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Abstract Two generalizations of Itd formula to infinite-dimensional spaces are given.
The first one, in Hilbert spaces, extends the classical one by taking advantage of
cancellations when they occur in examples and it is applied to the case of a group
generator. The second one, based on the previous one and a limit procedure, is an 1t6
formula in a special class of Banach spaces having a product structure with the noise
in a Hilbert component; again the key point is the extension due to a cancellation. This
extension to Banach spaces and in particular the specific cancellation are motivated
by path-dependent It6 calculus.
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1 Introduction

Stochastic calculus and in particular Itd6 formula have been extended since long time
ago from the finite to the infinite-dimensional case. The final result in infinite dimen-
sions is rather similar to the finite-dimensional one except for some important details.
One of them is the fact that unbounded (often linear) operators usually appear in infi-
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nite dimensions and It6 formula has to cope with them. If the It process X (¢), taking
values in a Hilbert space H, satisfies an identity of the form

dX (1) = AX (t)dt+ B (@)dt + C (1) dW (), (1)

where A : D (A) C H — H is an unbounded linear operator, then in the Itd formula
for a functional F : [0, T] x H — R we have the term

(AX (1), Dy F (1, X (1)), @

which requires X () € D (A) to be defined. The fact that AX (¢) also appears in (1)
is not equally dramatic: Eq. (1) could be interpreted in weak or mild form, depend-
ing on the case. But the term (2) is less flexible. Sometimes it helps to interpret it as
(X (t), A*D,F (t, X (¢))) or similar reformulations, but this requires strong assump-
tions on F. Thus, in general, direct application of It6 formula is restricted to the case
when X () € D (A). Among the ways to escape this difficulty let us mention the gen-
eral trick toreplace (1) by aregularized relation of the formd X, (t) = AX,, (t) d¢t+- - -
where X, (f) € D (A) (the proof of Theorem 2.1 below is an example) and the so-
called mild It6 formula proved in [6]. Another example of mild Itd formula under the
assumptions that DF € D (A*) was the object of [12], Theorem 4.8.

Less common but important for some classes of infinite-dimensional problems,
for example the so-called path-dependent problems, is the phenomenon that %—f (t,x)
exists only when x lives in a smaller space than H, for instance D (A) (we shall clarify
this issue in the examples of Sect. 5). And in Itd formula we have the term

T xay
8[ b b
so again we need the condition X (fr) € D (A).
The purpose of this paper is to give a generalization of It6 formula in infinite-

dimensional Hilbert and Banach spaces which solves the difficulties described above
when the two terms

(AX (t), Dy F (¢, X (¢))) and % @, X (1))

compensate each other when they sum, although they are not well defined separately.
This happens in a number of cases related to hyperbolic equations and path-dependent
problems. This gives rise to a new Itd formula in which the term

% (s, X(8)) + (AX (), Dx F (s, X(5))),

that is a priori defined only when X (s) € D(A) is replaced by a term
G(s, X(5)),

where G (¢, x) is an extension of % (t,x) + (Ax, D F (¢, x)).
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In this introduction, for simplicity of exposition, we have insisted on the formula
in a Hilbert space H, but one of the main purposes of our work is the further extension
to a suitable class of Banach spaces, motivated by precise applications. Since the
notations in the Banach case require more preliminaries, we address to Sect. 3 for this
generalization.

Itd formulae for this kind of problems, both at the abstract level and in applications
to path-dependent functionals, have been investigated by many authors; see [3,4,9—
11,15]; however, the idea to exploit the compensation explained above appears to be
new and could be relevant for several applications.

Related to these problems is also the study of Kolmogorov equations in Banach
spaces; see, for instance, [2,13,14,16].

The paper is organized as follows. In Sect. 2 we give a first generalization of 1t6
formula in Hilbert spaces. It serves as a first step to prove a generalization to Banach
spaces, described in Sect. 3. But this also applies directly to examples of hyperbolic
SPDEs, as described in Sect. 4. Finally, in Sects. 5 and 6, we apply the extension
to Banach spaces to several path-dependent problems: in Sect. 5 we consider typical
path-dependent functionals; in Sect. 6 we deal with the important case when F (t, x)
satisfies an infinite-dimensional Kolmogorov equation.

2 An It6 Formula in Hilbert Spaces

Let H, U be two separable Hilbert spaces (which will be always identified with their
dual spaces) and A : D (A) C H — H be the infinitesimal generator of a strongly
continuous semigroup et > 0,in H. Let (£2, #,1P) be a complete probability
space, F = (%;),>( be a complete filtration and (W (¢)),>( be a Wiener process in
U with nuclear covariance operator Q; we address to [7] for a detailed description of
these notions of stochastic calculus in Hilbert spaces.

Let B : £ x [0,T] — H be a progressively measurable process with
fOT |B(s)|]ds < o0 as., C : 2 x[0,T] — L (U, H) be progressively measur-
able with fOT IC (s)||%(U’H) ds < oo as. and X° : 2 — H be a random vector,
measurable w.r.t. .%g; here L (U, H) denotes the space of bounded linear operators
from U to H, with the corresponding norm ||| 1., )

Let X = (X (¢));e10,7) be the stochastic process in H defined by

t t
X (1) =efo0+/ e<’—S>AB(s)ds+/ UTIAC () dW (s), 3)
0 0

formally solution to the equation
dX (1) =AX ()dt+B@®)dt+C@&)dW (r), X(0) = XY, 4)

We are interested here in examples where X (s) ¢ D (A) and also, for a given
function F : [0, T] x H — IR, the derivative % (s, x) exists only for a.e. s and for

x € D (A). In these cases the two terms %—f (s, X (s)) and (AX (s), DF (s, X (5)))
have no meaning, in general.

@ Springer



792 J Theor Probab (2018) 31:789-826

However, there are examples where the sum %—f (s, X (s)+(AX (s), DF (s, X (5)))
has a meaning even if the two addends do not, separately. This paper is devoted to this
class of examples.

We assume that there exists a Banach space E continuously embedded in H such
that

(1) D(A) C E:

(I) e is strongly continuous in E;
) X(t) € E; ~
(IV) almost surely the set {X (¢)},¢[0, 7 is relatively compact in E.

The space E can possibly coincide with the whole space H, butin general it is a smaller
space endowed with a finer topology and it is not required to be a inner product space.
In the setting described above, our abstract result is the following one.

Theorem 1 Let F € C ([0, T] x H; R) be twice differentiable with respect to its sec-
ond variable, with DF € C ([0, T] x H; H) and D>*F € C ([0, T] x H:; L (H, H)),
and assume the time derivative %(l,x) exists for (t,x) € 7 x D(A) where

T C [0, T] has Lebesgue measure ) (7)) = T and does not depend on x. Assume,
moreover, that there exists a continuous function G : [0, T] x E — R such that

oF
G(s,x)= 5 (s,x)+ (Ax, DF (s,x)) forall (t,x) € . x D (A).
s
Let X be the process defined in (3). Then

t
F(t,X (1) =F (0, X0)+/ G (s, X (5)) ds
0
t
+/ ((B (s),DF (s,X(s)))—i—%Tr (C(s) QC ()" D2F(s,X(s)))) ds
0

t
+ / (DF (s, X (5)), C (s)dW (s)),
0
where DF and D*F denote the first and second Fréchet differentials of F with respect
to its second variable (the same notation will be used everywhere in this article).

For the proof we need a preliminary result, namely a “traditional” It6 formula that
holds when F is smooth.

Proposition1 Let  : 2 x [0, T] - Hand 6 : 2 x [0,T] — L(U, H) be two
progressively measurable processes such that |B(s)| and ||6(s) ”i(U,H) are integrable
on [0, T] a.s.; consider the It6 process Z in H given by

t t
Z(t):ZO—l—/ ,3(s)ds+/ 0(s) dW(s).
0 0
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IfF € CY2 ([0, T x H) the following identity holds (in probability):
t
F(.X(0)=F (0, XO) +/ O X (s)) ds
0 as
t
+/ ((,3 (s), DF (s, X (5))) + %Tr (9 (s) 06 (s)* D°F (s, X (s)))) ds
0
t
+/ (DF (s, X (s)),0 (s)dW (s)) .
0

Proof According to [10] we have that
t
F(, X(@) = F (0, X)) +/ (DF (s, X(5)), d”X(s))
0
L9F L[, —~—
+/ o s x5y ds+—/ DF (s, X(s)) d[X, XIs),  (5)
o Ot 2 Jo

where d™ X denotes the integral via regularization introduced in [10]. We remark that

[X,/\f] is here the global quadratic variation of the process in (3).
By Theorem 3.6 and Proposition 3.8 of [12] we get

t

t
/ (DF (s, X(s5)), d”X(s)) =/ (DF (s, X(s)), C(s)dW(s))
0 0
t
—{—/ (DF (s, X(s5)),AX(s) + B(s)) ds.
0

By Section 3.3 in [8]
t *
X X1%0 = [ 00" (c)0") as
0

where [ X, X] 4z is the Da Prato—Zabczyk quadratic variation; hence, proposition 6.12
of [8] implies that

t —~ ¢ *
/ D2F (s, X(s)) d[X. X](s) :/ Tr [DZF (s, X(5)) C(s) Q" (C(S)Ql/z) ] ds.
0 0

This concludes the proof. O

Proof of Theorem 1 Let {pe}oc0,1)> P : R — R, be a family of mollifiers with
supp(ps) € [0, 1] for every €. For x € H set F(t,x) = F(0,x) ifr € [—1,0) and
F(t,x)=F(T,x)ift e (T, T +1].

