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Abstract Let {X(¢) : t € R} be a stationary Gaussian process with almost surely
(a.s.) continuous sample paths, EX (1) = 0,EX 2(t) = 1 and correlation function
satisfying () r(t) = 1 — C|t|* + o(|t|*) ast — O for some 0 < o < 2 and C > 0;
(ii) sup;~ [ (¢)| < 1foreachs > Oand (iii) 7 (¢) = O(t™*)ast — ooforsomei > 0.
For any71 > 1, consider n mutually independent copies of X and denote by { X, (¢) :
t > 0} the rth smallest order statistics process, 1 < r < n. We provide a tractable
criterion for assessing whether, for any positive, non-decreasing function f, P(6f) =
P(X,.,(t) > f(t) i.0.) equals O or 1. Using this criterion we find, for a family of func-
tions f,(¢) suchthatz,,(t) = P(sup,po.1) Xrin(s) > fp(1)) = O((tlog' P 1)~"), that
P(é‘)fp) = 1{p>0;. Consequently, with §,(t) =sup{s : 0 < s <1, X, (s) > fp()},
for p > 0 we have lim; .00 §,(f) = o0 and limsup, . (§,(1) — 1) = 0 as.
Complementarily, we prove an Erdos—Révész type law of the iterated logarithm
lower bound on &,(¢), namely, that liminf; .. (§,(t) — t)/hp(t) = —1 as. for
p > 1 and liminf, o log(§,(t)/t)/(hp(t)/t) = —1 as. for p € (0, 1], where
hp(t) = (1/zp())ploglogt.
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1 Introduction and Main Results

Let X = {X(¢) : t € Ry} be a stationary Gaussian process with almost surely (a.s.)
continuous sample paths, EX (r) = 0 and EX?(r) = 1. Suppose that the correlation
function of X, r(t) = EX (¢) X (0), satisfies the following regularity assumptions:

r(t)y=1—=Clt|*+o(|t|*) ast — Oforsome0 <o <2, C >0,

r*(s) =sup|r(t)] <1 foreachs > 0, (1)
t>s
r(t) = 0(t™2*) ast — oo for some A > 0. 2)

The analysis of extremes of Gaussian stochastic processes has a long history. The cel-
ebrated double sum method, primarily developed by Pickands, e.g., [8], and extended
by seminal works of Piterbarg, e.g., [10] or monograph [9], plays central role in the
extreme value theory of Gaussian processes. The technique developed there appeared
to be an universal method, which may deliver answers also to classes of non-Gaussian
processes, see for example, recent contributions of [5,6].

Laws of the iterated logarithm take important place in this theory, providing proper-
ties of extremal behavior of stochastic processes on large-time scale. One of important
contributions in this domain is a result on the process & = {£(¢) : t > 0}, defined via
E(t) =sup{s : 0 <5 <t,X(s) > (2log Y2 In particular, the law of the iterated
logarithm implies that, see [11,12],

limsup(é(t) —¢) =0 as.
—00

Interestingly, under the above regularity assumptions, [12] gave the lower bound of
£(t) and obtained an Erdos—Révész type law of the iterated logarithm, that is,

t —
lim inf 50—t __Ctovm
t—oco f(logr)@=2/Cx) . Jog, t aHy (2C) Ve

L log G/ _ 2T

as. if0 <a <2, 3)

li = as. ifoa =2, (4)
t—00 ]ogzt Ho /2C
where H, is the Pickands’ constant defined by H, = lim7_ o T~ 'E

SUPrei0.11(V2Ba2(D=1) | yyigh By/2 = {Bq)2(t) : t > 0} denoting fractional Brownian
motion with Hurst index «/2 € (0, 1], i.e., a continuous, centered Gaussian process
with covariance function

1
EBy/2(s)Bay2(t) = E(ISIO[ + 1% — |t —s5|%).

Equation (3) shows that for any 7 big enough there exists an s in [t — ¢ (log 1) (@ —2)/ ) .
log, ¢, t] such that, almost surely, X (s) > (2logs) 1/2 and that the length of the interval
t(logt)@=2/C) . log, ¢ is smallest possible. Moreover, the bigger the parameter « is,
the wider the interval will be.
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In this paper, we derive a counterpart of Shao’s result for the order statistics process
X;.n. Namely, for any n > 0, we consider X1, ..., X,, n mutually independent copies
of X and denote by X,., = {X,.,(¢) : t > 0} the rth smallest order statistics process,
that is, foreacht > 0,1 <r <n,

X1 () = min Xj(t) < Xow(®) < ... £ Xp—1:m (1) £ max Xj(t) = Xpu(1).
l<j=n l<j=n

Our first contribution is the theorem that extends classical findings of Qualls and
Watanabe [11].

