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Abstract For k, m, n € N, we consider n* x n* random matrices of the form
m
Mn,m,k()’) = Z TotYaYaT, Yy = y((xl) ®---® yf,k),
a=1

where 7, € [m], are real numbers and y&/), a € [m], j € [k], are i.i.d. copies of a
normalized isotropic random vector y € R”. For every fixed k > 1, if the Normalized
Counting Measures of {ty}, converge weakly as m,n — oo, m/ nk — ¢ € [0, 00)
and y is a good vector in the sense of Definition 1.1, then the Normalized Counting
Measures of eigenvalues of M, ,, 1 (y) converge weakly in probability to a nonrandom
limit found in Marchenko and Pastur (Math USSR Sb 1:457-483,1967). Fork = 2, we
define a subclass of good vectors y for which the centered linear eigenvalue statistics
n~ 12 Tr @(My,m2(y))° converge in distribution to a Gaussian random variable, i.e.,
the Central Limit Theorem is valid.
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1 Introduction: Problem and Main Result

For every k € N, consider random vectors of the form

Y =yP®. - 0y® e ®), (L.1)
where y(U,..., y® are i.i.d. copies of a normalized isotropic random vector y =
-5 yn) € RY,

E(yj) =0, Elyy)}=8n"", i,jelnl, (1.2)
[#] = {1, ..., n}. The components of Y have the form

(M (k)
YJ_yj1 XXyt

where we use the notation j for k-multiindex:

i=Ut . kb ik elnl.

For every m € N, let {Y,}'_, be i.i.d. copies of Y, and let {z,}},_, be a collection of
real numbers. Consider an n* x n¥ real symmetric random matrix corresponding to a
normalized isotropic random vector y,

Mn = Mn,m,k = Mn,m,k(y) = Z TaYaYotT' (13)
a=1

We suppose that
m— oo and m/n* — ¢ e (0,00) as n— . (1.4)
Note that M, ,, x can be also written in the form

Mn,m,k = Bn,m,kTmBnT,m’k’ (1.5)
where
Bn,m,k =1 Yo ... Yu), Ty= {f(x(saﬂ}giﬁzl-

Such matrices with 7, > 0 (not necessarily diagonal) are known as sample covari-
ance matrices. The asymptotic behavior of their spectral statistics is well studied when
all entries of Y, are independent. Much less is known in the case when columns Yy
have dependence in their structure.

The model constructed in (1.3) appeared in the quantum information theory and was
introduced to random matrix theory by Hastings (see [3, 14,15]). In [3], it was studied
as a quantum analog of the classical probability problem on the allocation of p balls
among ¢ boxes (a quantum model of data hiding and correlation locking scheme). In
particular, by combinatorial analysis of moments of n =¥ Tr MY, p € N, it was proved
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that for the special cases of random vectors y uniformly distributed on the unit sphere
in C" or having Gaussian components, the expectations of the Normalized Counting
Measures of eigenvalues of the corresponding matrices converge to the Marchenko—
Pastur law [17]. The main goal of the present paper is to extend this result of [3] to
a wider class of matrices My, ,, x(y) and also to prove the Central Limit Theorem for
linear eigenvalue statistics in the case k = 2.

Let {Al(")}l"i | be the eigenvalues of M, counting their multiplicity, and introduce
their Normalized Counting Measure (NCM) N,,, setting for every A C R

N, (A) = Card{l € [n*]: 2" € A}/n*.
Likewise, define the NCM o, of {1, };’Z:l s
om(A) = Card{x € [m] : 1y € A}/m. (1.6)
We assume that the sequence {0, }_; converges weakly:
lim o, =0, c(R) =1. 1.7)
m—00

In the case k = 1, there are a number of papers devoted to the convergence of the
NCMs of the eigenvalues of M, ;, 1 and related matrices (see [1,6,12,17,20,27] and
references therein). In particular, in [20] the convergence of NCMs of eigenvalues of
M., .1 was proved in the case when corresponding vectors {Y, }, are “good vectors”
in the sense of the following definition.

Definition 1.1 We say that a normalized isotropic vector y € R” is good, if for every
n x n complex matrix H, which does not depend on y, we have

Var{(H,y, )} < ||Hy||*8s, 80 = 0(1), n — oo, (1.8)

where || H,|| is the Euclidean operator norm of H,,.

Following the scheme of the proof proposed in [20], we show that despite the fact
that the number of independent parameters, kmn = O(nk‘H) for k > 2, is much less
than the number of matrix entries, n2¥, the limiting distribution of eigenvalues still
obeys the Marchenko—Pastur law. We have:

Theorem 1.2 Fixk > 1. Let n and m be positive integers satisfying ( 1.4), let {ty}o be
real numbers satisfying (1.7), and let'y be a good vector in the sense of Definition 1.1.
Then there exists a nonrandom measure N of total mass 1 such that the NCMs N,
of the eigenvalues of M,, (1.3) converge weakly in probability to N as n — oco. The
Stieltjes transform f of N,

N(dL)
f(2) =/ , Sz #0, (1.9)
A—zZ
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is the unique solution of the functional equation

z2f(z)=c—1-— c/(l + rf(z))_la(dr) (1.10)

in the class of analytic in C\ R functions such that I f(2)Iz > 0, Iz # 0.

We use the notation | for the integrals over R. Note that in [26] there was proved
an analog of this statement for a deformed version of My, 2.
It follows from Theorem 1.2 that if

nk
Nalol = oa4") (1.11)
j=1

is the linear eigenvalue statistic of M, corresponding to a bounded continuous fest
function ¢ : R — C, then we have in probability

lim n K Noulgl = / @(LAN (A). (1.12)

This can be viewed as an analog of the Law of Large Numbers in probability theory
for (1.11). Since the limit is nonrandom, the next natural step is to investigate the
fluctuations of N, [¢]. This corresponds to the question of validity of the Central
Limit Theorem (CLT). The main goal of this paper is to prove the CLT for the linear
eigenvalue statistics of the tensor version of the sample covariance matrix M, », 2
defined in (1.3).

There are a considerable number of papers on the CLT for linear eigenvalue statistics
of sample covariance matrices M, .1 (1.5), where all entries of the matrix By, 1 are
independent (see [4,7-9,11,16,18,19,21,25] and references therein). Less is known
in the case where the components of vector y are dependent. In [13], the CLT was
proved for linear statistics of eigenvalues of M, ,, 1, corresponding to some special
class of isotropic vectors defined below.

Definition 1.3 The distribution of a random vector y € R” is called unconditional if
its components {y j};le have the same joint distribution as {£y j};le for any choice
of signs.

Definition 1.4 We say that normalized isotropic vectorsy € R", n € N, are very good
if they have unconditional distributions, their mixed moments up to the fourth order
do not depend on i, j, n, there exist n-independent a, b € R such that as n — oo,

ary = E{y?y]z} =n24an"3+ 0(1’1_4), i #J, (1.13)
K4 = E{y?} — 3612’2 = b”l72 + 0(”73)1 (114)

and for every n x n complex matrix H, which does not depend on y,

E{|(H,y, y)°*} < C||H,|[*n 2. (1.15)
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Here and in what follows we use the notation £° = £ — E{£}.