Denote by J,, the Yosida approximations J, = n (n — A)~! : H — D (A), defined
for every n € IN, which satisfy lim,_,» J,x = x for every x € H. One also has
limy, o0 Jfx = x,lim,, o0 anx = x and lim,,— (an)* x = x forevery x € H,used
several times below, along with the fact that the operators J, and J* are equibounded.
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All these facts are well known and can be found also in [7]. Moreover, it is easy to
show that the family an converges uniformly on compact sets to the identity (in the
strong operator topology). Since A generates a strongly continuous semigroup in E
as well, all the properties of J,, and an just listed hold also in E (with respect to its

topology).
Define now F; , : [0, T] x H — R as

Fen(t,x) = (pe * F (-, Jyx)) ().
It is not difficult to show that F; , € Ccl2([0, 7] x H; R). Notice also that
0Fe n .
9t (t?-x) = (108 * F ('7 Jl’l-x)) (t)a
<DFs,n (,x), h) = (pe ¥ (DF (-, Jyx), Juh)) (t)

D?F, (1, %) (h k) = (,08 % DF (1, Jyx) (Juh, Jnk)) o).

Moreover,
0F, ,

—( )—( or J; )(f)
9t , X) = | Pe * ot ('7 nx)

on .7 x D(A). To see this take (¢, x) € .7 x D(A), consider the limit

1
lim — [Fou(t +a,x) = Fen(t,x)]

a—0a

1
lim —/ peM)F(t+a—r Jyx)— F@—r, Jyx)] dr
a—>0a Jr

lim l per)[Ft+a—r Jux)— F@—r, Jyx)] dr (6)
0

a—0a B¢ (0)

and set R! :={r € B.(0): t —r € Jp}, where Jp :=[-1,0) U T U(T, T +1].
Since t — RL = (t — B:(0)) N %, we have that A (Ré) = A (B¢(0)), and hence, we
can go on from (6) finding

o1
lim —[Fg’n(t +a,x) — F,(t, x)]
a—0a
1
= lim —/ peM)Ft+a—r Jyx)—F @ —r Jyx)] dr
a—0a R!

oF
=/ pe(r)—— (t —r, Jux) dr
R! at

_ oF J
= (ps * o G nx)) ().
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Now set X, (1) = J,X (), X = J,X° B, (t) = J,B (1), Cy (t) = J,C (¢). Since
J,, commutes with e/, we have

t t
X, (t)=etAX2+/ e=94p, (s)ds+/ e1™AC, (s)dW (s) .
0 0

Moreover, X, (t), B,(t), C,(t) belong to D (A) for a.e. t € [0, T], with |AX,, ()|
integrable IP-a.s.; hence,

t t
Xu(t) = X)) +/ [AX,(s) + Bn(s)] ds +/ Ca(s)dW(s)
0 0
and by the It6 formula in Hilbert spaces given in Proposition 1 we have

Fs,n (ta Xn (t)) = Fg,n (07 Xg)

! 0Fe
+/ ((AXn (8), DFen (s, Xu (5))) + as’ (s, Xn (S))) ds
0

t
+ / (By (s), DFyp (s, X (5))) ds
0
t
+ / (DFon (5, Xn (5)). Co (5) AW (5))
l0 t
+-/ Tr [cn (5) OCy () D*Fop (5, X (s))] ds.
2 Jo

Let us prove the convergence (as n — oo and ¢ — 0) of each term to the correspond-
ing one of the formula stated by the theorem. We fix ¢ and prove the a.s. (hence in
probability) convergence of each term, except for the convergence in probability of
the Itd term; this yields the conclusion.

Given (w, 1), we have Fy , (t, X, (@, 1)) = pe * F (-, J2X (w, 1)) (¢) and thus

| Fen (1, Xp(@, 1) = F (1, X (@, 1))]

- '/ 0e(F)F (r —r 2 X (o, t)) dr — F (1, X (@, 1))
R

< / pe(r)
B (0)

which is arbitrarily small for & small enough and n big enough, because an converges
strongly to the identity and F is continuous; similarly

F (t — 1 I2X (o, t)) —F(t, X(o, ;))’ dr,

lim F,,, (o, Xx° (a))) —F (o, x° (a))) .

n— oo

From now on we work in the set £21 where X has relatively compact paths in E (hence
in H). Fix § > 0. Since for w € §21 the set {X (w, 5)}¢[0.] 18 relatively compact, we
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have that anX (s) converges uniformly with respect s to X (s), and hence, there exists
N € NN such that for any n > N |anX(s) — X(s)| < /2 for all s; moreover, the set
{JnX (s)}, s is bounded.

The family {Ba/z (X (s))} is an open cover of {X (s)}s¢(0,,1; by compactness

s€[0,1]
it admits a finite subcover {Bs/z (X(sl-))}i=1 M for some finite set {sy,...,sy} C
[0, t]; therefore, for any s there exists i € {1, ..., N} such that |[X(s) — X (s;)| < /2
and

J2X(s) — X (s)

=

JEX() = X@)|+1X () = X ()] <8

for n > N where N does not depend on s since the convergence is uniform. This
shows that the set {Jn2X (s)}n’s is totally bounded both in E and in H.

Therefore, we can study the convergence of the other terms as follows. First we
consider the difference

t t
‘/ (Bu(s), DFep (s, Xn(s))) ds—/ (B(s), DF (s, X (s))) ds
0 0

/Ot <J,$B(s), (,08 « DF ( J,fX(s))) (s)> ds

t
—/ <J,$B(s), DF(s,X(s))> ds
0

=

+ '/t (JnZB(s) — B(s), DF (s, X(s))> ds
0

The second term in this last sum is bounded by

[

and {X (s)}, is compact, hence |DF (s, X (s))| is bounded uniformly in s and, since
the Jn2 are equibounded and converge strongly to the identity and B is integrable,
Lebesgue dominated convergence theorem applies. The first term in the previous sum
instead is bounded by

[

by the discussion above the set [0, 1] x ({J,%X(s)}n LU {X(s)}s) is contained in a
compact subset of [0, T] x H, hence |DF| is bounded on that set uniformly in s and
r. Thanks again to the equicontinuity of the operators an and the integrability of B,

(7) is shown to go to 0 by the dominated convergence theorem and the continuity of
DF.

J2B(s) — B(s)‘ IDF (s, X(s))| ds

J,%B(s)‘/ e (F) ‘DF (s —r J,%X(s)) — DF (s, X(s))‘ drds:  (7)
B.(0)
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About the critical term involving G we have

; t
/ (agi (5, Xn(s)) + (AX, (), DFy. (s,Xn(s)))) ds—/ G (s, X(s)) ds
o 0

< /[O’t]m ‘pg X (% ( anX(s)) + (AJ,%X(s), DF ( J,fX(s))» (s)
—G (s, X(s5))] ds

_ /[0 my ‘(pg «G ( J,fX(s))) (s) — G (s. X(s))‘ ds

< / / pe(r)
[0,61N.7 J B¢ (0)

and this last quantity goes to 0 by compactness and continuity of G in the same way
as the previous term (now with respect to the topology on E).
For the Ito term we have

[

t 2
< [ e |U5) pexDf (LX) 0= DF . X6 a5t ®

G (s — J,fX(s)) — G, X(s))’ drds

C*(s) (J,%)* (ps %« DF ( J,fX(s))) (s) — C*(s)DF (s. X(s))’z ds

writing
(4 pe . DF (- J2X()) () = DF (5, X(s))|
< ‘(J,;*)2 pe % DF ( anX(s)) () — (J7)? DF (s, X(s))‘

+ )(J,;")2 DF (s, X(s)) — DF (s, X(5))

)

it is immediate to see that the right-hand side of (8) converges to 0 almost surely,
hence

t

t
/ (DFon (5. Xa(5))  Ca(s) dW(s)) — / (DF (s, X(5)) . C(s) dW(s))
0 0

in probability.
It remains to treat the trace term. Let {h j} be an orthonormal complete system in
H; then

1
15 [€a6)00,05)" D7 Fosy 5. X050 s
0

t
—/ Tr [C(s)QC(s)*DF (s, X (5))] ds
0
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< /O[ > MJnC(s)QC(s)* (J7)? pe  D*F ( J,3X(s)) ()
]
—C(s)QC(s)* D*F (s, X(s))] hj,th ds. ©)

Now for any j

InC()QC(s)* (1) pe % D°F ( ]an(s)) () Juh;

— C(5)QC()* DPF (5, X () |

=

J,C(5)QC(s)* (J7)? pe + D*F ( anX(s)) (5)Juh;
— C(s)0C(s)* D2F (s, X (s5)) J,,hj‘

+ HC(S)QC(S)*DzF (s, X)) - |Jnhj —hj|.

