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Abstract

In this paper, we are concerned with convergence rate of Euler—-Maruyama scheme for
stochastic differential equations with Holder—Dini continuous drifts. The key contribu-
tions are as follows: (i) by means of regularity of non-degenerate Kolmogrov equation,
we investigate convergence rate of Euler—Maruyama scheme for a class of stochastic
differential equations which allow the drifts to be Dini continuous and unbounded; (ii)
by the aid of regularization properties of degenerate Kolmogrov equation, we discuss
convergence rate of Euler—Maruyama scheme for a range of degenerate stochastic
differential equations where the drifts are Holder—Dini continuous of order % with
respect to the first component and are merely Dini-continuous concerning the second
component.

Keywords Euler—-Maruyama scheme - Convergence rate - Holder—Dini continuity -
Degenerate stochastic differential equation - Kolmogorov equation

Mathematics Subject Classification (2010) 60H35 - 41A25 - 60H10

1 Introduction and Main Results

In their paper [23], Wang and Zhang studied existence and uniqueness for a class of
stochastic differential equations (SDEs) with Holder—Dini continuous drifts; Wang
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[22] also investigated the strong Feller property, log-Harnack inequality and gradient
estimates for SDEs with Dini-continuous drifts. So far there are no numerical schemes
available for SDEs with Holder-Dini continuous drifts. So the aim of this paper is
to prove the convergence of Euler-Maruyama (EM) scheme and obtain the rate of
convergence for these equations under reasonable conditions.

It is well-known that convergence rate of EM for SDEs with regular coefficients is
one-half, see, e.g., [11]. With regard to convergence rate of EM scheme under various
settings, we refer to, e.g., [1] for stochastic differential delay equations (SDDEs)
with polynomial growth with respect to (w.r.t.) the delay variables, [4] for SDDEs
under local Lipschitz and monotonicity condition, [14] for SDEs with discontinuous
coefficients, and [25] for SDEs under log-Lipschitz condition, whereas for SDEs with
non-globally Lipschitz continuous coefficients; see, e.g., [2,6-8], to name a few. On the
other hand, Hairer et al. [5] have established the first result in the literature that Euler’s
method converges to the solution of an SDE with smooth coefficients in the strong and
numerical weak sense without any arbitrarily small polynomial rate of convergence,
and Jentzen et al. [9] have further given a counterexample that no approximation
method converges to the true solution in the mean square sense with polynomial rate.

The rate of convergence of EM scheme for SDEs with irregular coefficients has
also gained much attention. For instance, adopting the Yamada—Watanabe approx-
imation approach, [3] discussed strong convergence rate in L”-norm sense; using
the Yamada—Watanabe approximation trick and heat kernel estimate, [16] studied
strong convergence rate in L'-norm sense for a class of non-degenerate SDEs, where
the bounded drift term satisfies a weak monotonicity and is of bounded variation
w.r.t. a Gaussian measure and the diffusion term is Holder continuous; applying the
Zvonkin transformation, [18] discussed strong convergence rate in L”-norm sense for
SDESs with additive noises, where the drift coefficient is bounded and Holder contin-
uous.

It is worth pointing out that [16,18] focused on convergence rate of EM for SDEs
with Holder continuous and bounded drifts, which rules out Hélder—Dini continuous
and unbounded drifts. On the other hand, most of the existing literature on convergence
rate of EM scheme is concerned with non-degenerate SDEs. Yet the correspond-
ing issue for degenerate SDEs is scarce, to the best of our knowledge. So, in this
work, we will not only investigate the convergence of the EM scheme for SDEs with
Holder—Dini continuous drifts, but will also study the degenerate setup. For well-
posedness of SDEs with singular coefficients, we refer to, e.g., [13,22,23,27] for more
details.

Throughout the paper, the following notation will be used. Let n, m be positive
integers, (R, (-, -) , |-|) the n-dimensional Euclidean space, and R" @ R™ the family of
all n x m matrices. Let || - || and || - ||gs stand for the usual operator norm and the Hilbert—
Schmidt norm, respectively. Fix T > 0 and set || f [ 7,00 := Sup;¢[o,77.xerm |/ (#, X) |l
for an operator-valued map f on [0, T] x R™. C(R™; R") means the continuous
functions f : R” — R". Let C2(R"; R” ® R") be the family of all continuously
twice differentiable functions f : R" — R" ® R". Denote M. by the collection of
all nonsingular n x n-matrices. Let .%{ be the collection of all slowly varying functions
¢ : Ry — R, at zero in Karamata’s sense (i.e., lim;—.q % = 1 for any A > 0),
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which are bounded from 0 and co on [g, co) for any ¢ > 0. Let % be the family of
Dini functions, i.e.,

20!
Do = {d)‘qb : Ry — R, is increasing and / —ds < oo} .
0 S

A function f : R” — R" is called Dini continuity if there exists ¢ € Zp such that
[f(x)—f()] < ¢(lx—y]|) forany x, y € R". We remark that every Dini-continuous
function is continuous and every Lipschitz continuous function is Dini continuous;
Moreover, if f is Holder continuous, then f is Dini continuous. Nevertheless, there
are numerous Dini-continuous functions, which are not Holder continuous at all, see,

e.g.,
1

¢ (x) = { Goglerx=H)Ho”

, x=0

x>0

for some constants § > 0 and ¢ > e3128_ Set
9 = {¢ € Dy|¢* is concave} and Z° = {¢ € D|¢p> 1T is concave}

for some ¢ € (0, 1) sufficiently small. Clearly, ¢ constructed above belongs to 2°. A
function f : R — R" is called Holder-Dini continuity of order « € [0, 1) if

[f) = fODI = Ix = y["¢(x —yD, [x—yl =<1
for some ¢ € Z; see, for instance,
1

Fx) = | @07 Goglex )T
0, x=0

x>0

for some constants ¢, § > 0 and o € (0, 1).