Theorem 1 For all functions f that are positive and non-decreasing on some interval
[T, 00), T > 0, it follows that

]P’(é”f) =P (Xpn(t) > f(t) 10)=0 or 1,

as the integral

o0
I ::/ ]P’( sup X,u(t) > f(u)) du is finite or infinite.
T

te[0,1]

[1, Theorem 2.2], see also [3], gave the expression for the asymptotic behavior of the
probability in .#, namely

IP’( sup X, (t) > u) = Cé (’;)Hw,;uti (\Il(u)); (14+o0(1)), asu— oo, (5

tel0,1]

where 7 =n—r+1,W(u) =1 — ®(u) and ®(u) is the distribution function of unit
normal law,

Hor = lim T VHy 1 (T) € (0, 00),
T—o00

Ho 1 (T) :/ er=1 YiP{ sup min («/EBS/)Z(I) — % — u)l-) >0 )dw... dw
Rk tel0,7]1=i=<k

and Bg)z, 1 <i < n, are mutually independent fractional Brownian motions. Hy  is
the generalized Pickands’ constant introduced in [2]; see also [1]. Therefore, Theo-
rem 1 provides a tractable criterion for settling the dichotomy of P (éof)

For instance, let
A 1
2—ra 2
logs + 5 +1—p)log,s , peR
o
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One easily checks that, as u — oo,

2—rfa

P( SUp X,n(1) > fp<u>) = C(”)H— (%) " (utog u)_1 (1+o(1)).
1€[0,1] I} Q2m)z \T

(6)
Hence, for any p € R,

]P)(Xr:n(t) > f[?(t) 10) = [é:iz 28 ’

Furthermore,

. Xran (1) \F
lim sup =,/ = as.
t—00 lOgt r
Next, consider the process &, = {£,(t) : t > 0} defined as
Ep() =sup{s : 0 <5 <1, X;,(s) = fp(s)}.

Since .¥ f, =00 for p > 0, Theorem 1 implies that

lim £,(t) =oc0 as. and limsup(§,(t) —t) =0 as.
=00 t—00

-1
hy(t) = P(P(‘S:(I)P“Xr:n(s) > fp(t))) log, .

The second contribution of this paper is an Erdos—Révsz type of law of the iterated
logarithm for the process &,.

Let, cf. (6),

Theorem 2 If p > 1, then

t)—1t
lim inf & =—1 a.s.
t—00 h[,(t)
If p € (0, 1], then
1 t)/t
liminfM =—1 as

=00 hp(t)/t

Now, let us complementary put n, = {n,(¢) : t > 0}, where
np(t) =inf{s > 1 : X;n(s) > fp ()}
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Since
X,.
P(Sp(t) —1 < —x) =P sup rin(5) <1
se(t—x,t] fp(S)
and
Xrn(s)
Plz—n,(2) <—x)=P sup <11,
( P ) (se[z,z+x] fp(s) )
then it follows that o @
J— t J—
timinf 20 = _ i ing 212 )

t—00 hp(t) 7—00 hp(z)

Theorem 2 shows that for 7 big enough, there exists an s in [t — &, (¢), t] (as well
as in [t,t + hp(t)] by (7)) such that X,.,(s) > f,(s) and that the length of the
interval h,(t) is smallest possible. One can retrieve (3)—(4) by setting n = 1, and
p = 25;“ +1 = 2;“—0[“ Theorem 2 not only generalizes [12, Theorem 1.1], it also
unveils the lacking so far structure of the lower bound of &,(¢) by relating it, via
h (1), to the asymptotics of the tail distribution of the supremum of the underlying
process evaluated at f,(¢); in (3) 1 (log t)(“_z)/ @) i5 of the same asymptotic order as
the reciprocal of P (Supse[o,l] X(s) > 2logt)!/ 2). This shines new light on this type
of results, which appear to be intrinsically connected with Gumbel limit theorems; see,
e.g., [7], where the function 4, (¢) plays crucial role. We shall pursue this elsewhere.

The paper is organized as follows. In Sect. 2, we provide a collection of basic results
on order statistics of stationary Gaussian processes, used throughout the paper, and
prove auxiliary lemmas, which constitute building blocks of the proofs of the main
results. These are given in the final part of the paper, Sect. 3.