The second term in the sum converges to O thanks to the properties of J,; the first one
is bounded by the sum

1,C(5)QC(s)* (JF)? pe  D*F ( anX(s)) () Juh;
—J,C(s)0C(s)* (J,;‘)2 D?F (s, X(s)) Jnhj‘

+|[Imc® 0c)* (47) = C4)OCE* | D2F (5, X (5)) Juh,;

. (10

whose first addend is less or equal to

JnC(s)QC(s)* (J,;*)ZH/B(O) pe |D*F (s —r, J7X(s)) — D*F (s, X(5))| |Juh;| dr,

which is shown to go to zero as before. For the second addend of (10) notice that for
any k € H

[ C®0CE* (1) = C&OCH)' |
= |[me®oc@ (4)° = mC6)0C K|
+ [ C$)QCE)" = C()QC ()] k|
< |cocw*| (1) k — K
+ [ C©OCEH) k= C©)QC($)

’

which tends to 0 as n tends to oo.
The same compactness arguments used in the previous steps, the continuity of
D?F and the equiboundedness of the family {.,} allow to apply Lebesgue dominated
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convergence theorem both to the series and to the integral with respect to s in (9). This
concludes the proof. O

3 Extension to Particular Banach Spaces

In this section we consider the following framework. Let H; be a separable Hilbert
space with scalar product (-); and norm || - ||; and let E» be a Banach space, with norm
|l - Il£, and duality pairing denoted by (-, -), densely and continuously embedded in
another separable Hilbert space H, with scalar product and norm denoted, respectively,
by (-)2 and || - ||2. Then set H := H; x Hj so that

E:=H xE,CH

with continuous and dense embedding. We adopt here the standard identification of
H with H* so that
ECHZH"CE"

Our aim here is to extend the results exposed so far to situations in which the process
X lives in a subset of E but the noise only acts on Hj.

Example 1 Inthe application of this abstract framework to path-dependent functionals
(see Sect. 5), we will choose the spaces

H=R?x1? (—T, 0: ]Rd)

and
E=TR%x [gﬁ c C([—T,O);Rd) £ 3 lim @(s) eIE{d].
s—0~

Similarly to the setup we introduced in Sect. 2, consider a complete probability space
(£2, .7, P) with a complete filtration ' = (.%;),> and a Wiener process (W (1)),
in another separable Hilbert space U with nuclear covariance operator Q.

Consider a linear operator A on H with domain D(A) C E and assume that it
generates a strongly continuous semigroup ¢’4 in H. Let B : 2 x [0,T] — E
be a progressively measurable process s.t. fot |B(t)] dt < oo as in Sect. 2; let then
C:02x [0, T] — L(U, Hy)be another progressively measurable process that satisfies
fOT ||C(t)||%(U’H1) dt < ocoanddefine C: 2 x[0,T] - L(U, E) as

Ctyu = (C%)“), uel:

let X© be a .Zy-measurable random vector with values in H and set

t t
X(z)=emx°+/ e(f—”AB(s)der/ e1TIAC(s) AW (s). (11)
0 0
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Finally set
E=D(A), D=A"(E).

Notice that D C D(A) C E. In most examples the set D is not dense in E.
As in Sect. 2 we assume here that ¢’4 is strongly continuous in E (and this in turn
implies that D is dense in E), X (1) actually belongs to E and that almost surely the
set {X (1) };¢[0, 1 i relatively compact in E.

Example 2 In the path-dependent case, we will have

D (A) = [(;;) CH:xyeWh? (—T, 0: ]Rd), X = lim xz(s)],

s—>0~
00
=(02)
07

= [(;;) € E: x; = lim xz(s)] ,
s—0~

N

D= [(g) eE:xy € c! ([—T,0)§]Rd), x] = lim X2(s)] .
s—0~

Finally consider a sequence _¢Z, of linear continuous operators, #, : H — E with
the properties:

(i) Znx € D for every x € E:
(ii) _#yx — x in the topology of E for every x € E;
(iii) _#, commutes with A on D(A).

By Banach-Steinhaus and Ascoli-Arzela theorems it follows that the operators _Z,
are equibounded and converge to the identity uniformly on compact sets of E.

Theorem 2 Assume there exists a sequence 7, asaboveandlet F € C ([0, T]x E; R)
be twice differentiable with respect to its second variable with DF € C ([0, T]x E; E*)
and D®F € C ([0, T] x E; L (E; E*)). Assume the time derivative %—f(r, X) exists
for (t,x) € T x D where 7 C [0, T] has Lebesgue measure )\ (z) = T and does
not depend on x. If there exists a continuous function G : [0, T] x E — R such that

G(t,x) = Z—T(t,x) + (Ax, DF(t,x)) Yxe D, Vte 7, (12)
then, in probability,
F (1, X(1) = F (0, X°) +/0l G (s, X(s)) ds

+ /0 l (<B<s>, DF (s, X(5))) + %TrHl [C(5)QC(s)*D?F (s, X(s))]) ds

1
+/ (DF (s, X(s)), C(s) dW(s)),
0
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where Try, is defined for T € L (E, E) as
war =30 (). (4)
J

{h j} being an orthonormal complete system in H\.

Proof SetF, : [0, T]x H — R, F,,(t,x) := F (t, /nx). Thanks to the assumptions
on F we have that F}, is twice differentiable with respect to the variable x and

DF,(t,x) = #DF (t, Zux) € L(H;R) = H (13)
D?*Fy(t,x) = ZD*F (t, fux) Fn € L(H; H). (14)
Furthermore for any ¢ € .7 the derivative of F, with respect to 7 is defined for all
x € H and equals
dF;, oF
—(t,x) = — (1, . 15
FPRGEY) 3t( Inx) (15)

Set G, : [0, T] x E — R,G,(t,x):=G (t, /nx) G, is obviously continuous; we

check now that forany t € .7 G, (¢, -) extends ag;,, (t, )+ (A-, DF,(t,-)) from D (A)

to E. Since #n maps EintoD C D (A) C H we have

G,(t,x)=G (t, /nx)
aa—f(t,/nx)HA/nx,DF (. F0x));

if we choose x € D (A), _#, commutes with A so that we can proceed to get

_ 38_’:@, Fax) + (_fuAx, DF (1, _fux))

oF,
= Bt (t,x)+<Ax, DFn(tv-x))

Notice that here only the term (Ax, D F, (¢, x)) has to be extended (since it is not well
defined outside D (A)) while the time derivative of F;, makes sense on the whole space
H by definition.

We can now apply Theorem 1 to F;, and G, obtaining that for each n

t
F . X0) = F (0.X°) + [ G (5. X)) ds
0
! 1
+ [ [<B(s>, DF, (s, X(5)) + 5 Tr [C(5)QC(s)" D, (s,X(s»H ds
0

!
+/ (DF, (s, X(s)), C(s)dW(s)).
0
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Here C(s)QC(s)* maps E* into E, therefore C(s)QC(s)*D>F, (s, X (s)) maps H
into E C H and the trace term can be interpreted as in H. Also, since C(s) belongs
to L (U; H; x {0}), we have that the stochastic integral above is well defined as a
stochastic integral in a Hilbert space.

Substituting the definition of F, and identities (13), (14) in the previous equation
we get

t
0

F (1. 7uX0) = F (0, 7,X°) +/ G (s, ZuX(s)) ds
‘ 1
+/0 [(/,,B(s),DF (s /uX©) + 3 Tr [C(s)QC(s)*jn*DzF(s, JuX(5) /,,]] ds

t
+/0 (DF (s, ZuX(s)), ZuC(s)dW(s)).