Before proceeding further, a few words about the notation are in order. Generic
constants will be denoted by ¢; we use the shorthand notation a < b to meana < c¢b.
If the constant ¢ depends on a parameter p, we shall also write ¢, and a S, b.
Throughout the paper, for fixed 7 > 0, C7 > 0, dependent on the quantity 7, is a
generic constant which may change from line to line.

1.1 Non-degenerate SDEs with Bounded Coefficients
In this subsection, we consider an SDE on (R”, (-, -), |- ])
dXt:b[(X[)dt+Gt(X[)dW[, t>0, X():x, (11)

whereb : Ry xR" - R", 0 : Ry xR" — R"®@R", and (W;),>¢ is an n-dimensional
Brownian motion defined on a complete filtered probability space (2, .7, (Z;):>0, P).
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With regard to (1.1), we suppose that there exists ¢ € Z such that, for any s, €
[0, T] and x, y € R",

(A1) 0; € C2(R": R" ® R"), 0;(x) € M and

non’

2
1B17.00 + Y NV O lI7.00 + Vo 7,00 + lo ™ 7,00 < 00, (12)
i=0

where V/ means the ith order gradient operator;
(A2) (Regularity of b w.r.t. spatial variables)

|bi (x) — b ()| = ¢ (Ix — yI);
(A3) (Regularity of b and o w.r.t. time variables)
b5 (x) — by (x)| + llos (x) — v (x)llus = @ (Is — 1]).

Without loss of generality, we take an integer N > 0 sufficiently large such that the
stepsize § := T /N € (0, 1). The continuous-time EM scheme corresponding to (1.1)
is

dYt = b[a(Y[s)dt + Ots (Y[S)th’ t > O, Y() = X() = X. (]3)

Herein, ¢5 := [t/§]6 with |¢/§] the integer part of ¢/8.
The first contribution in this paper is stated as follows.

Theorem 1.1 Let (A1)—(A3) hold. Then

12
(E( sup |XI—Y,|2>) <r ¢(CrV59)

0<t<T

for some constant Ct > 1.

Under (A1) and (A2), (1.1) admits a unique non-explosive strong solution
(X1)tero,17; see, e.g., [22, Theorem 1.1]. In Theorem 1.1, by taking ¢ (x) = xP for
x > 0and B € (0, 1], and inspecting closely the argument of Theorem 1.1, the concave
property of ¢ can be dropped. Moreover, we have

E( sup |X; — Yt|2> <r 8P

0<t<T

So, our present result covers [ 18, Theorem 2.13], where the drift is Holder continuous.
In particular, for the setting 8 = 1, it reduces to the classical result on strong con-
vergence of EM scheme for SDEs with regular coefficients; see, e.g., [11] for more
details.
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1.2 Non-degenerate SDEs with Unbounded Coefficients

As we see, in Theorem 1.1, the coefficients are uniformly bounded, and that the drift
term b satisfies the global Dini-continuous condition [see (A2) above], which seems
to be a little bit stringent. Therefore, concerning the coefficients, it is quite natural
to replace uniform boundedness by local boundedness and global Dini continuity by
local Dini continuity, respectively.

In lieu of (A1)—(A3), as for (1.1) we assume that, for any s, 7 € [0, T] and k > 1,

(AY) o; € CZ(R”; R* ® R"), for every x € R", 0;(x) € M, and
2 .
b O]+ > IVior @) lss + 1V, () s
i=0

+llo, ' @)llus < Kr(1+ [x]), x eR”

for some constant K7 > 0;
(A2%) (Regularity of b w.r.t. spatial variables) There exists ¢y € & such that

|br(x) — b (W] < de(lx — ¥, x|V Iyl <k
(A3’) (Regularity of b and o w.r.t. time variables) For ¢y € & such that (A2’),
[bs(x) = b ()| + llos(x) — or(X)|lus < ge(ls — 1)), |x] < k.

By employing the cutoff approach, Theorem 1.1 can be extended to include SDEs
with local Dini-continuous coefficients, which is presented as below.