An important step in proving the CLT for linear eigenvalue statistics is the asymp-
totic analysis of their variances Var{N,[¢]} := E{|\;? [@][%}, in particular, the proof
of the bound

Var{N,[gl) < Cullgll3, (1.16)

where || ... ||7 is a functional norm and C,, depends only on . This bound determines
the normalization factor in front of N,f [¢] and the class H of the test functions for
which the CLT, if any, is valid. It appears that for many random matrices normalized
so that there exists a limit of their NCMs, in particular for sample covariance matrices
M m.1, the variance of the linear eigenvalue statistic corresponding to a smooth
enough test function does not grow with n, and the CLT is valid for N[¢] itself
without any n-dependent normalization factor in front. Consider the test functions
¢ : R — R from the Sobolev space H;, possessing the norm

llel)? = / (L+ D= 19(0)1Pdr, () = / ¢ (6)do. (1.17)

The following statement was proved in [13] (see Theorem 1.8 and Remark 1.11):

Theorem 1.5 Let m and n be positive integers satisfying (1.4) withk = 1, let {t,}},_,
be a collection of real numbers satisfying (1.7) and

sup/t4dam(t) < o0, (1.18)
m

and let 'y be a very good vector in the sense of Definition 1.4. Consider matrix
Mp.m1(y) (1.3) and the linear statistic of its eigenvalues Ny [¢] (1.11) correspond-
ing to a test function ¢ € Hg, s > 2. Then {N[¢l}, converges in distribution to a
Gaussian random variable with zero mean and the variance V|[¢] = lim; o V,[¢],
where

1
Vilel =52 f / R[L(z1.22) — L(z1. 2D [(9(1) — 9(h2)) dAidhr

@+be [ ([ fGD ’
Iz /T<‘S (1+rf<ZI)>2‘”(M)dM> o

92 Af
log —
021022 Az

L(z1,22) =

3

Z1i2=Ma2+in, Af = f(z1) — f(z2), Az = z1 — 22, and f given by (1.10).

Here we prove an analog of Theorem 1.5 in the case k = 2. We start with establishing
a version of (1.16) in general case k > 1:

Lemma 1.6 Let {1}y be a collection of real numbers satisfying (1.7) and (1.18), and
let y be a normalized isotropic vector having an unconditional distribution, such that

war=n"+0n73), k4=0@">). (1.19)
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Consider the corresponding matrix M, (1.3) and a linear statistic of its eigenvalues
Nyul@). Then for every ¢ € Hg, s > 5/2, and for all sufficiently large m and n, we
have

Var{N,[¢]} < Crn*1|g|)?, (1.20)

where C does not depend on n and .

It follows from Lemma 1.6 that in order to prove the CLT (if any) for linear eigen-
value statistics of M,,, one needs to normalize them by n~*~1/2 To formulate our
main result we need more definitions.

Definition 1.7 We say that the distribution of a random vector y € R”" is permuta-
tionally invariant (or exchangeable) if it is invariant with respect to the permutations
of entries of y.

Definition 1.8 We say that normalized isotropic vectors y € R"*, n € N, are the CLT-
vectors if they have unconditional permutationally invariant distributions and satisfy
the following conditions:

(i) their fourth moments satisfy (1.13)—(1.14),
(ii) their sixth moments satisfy conditions

arpn =El7yiyil =n"+ 0™,
ars :=E{y/y]} =007, as:=E{}=00n"7). (121

(iii) for every n x n matrix H, which does not depend on 'y,

E{|(H,y,y)°|°} < CI[H,|°n . (122)
It can be shown that a vector of the form y = x/n'/%, where x has i.i.d. components
with even distribution and bounded twelfth moment is a CLT-vector as well as a vector
uniformly distributed on the unit ball in R” or a properly normalized vector uniformly
distr.ibuted on the unit ball B = [x e R : Z'}:l lxj|? < 1} in 1% (see [13],
Section 2 for k = 1).
The main result of the present paper is:

Theorem 1.9 Let m and n be positive integers satisfying (1.4) with k = 2, and let
{ta}y_| e a set of real numbers uniformly bounded in a and m and satisfying (1.7).
Consider matrices M, i 2(y) (1.3) corresponding to CLT-vectors y € R". If N,,[¢]
are the linear statistics of their eigenvalues (1.11) corresponding to a test function
¢ € H, s > 5/2, then{n™" Zj\f,f [¢1}n converges in distribution to a Gaussian random
variable with zero mean and the variance V[¢] = lim; o Vy[@], where

2(a+b+2)c/r2<(\ ff+in

2
Wlel = 2 R} I+i/O+ in))zgo()»)d)») do(r) (1.23)

and f is given by (1.10).
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Remark 1.10 (i) In particular, if 1y = --- = 1, = 1, then

(ii)

(iii)

2
asbin (" 1~
Vigr =22 (T g au) .
O e ( s —mw—a) “)

where a+ = (1 £ \/c)?>and a,, = 1 +c.

We can replace the condition of the uniform boundedness of 7, with the con-
dition of uniform boundedness of eighth moments of the Normalized Counting
Measures oy, or take {r,}y being real random variables independent of y with
common probability law ¢ having finite eighth moment. In general, itis clear from
(1.23) that it should be enough to have second moments of o, being uniformly
bounded in n.

Ifin (1.23) a + b + 2 = 0, then to prove the CLT one needs to renormalize linear
eigenvalue statistics. In particular, it can be shown that if y in the definition of
M, .k (y) is uniformly distributed on the unit sphere in R”, thena +b+2 =0
and under additional assumption m/n = ¢ + O (n~') the variance of the linear
eigenvalue statistic corresponding to a smooth enough test function is of the order
O (n*=2) (cf 1.20).

The paper is organized as follows. Section 3 contains some known facts and aux-
iliary results. In Sect. 4, we prove Theorem 1.2 on the convergence of the NCMs
of eigenvalues of M, », r. Sections 5 and 7 present some asymptotic properties of
bilinear forms (HY, Y), where Y is given by (1.1) and H does not depend on Y. In
Sect. 6, we prove Lemma 1.6. In Sect. 8, the limit expression for the covariance of the
resolvent traces is found. Section 9 contains the proof of the main result, Theorem 1.9.

2 Notations

Let

I be the n* x n* identity matrix. For z € C, 3z # 0, let G(z) = (M, —zI)~! be

the resolvent of M,,, and

Ya(2) =TrG(z) = ) Gjj(2),
J

@@ =15y (2), fu(2) =E{g. (D).

Here and in what follows

n m
2= 2 =2, ad } =)
J JUsees Jk J j=1 a a=1
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so that for the nonbold Latin and Greek indices the summations are from 1 to n and
from 1 to m, respectively. For o € [m], let

MY =My, o= My —TaYa¥), G¥(2) = (M2 —zD)7",
ye =Tr G g% =n"*y% f%=E(g%). Q2.1

Thus the upper index « indicates that the corresponding function does not depend on
Y. We use the notations E{. ..} and (.. .); for the averaging and the centering with
respect to Y, so that (§); = & — Ey{§}.