Now we fix (w, ) and study the convergence of each of the terms above. Since
X(w,t) e E, 7,X(w,t) - X(w,t)almost surely as n — oo and therefore by con-
tinuity of ' we have that F (t, InX (o, t)) converges to F (t, X (w, t)) almost surely.
For the same reasons F (0, 7, X°(w)) converges to F (0, X°(w)) almost surely.

Denote by £2; the set of full probability where each of the trajectories {X (w, 1)},
is relatively compact. Arguing as in Proof of Theorem 1 it can be shown that, thanks
to the uniform convergence on compact sets of the _#,, the set { I X (o, t)}n’ ; is
totally bounded in E for any w € §2;. Therefore, the a.s. convergence of the terms
fot G (s, ZnX(w,s)) ds and fot(/,,B(a),s), DF (s, ZnX(w,5)))ds follows from
the dominated convergence theorem since G and D F' are continuous, B is integrable,
and the family {_#,} is equibounded.

To show the convergence of the stochastic integral term consider

t
/0 |C)* ZEDF (s, ZuX(s)) — C(s)*DF (s, X(s))|, ds

g/ot ICOIL . | FiDF (s. ZuX(s)) —DF(s,X(s))|2E* ds. (16)
Now
| ZEDF (s, 7,X(s)) — DF (s, X(5)) || o
= sup (e, ZDF (s, 74X (s)) — DF (s, X(5)))|
e|l=1
= lsllelg [(_Zne, DF (s, 7,X(s))) — (e, DF (s, X (5)))|
e|l=1
< l:llelg [|[( Zne. DF (s, 7,X(s))) — (_Fne, DF (s, X(5)))|

llell=1

+[(_Zne — e, DF (s, X(5)))|]
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< sup [ [DF (5. AaX () -

HeH 1
+ || Fne —e| . IDF (s, X(5))ll p+]

and this last quantity converges to zero as before, since { /n} is equibounded, D F
is continuous (hence uniformly continuous on { /nX(s)}n . U {X(s)}s), and n
converges to the identity on E. Since ||C(s) 12 is integrable, we can apply again the
dominated convergence theorem in (16) to get that the left-hand side converges to 0
almost surely, hence

t t
/O(DF(S, /,,X(s)),/nC(s)dW(s))—)/o (DF (s, X(s5)), C(s)dW(s))

in probability.

It remains to study the trace term. First notice that, since E* = (H| x Ey)* =
H} x E5 = H\ x E3,every f € E* can be written as a couple (f1, f2) € H| x E}
and therefore forany u € U and f € E*

A8 (2)>E*

= (C()u, fi) , C()* fiy

E(C(S)u’ f)E

hence C(s)* f = C(s)* f) forany f € E*.

Now let .77 and 7% be complete orthonormal systems of Hj and H,, respectively,
and set 4 = JA x {0}, 74 = 5 x {0}, so that 57 := A U 54 is a complete
orthonormal system for H. 7 is countable since H| and H; are separable. For h € 7
we have that

yi= JXD*F (s, #uX(5)) Fuh € HC E* = Hy x E},

so that, writing y = (y1, y2), we have

C(5)QC(s)*y = C(s)QC(s)"y1 =

(G(s)Q&s)*m
0

)eHlx{O}CECH.

Therefore,

C(s)QC(s)*
(ck)QCEY 7 D?F (5. 70X (5) Fuh, h) = <( (€ yl) , h>
and this last quantity can be different from O only if 2 € 1. This implies

Tr[C(s)QC(5)* ZiD*F (s, 72X () Zu]
= <C(s)QC(s)*/n*D2F(s, InX(s)) /nh,h>

heA
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-3 <C(s)QC(s)*/n*D2F (5, ZuX(5)) /nh,h>l

heq
=Try, [C(s)QC(s)*/n*DZF (5. ZuX(5)) /n]. (17)
Now, setting K := sup,, || Fn || we have that for 1 € J4

’TrHl [C(s)QC(s)* 7 D*F (s, #,X(s5)) Fn] — Trn, [C(s)QC(s)*DzF(s,X(s))]‘

=D (D*f (1. FuX(5)) Fuh. FuC(s)QC(s)*h)

hesq

— > (D*F (1. X(5)) h, C(s)QC(s)"h)

hezf
< D> [D*F(t. 7uX(5)) Fuh, F2C(s)QC(s)*h — C(s)QC(s)*h)|
hezA
+ > |(D*F (1. FuX(5)) Fuh — D*F (t, X(s)) h, C(s) QC(s)*h)|
hesq
<K |D*F (1. 7uX ()| D | 7nC()QC(s)*h — C(s)QC(s)*h|
hes4q
+ICOI 0. 1215w D, [1’5 |D*F (1. #7uX(s)) — D*F (1. X(s))||
hesA

+[D*F @ X [

therefore thanks to the equiboundedness of { /n} and the uniform continuity of D> F

on the set { InX (s)} U {X (s)}, we can apply the dominated convergence theorem
to the sum over 1 € %ﬂl to obtain that

Try, [C(S)QC(S)*/H*DZF (s, ZuX(s)) _fn]

" Ty [C(s)QC(s)*DzF (s, X(s))] .

Since D?F is bounded also in s € [0, T'] and ||C(s)||%(U;E) is integrable by assump-
tion, a second application of the dominated convergence theorem yields that for every
te[0,T]

13
/0 Tra, [C(s)QC(s)*/n*DzF (s. ZnX(s)) /n] ds

n—o00

t
= [ Ty, [C(s)QC(s)*DzF(s, X(s))] ds
0
thus concluding the proof. O
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Remark 1 The use of both spaces E and E in the statement of the theorem can seem
unjustified at first sight: since the process X is supposed to live in . E and the result is
a Ito formula valid on E (because the extension G is defined on E only), everything
could apparently be formulated in E. However, in most examples the space E is not
a product space (see Sect. 5) hence neither is its dual space, and the product structure
of the dual is needed to show that the second order term is concentrated only on the
Hi-component. Since asking F to be defined on [0, T] x H will leave out many
interesting examples (we typically want to endow E witha topology stronger that the
one of H), the choice to use the intermediate space E seems to be the more adequate.

Corollary 1 Consider n + 1 points 0 = t9 <t < --- < t, = T and assume that
FeC ([tj, tjit1) X E; IE{)forj =0,1,...,n— 1. Suppose, moreover, that

the map y — F(t, y) is twice differentiable for every t € [0, T];
DF € C ([tj, tj41) X E; E*) for j=0,1,...,n—1;

D>F € C ([tj, tjt1) x E; L(E,E*)) for j=0,1,....,n— ;
the map t — F(t, y) is cadlag for every y € E;

%f exists for (t,x) € T x D where 7 is as in Theorem 2;

there exists a function G such that G € C ([tj, tj+1) x E; IR) for all j and such

that

.O\.U‘:'k.w!\’.—‘

IF -
G(t,.x) = (1) + (Ax, DF(t.x)) Vx € D. ¥ e T 0[tj.111).

Then the formula
F(T.X(T) =F(0.X°) + D [F (1. X (1;)) = F (1;—. X (1;))]

j=1

T T
+/ G (s, X(s)) ds+/ (DF (s, X(s)), C(s) dW(s))
0 0
T
+/ ((B(s),DF(s,X(s))) + %TrHl [C(s)QC(s)*DZF(s,X(s))]) ds
0

holds.

Proof Thanks to the assumptions, Theorem 2 can be applied to obtain » identities for
the increments F(tj41 — & X (tj41 —€)) — F(t;, X (tj)), j = 0,...,n — 1, with
0 < & < min; (tj+1 — tj). Summing up these identities and taking the limit as & goes
to 0 yield the result. O

4 Application to Generators of Groups
InaHilbert space H, given a Wiener process (W (2));> with covariance Q, defined on

a filtered probability space (Q, T, (F)>0 5 P), givenx’ e H, B: 2x[0,T] > H
progressively measurable and integrable in ¢, P-a.s., C : £2 x [0,T] — L (H, H)

@ Springer



806 J Theor Probab (2018) 31:789-826

progressively measurable and square integrable in ¢, P-a.s., let X (¢) be the stochastic
process given by the mild formula

t t
X(t)=e’AxO+/ e(t_s)AB(s)ds—i-/ eI™AC (5)dW (s),
0 0

A

where e’/ is a strongly continuous group. In this particular case we can also write

t t
X (1) = ' (xo +/ e 4B (s)ds +/ e_SAC(s)dW(S)),
0 0

from which we may deduce, for instance, that X is a continuous process in H. Formally
dX (1) =AX@®)dt+B@)dt +C(t)dW (¢),

but AX (¢) is generally not well defined: typically the solution has the same spatial
regularity of the initial condition and the forcing terms. Thus in general, one cannot
apply the classical Itd formula to F (¢, X (¢)), due to this fact. A possibility is given
by the mild It6 formula [6]. We show here an alternative, which applies when suitable
cancellations in F (¢, x) occur.