Theorem 1.2 Assume (A1°)—(A3’) hold. Then it holds that

IimE| sup |X;—Y,>] =0. (1.4)
§—0 0<t<T

¢ 4
In particular, if ¢y (s) = e° ot s%, s >0, for some a € (0, 1] and cy > 0, then

E mu&—ngiﬁ{wymyﬁriwwﬁﬂ. (1.5)
0<t<T e€(0,1)

Moreover, if 0.(-) is uniformly bounded (i.e., ||o||T .00 < 00), then

1
E| sup X, — Y| < inf Jexp ——2(10g]0g(5—018))% 4+ ge=e)
0<t<T £€(0.1) Crllolz o
(1.6)

Jfor some constant Ct > 0, where ||o||T 00 := SUPg<;<7 xeRrn |07 (X)[lHs-
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Under (A1) and (A2’), (1.1) enjoys a unique strong solution (X;);[0,7]; see, for
instance, [22, Theorem 1.1]. Theorem 1.2 has improved the result in [17] since the
drift involved is allowed to be unbounded and local Dini continuous, while the drift in
[17] is bounded and Holder continuous. Furthermore, by comparing (1.5) with (1.6),
we infer that the convergence rate of EM scheme is better whenever o.(+) is uniformly
bounded.

Remark 1.3 In fact, in terms of [10, Theorem D], (1.4) holds under (A1°)—(A3’) as
well as the pathwise uniqueness of (1.1), whereas in Sect.4 we provide an alternative
proof of (1.4) in order to reveal the convergence rate of the EM scheme.

1.3 Degenerate SDEs

So far, most of the existing literature on convergence of EM scheme for SDEs with
irregular coefficients is concerned with non-degenerate SDEs; see, e.g., [16—18] for
SDEs driven by Brownian motions, and [18] for SDEs driven by jump processes. The
issue for the setup of degenerate SDEs has not yet been considered to date to the best
of our knowledge. Nevertheless, in this subsection, we make an attempt to discuss the
topic for degenerate SDEs with Holder—Dini continuous drift.
For notation simplicity, we shall write R>" instead of R" x R”. Consider the fol-
lowing degenerate SDE on R%"
dx{” = b xV, xPydr, Xy =xVer"
ax® = b2 XV xDydr + 0, x P, xPyaw,,  xP =@ crr, 7

where bV, b : R — R" o, : R — R" @ R", and (Wy)i=0 is an n-
dimensional Brownian motion defined on the complete filtered probability space
(2, 7, (F1)i>0, P). (1.7) is also called the stochastic Hamiltonian system, which
has been investigated extensively in [24,26] on Bismut formulae, in [15] on ergodic-
ity, in [21] on hypercontractivity, and in [23] on wellposedness, to name a few. For
applications of the model (1.7), we refer to, e.g., Soize [20].

Write the gradient operator on R*" as V = (VD V), where V() and V® stand
for the gradient operators w.r.t. the first and the second components, respectively.

We assume that there exists ¢ € 2¢ N . such that for any x = (x(l), x(2)), y =
(D, y@) e R and 5,1 € [0, T},

(C1) (Hypoellipticity) (V(Z)bt(l))(x), o;(x) e M, and

151700 + 167,00 + 192V 7,00 + [ (VOB
,00

+ 161700 + 1V 17,00 + 16 700 < 005
(C2) (Regularity of b w.r.t. spatial variables)
1 1 2 .
b (0) = b ) < D = yDEe (D =y D)y ifx@ = y @,

@ Springer



854 Journal of Theoretical Probability (2019) 32:848-871

V@) ) — (VP D) s < (Ix®@ — y@))ifx D =y,
(C3) (Regularity of 5 w.r.t. spatial variables)
6P @) = 5P W] < 1xD = yDPg(IxD — y D)) + ¢ (1x® — y@)y;
(C4) (Regularity of bV, b and o w.r.t. time variables)
67 (1) = 6D )] + 5P (x) — b ()] + lloy (x) — o () s < $(Ir — s).

Observe from (C2) and (C3) that bV (-, x@) and bP (-, x@) with fixed x? are
locally Holder—Dini continuous of order %, and (VOpMWy(xMD .y and p@ x D, )
with fixed x(1) are merely Dini-continuous.

The continuous-time EM scheme associated with (1.7) is as follows:

{dY,(l) =0’V Y Pydr, xg) =xM eR7, 08

ar? =07 P v Phdr + o, (Y v Paw,, X =x@ e R

Another contribution in this paper reads as below.

Theorem 1.4 Let (C1)—(C4) hold. Then

1/2
(E( sup |X1—Y,|2>) <r ¢(CrV59)

0<t<T

for some constant Ct > 1, in which

xM y®
X = (Xi(z)) and Yy = (Yia)) :

According to [23, Theorem 1.2], (1.7) admits a unique strong solution under the
assumptions (C1)—(C3). In fact, (1.7) is wellposed under (C1)—(C3) with ¢ € ZpN.S
in lieu of ¢ € 2° N #. Nevertheless, the requirement ¢ € 2° N .7 is imposed in
order to reveal the order of convergence for the EM scheme above. By applying the
cutoff approach and refining the argument of [23, Theorem 2.3] (see also Lemma 5.1
below), the boundedness of coefficients can be removed. We herein do not go into
details since the corresponding trick is quite similar to the proof of Theorem 1.2.