In what follows we also need functions (see (4.5) below)

Ay = Ag(2) =1+ ‘Ca(GaYas Yy) and By = By (2) := Tot((Ga)zYay Yy).

Writing O(n™?) or o(n~”) we suppose that n — oo and that the coefficients in
the corresponding relations are uniformly bounded in {74 },, 7 € N, and z € K. We
use the notation K for any compact set in C \ R.

Givenmatrix H, ||H|| and || H || g s are the Euclidean operator norm and the Hilbert-
Schmidt norm, respectively. We use C for any absolute constant which can vary from
place to place.

3 Some Facts and Auxiliary Results

We need the following bound for the martingales moments, obtained in [10]:

Proposition 3.1 Let {S;,}n>1 be a martingale, i.e., Vm, E{Sy, 11|51, ..., Sn} = Sm
and E{| S|} < oo. Let So = 0. Then for every v > 2, there exists an absolute constant
Cy, such that forallm = 1,2 ...

m
E{(|Sul"} < Com">"" Y E{IS; — S}, 3.0
j=1

Lemma 3.2 Let {&,}q be independent random variables assuming values in R and
having probability laws P,, o € [m], and let ® : R" x ... x R"" — C be a Borel
measurable function. Then for every v > 2, there exists an absolute constant C,, such
that forallm = 1,2. ..

E{|® — E{®}|"} < Cym">"" Y "E{|(®)g]"}. (32)

a=1
where (®);, = © — Eo{®}, and K, is the averaging with respect to &,.

Proof This simple statement is hidden in the proof of Proposition 1 in [25]. We give its
proof for the sake of completeness. For o € [m], denote E>, = E, ... E,,. Applying
Proposition 3.1 with Sop = 0, Sy = E>o41{P} — E{®}, S;, = © — E{D}, we get
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E{|® — E{®}]"} < Cum"*™' Y "E{[Exq11{®} — Exo{®}]"}.

a=1

By the Holder inequality

[Ezq+1{P} = Eza{P}" = [Exo+ 1 {(P)}]” < Ezaq1{l(®)]"},

which implies (3.2).

O

Lemma3.3 Fix £ > 2 and k > 2. Let y € R" be a normalized isotropic random
vector (1.2) such that for every n x n complex matrix H which does not depend on'y,

we have
E{|(Hy,y)°[*} < [|H|[*6,, 8, = o0(1), n — c<.

Then there exists an absolute constant Cy such that for every n* x n*

‘H which does not depend on 'y, we have
E{|(HY, Y)°[*} < Cek" (M|,

where Y =yD @ ... @ y®, and y, j € [k], are i.i.d. copies of y.
Proof 1Tt follows from (3.2) that

k
E{[(HY, Y)°|'} < Cok">7 Y " EB{I(HY, V)51,
Jj=1

where E]‘? =& — E;{£} and E; is the averaging w.r.t. y{). We have

(HY,Y) = ZHp,quYq — (H(j)y(j), y(j))’
p.q

where H(/) is an n x n matrix with the entries

j _ ( =D _ G+ k 1 G=D G+
(HD)g = Z’Hp‘qum(qut YOy v S S e vl

p.q

This and (3.3) yield
E; {100y, 151} = B 0Dy D,y Dy )y < | H D) 5,
We have

NHD) < 1= T Hy@11
i#]

(3.3)

complex matrix

(34)

(3.5)

*k
V-

For i € [k], since by (1.2) E{||[y®||} = 1, we have by (3.3) E{||y®|?}} < C.
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Hence
E;{|(HY, )3 < I T JEAIY D118, < ClIHIN S,
i#]
This and (3.5) lead to (3.4), which completes the proof of the lemma. O

The following statement was proved in [20].
Proposition 3.4 Let N, be the NCM of the eigenvalues of My, = ), Ta Yo Yo T where
(Yo}, € RP arei.i.d. random vectors and {1 },,_, are real numbers. Then
Var{N, (A)} <4m/p*>, VA CR, (3.6)
Var{g, (2)} <4m/(p|3z])?, Vze C\R. 3.7

Also, we will need the following simple claim:

Claim 3.5 If hy, ho are bounded random variables, then

Var{hiha} < C(Var{hi} + Var{hs}). (3.8)

4 Proof of Theorem 1.2

Theorem 1.2 essentially follows from Theorem 3.3 of [20] and Lemma 3.3; here we
give a proof for the sake of completeness. In view of (3.6) with p = n*, it suffices
to prove that the expectations N,, = E{N,,} of the NCMs of the eigenvalues of M,
converge weakly to N. Due to the one-to-one correspondence between nonnegative
measures and their Stieltjes transforms (see, e.g., [2]), it is enough to show that the

Stieltjes transforms of N,
N,(dh)
fr@) = / —

converge to the solution f of (1.10) uniformly on every compact set K C C \ R, and
that

nlij;onlf(in)l =1 (4.1)

In [20], it is proved that the solution of (1.10) satisfies (4.1), so it is enough to show
that

@) = f(2), z€K, 4.2)

n—oo

where we use the double arrow notation for the uniform convergence. Assume first
that all 7, are bounded:
Vm Ya € [m] |1, < L. 4.3)

Since M,, — M$ = 1, Y, YaT , the rank one perturbation formula

1, GYY, Y G
1+ 74(G*Yy, Yo)

G—-G*= (4.4)
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implies that
7 ((G*)? Yy, Y, B
yn_y’?:_ a(( ) o 0() :__(Y. (4.5)
14 174 (G%Yy, Yo) Ay
It follows from the spectral theorem for the real symmetric matrices that there exists
a nonnegative measure m* such that

G ruv) = [ @ = [ 2D ae
This yields
Al = [34,] = Ira||~SZ|/ Ma( |§, 1Bl < | a|f Ma(dﬁﬁ,
implying that
|Ba/Aal = 1/13z]. 4.7
It also follows from (4.4) that A;l =1—-1,(GYy, Y,). Hence,
1AL < 1+ [Tl - (1Yall/132], 4.8)
where we use ||G|| < |3z|~!. Let us show that
Ea{Ad}|™", IE{Aa) ™! < 4(1 + |al/132]). 4.9)
It follows from (1.2) that
Eo{Ag} =1+ 1ag; (2), E{As} =1+ 10 f; (2). (4.10)

Consider E, {A,}. By the spectral theorem for the real symmetric matrices,

Ey(Ay) = 1 + tn- /Na(dk)’

A=z

where N¢ is the counting measure of the eigenvalues of M. For every n € R\ {0},

consider
o
n_k/./\fn (dy) - 1 }
A—2Z 2|ty

Clearly, for z € Ey, [Eq{Ag}| > 1/2.If z = pn +in ¢ E,, then

E,,:{z:u-i—in:

1 ‘ /N“(dk) _k/ “(dk) 12
< |n—
2|ty | A A — ZI2
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so that

Ni@y Il

Eo{As}| = |SEL{Ay)| = -k
[Eq{Ac}] = ISEq{Ad} [TalIn|n |)L—Z|2 = 4o

This leads to (4.9) for E{A}. Replacing in our argument N with N: , we get (4.9)
for E{A,}.
It follows from the resolvent identity and (4.4) that

(@) = =14+ TrM,G = (= 1+mn¥)—n*> " A" 4.11)
o

This and the identity
1 1 A

A, E{Ay)  AE(Ag)

(4.12)

lead to

@ =(=1+n7") =nF Y E{A) T +1(2),

1 A°
ra(z) =n~k E{—"‘}
! Z E{A.) 1A,
It follows from the Schwarz inequality that
IE{AS A"} < E(IAS 12 PE(A 22

Note that since E{||Y,|| = 1}, we have by (1.8) E{||Y,||*} < C. This and (4.8) imply
that E{|A;2|} is uniformly bounded in |7,| < L and z € K. We also have

AG = (Aw)g + T (87)° = a[(G* Yo, Ya)g + (g)°], (4.13)

hence
E{1451%) = 22 (E(ElI(G Yo, YO PH + ElI(€°PY).

