, x] - 1) Cor, (dx, dy)
R24

=// / min(L, || (A, =s)x]| - | (A, t, — $)x]) Q(dx)dsm(dA).
s Jrt Jrd

Now by using Corollary 2.7 we complete the proof.

Proof of Theorem 3.6

We generalise the arguments given in the proof of Theorem 3.5 of [6]. Following
Lemma 3.5, in order to prove this theorem it is sufficient to show that

”E(tn)” = H / /l f(A, _S)Ef(A,[n —S)/dsn(dA)” n—_)>ooo
S JR
and

/ min(L, [lx]| - lyI) Qox, (dx, dy)
RrR2d

= [ [ ], min i =oxl -1 - xO@dsTEn) "o,
S JRH JRA

for any (¢,)nen € 7.

First, we concentrate on proving that || X (¢,,) || "Z2° 0. Consider that by the existence
of the MMA field we have (see Theorem 3.3)

/S/Rz Hf(A,t_s)E%

for any ¢ € R!, where $7 denotes the unique square root of X. Therefore for any
t € R, the function g, : S x Rl — R, (A,s) — || f(A,t — S)E%H is an element
of L2(S x R, B(S x ]R[), 7 ® A R). The fact that the measure 7 ® AL is o-finite
implies that every L2-function can be approximated (in the L?-norm) by an elementary
function in

2
dsm(dA) < oo,
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k
& = {f e LX(SxRLBS xR, @A R): f =) cilpxr k€N,
i=1

ci €R, Dj € B(S), R € BRY,i = lk}

Let us now fix an arbitrary € > 0 and choose an elementary function g € & such that

1
2
g0 — &2 = (fS/R |go<A,s>—g(A,s)Pdsn(dA)) <e

Now we have that for any 7, € R/

||E(rn>||=H// f(A,—s)zi(f(A,rn—smi)’dsn(dA)H
S JR!
< / / 20(A,5) - g1(A, $)ds(dA)
S JR!

= [S[;@l(gO(A’S) —8(A,9) - g(A,5)+ 8(A,5)(g(A,5) — 2(A, 5 — 1y))
+8(A,$)8(A, s — t,)dsm(dA).

By the Cauchy—Schwarz inequality we obtain

1
2
IZE)N <€ lgs 2 + 11812 - </S /Rl |81, (A, 5) — 8(A, s — tn)lzdSN(dA)>
+/[ (A, $)Z(A, s — ty)|*dsm(dA).
s JR!

Now notice that

1
(/ f g1, (A, 5) — G(A, s — rn)|2dsn<dA>)2
S JR!

— (/f 1g0(A, s — 1) — 2(A, s — t,,)|2dsn(dA)>2 <€
S JR!

and that ||g;, |2 = llgoll 2, by a simple change of variables. In addition, ||g]l;2 <

ligollz2 + 118 — goll 2 < lIgollz2 + €.
Finally, it is possible to see that

/ / 3(A, )§(A, s — 1,)|*dsm(dA) = 0,
s Jr!

for sufficiently large 7, (or equivalently for sufficiently large n, where ¢, is an element
of (ty)neny € 7). This is because ¢ € &. In particular, given g € & then g(A, s) =
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Zle cilp,xr;(A,s), k € N,hence g(A, s —t,) = 0 fort, sufficiently large using the
fact that the rectangles R; cannot cover the whole R’ since f g le 18]1%ds(dA) < oo,
foranyi =1, ..., k. Therefore, we have

=@ < € ligoll2 4 (€ 4 ligoll2) - €,

for sufficiently large n. This yields | X (¢,)|| — 0 as n — oo, for any (#,),eN € 7.
We now move to the second objective of the proof. Indeed, we now prove that

n—oo

/ min(1, [[x|| - lyI) Qos, (dx, dy) "— 0,
R24

for any (fy)neny € 7.