The outline of this paper is organized as follows: In Sect. 2, we elaborate regularity
of non-degenerate Kolmogorov equation, which plays an important role in dealing
with convergence rate of EM scheme for non-degenerate SDEs with Holder—Dini
continuous and unbounded drifts; In Sects.3, 4 and 5, we complete the proofs of
Theorems 1.1, 1.2 and 1.4, respectively.
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2 Regularity of Non-degenerate Kolmogorov Equation

Let (e;)i>1 be an orthogonal basis of R”. For any A > 0, consider the following
R"-valued parabolic equation:

dul + Lout + by + Vpul = dul, uf =0y, 2.1

where Vb,ui‘ means the directional derivative along the direction b;, 0y is the zero
vector in R” and

1
Li=5 Z ((0167) (e, €j)Ve, Ve,
L]

with o,* standing for the transpose of o;. Let (PSO’ /)0<s<¢ be the semigroup generated
by (Z;"*)o<s<¢ which solves an SDE below
Az} = o(Z]")dW,, t>s, Z2" =x. (2.2)
By the chain rule, it follows from (2.1) that
o (709 POut) = &0 [P0 i+ PO, Lyt + PO, o)

= —e M) PSOJ {b; —+ Vb,u?‘} .

Thus, integrating from s to 7' and taking advantage of u)} = 0y, we arrive at

T
- / =M= PO, + Vi, u) dr. 2.3)

N

For notation simplicity, let
T 2
Arg=e2V o™ 7 o (2.4)
and

~ 2 4 2

Aro — 48288 TIVO o l6\/§eT||VGIITm”O—1”47{’OO + T”VG—lnsz
219212 —12  2T|Vol|? 25

+ 272 V20 | pollo ™" I oo™ VT 0]

Moreover, set

Yr.o:=v/Ars {3 + 2|1b||7 00 + 28 (AT,(, + Z\T,,,) ||b||i‘},oo} ) (2.6)

The lemma below plays a crucial role in investigating error analysis.

Lemma 2.1 Under (A1) and (A2), forany \ > 9nA2T’J||b||’é}m+4(||b||T,OO+AT,<,)2,
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() (2.1) (i.e., (2.3)) enjoys a unique strong solution u* € C([0, T1; C,} (R™; R™));
(i) [Vutllr.co < 35
At

(i) 1V2u*lT.00 < Y10 fif S dloll7.00v/D)d1, where $(s) = d2(s) + s,

s > 0.

Proof To show (i)—(iii), it boils down to refine the argument of [22, Lemma 2.1]. (i)
holds for any A > 4(||b|l1.00 + AT,U)2 via the Banach fixed-point theorem.

In what follows, we aim to show (ii) and (iii) hold true, one-by-one. Observe from
[12, Theorem 3.1, p.218] that

49,20 = (Vg 70000 ) (Z75) AW, 125, VyZi¥=neR'. @7
Using It6’s isometry and Gronwall’s inequality, one has
2
EIV,Z} " < InfPe” Vo, 2.8)

Utilizing the BDG inequality, we deduce that
t
EIV,Z " < 8 {|n|4 +36(t — S)I|Vo||‘}’oof 1E|vnz;~X|4du} ,
N

which, combining with Gronwall’s inequality, yields that
EIVan’XI“ < 8|n|46288 T2||Vo||‘}m. 2.9)

Recall from [22, (2.8)] that the following Bismut formula
f ZS,)C t 7 '
v, PO, f(x) = (%/ (a, ! (Zf’X)V,?Zﬁ*x,dW,> . feB®RM
N

(2.10)
holds. By the Cauchy—Schwartz inequality, the Itd isometry and (2.8), we obtain that

A% P2, f(x)
IVy P f12(x) < T""nt' A . feB[RY, @2.11)
’ -5

where A1 s > 01is defined in (2.4). So, one infers from (2.3) and (2.11) that

T
Vi < / e 9|V PO (b, + Vi ul s
s
N T e—M‘
< Arso (14 [V 7.00) IB]17. / ¢
o o) ~| 7

1
< AT IVTAT 6 1bl7 00 (1 + VU [I7,00)-
Thus, (ii) follows by taking A > 9 A7 _[Ib[|F. ..
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In the sequel, we intend to verify (iii). Set y; ; := V,V,yZ;"" for any n,n’ € R".
Notice from (2.7) that

a5 = {(V,00) (27%) + (Yo, 0 Vi, 00 ) (Z0) } W, 125, g =00,

By the Doob submartingale inequality and the It6 isometry, besides the Gronwall
inequality and (2.8), we derive that

2 4 2
sup Elys > < 16T (V20 |} (e IVl act 2TV lroe 1y 2120 (5 10

s<t<T
From (2.10) and the Markov property, we have

(#)() s
2 2

2 o
VyP) f(x) =E =92 /S (a;] (Z) VnZﬁ’x,dW,>

This further gives that

2 (TPl f) @

Vy,zsx Py f (Zéixv> I4s
’ HTT 2 2 z -1 5,X S, X
= t—s <Ur (Zr, )VUZr’ > dWr>
K
(P%’lf> (Z%) % —1 S, X §,X
+E — / (Vo ze07") (Z2%) Vi 23" aw, )
s
(P%’tf> (Zf%)i> k3 —1 (7s,x $,X
TE t—ys / <Gr (Zr’ )VU,VWZ}"Y vdWr>
s

Thus, applying Cauchy—Schwartz’s inequality and It6’s isometry and taking (2.9),
(2.11) and (2.12) into consideration, we derive that