2 Auxiliary Lemmas

We begin with some auxiliary lemmas that are later needed in the proofs.
The following lemma is the general form of the Borel-Cantelli lemma; cf. [13].

Lemma 1 Consider a sequence of events {Ey : k > 0}. If

D P(E) < o0,

k=0

then P (E, i.0.) = 0. Whereas, if

3 P (ExE;)
ZP(Ek) =00 and liminf zlfkjlfn k 2:
k=0 n— 00 (Zkzl P (Ek))

then P (E, i.0.) = 1.
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The following two lemmas constitute useful tools for approximating the supremum
of X,., on a fixed interval by its maximum on a grid with a sufficiently dense mesh.

Lemma 2 There exist positive constants K, ¢ and uq such that

2 01
P max X, (jOu @) <u——, sup X,n(t) >u
0<j<u® /0 U tef0.1]

< Ku'd (W) 057 1w(eo™ ),
foreach 6 > 0 and u > uy.
Proof Note that, by stationarity, there exists a constant K, that may vary from line to

line, such that, for sufficiently large u,

0%
IP>( max Xr:n(jeu_é) Su——, sup X,;(1) > Lt)
05‘;5,4%/9 U tefo,1]

u% 6%
= 7]? Xrn(0) Su——, sup Xpp(t) >u

U tef0,1]
2 a
<2 (" " [P’(V X <u—"v sup X;(1) > )
R P— ; u——,Vv;=— i u
=3\ n—ra+l i=1,...,r &Xi = » Jj=r,...n te[Ol,)ll j

A
)
=

2 o n—r
o 0%

“plx,0) <u-"=, sup X, 1) >u (P sup X0) > u

0 U 1eo,1] 1€[0,1]

< Ku® (W) 65 w(co ).

The last inequality follows from (5) and the classical result of [7, Lemma 12.2.5],
where the constant ¢ > 0 is given therein. O

The proof of the following lemma follows line-by-line the same reasoning as the proof
of [1, Theorem 2.2], and thus we omit it.

Lemma 3 Forany6 > 0, as u — oo,

IP’( max Xr;n(jeu5)>u)zci(';)w&(u))f(wo(l)).

0<j<uw/0

The next lemma follows directly from [4, Theorem 2.4] and is a generalization of the
classical Berman’s inequality to order statistics.

Lemmad4 For some n,d > 1, and any 1 < | < n let {f;‘l(o)(i) 1 < i < d}
and {él(l)(i) :1 < i < d} be a sequence of N(0, 1) variables and set Ui(l’f;k =
EEM ()EX (), =0,1. Forany 1 <r <nand 1 <i <d, let £%)(i) be the rih
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order statistic ofél(K)(i), s ,EK>(i). Suppose that, forany 1 <i,j <d,1 <l,k <
n,k =0,1,

() ()
Oit, jk = Oij Iy

1=k}

for some al.(f). Now define

0) 1) r) Ui(jl) (1 + |h|)(n—r)/2

— r [—

pij = max ( o |+ 19 ), Aij = /Ji;)) —(1 YR dh

Then, for any uy, ...,uq > 0, for some positive constant C, , depending only on n

and r,

- ©0) (; .)_ (d (1) ¢4 )
P(izl (g9 <u})-P N (g0 = )

A 2 2
r(ui —}—uj)

(n— +
<6 3 o) () o0 ir
ij

1<i<j<d

Lemma 5 Under the conditions of Theorem 2, for any ¢ € (0, 1), there exist positive
constants K and p depending only on e, a and A such that

Xy (1) (1-e [T -
P 1 — P Xy (t d +KS p,
(si‘fﬁf 0 = )Sexp( (o) Jsun (,S[LSI,’H ()>fp(")) ")

foranyT —1> 8 > K.

Proof Let, foranyi > 0O and ¢ € (0, 1),
si=S+i(l+e), ti=si+1, xi=fpt), I =i, t].