By (1.4) and (3.7) with p = n, Var{g%} < Cn=*|3z|72. It follows from (1.8) and
Lemma 3.3 with H = G% and £ = 2 that

Eo{[(G*Yy, Yo)S 1} < Cok||G*|28, < Cok|z| 728,
Thus, E{|A2|?} < CL?|3z|72(k8, 4+ n~k). This and (4.9) yield
[Fal < C (kS +n 51/, (4.14)

uniformly in |t4| < L and z € K. Hence

(@) = (=1 +mn ™) = n* Y A+ 1 £7(@) 7 +o(1). (4.15)
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It follows from (4.5) and (4.7) that
| fa(2) — f2 @) < n7F3z7" (4.16)

This and (4.9) imply that |1 4+, f, (z)|"tis uniformly boundedin |t,| < Landz € K.
Hence, in (4.15) we can replace f* with f, (the corresponding error term is of the
order O (n —k )) and pass to the limit as n — oo. Taking into account (1.7) we get that
the limit of every convergent subsequence of {f,(z)}, satisfies (1.10). This finishes
the proof of the theorem under assumption (4.3).

Consider now the general case and take any sequence {0} = {o,(,)} satisfying
(1.7). For any L > 0, introduce the truncated random variables

TL_ Tas |TOK|<L7
o 0, otherwise.

Denote ML =" tLy,¥I. Then

a=1
rank (M, — ML) < Card{a € [m] : |to| > L).
Take any sequence {L;}; which does not contain atoms of ¢ and tends to infinity as

i — oo. If N,LL " is the NCM of the eigenvalues of Mf‘,i and Nﬁi is its expectation,
then the mini-max principle implies that for any interval A C R:

INJ(A) = N2 (A)] < f o (d7).

[t|>L;

We have
/ 0 (d7) = f (00 — o) (d7) + / o (o),
[t|>L; [t|>=L;

[T|=L;

where by (1.7) the first term on the r.h.s. tends to zero as n — oo. Hence,

lim lim o,(dt) = 0.
Limoon=0 Jir|zL;

Thus if £ and L are the Stieltjes transforms of N and lim,,_, » N,Lli, then
f@) = lim fl(z)
11— 0
uniformly on K. It follows from the first part of the proof that

L;
fti(z) = =1 —cp, fli (z)/ t(1+ tfli ) o (dr), 4.17)
—L;
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where ¢;;, = co[—L;, L;] — cas L; — oo. Since N(R) = 1, there exists C > 0,
such that

min |S f(z)] = C > 0.

zeK

Hence we have for all sufficiently big L;:

min |3 fLi(z)] = C/2 > 0.
zeK

Thus |t/(1 4+ tfLi(2)] < |SfLi(z)|7' <2/C < o0, z € K. This allows us to pass
to the limit L; — oo in (4.17) and to obtain (1.10) for f, which completes the proof
of the theorem. O

Remark 4.1 Tt follows from the proof that in the model we can take k depending on n
such that

k— oo and k§, — 0

as n — 00, and the theorem remains valid (see 4.14).

5 Variance of Bilinear Forms

Lemma 5.1 Let Y be defined in (1.1-1.2), where y has an unconditional distribution

and satisfies (1.19). Then for every symmetric n* x n* matrix H which does not depend

ony and whose operator norm is uniformly bounded in n, there is an absolute constant
C such that

nVar{(HY,Y)} < Cn™*||H||};s < C||H||. (5.1)
If additionally y satisfies (1.13—1.14), then we have
nVar{(HY,Y)} =kaln " Tr H|?

k
Y S 2 o HpopGi + bHi i Hp.pd), ]

i=1 j,p
+0m™h, (5.2)
where j(pi) = {j1, -+, ji—1s Pis Ji+1s -+ Jk}-
Proof Since y has an unconditional distribution, we have

E{yjysypyq} = a2,2(5js8pq + 8jp6sq + 5jq5sp) + K45js8jp5jq~ (5.3)
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Hence,

k
E(HY. VP = > HysHp.q [] [02280580q +wi]
js.p.q i=1

where
w; = w;(§,s, p,q) = a2,2(8/i1’i 6&'6][‘ + 6/1‘4;‘ 5&'1?:') + K48jm 8/}'[7[' (Sji‘b"
For W C [k], W€ = [k] \ W, denote
AW,j,s,p,q = 1_[ (92,26j,-s,~5piqi) 1_[ Wwe.
iewe Lew
For every fixed W, j, s, we have
> AW js.p.g) = 0 * IV, (5.4)
p.q

Indeed, the number of pairs for which A(W, j, s, p, @) # 0does notexceed 21Wlpk=IW]

(the number of choices of indices p; = g; fori ¢ W equals to n*~!W!; all other indices
pe, q¢ (€ € W) must satisty {pe, ge} = {Jje, s¢} and, therefore, can be chosen in at
most two ways each). Since a3 7, w; = 0 (n2), (5.4) follows.

For every fixed W,

> |Hj ol Hp o AW.j.5.p.q) < Y (IHjs* + |Hp *) AW, j.5.p. q)/2
j.s.p.q J.s.p.q
=0 h1H| 3. (5.5)

Since by (1.2) E{(HY, Y)} = n~%Tr H, we have

k

Var((HY. )} =)} > HisHpqAW.js.p.q) —n ¥ TeH”. (5.6)

r=0|W|=rj.s,p.q

By (1.19), the term corresponding to W = @, W¢ = [k], has the form
k
Ty := Z Hj sHp g n(alz‘sjiﬁ‘spiqi) = a]2(,2| Tr H|.
js.p.q i=1

This and (1.19) imply that

n|To —n~ 2K Tr HP?| < Cn ¥ H| s,
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and by (1.13),
n(To —n kT H>) = kan | Tt HI> + O(n™ ). (5.7)
The term corresponding to Z|W\:l (i.e., W = {1}, ..., W = {k}), has the form

k
I:= Z Z Hj, Sﬁpg q w;(j, s, P, q) 1_[ a2»281e‘%81)eqe

i=1jsp.q L

k
= > (52 Hi. jip Hp. piji) + a5 5 kaHi jHp. pSp, i |-

i=1 jp
and by (1.13)
k
nTy =n" 24NN " [2Hj o) Hp. pio) + bHi jHp. pdpji] + O™, (5.8)
i=1 j,p