IV Vi PO, f 12 (0)

s[vet, o] (7)
=5

12 [ pis 172
2 §,X 4
) (/ E|v,Z*| dr>
N

<1216llo "7 o

( |V zigs
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PO, f2(x) _ 5 1/2 12
T Ive 1||2T,OO/ (EIv, 1) (BIv, 201 ) e
S
P f2 ) =3 2
+(Y,J_—s)2”0 1||2T,oo/Y E|VyVyZ3* | dr
. P f2(x)
<A el Ly 2.13
< Aro Pl P (2.13)
where [}Tﬁ > 0 is defined as in (2.5).
Set f(-) := f(-) — f(x) for fixed x € R” and f € %B,(R") which verifies
lf ) = fWI<o(x—yD, x,yeR" (2.14)

for some ¢ € 2. For f € %, (R") such that (2.14), (2.13) implies that

0 2 0 712 AT’”|U|2|7/|2 o 2

|Vn/Vr/Ps,tf| (x) = |V77/V77Ps,tf| (X) < Wﬂﬂf(zt )_ f(x)|
Arolnln'?

< (;7_—s)2¢2(||0||T,oo(t — )2,

(2.15)
where in the second display we have used that

t
Z —x :/ o (Z35)dW,,
N

and utilized Jensen’s inequality as well as Itd’s isometry.
Let f; = b + Vpuj. Forany i > 97 A7 [bl|7 o, + 4(IbllT.c0 + A7 0)?, DOt
from (ii), (2.11) and (2.13) that

Ifr(x) — i) < A+ VU™ | 7.00)0 (Jx — ¥I)
+bll7,00 I VeeF (x) — Vg () 1L jx—y|1)
+bll7, 00l Vaek (x) — Vg () 1L x—y| <1y

3
= 300k =y + 1511700y 1% — ¥ L{x—y|=1)
+10 <AT,a + Ar,g) 1617 0ov/Ix — yIV/1x = ¥l

1
xlog|e+ | T
g< |x—y|> {lx—yl=1}

=< {3 + 2116700 + 28 (AT,U + [\T‘a> Ilbllzr,oo} $(lx — yD

with ¢(s) = +/ ¢2(s) +s, s > 0, where in the second inequality we have used
[22, Lemma 2.2 (1)], and the fact that the function [0, 1] > x — /x log(e + %) is
non-decreasing. As a result, (iii) follows from (2.15). ]
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3 Proof of Theorem 1.1
With Lemma 2.1 in hand, we now in the position to complete the

Proof of Theorem 1.1 Throughout the whole proof, we assume A > 97 AzT,J (12 ||2T’ ot
410111, 00 + AT,C,)2 so that (i)—(iii) in Lemma 2.1 hold. For any ¢ € [0, T'], applying
1t6’s formula to x + u?‘(x), x € R", we deduce from (2.1) that

t t
Xo )=+ i)+ [ s+ [l + (VO X (X)W,
0 0

3.1
where I, xpn 1S an 7 x n identity matrix, and that

t t
Yi +up (V) = x + ufy(x)+r / ul (Yy)ds+ / {Tnxn + (Vul) ()} (Ys) o, (Y, )Wy
0 0
t
- /0 {Tnxen + (V) ()} (Yo) by (Ys;) — b (Ys)}ds

1 t
+ 5 /(; Z({(Us(sast)(ysg) - (O’SG:)(YS)}ek, ej)(vekvejuﬁ)(ys)d&
k’j

(3.2)
For notation simplicity, set

M} = X, — Y, +ul(X;) —ul(Yy). (3.3)

Using the elementary inequality: (a +b)2 < (1+8)(a®+&1b?) for arbitrary e, a, b >
0, we derive from (ii) that

X, — Y, > < (A + o) (MM + e Hul (X)) — u (¥

-1
€
<(+e (|M?|2+ X - mz).
In particular, taking ¢ = 1 leads to
2 _ 1 2 )
X = Y7 < §|Xt = Yi" +2IM7)"

Asa consequence,

E ( sup | X, — Yx|2> <4E ( sup |M§|2) ) (3.4)

0<s<t 0<s<t

In what follows, our goal is to estimate the term on the right-hand side of (3.4). Observe
from the definition of the Hilbert—Schmidt norm that
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2
t
/0 E Z <{(US30;~)(YS5) - (UAYU;)(YG)}eka ej)(vekve_,-’/l?)(yx) ds
k,j
t
StV 7 o /0 Ell(05500) (Ysy) — (0507) (o) I ds. 3.5)

Thus, by Holder’s inequality, Doob’s submartingale inequality and It&’s isometry, it
follows from (3.1), (3.2) and (3.5) that

t
E| sup |M) scT{ﬁ f Eluy (Xy) — ui (Ys)*ds
OSSSI 0
t
+ (1+ IVulF o) /0 E|bg, (Yy) — by, (Ysy)|*ds
t
+ (14 1Vul? ) /0 Elby (Yy) — by, (V) 2ds
t
+/0 E”{(VM);)(XS) - (V“?)(Ys)}as(xs)l|l%lsds
t
O+ IVulE ) /0 Elloy; (X) — 03, (Yo [
2 2 ! 2
LIV /0 Ell {0y, () — 0, (Vo)) (Ve Bsdls
t
IV /0 Elloy (Yo (¥e) — o7 (Ve sdls
t
(4 ValE ) /0 Efloy (Xs) — o5, (Xs) [3sds

t
IV F fo Ellos (Yo) {0y (Ys) — o7 (Yo} I sds

t
HIVZUHF oo /0 Ell{os (Ys) — o5, (Ys)}o: (Yss)uﬁsds}
10
= Cr (Z L-(t))
i=1

for some constant C7 > 0. Also, applying Holder’s inequality and Itd’s isometry, we
deduce from (A1) that
ElY, — Y, |* < prd (3.6)

for some constant 87 > 1. By Taylor’s expansion, it is obvious to see that

t
L)+ 14(0) S DIV oo + VUM T sollo 17 o0} / E|X, — Y[*ds. (3.7)
0
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From (A3) and due to the fact that ¢ (-) is increasing and § € (0, 1), one has