As a first example, let F (¢, x) be given by

t
F(t,x)=F (e_'Ax) +/ Hy (s, e_(’_‘Y)Ax) ds,
0

where Fy € C? (H;R), Hy € C ([0, T] x H; R), with continuous derivatives D H,
D?Hy. Then % (t, x) exists for all x € D (A), ¢t € [0, T'] and it is given by

W )= — ((DFo) (e7*4x) e~ 4 Ax) + Ho (1, x)

at
t
—/ <(DH0) (s, ef(tﬂ)Ax) ,ef(’fs)AAx>ds.
0
Moreover, DF € C ([0, T] x H; H), D*FecC ([0, T] x H; L (H, H)) and
(DF (1, %), h) = <(DF0) (e—’Ax) ,e_’Ah>

t
+/ <DH0 (s, e_(’_S)Ax) , e_(t_‘Y)Ah>ds.
0

Therefore,
oF
E (tsx) + (Axs DF (tvx)> = HO (tv-x) .
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Consider the function G (¢, x) = "a—f (t,x) + (Ax, DF (t,x)). It is a priori well
defined only on x € D (A). However, being

G (t,x) = Hy (1, x),

the function G extends to a continuous function on [0, T] x H. Then Theorem 1
applies and Itd formula reads

t '
F(t,X@)=F (0, xo) +/ Hy (s, X (s))ds +/ (B (s),DF (s, X (s)))ds
0 0

t t
+ [ pF e x ) Coraw e+ [ Tr(C6) 00" ) D2 X () ds.
0 0

4.1 Kolmogorov Equation for SDEs with Group Generator

The previous example concerns a very particular class of functionals F. As a more
useful (but very related) example, assume we have a solution F (¢, x) of the following
Kolmogorov equation

oF
o (t,x)+ (Ax + B (t,x), DF (t, x))

+%Tr (C (t,x) OC* (t,x) D*F (1, X (r))) —0, (18)
forx e D(A),t €[0,T], F (T, x) = ¢ (x), with the regularity

FeC(0,TIx H;R), DFeC(0,T]x H;H) (19)

D*F e C([0,T] x H; L (H, H)), aa—feC([O,T]xD(A);]R).

Here we assume that B : [0, T] x H — Hand C : [0,T] x H — L (H, H) are
continuous (we assume continuity of B and %—f for simplicity of exposition, but this
detail can be generalized). Since

oF
G(t,x) = E(r,x)+ (Ax + B (t,x),DF (t,x)), xeD(A),te[0,T],
satisfies

G __l k 2
(tx) = =3 Tr (C(t,x) OC* (t,x) D F(t,X(t))),
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then it has a continuous extension on [0, 7] x H and Theorem 1 is applicable, if
(X (1)) seqry, 1) (for some 79 € [0, 7)) is a continuous process in H satisfying

t t
X(t):e(’—’0>Ax°+/ e(’_S)AB(s,X(s))ds+/ eITIAC (s, X (5))dW (s),

o o
(20)
thus we get

t

F(t,X(1)=F (to,xo) +/ (DF (5, X (5)),C (s, X (s))dW (s)).  (21)

fo

We can now easily prove the following uniqueness result. We do not repeat the assump-
tions on H, W, ¢'4, B.

Theorem 3 Assume that for every (to, xo) € [0, T] x H, there exists at least one
continuous process X in H satisfying Eq. (20). Then the following holds.

(i) The Kolmogorov Eq. (18) has a unique solution in the class of bounded functions
F satisfying (19).

(i) IfC € Cp ([0, T] x H; L (H, H)), it has a unique solution in the class of func-
tions F satisfying (19) and | DF || o, < 00.

Proof (i) The stochastic integral ftf) (DF (s, X (s)),C (s, X (s))dW (s)) is a local
martingale. Since F is bounded, from identity (21) it follows that it is uniformly
integrable, and hence, it is also a martingale. Therefore, taking expectation in
(21), we get F (to, x°) = E [ (X (T))], formula which identifies F, since fo and
x0 are arbitrary.

(i) If C and DF are bounded, the stochastic integral in (21) is a martingale. We

conclude as in i). O

5 Application to Path-Dependent Functionals

We will now apply the abstract results of Sect. 3 to obtain an Itd6 formula for path-
dependent functionals of continuous processes, stated in Theorem 4. In the first
sections we will introduce the necessary spaces and operators and we will show that
the infinite-dimensional reformulation of path-dependent problems appears naturally
when dealing with path-dependent SDEs (see again [13] for a more detailed discus-
sion).

5.1 Infinite-Dimensional Formulation of Itd6 Processes

In this and the following sections we will denote by C; the space of R¢-valued functions
on [0, ¢] that can have a jump only at ¢, that is

C = [(p:[O,t]—>Rd: (pGC([O,t);]Rd), 3 lim ¢(s) eRd]
S—t
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endowed with the supremum norm. The space C; is clearly isomorphic to the product
space

RY x [go eC ([o, t);IRd), 3 lim ¢(s) € ]Rd].
s—>t

Let y(1) be the continuous process in R given by
t t
y0 =30+ [ bas+ [ ewawe) 22)
0 0

where b and ¢ are progressively measurable processes, with values in RY and RF*¢,
respectively, such that

T T
/ |b(s)| ds < oo, / le()]1? ds < oo
0 0

and y° is a .%-measurable random vector.
Let us introduce the following infinite-dimensional reformulation. We will work in
the space

E=TR"x Hw eC ([—T, 0): ]Rd) S 3 lim @(s) € Rd] , (23)
s—0~
whose elements we shall usually denote by x = (E) E is a Banach space when

. 2 . .
endowed with the norm |[(31)[" = Ix1|* + Ilx2l|2.; the notation (-, -) will denote

the duality pairing between E and its dual space E*. The space E is densely and
continuously embedded in the product space

H =R x > (—T, 0; IRd) . (24)

We also introduce the unbounded linear operator A : D (A) C H — H defined as

D(A) = [(;;) €H:xyew'? (—T, 0; ]Rd), X = lirg_xz(s)], (25)
00
A= , (26)
(0 %)

where we identify an element in W'-? with the restriction of its continuous version to
[T, 0). Therefore, we identify also the space

E:D(A)E=|y=(§;)eE;x1: lim x2(s) | - 27)

s—0

The operator A generates a strongly continuous semigroup ¢’4 in H. This semigroup
turns out to be not strongly continuous in E; nevertheless ¢/4 maps E in itself and is

@ Springer



810 J Theor Probab (2018) 31:789-826

strongly continuous in E. This follows from the fact that the semigroup ¢'* has the
explicit form

tA X1
_ 28
o (xz C+0D L7 +X111[—z,0>> e

(see [1] for details on the operator A in the context of delay equations and [13] about
its role in the theory of path-dependent equations).
For any ¢ € [0, T'] we introduce the operator

L':C, - E,
defined as
v (V(O)]l[—T,—z) + v+ )10 29

for every y € C;.
Using (28), it is easy to show (see also Proposition 3) that

X(1)= L'y,

as a H-valued process, is given by

t t
X)) =e4x%+ / =94 B(s)ds + / eU=9AC(s) AW (s), (30)
0 0
where X9 = (xOIL)[C,T_())) and the processes B : [0,T] — E and C : [0, T] —
L (R*, E) are given by
B(t) = (bg)), Cls)u = (C(B)”) for u € R, 31)

The validity of (30) corresponds to saying that X is the unique mild solution to the
linear equation
dX(t) = AX(¢t)dt 4+ B(t)dt + C(t) dW (¢); (32)

hence, we see that our infinite-dimensional reformulation forces us to deal with equa-
tions even if we start from finite-dimensional processes: the operator A appears as a
consequence of the introduction of the second component that represents the “past
trajectory” of the process (see Remark 3).

Proposition 2 The process X is such that X (t) € E Jor every t and the trajectories
t — X (t) are almost surely continuous as maps from [0, T] to E.

Proof The random variable X takes values in E by definition. Since the process y has
almost surely continuous trajectories, (L’ Yz)z eC ([—T, 0); Rd) and L'y, belongs to
E. To check the almost sure continuity of the trajectories of X as a E-valued process
denote again by £2p C £2 a null set such that t — y(w, t) is continuous for every
we 2\ 2, fixwe 2\ R, fixt,s € [0,T] and ¢ > 0; we can suppose t > s
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without loss of generality. Since y (w, -) is uniformly continuous on [0, 7'] we can find
8 such that |y(¢) — y(s)| < ¢/2ift —s < §. Thenfort —s < §

I1X#) — X&)z < ly@) — ()]
+maX’ sup |y(0) —y(»)|, sup Iy(t—s+r)—y(r)|]

rel0,t—s] rel0,s]

<e&.