Also it follows from (5.5) that the terms corresponding to W: |W| > 2 are less than
Cn_k_2||H||12L[S. Summarizing (5.6-5.8), we get (5.1) and (5.2) and complete the
proof of the lemma. O

6 Proof of Lemma 1.6

Lemma 6.1 Let {ty}, be a collection of real numbers satisfying (1.7), (1.18), and lety
be a normalized isotropic vector having an unconditional distribution and satisfying
(1.19). Consider the corresponding matrix M,, (1.3) and the trace of its resolvent
Yu(2) = Tr(M,, — zI)~. We have

Var(y, (2)} < Cn* 1|32 7 ©.1)
If additionally y satisfies (1.15) and v, are uniformly bounded in o and m, then
E{ly;@I") = Cn? 2|3z, (6.2)

Proof The proof follows the scheme proposed in [25] (see also Lemma 3.2 of [13]).
For ¢ = 1, 2, by (3.2) we have

E{ly; 1?1} < Cm?™ Y " E{(n)g ). (6.3)
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Applying (4.5), (4.7), and (4.9) we get

E{l(y)2 ) = Ellyn — & — Ealyn — v21%)
Eu{B} 2q} _ CE{ (Ba); _ ﬁ ) (A()t);
Eo{Ao}! |

< CE{ Ba

2q}
Eo{As) As Eg{Ag)
< C(1 + |7l /ISzD M E{Eo{|(Bo)S1*} + Ea{l(A)S 1} /1321% ).
(6.4)
Here by (5.1)
7 "Ea{[(Ag)g 1} = nEo{[(G*Ya, Ya)3 I’} < Cn7H(IG¥ I35 < CI32 7% (6.5)
and
nty "B {l(Bo)2?) < Cn ¥ 1[(G9)? 155 < 13217 (6.6)
This and (6.3-6.4) lead to (6.1). Also it follows from (1.15) and Lemma 3.3 that
Eo{l(Bo)2I*), Eoll(A2I*Y /132 < Ctd13z1 8 n 2,
which leads to (6.2). 0O

Proof of Lemma 1.6 The proof of (1.20) is based on the following inequality obtained
in [25]: for ¢ € H (see 1.17),

o0
Var(\, [p]) < Cyllgl 2 / dpe ! / Var{y, (i + in)}d.
0
Letz = w+in, n > 0. It follows from (6.3) — (6.6) that
Var(y,} < > E{l(w)g )
o

< Cn Y R (4 T DE(IIG)  5s + 071G |-
o

By the spectral theorem for the real symmetric matrices,

a(dr a(dr
E{11G|%s) fM ( l;, (1G] /M ( |i,

where N¢ is the expectation of the counting measure of the eigenvalues of M%. We

have a
[ NEE L @, .
kf/u— Eaa k//u— gl =G
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Summarizing, we get
(o]
Var{\,[¢]} < Cn*~1|p]|? / dne "> 76 < Cnfjg| 2
0

provided that s > 5/2. This finishes the proof of Lemma 1.6. O

7 Case k = 2: Some Preliminary Results

From now on we fix k = 2 and consider matrices M, = M, ,, 2. For every j =
U, 2} = jij,

In this section we establish some asymptotic properties of Ay, (G*Yy, Yy), and
their central moments. We start with

Lemma 7.1 Under conditions of Theorem 1.9,

Eo{[(Ae)2|P} <C(tq/|S2])Pn~P/2,
Eo{|(By)S|P} <C(ta/I321)PnP/2, (7.1)

and
E{|A3|7). E{|Bg|P} = 0(n™P/?), 2<p<6. (7.2)
Proof Since (Agy)g = 14 (G*Yy, Yy)g, Lemma 3.3 and (1.22) imply that
Eo{|(Aa)g|®} < C(ra/|3z])%n 2,

and by the Holder inequality we get the first estimate in (7.1). Analogously one can
get the second estimate in (7.1). Also we have by (6.1)

E{l(gD)°1"} < 132 PE(l(g) Py = 00 ™?), p =2,
which together with (4.13) and (7.1) leads to (7.2). O

Let
H = H(z) = G“(2).
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It follows from (5.2) with k = 2 that

nVar{(HY,Y)} =2aln > Tr H|?

73 —_— R—
+2n Z[Hj,jlszP,mjz + Hj, p,jo Hp, ijZ]
i.p

b2y " Hi {Hp p(@p,ji + 8pyjp) + O(n ™). (7.3)
Jp

Consider an n x n matrix of the form

g= {gs,p}g,p=1’ gs,p = ZH./& jp-

j
Since G = Z/ G, where for every j, GY) = {Hjs, jp}s,p is a block of G¥, we have

1611 < Y 1IGD1 < nlIG¥]| < n/I3zl. (7.4)

J
We define functions

e\ (@1, 22) =02 Y Hj jipy 1) Hp, py jy(z2) = 7> Tr G(21)G(22),
ip
(2)(Z1s 72) ==n - Z His, IS(Zl)HjS Js (z2) = I’l_3 Z Gss (21)Gss(22).

i,s,j

Similarly, we introduce the matrix
G=1Gi ¥ j=1> Gij= Y Hisjs
N
and define functions

g, 2) = TrG)0(), 3221, 22) =n" Zgu(m)g“m). (7.5)

It follows from (7.3) that

Eo {(H(2)Ya, Yo)2)?} =2a(g%(2)* +2(8'" (2, 2) + 8V (2, 2))
+b(g Pz, 2)+8P@ ) +0mn™). (7.6)

We have:
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Lemma 7.2 Under conditions of Theorem 1.9, we have fori = 1, 2:

Var{g\"}, Var(z"} =0(n™?), (7.7)
Jim Efg (21, 22)} = lim E{Z,” (21 22)} = f(21) f (22), (7.8)

where f is the solution of (1.10).

Proof We prove the lemma for g,(,l); the cases of Zf,(,z), g,(qz), and §,(,2> can be treated

similarly. Without loss of generality we can assume that in the definitions of G and
g,(f), H = G. It follows from (3.2) that

Var{g{"} < > E{|(g{")g ).

We have

g,(f) — g,(ll)“ =3 Tr(G(z1) — G%(21))G(22)
+ 3 Tr G (21)(G(22) — G%(z2)) = SV + S2).

Hence
(% = g — & — Eulgy — g} = ()5 + (55,
and to get (7.7), it is enough to show that
E(s/ P =0m™), j=1.2. (7.9)
Consider S\". Tt follows from (4.4) that

SV =A7"'n YN G p(H Yy) s (H Ya) jp. (7.10)
S, p ]

Since for x, £ € R” and an n x n matrix D

|2 Dyt | < 1D - 111 gl (7.11)
iJ

taking into account || H || < 1/|3z], (4.8), and (7.4) we get

ISOT < n 730 + 7ol - 13217 Yl ?) - 1G]] - 1HY Yo |1
<n 20+ |tel - 132 Yl P18z 3 Yl 12 (7.12)

This and following from (1.2) and (1.22) bound

E{||Y,]|’}<C, p=<12 (7.13)
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imply (7.9) for j = 1. The case j = 2 can be treated similarly. So we get (7.7) for
1
2n.
Let us prove (7.8) for g,gl). Let fn(l) = E{g,(,l)}. For a convergent subsequence
(A, put £O = 1im,, o0 £V, Tt follows from (4.4) that
(YoYI H)j g = Ay ' Yoj(H*Yo)q.