10
L+ Y L) Sr {1+ Vi 7 0 + IV T o117 oo )0* (V). (3.8)
=8

In view of (A2), we derive that

,
IOESINAG)

i=5

t
2 2
S{1+ ||vm||m}/0 E¢(|Yy — Yy, )?ds 49)
t
+{1+ ||Vu*||%,oo}||w||%,oofO E|X, — Ys|*ds

t
+ {1+ VUG oo + IV T oo 17 o HIVO 1T o /0 E|Yy — Yy, |*ds.

Thus, taking (3.6)—(3.9) into account and applying Jensen’s inequality gives that

t
E < sup |M§|2) <1 Cr.oil8 +¢*(BrvV8)} + Cron f E|X, — Y,|?ds,
O0<s<t 0
where
5
Cron = {1+ 1VolF o} {Z +1+ A2)||v2ul||%,oo||o||%,oo} : (3.10)

Owing to ¢ € 2, we conclude that ¢(0) = 0, ¢’ > 0 and ¢” < 0 so that, for any
c>0andé € (0,1),

¢ (c8) = ¢(0) + ¢’ (§)cs > ¢'(c)cs,

where & € (0, ¢6). This further implies that

t
E ( sup |M$|2) <1 Cr.o20>(BrV8) + Croo / E|X; — Y;|*ds.
0

0<s<t

Substituting this into (3.4) gives that

0<s<t

t
E( sup |X; — Ys|2> <r Cr.020>(BrV8) + Croo f E|X, — Yy|*ds.
0
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Thus, Gronwall’s inequality implies that there exists C7 > 0 such that

E ( sup | X — mz) < CrCr0,e T o242 (Br/5). (3.11)
0<s<t
So the desired assertion holds immediately. O

4 Proof of Theorem 1.2

We shall adopt the cutoff approach to finish the

Proof of Theorem 1.2 Take ¥ € C;°(Ry) such that 0 < o < 1, ¢(r) = 1 forr €
[0,1] and ¥ (r) = O for r > 2. For any ¢t € [0,T] and k > 1, define the cutoff
functions

b (x) = b)Y (x|/k) and o (x) = oy (Y (x| /k)x), x € R".

It is easy to see that b©) and o ® satisfy (A1). For fixed k > 1, consider the following
SDE

dx® =P xPydr + 0P XPyaw,, >0, xP = x0 =x. @.1)
The corresponding continuous-time EM of (4.1) is defined by
ar® = ar + oV v Naws, >0, v =xo=x. @2

Applying BDG’s inequality, Holder’s inequality and Gronwall’s inequality, we deduce
from (A1’) that

E| sup |Xt|4 +E| sup |Yt|4 +E| sup |X,(k)|4 +E| sup |Y,(k)|4 <Cr
0<t<T 0<t<T 0<r<T O=<t=T

4.3)
for some constant C7 > 0. Note that

E( sup 1X, = YV,2) <3E( sup |X; = X©OP)+3E( sup [x© —y®P
0<t<T 0<t<T 0<t<T

+3E( sup |v, — vPP?
0<t<T

=hLh+ DL+
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For the terms /1 and I3, in terms of the Chebyshev inequality we find from (4.3) that

k
h+5SE ( sup X, — X, )|21{Sup05,5T |X,|zk})

0<r<T

k
+E ( sup |Y; — Y,( )|21{sup0§tir mzk})

0<t<T
E (sup<, <7 | X:1?)
< E( sup [X:4) +E([ sup |x©p \/ == 4.4
0<t<T 0<t<T k
]E(supo T|Yt|2)
+ |E( sup Y4} +E[ sup v J =
0<t<T 0<t<T k
1
ST %7

where in the first display we have used the facts that {X; #= X ,(k)} C {supg<y</ [Xs| =
k} and (¥, # ¥} C {supye,, |¥s| > k}. Observe from (A1) that 9 A2
||b(k)||2T’Oo +4(16P 17,00 + Ap gw)? < ¥ for some ¢ > 0. Next, according to
(3.11), by taking A = e€ k* there exits Cr > 0 such that

I < “TCre®a g2 (B /5). (4.5)

Herein, CT,G(M’)L > 0 is defined as in (3.10) with o and u* replaced by o® and u“‘,
respectively, where u*¥ solves (2.3) by writing b®) instead of 5. Consequently, we
conclude that

g
E ( sup |X; — Yt|2> < ?0 + Goe T T oW a2 (Br /) (4.6)

0<t<T

for some ¢y > 0. For any ¢ > 0, taking k = |2¢p/¢] and letting § go to zero implies
that

IimE{ sup |X;— Y,|2 <e.
§—0 0<t<T

Thus, (1.4) follows due to the arbitrariness of &.