For some 6 > 0, define grid points in the interval I;, as follows

2

Siw=si+ugi, 0<u=<L; Li=[1/q], qi=0x;“. (3)

Since f) is an increasing function, it easily follows that, with 7'(S, &) = [(T — S —

D/ +e)l,

T(S,e)
Xyon (1)
P{ sup : <1l)<P sup X, (1) < x;
(Sgth fp(®) ﬂ rel; ' '

i=0

<P N

1=

T(S,e) [

max Xr:n(si,u) =X
0<u<L;
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Forany 1 <! <nandi > 0, let X;; be an independent copy of the process X;.
Define a sequence of processes ¥; = {Y;(¢) : t € U;[;} as Y;(t) = X; (1), if t € I;.
Let Y,.,, = {Y,.,(¢) : t > 0} be the rth order statistic of Y1, ..., Y,. Put

0
U,(l jk =EX )X (j) =7 (J —il) ly=xy =: 0 )l{z =k}

,(l ;k =EYOYe(j) =7 () —iD) Yy=k)1 @mi,jer,) = G, 1{1 =k}

and note that

i)
Ay
I

max (

0 1
o[ o)) =1raj = in 1,

s 2(n—r) r(j—i) 2(n—r)
o (% (14 1h) o ( + |AD)
A = LS)) —(1 — hz);/z dh = 1{Vn1:l,]¢1m} (1= h2)f/2 dh

=: 1{Vm:i,j¢1m}|z‘1§;)|- 9)

Now using Lemma 4 we find that

0<u<L;

T(S,¢e)
P m [ max X, (Siu) <xz]

i=0

T(S,e)

< Pl max X <

= H) (0<u< rn(slu) xl)
=

F (xl-2+x]2-)

2141 (sj0 — i)

—(n—r) |
+Cur 2L 20 ) U |AD,,
0<i<j<T(S,e) 0<u<L;

OSUSLJ'

exp

=: P + P>.
Estimate of P.
Since X;., is a stationary process, from Eq. 5 combined with Lemma 3, for any

e € (0, 1), sufficiently large 0 and S,

T(S,8)

Py <exp|-— Z P(Og{g Xrin (Siu) > x,)
i=0
T(S.¢)
<exp|—-(1—-¢) Z IP’( sup Xrn(t) > fpt) )
tel0,

1— T
<exp| ——° / P( sup Xpw() > fp(u) ) du ).
L+e Jsr1 \vepo.1]

Estimate of Ps.
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Noting that, forany 0 <i < j,0<u < L;,0<v <Lj;

Sjw—Siu =95 +vg; —si —ugqi =G —i)(1+e)+vq; —uq > (j—ie,

we have
sup  |r(sj v —siw)| < sup  |r(s —sH =r*((j —De) <rf(e) < 1.
O<u<L;, [s—=s'|=(j—i)e
OSUSLJ'

Without loss of generality assume that A < 2. From (2) it follows that there is sp such
that for every s > s,

r¥(s) < s~ < min(1, 1) /4.

Finally, since the integrand in the definition of Aﬁ, iv ;.» 18 continuous and bounded on

[0, 7*(g)], there exists a generic constant K not depending on S and T, which may
differ from line to line, such that

A0 | = Kirtsj = siol = K = e).

Siusjv

Therefore, for sufficiently large S,

F(x2 4+ x2)
P, <K Z L,-Ljr*((j—i)g)exp(—2 . ’* i )
0<i<j<T(S.) (I +r*((j —ie)

A
=

>+ > o

0<j—i<2s0 Jj—i>2sg
0<i<j<T(S,e) O0<i<j<T(S,e)

sz
(Zx e W)

22 PO+ x7)
+ Z xfxi (G —1) keXp(_Z(l——i—%j)))

Jj—i>2sg
0<i<j<T(S,e)

s o R
1 * 1+5 I+5 . o —
<K D YO T Ty G-
i=0 j—i>2s0
0<i<j<T(S,¢e)

We can bound the first sum from the above by

KZ(S+1) 1+ /*(F < KS_lfq/r (A)'

i=0
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588
The second sum is bounded from above by

1 1 1 1
Z i H—%j 1+% (] _l-)—)\ — ZJ 1+% Zl 1+§( l-)—)\
j=5 :
/21 _ 1 _ gl
' Ty G-t

S<i<j<oo
5t (G PR (/)
i=[j/2]

o0
2.
j=S i=$
_1
Z j . 'Hll{xe(o,l)}))

«_)"H_HI’A TN
J 2+ T2dogj - lpenyt+J

IA

1—A— %
"2 ey

I /\

oo I

[e.¢]
=K Z 1+2 log j - 1}»612)}+Z]
: ] S
1,% 2— 177
<K(|S "ilogS-lpenay+S B Lpeo)y )-
Hence, for some positive constant p, depending only on ¢, & and A

P, <KS*,
O

which finishes the proof.
Lemma 6 Under the conditions of Theorem 2, for any ¢ € (0, 1), there exist positive

constants K and p depending only on ¢, « and A such that

(7S] 2 o/
P ﬂ max rn(S+i+uby, ©) <y ———
i=0 | o=usiy® /61 Y
sup X, (t) > fp(u)) du) KS™°