This and the resolvent identity yield

Hiq(z1) = =27 "8j.q + 27" Yty (@) Yaj(H* (21)Ya)q-
o

Hence,
Yui(HY(21)Ys) :
A0z == fue) 407 Y B P E )
jip o «
_ -3 2 Yozj(Ha(Zl)Yol)ijZ . (Ha(ZZ)Ya)p(Ha(ZZ)Ya)p]jz
k| A0 (z1) Aa(z2) |

jp @
= —fu@) + T,V + 1,7

By the Holder inequality, (4.8), and (7.13)

|Aa (1)l |Ag(22)]
< Cn ) E{|YalAa )T AL ()T = 0.

i o o X o
|Tn(2)|§n_3213E{“Ya|| [[H* ) Yell [1H*(z2)Yell - ||H (zz)Yall}
o

It follows from (1.2) that

Ea{Yaj(HaYa)jlm} = n_2Hjl?j1pz'

This and (4.12) yield

E{HY. HY . (22)}
7D — ;=5 - 3 J1p2 7P, P12 +r
n Z Z o 1+ 74 f%(21) n

ip «
-3 Ta ° Yaj(Ha(Zl)Ya)jlpz o
n %?E{Aa(m}E{A“(Z‘) e E TSl

Treating r, we note that
0 | Yoi(HOYa) 1y G2, 1 < n 7 IGHI - [1Yall - [|H Y| < Cl1Yel.

P22
J.p2
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Hence, by the Schwarz inequality, (4.8), (4.9), (7.2), and (7.13)
Iral < Cn‘ZZE{IA;I Al Y1}

2ZE{|A°| }1/2E{|A | 2||Y || }1/2 O(n_l/z)

Also one canreplace f,¥ and H* with f, and G (the error term is of the order O (rf1 )).
Hence,

2 MG == fulz) + V@1 z2n” 22 W +o(1).

This, (1.4), (1.7), and (1.10) lead to

tdo (1)

—1
H—T—f(m) - Zl) = f(z1) f(z2)

ez = fe(e

and finishes the proof of the lemma. O
It follows from Lemmas 5.1 and 7.2 that under conditions of Theorem 1.9

nlggo nty "E{AS(21)Aa(22)} = 2(a + b +2) f(z1) f (22), (7.14)

where f is the solution of (1.10).
Lemma 7.3 Under conditions of Theorem 1.9
Var(E,{(A2)"}} = 0™, p=2,3. (7.15)

Proof Since t,, o € [m], are uniformly bounded in « and n, then to get the desired
bounds it is enough to consider the case 7, = 1, o € [m]. By (4.13), we have

Eo((A2)%} =Eo{(HYy, Y5)2?) + ()%,
Eo{(A2)*) =Eo{(HYq, Yo)3?) + 3B {(HY,, Yo)22 )82 + (g,

where by (6.2) E{|(g%)°|>”} = 0(n~%), p = 2,3, and by (7.1) and (6.1)
E{[Eo{(HYq, Yo)22}(g9)°1?) = O HE((g9)°1*) = 0(n ™).
Hence,

Var(E,{(A3)"}} < 2Var(Eo{(H Yy, Yo) } + 0(n™), p=2,3.
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It also follows from (7.6) and Lemmas 6.1 and 7.2 that
Var{E,{(HY,, Ya);z}} =0m™, (7.16)
which leads to (7.15) for p = 2. To get (7.15) for p = 3, it is enough to show that
Var{Eq ((HYq, Ya)3'}} = 0(n™%). (7.17)
We have

Eo{(HYy, Y3)2?) =Eo{(H Yy, Yo)®) — Eo{(HYq, Yo))?
— 3Eo{(HYy, Yo)} - Eg{(HYy, Yo)22)
=Eo((HYqy, Y2)’} — 8%° — 3g% - Eo((HYy, Yo) 7).

It follows from (6.1), (7.16), and (3.8) with i; = g%, ho = nE {(HY,, Ya)gz} that
Var{g? - nEo{(HY,. Yo)3'}} < C(Var{gy} + Var(nEo{(H Yy, Ya)J'}}) = O(n 7).
Hence,

Var(E, (Y, Yo)2'}} = 2Var | Eo (Y, Vo)) - g2} + 007,

and to get (7.17) for p = 3 itis enough to show that

w%&mHan%—ﬁﬂ=0m4y (7.18)
We have
E {(HYy, Yo)’y = > HijHp qHs tAGj . .5, 1), (7.19)
ij.p.g.s.t
where

2
AG . 4.5, t) = [ [Ead 08 085 08 p 084 085, 3801}
k=1

and by (1.21)

AG.j.p.q.5.t) = 0(n™°). (7.20)
Also, due to the unconditionality of the distribution, A contains only even moments.
Thus in the index pairsi, j, p, q, s, t € [n]3, every index (both on the first positions and

on the second positions) is repeated an even number of times. Hence, there are at most 6
independent indices: < 3 on the first positions (call them i, j, k) and < 3 on the second
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positions (call them u, v, w). For every fixed set of independent indices, consider maps
® from this set to the sets of index pairs {i, j, p, q, S, t}. We call such maps the index
schemes. Let || be the cardinality of the corresponding set of independent indices.
For example,

@ {i, s u,v,wh = {Gu), (G v); (G w), G u)s (G, w), (,v)}, [P=5,

is an index scheme with 5 independent indices (i, j on the first positions and «, v, w on
the second positions). The inclusion—exclusion principle allows to split the expression
(7.19) into the sums over fixed sets of independent indices of cardinalities from 2 to
6 with the fixed coefficients depending on a» 22, a2 4, and ae in front of every such
sum. We have

6
E ((HYy, Y)Y =) Se. Se= > Y HijHp qHs (A(®),  (721)
=2 d: |D|=¢

where the last sum is taken over the set of independent indices of cardinality £, ® is an
index scheme constructing pairs {i, j, p, q, s, t} from this set, and A’(®) is a certain
expression, depending on ®, as 2 2, a2 4, and ag. For example,

Sy = F(a222,a2.4,a6) Y (Hiu,iu)’,

iu

where F(az2.2, a2 4, as) can be found by using the inclusion—exclusion formulas. As
to A’(®) in (7.21), the only thing we need to know is that

A(@) = 0mn™°), (7.22)
and that in the particular case of
Q1 : {i, joksu, v, wh = {Gw), (G u); (,0), (,v); (k,w), (k, w,
we have by (1.21)
N(@)=a},,=n+0m™),

and the corresponding term in Sg has the form a%’z,Z(Tr H)3.
Note that by (7.20), S5 is of the order o). By the same reason

'24:54 — 02
=2
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so that

4

Var” ZS/ZH —om.