5.2 Infinite-Dimensional Formulation of Path-Dependent Functionals

A path-dependent functional f is a family of functionals f (z, -), € [0, T'], such that
f): ¢ — R

Among the examples of path-dependent functional, let us mention the integral ones

t
1@, 7/)=/0 gy (), y (s)ds (33)
and those involving pointwise evaluations, like for instance

J@y)=qy@),y)) Lisy. (34)

Here we assume that g : R? x R — R is a measurable function in the first example,
with |g (a)| < C (1 + |a|2) and thatq : RY x RY — R is a measurable function in the
second example and 7y € [0, 7] is a given point. In order to apply Itd calculus let us
simplify and assume that g and g are twice continuously differentiable with bounded
derivatives of all orders.

Given a path-dependent functional f (z, -), ¢ € [0, T] we may associate to it a map
F:[0,T] x E — R setting

F(t,x)= f(, Mix) (35)
where
Mt E — Cl
is defined as
Mx (s) =x2 (s — 1) Ljo,r)(s) + x1 11y (), s e0,17]. (36)

Remark 2 Notice that M, L' is the identity on C;.
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Here we see that if f were defined only on C ([0, t]; Rd), then F would be defined on
[0, T] x E , because of the definition of the operators M;; our abstract results require
instead F' to be defined on [0, T'] x E; see Remark 1.

Path-dependent functionals are often studied in spaces of cadlag paths. The frame-
work presented here can be easily modified to do so, similarly to what is done in
[13]; however, this would require the introduction of further spaces, thus complicating
notations, but would not lead to generalizations of the result proved here.

The aim of this section is to show that Examples (33) and (34) fulfill the assumptions
of Theorem 2.

The abstract reformulation of the functional given in (33) is the map F : [0, T'] x
E — R defined as

t

t
F(t,x) =/0 g (Mix(t), Mix (s)) ds =/O g (x1,x2(s —1))ds

0
=/ g (x1,x2(r))dr.
t

Hence,

IF t ,
o (t,x) = g (x1,x1) —/0 Dg (x1,x2(s —1)) - xp (s —1)ds

0
=g(X1,X1)—/ g (x1,x2(r)) - x5 (r) dr,
—t

which is meaningful, for example, if x, belongs to C 1 ([—T, 0]; IE{d). Indeed since
A(D(A)) c {0} x L? (—T, 0; Rd), we have

D=AYE)=A""({0} x E2),

where
Er = {(p ecC ([—T, 0); ]Rd) 3 lim p(s) € Rd] ,

and so
D= {(;;) € D(A): x; € C ([—T, 0): le)}‘

Moreover, the time derivative of F is defined for every ¢t € [0, T]. Therefore, we see
that

oF ~
—:[0,T]x D — R
at
is a natural assumption, while "3—’? : [0,T] x E — R would not be. Since g is

continuous we also have that 9, F belongs to C ([0, T] x 5; R).
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Let us then investigate the function
oF ~
G(t,x):= o (t,x)+ (Ax,DF (t,x)) xeD,te[0,T].
For h € E we have
1 t
(h, DF (s,x)) = Elin% ;/ (& (x1, (x2 +€h2) (s — 1)) — g (x1, x2 (s — 1)) ds
- 0
t
=/ Dg (x1,x2(s — 1)) -hy(s —t)ds
0

0
_ / Dg (1. x2 () - by (r) dr.
t

But then
G (s,x) =g (x1,x1);

thus we see that the function G (s, x) is well defined on E too! The assumption
G € C ([0, T] x E) is fulfilled.

The abstract reformulation of the functional given in (34) isthe map F : E — R
defined as

F(t,x)=q Mx(@), Mix(10)) Tr51 = q (x1, x2 (fg — 1)) L5y

Hence, writing 91 and d»g for the derivatives of g with respect to its first and second
variable, respectively, for ¢ # 1,

oF

o7 (t,x) = —0oq (x1,x2 (10 — 1)) - x5 (tg — 1) Ly=pp,

which requires x, € C'.
But

G (t,x) = —0q (x1,x2 (1o — 1)) - x5 (10 — 1) L5
+ 019 (x1, x2 (fo — 1)) L=y - (AX) 1 + 02g (x1, x2 (0 — 1)) Ly
< (Ax)y (to — 1)
=0,

because (Ax); = 0 and (Ax); (fo — 1) = x}, (fo — t). Again, G extends continuously
to E.

5.3 Infinite-Dimensional Formulation of Path-Dependent SDEs

In Sect. 5.1 we have formulated a classical Itd process as an infinite-dimensional
process given by a mild formula; this apparently not natural formulation is suggested
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by the case when the process is the solution of a path-dependent SDE. For these
equations, the mild formulation is natural, due to the similarity with delay equations,
where the infinite-dimensional approach is classical. Let us give here some details
about the case of a path-dependent SDE.

Let (£2, .7, IP) be a complete probability space, F = (.%;),>( a complete filtration,
(W (2));>0 a Brownian motion in R* (we shall write W' () for its coordinates), yO an
Fo-measurable random vector of R¢. Consider the path-dependent SDE in R¢

dy(t) =b(t,y)dt +o (6, y)dW (1),  y(0) ="

The solution (y (¢)),¢[0,77 is @ stochastic process in R4 and y; denotes the window

yri={y (s)}se[O,t] .

About b and o, initially we assume that, for each ¢ € [0, T], the function b (z, -)
maps C ([0, #]; R) into R and the function o (¢, -) maps C ([0, ¢]; RY) into R**;
moreover, we assume that b ad o are locally bounded measurable functions, for each
t € [0, T'], with bounds uniform in ¢ and that the processes b (¢, y;) and o (¢, y;) are
progressively measurable. These are relatively weak requirements to give a meaning
to the integral equation

t t
y @) =y’ +/ b (s, ys)ds +/ o (s, y)dW (s). 37
0 0

If, in addition, we assume that b (¢, -) and o (¢, -) are Lipschitz continuous from
C ([O, t]; Rd) to RY and R¥*9, respectively, with Lipschitz constants independent of
t, then existence and uniqueness of a continuous solution, adapted to the completed fil-
tration of W, holds true. We shall also write o (¢, y;) dW (¢) as Zf'(:l o (t, y¢) dWi (1).

We take the operator A as in Sect. 5.1 and we define the continuous nonlinear
operators B : [0, T] x E — E,C;:10,T] x E > E,i=1,...,k, as

B(t,x) = (b(t’é”’x)) (38)
Ci (1, x) = ("f (”OM’X)). (39)

Finally, we set U = R, take Q equal to the identity in U and consider, for every
(t,x) € [0, T]x E, the bounded linear operator C (¢, x) : U — E having components
C; (¢, x).

Given a.%y-measurable random variable X° with values in E we may now formulate
the path-dependent SDE in the Banach space E, i.e.,

dX (1) = (AX () + B (1, X () dt + C (1, X (1)) dW (1), X(0) = X°.  (40)

The natural concept of solution here would be that of mild solution, but since under our
assumptions the stochastic convolution is a priori well defined only in H, we consider
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Eq. (40) in its mild form in the space H, that is

t t
X(t):e’AXO+/ e(lﬂ)AB(s,X(s))ds+/ eT™AC (5, X (5)) AW (s). (41)
0 0

Notice that since E is continuously embedded in H all the integrals in (41) are mean-
ingful.
In the following proposition we clarify the relation between Eqgs. (41) and (37).

Proposition 3 Given an Fo-measurable random vector y° of RY, set X =
(yo, yO]l[_T,O))T. Then, if {y (t)};c(0,7] is a solution to Eq. (37), the process

X(1)=L"y, (42)
is a solution to Eq. (41). We also have
i =M X(1). (43)

Proof By (28) the first component of Eq. (41) reads

t t
(L'yi), =y (@) =X, (r)=X?+/0 B(s,X(s))lds+/o C (s, X (5))1 dW (s)
t t
=y°+/ b(s,MsX(s»dH/ o (s, MyX (5))dW (s)
0 0

t

t
="+ [bemryas+ [ o ML) aw o
0 0
t t
=y0+/ b(s,ys)ds+/ o (s, ys)dW (s),
0 0

which holds true because if is Eq. (37). About the second component, we have

(L'yi)y (1) = X2(6) (r) = X3 (r + 1) L =7, (r) + X} 1 —1.0 ()

t
+/0 b (s, MsX (8)) 1[—145,0] (r) ds
t
+/0 o (s, MsX (5)) 1[—t45,0 (r) dW (5)

t t
="+ /0 b (s, ¥5) Li—t4+s,01 (1) ds + /O 0 (5, 35) Li=t45,00 (1) AW (5) .