1 T
> —exp{l —(1 +8)/ P
4 s 1€[0,1]

foranyT —1> 8 > K, where y; = f,(S+1i) and 0; = y,
fp(a;). Define grid points in the

8

Proof Let, for anyi > 0,a; = S + i so that y;
interval (a;, a;11] as follows
e (10)

[N

aiy=a;+tug, 0<u=slLl; Li=I[1/qil, qi=06y

@ Springer
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Finally, put y; = y; — 6‘1.Z /yi. Similarly as in the proof of Lemma 5, using Lemma 4

we have
[T—S]
P X <
( m IOEII,ta;XL rn(al w) < y1])

i=0

[T-S5]
= H (0233( X (aiu) < Yz)
-o-n (_zn \F
= Cnr Z Z (_Aui.uaj.u)

0<i<j<[T—S]0<u<L;
0<v=<L;

(5+5)
20+ [r(ajo — aiwl)

=: P[— P;,

exp

where A;?uam is as in (9).
Estimate of P;.
Note that, by Lemma 3 combined with Eq. 5,

[T-5]
1
Pl/ > Zexp(— Z P(Oglix Xrn(@iu) > yl))

[T 5]
2 ( ( sup Xrn(t) > )A)t))
t€l0,1]
{ [T—S]
> Zexp( (1+¢) Z (tes[lé%]Xr;n(t) > Yi))
= —eXP( (1 +8)/ (les[l(l)p1 Xy (1) > fp(u)) )

provided that S is sufficiently large.
Estimate of P,.
Noting that, for j > i +2,andany0 <u < L;,0 <v < Lj;
ajov — iy =aj+vq; —ai—uq; = j—i—1,

we have

sup [r(ajy—aiu)| < sup |r(s=s)|=r*(—i—1D <r* ()<l (1)
0<u<L; |s—s'|=j—i—1
Ofvaj
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(r)
a

Since the integrand in definition of A n is continuous and bounded on [0, r*(1)],

there exists a constant K such that

<Kr(ajy—aiu) <Kr*(j—i—1) < K.

Aiudjy

‘ A

On the other hand, by (1), there exist positive constants so < 1, such that, for every
0<s <s0,

AT > r(s) = 1 =25 > 0.
Hence,

(—AD Yt =0, if j=i+1, 1+vg;—ug < s, (12)

Aiudjy -

Ir(ajo —aiw)l <r*(so) < 1, if j=i+1, 1+vg; —ug >so (13)

Therefore, by (11)—-(13) we obtain

S 0y 1 ( FGE+37) )
O0<i<iToS]-102u=r, Y1 = 7%(s0) 2(1 + r*(s0))
j=i+l  0<v<L;

s(i_i_1 P2+ 37

D = )

0si<iT-s1-2 02z, V177D A+rg=i=1
i+2<j<[T—-S]0<v<L;

IA

Py

Completely similar to the estimation of P, in the proof of Lemma 5, we can arrive
that there exist positive constants K and p, independent of S and 7', such that, for
sufficiently large S,

P, <KS™’.
O

The following lemma is a straightforward modification of Lemmas 3.1 and 4.1 of
[14] and [11, Lemma 1.4].

Lemma 7 [f Theorem 1 is true under the additional condition that for large t,

2 2 3
< logr < f7(t) < < logt, (14)
r r

it is true without the additional condition.
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3 Proofs of the Main Results

Proof of Theorem 1 Note that the case . < oo is straightforward and does not need
any additional knowledge on process X,., apart from the assumption of stationarity.
Indeed, for sufficiently large 7',

Z ]P)( sup Xr:n(t)>f(i)) Z]P)( sup Xrn(t)>f(l+l))<jf<oo

i—i71e1 \relii+] 27y \selol

and the Borel-Cantelli lemma completes this part of the proof since f is an increasing
function.