Consider an arbitrary € > O and set B, := {(x, y) € R xRY : ||x|>+|y|* < r?}.
Recall now the argument used to prove (21). In that argument we did not assume that
the random field was mixing, but only that was stationary and ID. Thus, we have that
for any (t,)nen € 7 the following holds

sup Qoy, (R*\Bg) < e,

n=ng

for some R > 1 and some ng > 0. Therefore, for all n > ng, we obtain that
[, minct. Ll 151D Qo (0. d) < fB min(L, x| - 1) Qor, (dr. dy) + €.
Now notice that when max{||u||, ||v]|} < R we have
min{|[u]| - [[v]l, 1} < R - min{/[u|, 1} - min{|jv]], 1}.
Hence, we have
/1; min(L, [lx]| - lyI) Qo (dx, dy) =R -/B min(1, [lx]]) - min(L, ||y[) Qoy, (dx, dy)
R R

<R / / / min(L, [ f (A, —s)x[) - min(L, [ f(A, s — $)x[)Q(dx)ds (dA).
S JR! JRA

By the existence of the MMA random field, we have that for any ¢, € R’ the function
hy, S % R x RY - R, hy,(A,s,x) :=min(l, || f(A, t, — s)x||) is an element of
L2(S xR xR, B(S x Rl x RY), 7 @ Al @ 0: R). Also, the fact that every Lévy
measure is o-finite implies that the product measure 7 ® A' ® Q is o-finite as well
and therefore it is possible to use the same approximation argument used above in the
first part of this proof to show that

f / / min(L, | f (A, —s)x[) - min(L, £ (A, by — $)x[)Q(dx)ds(dA) "= 0,
S JR! JRA
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for any (¢,)nen € 7, which completes the proof.

Appendix C: Proofs of Sect. 4
Proof of Theorem 4.11
This proof is a multivariate and a random field extension of the proof of Theorem 1
of [14].
“=": It is well known that any weakly mixing random field is ergodic.
“«<=": For the other direction we argue as follows. Let (X,),.g: be an ergodic R¢-

valued stationary ID random field. In this proof we will work with j, k = 1,...,d
and we will not repeat it every time. We showed before that

_ (+Gk )
1) = t
2 (r ®) jok=1,...d
with

t00) = (X0, X)) = o/ + /Rz (@ — (e — DO Ex, dy)  (27)

is the autocodifference field of (X;);cg:. Since (X;);cp! 1S an R4-valued ID and sta-
tionary random field, we have that

o (x0.x) =7 (x. x2,).
Hence, as shown before in Proposition 4.10, the function

U0 () = ¢ (X(()"), X,(j))

. . . (]k) iX(j) l-X(k) . .

is non-negative definite and tV*)(0) = —log (E[e'*0 ]-E[e'*0 ]) which is a con-
stant. Hence, we can use Bochner’s theorem, which implies that there exists a finite
Borel measure v on R’ such that

R (1) =/ e My ().
]RI
Thus,
() () o 1 j . —
Ble! X0 X (B ] BLeX0]) = e 0 = 10 = exp(u)),

where exp(v) = Z;’lozo(v*"/n!), v*0 = 8y and the symbol “*” denotes the Fourier
transform. Notice that the last equality comes from the convolution theorem. Hence,
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UK = . Moreover, since both terms on the RHS of (27) are non-negative defi-
nite thanks to Proposition 4.10, again by Bochner’s theorem there exists finite Borel
measures vg and vp on R’ such that

tUR@) = b6 (1) + Dp(2). (28)

Thus v = vg + vp. The ergodicity of the process implies that

S I e el L]
(=T.TY)

Hence, combining this result with Lemma 4.8, we obtain

1

QT /( T.7] ex/p\(v)(t)dt =g exp(vg +vp)({0}) =1,

which implies that
v ({0} +vp({0}) =0 and (vg +vp) * (vG +vp)({0}) =0, (29)

and so vg * vg({0}) = 0. Therefore, we have that

—1 Jky2 1 / A 2 T—o00
dt = d 0}) = 0.
QT1)! /(—T,T]’ oy QT)! (_T’T]I(UG(I)) t — vg *v ({0}

Since al" k is real, we deduce from Lemma 4.7 that there exists a set D of density one

in R!, such that

lim o,{;k =0, forany (fy)neN € Ip. (30)

n—o0

Now we would like to prove a similar result for the Lévy measure of .2 (X (()j ), X t(f)),
so that we can then apply Corollary 4.6, which will give us weak mixing of our random
field (X;),cri. By equations (27), (28), (29) and Lemma 4.8 we have that

1 , -
(2T>l/< oy Je'€ TV DO} (dx. dy)dt
1 A e
= (2T)1/( g vp(t)dt > vp({0})
=0.