C '4
For ¢ (s) = e® ot s¥ s >0, witha € (0, 1], we deduce from Lemma 2.1 (iii) that

IV2u* K7 00 < (4.7)

N =
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whenever

2/a
C k4
> {m,gm (ee o ® g T a/2) + lo® ||1T{ior(1/4)>}

+ 97 (A7 @) 16PN o + 40P lI7 00 + Az p0)*.

(4.8)

A4 _
Since the right-hand side of (4.8) can be bounded by """ for some constant C r >0

due to (A1’), we can take A = e so that (4.7) holds. Thus, (4.6), together with
(4.7) and (A1), yields that

4
eCk

Er o e
E( sup | X; — Y,|2> < =L 4 GpesTt s
0<t<T k

for some constants C’T, C‘T > 0. Thus, (1.5) follows immediately by taking

k l1 1 8_‘”% 4.9
_<é—Togog ) . (4.9)

Next, we aim to show that (1.6) holds true. In view of (4.3) and (4.4), it follows
from Holder’s inequality that

L+5< ]E( sup |x,-x§">|4> ]P’( sup |X,|zk>

0<r<T 0<t<T

+ E( sup |Y; — Y,(k)|4> IP( sup |Y;| > k) (4.10)
\ 0<t<T 0<t<T

<r |P| sup X/ =k|+ |P| sup |¥,|=k]).
\ 0<t<T 0<t<T

By (AT’), we infer that

t
sup |Ys| < |x|+ K7T + sup |Nt|+KT/ Y, |ds
0<s<t 0<s<t 0

; 4.11)
<|x|+ KrT + sup |N,|+KT/ sup |Y|ds
0<s<t 0 0<r<s
where

t
N; ::/ 055 (Y3 )dWs.
0
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Thus, Gronwall’s inequality enables us to get that

sup Y| < (x| + KrT)eX7T +eX7T sup |N;|.

0<s<t O=s=r
For any integer k > 1 such that
p:=ke K17 _ |x| = K7 T > 0,

we derive from (4.11) that

Pl sup [Yi|=k]| =P sup [N:|>p].
0<t<T 0<t<T

This, by taking advantage of [19, Proposition 6.8], yields that

P( sup |Y;] zk) =IP’<<N>T <|loll3T. sup |Nil zp)

0<t<T 0<t<T

2
< 2nexp —p—2 ,
2n||a||T’ooT

where (N), stands for the quadratic variation process of N;. Next, by using the inequal-
ity: (a — b)? = a® — b%,a, b € R, we deduce from (4.12) that

KrT)? k2
Pl sup |Y;]| >k | <2nexp (|x|+—2T) exp | — 5 .
0=r=T 2nllo (3 T dnllo |3 TeKrT

(4.13)

(4.12)

Similarly, one can obtain that

KrT)? k?
Pl sup |X;|>k| <2nexp M exp | — 5 .
0<i=T 2nlo |} T dnfo |} o Te2KiT

(4.14)

Inserting (4.13) and (4.14) back into (4.10) leads to

k2
I+ 13 <rexp|— .
1T TP 2nllo |3 Te2KrT

This, together with (4.5), (4.7) and (A1’), gives that

E X, —Yv*|<C e +Cres T e
su — €X' — e
Ogth ' ) =S 2n||o||2T’ooTe2KTT T
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for some constants C7, C7 > 0. Asa consequence, (1.6) follows by taking k given in
4.9). O

5 Proof of Theorem 1.4
For simplicity, for any f : R”! — R™2, let

[f1z = sup W I flloc = sup |f(x)I.

xXF#y | - | xeR™1

The proof of Theorem 1.4 relies on regularization properties of the following R?"-
valued degenerate parabolic equation

dul + LUk + by =, uh =0y, 1€[0,T], >0, (5.1)

where 02, is the zero vector in R,

bV b 1 < 1 2
b=ty | and L0t =2 (00 Oein ef) VEVE Ut + VD ut + VD it
bt 2 l j:l J b[ b[

The following lemma on regularity estimate of solution to (5.1) is taken from [23,
Theorem 3.10, (4.4)] and is an essential ingredient in analyzing numerical approxi-
mation.

Lemma 5.1 Under (C1)~(C3), (5.1) has a unique solution u* € C([0,T]; C}
(R2"; R?"™)) such that for all t € [0, T],

T 1
12
Vel + 1PV o+ 1901 < € [ e H 0 52

0
where C > 0 is a constant.
From now on, we move forward to complete the

Proof of Theorem 1.4 For notation simplicity, set

)] (€9) (eY)
X Y, b, (x) 2
X, =174, Y,:=|"" and b,(x):=|"" . x e R
‘ <X52)> t (Yf”) s (bf” <x>)
Then (1.7) and (1.8) can be reformulated, respectively, as

Ot

dX, = b/(X,)dt + <0n><n> (X)dW;, t>0, Xo=x= <i;> e R™,
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where Op«qn 1S an n X n zero matrix, and
dY, = by, (Y;)dt + (0;“’) (Y,)dW,, >0, Yp=uxeR™"
ts
Note from (5.2) that there exists Ao > 0 sufficiently large such that for any ¢ € [0, T],