For r € [T, —t] this identity reads yo = yO, which is true. For r € [—¢, 0] we have

t+r t+r
y(t+r)=yt(t+r)=y°+/0 b(s,ys)ds+/0 o (s,ys)dW (s),
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because 1[_;45,01 (r) = Ofors € [t + r, f]. This is again a copy of Eq. (37). The proof
is complete. o

Remark 3 We have seen that, at the level of the mild formulation, the equation in
Hilbert space is just given by two copies of the original SDE. On the contrary, at the
level of the differential formulation, we formally have

dX; (t) = B (t, M;X (1)) dt + C; (t, M; X (1)) dW (1)

d
dX, (1) = ZXQ (1) dt.

The first equation, again, is a rewriting of the path-dependent SDE. But the second
equation is just a consistency equation, necessary since we need to introduce the
component X7 (¢). Here we see one of the technical problems which motivate this
paper: X5 (t) = (L’ yt)2 is “never” differentiable (being a trajectory of solution of the
SDE, it has the level of regularity of Brownian motion). In other words, X () “never”
belongs to D (A).

5.4 1t6 Formula for Path-Dependent Functionals

Having introduced the previous infinite-dimensional reformulations, we can apply
our abstract result of Sect. 3 to obtain a Itd formula for path-dependent functionals
of continuous paths. To this end we recall that we intend to apply Theorem 2 to the
spaces

H, =R?
E, = [(p ecC ([—T, 0): IRd) 13 1im p(s) € ]Rd} ,

Hz = L2 (—T, O, ]R,d) N
E = H| x Ej,
H = H| x Hy,

E = [(g) €E:x = li%l xz(s)],
s—0"
D= [(g) €E:xeC! ([—T,O);Rd), x; = lim x2(s)],
s—>0~
U =RF
and to the operator A on H given by
Ax)=(3)
on the domain

D(A) = {(i;) eRY x w2 (—T, 0; le) - %2(0) =x1}.
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As before y is a continuous process in RY given by

t t
y6) =y"+ / b(s)ds + / c(s) dW (s),
0 0
where W, b and c are as in Sect. 5.1 (we set Q = IdRr) and we set
X(t)=Ly,.

Theorem 4 Let {f(z, )} ci0.7 S (. +) : Co — R, be a path-dependent functional
and define

F:[0,T]xE —R
F(t,x) = f(t, Mix).
Suppose that

(i) FeC(0,T] x E; R);
(ii) F is twice differentiable in its second variable with DF € C ([0, T] x E; E™)
and D*F € C ([0, T] x E; L (E; E*));
(iii) there exists a set 7 C [0, T] such that . () = T and F is differentiable with
respect tot on T X 5;
(iv) there exists a continuous function G : [0, T] x E — R such that

IF
G(t,x) = S—(t,x) + (Ax, DF (1, x)

for (t,x) € T x D.
Then the identity
t
) =10,y + /0 G (s, X(5)) ds
t
+/ ((B(s),DF(s,X(s))) ¥ %Ter [C(s)C(s)*DzF(s,X(s))]) ds
0
t
+ / (DF (s, X(s)), C(s) AW (5))
0

holds in probability.

Proof First notice that by Proposition 2 and the discussion in Sect. 5.1 the process X
has continuous paths in E, therefore the set {X (t)}ref0,77 is a compact set in E. With
this choice of E and H, a sequence ¢, : H — E satisfying the requirements of
Theorem 2 can be constructed (following [13]) in this way: for any ¢ € (0, 7/2) define
the function 7, : [-7,0] — [-T, 0] as

@ Springer



818 J Theor Probab (2018) 31:789-826

—T+¢e ifxe[-T,-T+ €]
Te(x) = {x ifx e[-T + e, —¢]
—& if x € [—¢,0].

Then choose any C*°(IR; R) function p such that ||p||; = 1,0 < p < landsupp(p) C
[—1, 1] and define a sequence {p,} of mollifiers by p,(x) := np(nx). Set, for any
¢ € L3(—=T,0; RY)

0
Inp(x) = /T pn(p2n % T1(x) = y)o(y) dy (44)

and finally define ¢, as

Sule) = (/);sO)'

The proof is then completed applying Theorem 2 to the function F and its extension
G. O

Remark 4 The choice of the spaces H and E and of the operators A and _¢#, does
not depend on F and is the same for all path-dependent functionals of continuous
processes. The only assumptions that need to be checked on each functional are the
regularity conditions and existence of the extension G.

The path-dependent functional given in (34) is not covered by the previous result
since it is not jointly continuous on [0, 7] x E. However, it satisfies the assumptions
of Corollary 1, which we now state in its path-dependent formulation.

Corollary 2 Let f and F be as in Theorem 4. If F satisfies the assumptions of Corol-
lary 1, then the formula

f(Tv )’T) = F(O’ )’O)+Z[f (t_/" ytj) _f(tj_’ytj)]

Jj=1

+/OT G (5. X(5)) ds +/0T<DF<s, X().C) W)

+/OT ((B(S), DF (s, X(s))) + %TI"HI [C()QC()* D*F (s, X(S))]) ds
holds in probability.
6 Application to Kolmogorov Equations

6.1 Uniqueness of Solutions

We begin investigating Kolmogorov equation in the abstract setting of Sect. 3, dis-
cussing the particular case of path-dependent Kolmogorov equations afterward. Let
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the spaces H, E, E, D and U, the Wiener process W_and the operator A be as in
Sect. 3; given B : [0, T] x E — Eand C : [0,T] x E — L (U; Hy x {0}) we can
consider the partial differential equation

W(t,x)+ (DV(t,x), Ax + B (t, %)) + 5 Trpg, (C(s,x)QC(s, x)* D>V (t,x)) = 0,
V(T. )=,

(45)
where the terminal condition @ is chosen in Ci’a (E), the space of twice differentiable
real-valued functions ¢ on E such that ¢, D¢ and D?¢ are bounded and the map
E>x — thp(x) € L (E; E*) is a-Holder continuous.

Definition 1 We say that a function V : [0, T] x E — R is a classical solution to
Eq. (45)in E if

Vel® (0, T: C2¥ (E: IR)) nC(0,T] x E: R),

V is differentiable with respectto z on .7 x 5, T C LO, T] being a set of full measure,
and satisfies identity (45) for every t € .7 and x € D.

Assume that B and C are continuous and such that the stochastic SDE

dX(s) = AX(s)+ B (s, X(s))ds + C (s, X(s)) dW(s) fors e [t,T], X(t)=x

_ (46)
has a mild solution X"* in H for all t € [0,T] and all x € E, such that X"*(s)
belongs to E for all s € [r,T] and that the set {X"*(s)} is almost surely

. . s€lt,T]
relatively compact in E.

Theorem S Under the above assumptions any classical solution to Eq. (45) is uniquely
determined on the space E

Proof SuRpose there exists a solution V. Since DV, D?V, B and C are defined on
[0, T] x E and are continuous, the function

1
G(t.x) = = (B(1,x), DV (t.)) — 5 Trya [C(t, X)C(t, x)* DV, x)]
18 a continuous extension of
A%
E(t’ x) + (Ax, DV (¢, x))

from .7 x D to [0, T] x E , because V satisfies Kolmogorov equation.
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Therefore, we can apply Theorem 2 to obtain

@ (X"N(T) =V

—

T
1, X" (1)) +/ G (s, X"*(s)) ds
t

T
+ [ (B(s,X""(s)), DV (s, X""(5))) ds

t

T
+ %/ Tra, [ (5, X"5(9) € (5, X" ()" DV (5, X" ()] ds
1
T

+ [ (DV (5. X"(5)),C (5, X""(5)) dW(s))

t

T
=V (s, Xt’x(t)) +/ (DV (s, Xt’x(s)) ,C (s, X”x(s)) dW(s)).
t

—~

The integral in the last line is actually a stochastic integral in a Hilbert space, since for
every u € UC(s, x)u belongs to H x {0}; taking expectations in the previous identity
we obtain that

V(t,x) =E[® (X"(I))].

O
In the path-dependent case the above discussion can be rephrased as follows. Choose
the spaces H, E, E, D, U and the operator A asin Sect. 5. Let, moreover, D ([a, bl; R4 )

denote the space of R¢-valued cadlag functions on the interval [a, b], equipped with
the supremum norm and set

0 =R x {(p eD ([—T, 0);]Rd) = liI(I)17 o(s) € R?YL.