When taking the real part of ﬁ f(—T,T]l fRZ (e — 1)(ely — l)Qéf(dx, dy)dr we
get that

1 i N
W [ - RZ[(Cosx — 1)(cosy — 1) + sin x sin y]Q{)f(dx, dy)dt T=go 0. (31
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Now consider the two integrands of Eq. (31). By stationarity and Proposition 4.10, the
functions

t—>/ (cosx—1)(cosy—l)Qéf(dx,dy), and t—>/ sinxsinyQéf(dx,dy)
R2 R2

are non-negative definite. By Bochner’s theorem, this implies that there exist finite
Borel measures A1 and A, such that equation (31) can be written as

1 ~ 1 ~ N
_l/ rdt + _l/ Aodt T_o)o 0,
Q) Jr. QTr) J-r. v

and using Lemma 4.8 we obtain 11 ({0}) = A2({0}) = 0. Focusing on the first one, we
conclude that

1
@r)!

/ — (cosx — 1)(cos y — 1) Q¥ (dx, dy)dr =5 2,({0}) = 0. (32)
Define Ry (dx, dy) = (2;)1 f(—T,T]l Q{)f (dx, dy)dt. Then we have

/Rz(cosx — D(cosy — DRy (dx, dy) =52 0. (33)

It is possible to notice that the family of finite measures (R7 | K§)7>0 is weakly rela-

tively compact for every § > 0. This is because by Lemma 4.9 (Qéf lk)ser! is weakly
relatively compact for every § > 0. The goal is now to show that

/ min(|xy|, DRy (dx, dy) —=5°0. (34)
]R2

So, let T, — oo, T, € R. Using the diagonalization procedure we can find a
subsequence (7)) of (7,,) and a measure R on Rz\{O} such that an/l kS = R| K¢
as n — oo for every § > 0. Now, notice that (cosx — 1)(cosy — 1) > 0 and
(cosx —1)(cosy — 1) =0if x =2mk or y = 27k, for k € N. Moreover, by Eq. (33)
we have that

/ (cosx — I)(cosy — )R(dx,dy) =0,

for every § > 0. Therefore, the measure R is concentrated on the set of lines {(x, y) :
x € 2n7Z or y € 2w Z}. Since the random field is stationary, the projections of Qg

(and of QOT) onto the first and second axis (excluding zero) are equal to Q¢ (and to

QO for the first axis and to Q0 for the second). The same holds for Ry and for R.
Suppose for now that Qo({x = (x1,...,xq) € R? : 3j e {1,...,d)}, x; €

2n7Z}) = 0, which implies that for « € Z\{0} we have QO Qra x R) = Qék(R X
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2wa) = 0. Then R must be concentrated on the axes of R2. Hence, for every § > 0
such that R({(x, y) : x> + y?> = 8§2}) = 0,

lim sup/ min(|xy|, I)RT”/(dx, dy)
R2

n—o0

< lim sup/ min(|xy[, 1) Ry (dx, dy)
K§

n— oo

1 ik
+sup—/ / lxy| QL7 (dx, dy)dt.
r=0 QD) J 1.1y Jk; o

Equation (10) implies that the last quantity can be made arbitrarily small. Hence, (34)
follows. From Eq. (34) and Lemma 4.7 we obtain that there exists a set D’ of density
one in R/ such that

lim_ / min(lxyl, DO} (dx,dy) =0, forany (t)nen € Tpr.  (35)
n— R2 n

In case D of Eq. (30) and D’ of Eq. (35) are different this is not a problem because the
intersection of two (or a finite number) of density one sets is again a density one set.

Hence, following the proof of Corollary 2.7 (and using its weak mixing version,
namely Corollary 4.6) we obtain that (X;), g/ is weakly mixing with the additional
assumption that Qo({x = (x1,...,xs) € R? : 3j € {1,...,d},x; € 2xZ}) = 0.
However, this assumption can be eliminated by first using the fact that if (X;), s/ is
ergodic then (M, X;), ! is ergodic too, and then by following the arguments of The-
orem 2.11. In particular, let Z = {z = (z1,...,2;) € RY : zj = 2mk/y; Vj €
{1,...,d}, wherek € Zandy = (y1,...,y;)isanatom of Qp}. The set Z is
countable and hence there exists a nonzero a € R?\Z. Consider the random field
(M, X:);cre and let Qf be the Lévy measure of M, X¢. Then Q{ has no atoms in the
set ({x = (x1,...,x9) € R4 - dj € {1,...,d},x; € 2nZ}); since (MyX;),cr! 1S
also ergodic, it is weakly mixing by the arguments of this proof. Therefore, (X;),cpi
is weakly mixing and the proof is complete.
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