=2

Hence to get (7.18) it suffices to consider terms with 5 and 6 independent indices and
show that

Var(Ss}, Var{Ss— g2’} =0@m""). (7.23)

Consider Ss. In this case we have exactly 5 independent indices. By the symmetry
we can suppose that there are two first independent indices, i, j, and three second
independent indices, u, v, w, and that we have i on four places and j on two places.
Thus, S5 is equal to the sum of terms of the form

Sg :0(}1_6) Z H;. i H;. j H. j or

i,j,u,v,w
S’ —0mn° H . H H: :
s =0(n") i i g
i, j,u,v,w

Here we suppose that there are some fixed indices on the dot places, which are different
from explicitly mentioned ones. Note that S5 has a single “external” pairing with
respect to j. While estimating the terms, our argument is essentially based on the
simple relations

Z |Hiu, jo)* = O(1),  [Hiy jol = O(1), |[H|| = 0(1), (7.24)
Jjsv

and on the observation that the more the mixing of matrix entries we have the lower
order of sums we get. Let V. C R” be the set of vectors of the form

E={E)I_ = (H. ), or &=(H. .\,
and let W be the set of n x n matrices of the form
D = {Hi-,j-}?,jzl’ or D= {Hi-«u}ﬁu:p or D= {H-u,-v}Z,vzl-
It follows from (7.24) that

VEeV [|g]|=0() and VD e W ||D||=0(1).
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Hence,

Z |H. j.H. j.| =0(1), Z |H. ,H. ., =0(Q), (7.25)

J
ZHi.,j.H,-.,..H..,,.=0(1), and ZHiA,.MH,-.,A.HA.,.u=0(1). (7.26)

i,j iu
In particular, by (7.24) and (7.25), we have for S;

151 < 0% Y Y IH; jHi jl=0@®?),

iu,o,w j

so that Var({S;} = O (n—*). Consider S¢. Note that if in S we have a single “external”
pairing with respect to at least one index on the second positions, then similar to S,
the variance of this term is of the order O (n~*). So we are left with the terms of the
form

/= 007) 3 HiuHininHo, o

i,j,u,v,w
It follows from (7.5) that
S§'=00"" g2 8Pz 2).
Now (3.8), (6.1), and (7.7) imply that
Var{S!'} < Cn?(Var{g?} + Var{zgP})) = O0(n™%).

Summarizing we get Var{Ss} = o).

Consider S¢ and show that Var{Ss — g33} = O(m™". In this case we have 6
independent indices, i, j, k for the first positions and u, v, w for the second positions.

Suppose that we have two single external pairing with respect to two different first
indices and consider terms of the form

Sé =0(I’l_6) Z H;. ; H;. .H. j.,

i,j,k,u,v,w

S =0(n° H;. jH;. jH

6 =0(n7) O R R
i,j.kuv,w

It follows from (7.26) that S; = O (n~?); hence Var{S;} = O(n~*). Consider S

S¢=0m"" Y H.jH.jH.. (7.27)

i,j.k,u,v,w
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If the second indices in H. k. are not equal, then we get the expression of the form

Sg/ = 0(11_6) Z H;. juH;. j Hg. ku-

i,j.ku,v,w

It follows from (7.26) that S¢" = O(n~2); hence Var{S/"} = O(n=*). If the second
indices in Hi. k. in (7.27) are equal, then we get the expressions of three types:

0™ > Hu joHiu, juHiw ko =gin™* Y (Hiw, jn)* = 0(n™?),

i,jk,u,v,w i,j,u,v
6 4 2
on™>) Z Hiu,ijiv, jquw,kw :gf:n Z Hiu,ijiv,ju =0{n "),
i,j.k,u,v,w i,j,u,v
on=* Hiy, juHiy juH =0(n hHgh «
(n") iu, julliv, jodkw, kw = (n )gn (z, Z)gn (2),
i,jkuv,w

where we used (7.24) to estimate the first two expressions, so that their variances are
of the order O (n~%). It also follows from (3.8), (6.1), and (7.7) that the variance of
the third expression is of the order O (n~*). Hence, Var({S;"} = O(n=*). It remains
to consider the term without external pairing, which corresponds to

2 2
(a2,2,2) Z qu iu JU /kaw kw = (a2 22)

i,j.k,u,v,w
(see (7.22)). Summarizing we get

Var(Ss — g2°} < 2Var{((@222)* —n %)y®} + 0(n™)
=0 ?)Var(g®)+ on™H = o™,

where we used (1.21) and (6.1). This leads to (7.23) and completes the proof of the
lemma. O

8 Covariance of the Resolvent Traces

Lemma 8.1 Suppose that the conditions of Theorem 1.9 are fulfilled. Let

Cu(z1,22) = n"'Cov{ya(z1), ¥u(z2)} = n 'E{yu(z1) 2 (22)}.
Then {Cy(z1, 22)}n converges uniformly in 712 € K to

f(z1) f(z2)

2
Arefe: At ef@ne’ @ @D

C(z1,22) =2(a+b+2)c
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Proof For a convergent subsequence {Cy, }, denote
C(z1,z2) = lim Cy,(z1, 22).
ni—oo

We will show that for every converging subsequence, its limit satisfies (8.1). Applying
the resolvent identity, we get (see (4.11))

1 1
Co(zr22) == - Y E(A Gy ) = - Y E(A Dy ()

1 — o
- YEA @ - @) = IO T 82)
o

Consider Tn(l). Iterating (4.12) four times, we get

7 _ b Z [E{Aa(zl)%fw(zz)} _E{AZ @Dy (2} | E{A @)y (22))
" onz E{Ay(z))? E{Ay(z1))? E{Aq(zD}
E{A;'(z1) AL (21)y2°(22)) e 2 3) 4)
_ E T | =50+ 52+ 5O 4+ 50,

It follows from (4.9), (6.1), and (7.15) that S5 = O(n=1/2), i = 2, 3. Also, by (4.8)
we have

E{| A, Ayl < B{( + [7alllYal /132D 1A v,
where by the Schwarz inequality, (6.2), (7.1), and (7.13)
E{| 1Yo |12 1AS 0} < B{AY IV PE( ALY EEL| Yol B}y = 037,
Hence S,§4) = 0(n~'?), and we are left with S,gl) . We have
E{Aq(21)7°(22)} = E{Ea{Ax 2D}y (22)} = n 1t By () v (z2)}-
It follows from (4.5) and (4.7) that |y, (z) — v, (z)| < 1/|3z|. This and (6.1) yield

E{0 = ) @Dy, @)} + B0 @D 0 = vn)° @)
< E(ly;° @/l | + Elly; G}/ 12l = 0'?).