VUt loo + IVOVOultl o + [VPully < =, 1= 0. (5.3)

N =

Applying 1td’s formula to x + u(x) for any x € R?", we deduce that

t t 0
X; —l—uf‘(Xt) =x +ué(x) +)L/ uf;(XS)ds +/ < I;xn) (X,)dW,
0 0

s
t
+ [ () 0 54
and that

t
Yo +ul(Yy) = x 4+ uf(x) + A/O ul(Yy)ds

t
+/(; {Ian2n + (v”s)(’)}(ys){b35 (Ysa) - bs(Ys)}dS

t 0 t 2
+/(; (;;") (¥s;)dWs +/0 (Vf:x;(n,;)dwy"sk) ¥s)

1
+3 /0 kzl H (o300 () — (0307) ()} exc ) (VEVEUT) (¥ypds,
sJ=
5.5
where Iznx2n is an 2n x 2n identity matrix. Thus, using Holder’s inequality, Doob’s
submartingale inequality and It6’s isometry and taking (3.5) into consideration gives
that

t
E( sup |M§|2) <Cor {/ Elu} (Xy) — uy (Yy)*ds
0<s<t 0
t
+ (11901 ) [ Bl () = by (1) s
t
+ (11901 ) [ Blbar) = by (o Pas
t
+ fo EI{(YPul)(Xy) — VOul (Yo)los (X, llfisds

t
(1 19O ) [ Bl (0 = 01, (7 s
0

t
+ L+ IVOutF o) /0 Ellos(Xy) — o5, (Xy) [Fgds
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t
+IVEVEUHZ /O Ell{oss (Ys) — 05 (Ys) Yo (Ysy) I figds
t
—wv@W%m&wAEmmnmgwa—ﬁﬂwmam
t
+wv@v@mwawﬁIw%awwﬂn>—¢ynm@¢s

t
HIVEVEuHZ /0 E|l{oy(Yy) — om(Ys)}o;(Ym)||%lsds}
10
=: Co,T (Z Ji (t)>
i=1

for some constant Co.7 > 0, where M} is defined as in (3.3). By using Holder’s
inequality and the BDG inequality, (C1) implies that

ElY, - Y|P <85 p=>1. (5.6)
Utilizing Taylor’s expansion, one gets from (3.6), (5.3) and (5.6) that
() + Ja(0) + Js(1) < {1 + Vit |7 o + ||vv<2)uk||%,oo||a||%,oo} /0 t E|X, — Y| ds
+ {1+ IVPutF ) /OIIEm — Y;,|7ds

t
<8 +/ E| X, — Y|?ds.
0

Next, (C1), (C5) and (5.3) yield that
J3(1) + Jo(t) + Jo(1) + J10(1) < ¢>(V38),

where we have also used that ¢ (-) is increasing and § € (0, 1). Additionally, by virtue
of (C1), (C2), and (5.3), we infer from (C3) that

t
Do) + J7(t) + Jg(t) S8 +/ E|bs, (ys(l)’ y;z)) — by, (Yf;), Ys(z)) 1ds
0
! 1 2 1 2 2
+/ E [y, (YY) = by (v, v2)[ as
0

! 2
<Cir {5+/0 ]E(bﬁﬁ)(lﬂ(”,ffz))—b‘Eal)(Y“) YS<2>)’ ds

ss

4 2
+ [ EpOaD v - b2 v as
0

ss °
t
+[E
0

2
bg)(ys(;)’ Ys(Z)) _ bg;)(y(l) YQ))‘ ds

ss 7 7S
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o

4
=Cir (5 + ZA,(t))

i=1

ss ss

b(2)(y(1) YX(2)) _bg)(y(l) Y(z))‘zds}

for some constant C;.7 > 0. From (C2), (C3), (5.6) and ¢ € 2°, we derive from
Holder’s inequality and Jensen’s inequality that

i 1 2 i 1 2
2o [P vy - P v
INIGEF NGRS p Lyw _ym,
i=170 y" — ‘o (‘Ysm —y )
2
;
< [r O =y (Jr® =y ®)) | as
t % 2
S (-l o(ue-n) o
0
1 e
2(14¢)\ T+e 4(':—6) I+
5/0 <E¢ (‘ y®» - y¢ ) ) <E W_ym[ ) g

2
S 83X (CarVo)
5.7
for some constant C2, 7 > 0. With regard to the term A3(¢), (C1) and (5.6) lead to

t
As@®) SIVEDNT f
0

2
M-y as <5 (5.8)

Due to (C3), observe from Jensen’s inequality and (5.6) that

‘ @y y@\ _ @y 1) Q@ 2
P vy —pP D vy
AN)S/ E( s Ly ey X e =YD ) ds
0 d(Ys™ =YD T
t
< / Ep (1Y — v P|)*ds
0
< @H(C3rV5)

for some constant C3,7 > 0. Consequently, we arrive at

t
E(sup X, —mz) Sr ¢>2<c4,r~/5>+f E sup [X, — Y|*ds
0

0<s<t 0<r<s

for some constant C4,7 > 1. Thus, the desired assertion follows from the Gronwall
inequality. O
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