Then E C O C H and O is isomorphic to D ([T, 0; ]Rd). Through (36) we can
define M7 as a map from O to D ([0, TT; RY).

For a given continuous path y; € C ([O, 1]; R? ) consider the stochastic differential
equation in R?

dy(s) =b(s,ys) ds +o (s, ys) dW(s), se[t.T], yr =, (47)
and assume that b and o are regular enough for Eq. (47) to have a continuous solution
y¥ (compare Sect. 5.3).

Choose f € Cg’“ (D (10, T1; R)) and define

®:0—- R
D (x) = f (Mrx). (48)

If the operators B, C are defined from b and o as in (38), (39), we can consider the
infinite-dimensional Kolmogorov backward equation
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%—‘t/(t, x)+(DV(t,x), Ax + B (t, x)) + %TI'Rd (C(s, x)C (s, x)*D?*V (z, x)) =0,
V(T,)=a.
(49)
We call Eq. (49) the path-dependent Kolmogorov backward equation associated to the
triple (b, o, f). A classical solution V to Eq. (49) uniquely identifies a path-dependent
functional v, which is given by

vit,y) =V (t,L'y). (50)

Since L'y, € E if and onlyif y, € C ([0, tl; IRd), it is an immediate consequence of
Theorem 5 that for every ¢ the function v(z, -) given by (50) is uniquely determined
on C ([0, ]; RY).

Therefore, our uniqueness result for path-dependent Kolmogorov equations takes
the following form.

Theorem 6 Let b and o such that Eq. (47) has a continuous solution for every t €
[0, T1 and every y;, € C ([0, 11; RY). Then, for any f € C;* (D ([0, T]; RY)), any
path-dependent functional v such that the function V (t, x) = v (t, M;x) is a classical
solution to the path-dependent Kolmogorov backward equation associated to (b, o, f)
is uniquely determined on C ([O, t]; IRd).

Proof Set v (t,y;) = V (t, L'y;). By the definition of M7, the restriction of @ to E
belongs to Ci’“ (E). Thanks to the assumptions on » and o, for any y; € C ([0, t]; ]Rd)
there exists a mild solution X L% to Eq. (46) with x = L'y, € E. By Propositions 3
and 2 X" takes values in E and has continuous paths with respect to the topology of
E.

Therefore, we can apply Theorem 5, and hence, ¥ is uniquely determined on
C ([0, 11; R?); but for any y; € C;

U(t, Vt) =V (ta MtLt]/t) =V (I»Lt]/t) = 5(ta Vt)

m}

Remark 5 For y; € C ([0,1]; R?) and x = (y; (1), L’yt)T the process X’* in the
previous proof is given by

X" (s) =Ly,
Therefore, if v and V are as above we have, by the definition of solution and Theorem 5,

that

v(t, )=V (t, L")
=E[o (X"*(T))]
=E[f (MrX"*(I))]
el (171737
=E[f (v7)]-
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This is what one would expect to be the solution to a Kolmogorov equation with
terminal condition f associated (in some sense) to the SDE (47).

Notice that the extension of y; introduced by the operator L’ is arbitrary; nevertheless
it does not play any role in the path-dependent Kolmogorov equation since B and C
are defined using M;; compare Remark 2.

6.2 Another Example on Kolmogorov Equations

We try to identify a class of functions solving virtually a Kolmogorov type equations.
The inspiration comes from [8], Section 9.9, see also [5], Theorem 3.5 for a variant.

Let N e N, g1,...,gnv € BV ([0, T]). We set go = 1. We define by X' (¢) the
(N + 1) x (N + 1) matrix

T
Xij (1) 1=/ gi (s)gj (s)ds.
t

We suppose that X' (¢) is invertible for any 0 < t < T . We denote by

pi(x) = —lez—l (t)x)

! exp (
Qm)'F Jdet T ) 2

the Gaussian density with covariance X (¢), for r € [0,7T), x € RN+ Let [
RMN*! — R be a continuous function with polynomial growth. We set

gj(s)=gj(s+T)

0<j<N,se[-T,0]. We consider H : C ([T, 0]) — R defined by

H(n)=f(n(0),/ §1d77,...,/ §Ndn),
[—T,0] [—T,0]

where

/ gidn 5=§i(0)77(0)—/ ndg;.
[-T,0] [—T,0]

To simplify, let us assume g; continuous.
We define 7 : [0, T] x R x C ([-T,0]) = R by

%(t,x,xh):??(z,x,/ gl(-—i—t)dt/f,...,/ gN(‘+l)d1/f), 51
[-T.0] [-T.0]

where % : [0, T] x R x RV — R is motivated by the following lines.
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We consider the martingale
M, = E [h|.7]

where (with Wy = W7, s € [-T, 0]),

T
h:H(W):f(WT,/O gl(s)dWs,...,/O

We proceed by a finite-dimensional analysis.
We remind that g; (s) = g; (s + T). We evaluate more specifically the martingale
M. We get

T
gn (s) dWs) .

_ t t
M, =% (t, W,,/ g1 (s)dWs,...,/ gN (s)dWS),
0 0

where

U (t,%,X1,...,XN)

T T
:E[f(x+WT—Wt,x1+/ gldW,...,xN—i—/ gNdW):|
t t

Z/RNHf(x"'gO’xl+51a-~-’xN+f;'N)p;(E)d$
:/ f &, &, ....EN)pr(x — &0, x1 — &1, ..., xy —EN)dEpdE ... dEN.
RN+

By inspection we can show, see also [8], that Y e Cl? ([O, T) x RNH)

N 2.7
~ 1 °U
KU + - X (t =0 52
: +24Z Tk v (52)
i,j=0
U (T, x)=f(x),
where x = (xo, X1, ..., xn). This can be done via the property of the density ker-

nel (¢, &) — p; (§) and classical integration theorems. We set 7 : [0, T] x R x
C(-T,0]) > Rasin (51).

Proposition 4 Let C? := C? ([—T, 0]). The map % has the following properties:
(i) % ec™>0
(i) 7 eCt>1 (10, T] x R x C?)
(iii) the map
t,x, V) > A (U) (t,x,Y) i= U (t,x,9) +(DVU (t, x,¥), ¥)

extends continuously on [0, T] x R x C ([—T, 0]) to an operator still denoted
by o (U) (t,x, V)
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(iv)

1
U + A (U) + 53§x‘“?/ =0.

Proof (i) Obvious.

(ii)) We evaluate the different derivatives for (¢, x,%) € [0,T] x R x C 2 We get
from (51)

a[%(t,x,m//)zatﬂy(t,x,/ g1 (~+t)d1p,...,/ gN(~+t)d1p)
[—1,0] [—,0]

N
+zajq7(t,x, /
=1 [

—t,

g1<.+z)dw,...,/
0]

[—1,

gn (-+1) dl/f)
0]
X — gj (- +n)dy. (53)
dr [—1,0]
Now we observe that

d d /
5 [—I,O]gj (+ndy = a‘/[_tyo]gj &)Y (€ —1)dE

=gj(t)1/f’(0)—/

[,

N g Y (& —1dk

=/ ¥ (& —1) g (d§) (54
[~1.0]

(remark that, without restriction of generality, we can take g; (0) = 0). Now we
calculate

(DY (t,x, ), )

N
=Zaj022(t,x,/ gl(.+t)d1p,...,/
= [—1,0]

(-1,

gn (- + t)dl/f)
0]
x <DW/ gj (- +0)dy, 1/;’>. (55)
[—2.0]
Now the application
W'—>/ gj(~+t)d¢=/ g GE+ny (&) dE
[~1,0] [—,0]

=—/ dvf@/ dgj(l>=—/ dg; ) [ dv @
[—2,0] (&+1,0] (0,7] [I—t,0)

- —/ dg; Oy (L —1)
(0,7]
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has to be differentiated in the direction y’. Taking into account (53), (54), (55),
it follows that

WU (t,x, )+ (DVU (t,x,¥),¥)

=0 U (t,x,/ g1 (-+t)d1//,...,/ 8N (-—i-t)dt//) (56)
[—12,0] [—12,0]

for every ¢ € C2. On the other hand by (52) it follows that % ectZ1([0, T] x
R x C?).

(iii) By (56), for (t,x,¢) € [0, T] x R x C?%, we get

d(%)za,@(t,x,/ gl('+l‘)d1/f,...,/ gN(-+t)d1/f).
[—2,0] [—2,0]
(iv) This claim follows by inspection, taking into account (52). O
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