Hence,

E{Ay 21y (22)} =n "1 Ca(z1. 22) + 00 7),
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and we have

1 T
O o tor s o L om1?.
( 2 (21 2)n2Z1 ; (1 + 7o f2(21))? ( :

Summarizing, we get

T — i/—fd"(f) . .
3 =Cera | e Tow (8.3)
Consider now Tn(z) of (8.2). By (4.9),
1
T = o D E{A; ' (21)(Ba/Aa)® (22)}- (8.4)

For shortness let for the moment A; = Ay(zi),i = 1,2, By = By (22). Iterating (4.12)
with respect to A and A, two times we get

E{(1/A1)°(B2/A2)%}
_ E{(—A5 + AT AP (BE{A2) — B2AS + BaA; ' A5H)°)
a E{AI1}PE{A2}
_ ~E{A]ByJE{A2] + E{B2JE{A] A2}
a E{A|}’E{A,}?
| ElA7BIAS - ASByAS ' AS? + ATV AT (BLE{A2) — BoAS + By Ay ' ASP)°)
E{A1}’E{A,}? '

Applying (1.22), (7.13), and using bounds (4.7), (4.8), (4.9) for |By/A>]|, |Ai|_1,
[E{A;}|7', i = 1,2, one can show that the terms containing at least three centered
factors AS, A3, B; are of the order O(n_3/ 2). This implies that

—E{A]B2}E{A2} + E{By}JE{A] A2}
E{A1}PE{A,)?

E{(1/A1)°(B2/A2)°} = +0mn3?).

Returning to the original notations and taking into account that
By(z) = 0A4(2)/02,

we get

1 0 E{A§(z1)Ag(22)}

[0) 73/2.
E(Asc))2 922 E{de(y 00

(8.5)

E{A;' (21)(Bu/Ad)’(22)} = —
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Denote for the moment
D=2(a+b+2).
It follows from (7.14) and (8.4-8.5) that

;o _ Def Tf@) 9 f()
" (14 tf(z1)2 822 1 + 1f(22)

This and (8.2-8.3) yield

do(t) +o0(1).

Dc 2 f(z1) 3 f@)

C@rn) = e 2o (=2 ) (Uxef @R am 1 +of ()

do (7).

Note that by (1.10),

f tdo (1) - /(@)
A+tf@? ° f@
Hence
f'(z1) f'(z2) 2
sy d .
clenz) DC/ Tt ef @ (T +efar’
which completes the proof of the lemma. O

9 Proof of Theorem 1.9
The proof essentially repeats the proofs of Theorem 1 of [25] and Theorem 1.8 of
[13]; the technical details are provided by the calculations of the proof of Lemma 8.1.
It suffices to show that if

Z,(x) = Elea()}, e(x) = ™ NIV, .1
then we have uniformly in x| < C

lim Z,(x) = exp{—x>V[¢]/2}

with V[¢] of (1.23). Define for every test functions ¢ € Hy, s > 5/2,

(pﬂ = PT] * (pﬂ (92)
where P is the Poisson kernel
Pyx) = ——5—-, 9.3)
7(x2+n?)
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and “x” denotes the convolution. We have
lim || — =0. 9.4
771¢0 lle — @nlls 9.4

Denote for the moment the characteristic function (9.1) by Z,[¢], to make explicit
its dependence on the test function. Take any converging subsequence {Z,, [<p]}‘]?°:]
Without loss of generality assume that the whole sequence {Z,[¢y]} converges as
nj — oo. By (1.20), we have

1Z,19] = Zu, lpg]l < Ixln™ 2 (Var (N, [9] — Ny, Tog 1)) < Clxllle — @y,

hence
lim im_(Z, g1 = Zs, LoD = 0.

This and the equality Zn; [o] = (an [p] — Zn; [o,]) + Zn; [¢y,] imply that

dlim lim Z,,i[go,,] and lim an[go]zlim lim Zn,.[go,,]. 9.5)
: nj—00 /

ni()nj—>oo ;N()nj—>oo
Thus it suffices to find the limit of
Zyn(x) = Zalpy] = E{eyn(0)}),  where ey, (x) = e Nileal/ Vi

as n — oo. It follows from (9.2) — (9.3) that

1 .
Nalgyl = P / WSy (2)dp, z=p+in. 9.6)
This allows to write

d 1
azr]n(x) = g/gﬂ(u)(yn(z,x) — Vu(@, x))du, 9.7

where
Va(z. x) = n"PE{ya(2)ep, ().

Since |V, (z, x)| < 2n~Y?Var{y,(z)}/?, it follows from the proof of Lemma 1.6 that
for every n > 0 the integrals of |}, (z, x)| over u are uniformly bounded in n. This
and the fact that ¢ € L? together with Lemma 9.1 below show that to find the limit of
integrals in (9.7) it is enough to find the pointwise limit of ), (u + in, x). We have

1 m
5 O [E(A; e () — BlAL (€5, () — el )],
a=1

yn(zvx) = -

n
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where e, (x) = exp{ixNZ°[py1//n} and N [@y] = Tr ¢, (M®). By (9.6),

o _ixegn ~ o
Enn = Epn = PADI(Yn — )" (z1)dA

+ 0(‘% / eI (Y0 — yr?)o(zl)er),

so that

ixe%‘n weo

N DIV — ¥, ) (z1)dA
+//O(Rn)(P()\l)w()Q)d)\ld)\L

E{A,,) (2)(egn — €%,)°(x)} =

where z; = A; +in, j =1,2,and
Ry = n""E{(AN°(2)3(Ban Ay (21)3(Ban Ay, (22)).

Using the argument of the proof of the Lemma 8.1, it can be shown that R, =
O (n=3/?). Hence,

1 - - oo
Ynl@ ) == — 2 E{A, ! (2)eqr ()

— o) Y B, ()AL (@) — 7% @)YA + 0.
nm el

Treating the r.h.s. similarly to T,,(l) and Tn(z) of (8.2), we get

X Zyn(x) _
Yz, x) = - /(ﬂ(kl) [C(z,z1) — C(z,ZD)]dA1 + o(1), 9.8)

2
where C(z, z1) is defined in (8.1). It follows from (9.7) and (9.8) that

d
aznn(x) = —XVn[QO]Znn(X) +o(1), 9.9)

(see (1.23)) and finally
lim Z,,(x) = exp{—x?V,[p]/2}.
n—od

Taking into account (9.5), we pass to the limit | 0 and complete the proof of the
theorem. O
It remains to prove the following lemma.
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Lemma 9.1 Let g € L*>(R) and let {h,} C L*(R) be a sequence of complex-valued
functions such that

/|hn|2dx <C and h, - h ae. as n— o0, where |h(x)| <00 a.e.
Then
/g(x)hn(x)dx — fg(x)h(x)dx as n — oo.

Proof According to the convergence theorem of Vitali (see, e.g., [24]), if (X, F, u)
is a positive measure space and

n(X) < oo,
{F,}, isuniformly integrable,

F,— F ae as n— o0, |[F(x)]<o a.e.,

then F € L' (u) and lim,,_, oo f x [Fn — Fldu = 0. Without loss of generality assume
that g(x) # 0, x € R, and take

du(x) = lg)Pdx,  F, = ghy/Igl*, F =gh/|gl*.

Then

W(R) = / lg(r)2dx < oo,

1/2
/E|Fn(x>|du<x>s ||hn||Lz(/|g(x>|2dx) < C(u(EN'?,

F,—> F ae. as n— o0, |F(x)|<o0 a.e.

Hence, the conditions of Vitali’s theorem are fulfilled and we get

lim [ |F, — Fldx = lim /|hn—h||g|dx=0,
n—0oo

n—o0

which completes the proof of the lemma. O
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