Now let f be any increasing function such that .#; = oo. With the same notation
as in Lemma 5 with f instead of f,, we find that, for any § > 0,

P(X,.n(s) > f(s)i.0.) > P({sup X (t) > x,-] i.o.)

tel;

>P ([ max X,.,(si,) > x,] i.o.) ,
1<u<L;
—2/a —2/a

where, recall, s; , = S +i(1 + &) + ubx; ,Li =[1/(0x,
more, for sufficiently large S and 6, cf. estlmatlon of P1,

)1, 0, e > 0. Further-

o0

]_ o0
Z]P’( max X,,,(s,u)>x,) > 8/ P sup Xom(®) > fu) ) du = o0
iz ==k I+eJs

1€[0,1]
(15)
Let E; = {maxi<y<z; X;:n(8i,«) < x;}, and note that

1-P(Ef io.) = lim_ HIP’(Ek)+ lim (P(ﬂ Ek)— H IP’(Ek)).
k=m k=m

k=m

The first limit is zero as a consequence of (15), and the second limit will be zero
because of the asymptotic independence of the events Ey. Indeed, there exist positive
constants K and p, such that for any n > m,

mn—

<K(S+m)",

(ﬂ Ek)— ﬁ]P’(Ek)

k=m

by the same calculations as in the estimate of P, in Lemma 5 after realizing that,
by Lemma 7, we might restrict ourselves to the case when (14) holds. Therefore,
P (E{ i.0.) = 1, which finishes the proof. O
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Proof of Theorem 2 Step 1. Let p > 1, then, for every ¢ € (0, %),

Ep(t) —1

p

lim inf > —(1+2¢)% as.
—0o0

m}

Proof Let {T; : k > 1} be a sequence such that Ty — oo, as k — oo. Put Sy =
Ty — (1 +2€)?h,(Ty). Then by Lemma 5,

%-p(Tk) - Tk 2) Xr:n(t)
Pl——<—-(1+2 =P T Sy) =P 1
( (T = —(1+2¢) (p(Ti) =< S) (skiljgrk Ao )

(il )o)
<expf — P{ sup Xy (1) > fp(u) Jdu )+ 2KT, 7,

(I+¢) Js41 \seo.1

where the last inequality follows by the fact that /1, (t) = o(t), so that Sy ~ Tj. Note
that as k — o0

T;
/ k P( sup X, (2) > fp(u)) du ~ (1 + 28)2hp(Tk)]P( sup X, (1) > fp(Tk))
S

k+1 1€[0,1] tel0,1]
= (1+42¢)%plog, Tx. (16)
Now take Ty = exp(k!/?). Then
o o0
D P(EN(T) < Si) <2K > k1D < o0,
k=0 k=0

Hence, by the Borel-Cantelli lemma,

Tv) — T
fiminf 2200 =Tk o 1002 ) (17)
k—00 hp(Ty)
Since £(t) is a non-decreasing random function of ¢, for every Ty <t < Tj4+1, we
have

§p) =t hp(T) §p(T) = Tiwr _ hp(Ti) (Sp(Tk) — T Tip1 — Tk)
hp(®) = hp(Ter1)  hp(Th) hp(Tit1) hp(Ti) hp(Ty) ]

For p > 1 elementary calculus implies

Tepr — Tk . hp(Tx)

lim , 7 =
k—oo hp(Ti+1)

k—=oo  hp(Ty)
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so that
t)—t Ti) — T
timinf 2 "1 o pimnp 20 T o
t>00  h,(t) k—o00 hp(Ty)
which finishes the proof of this step. O

Step 2. Let p > 1, then, for every ¢ € (0, 4—1‘),

Ep(1) —1t

<—(1-—¢) as.

Proof As in the proof of the lower bound, put
Te = exp(IF/P) Se =T — (1 — &), (Ti), k= 1.

Let

Xr:n
B = {&p(Tx) < Sk} = { sup ) < 1} .

Sp<s<Ty fp(s)
It suffices to show P (B,, i.0.) = 1, that is
o0
mlgnoolp(ku Bk) =1. (18)
=m

Let af = S¢ + i and define grid points in the interval [af, af 1] as follows

8
k k k k k k k ko ky—2 k k) @
a;,=a; tuq;, O0=<u<L;, L;=I[l/q;], gq; =6;(y;) =, 9i=(yl‘) ,
&= fpad).
Put

[Ty —Sk]
Ap = ﬂ [ max Xy (af,) < yf —Gil‘/yf‘] .

i—0 0<u<L!
Clearly, form > 1,
o0 o0 o
H”(U Ak)S]P’(U Bk)+ > P (AN B).
k=m k=m k=m
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Put )7;‘ = yl[‘ — Gl.k / yf . Then, by Lemma 2, for some constants K independent of S and
T, which may vary between (and among) lines,

0 00 [Tk—Sk]
DIP(ANB) <> D> Pl max Xeu(af,) <3 sup Xp(s) = yf
k—=m k=m  i=0 O<u<L s€[0,1]

IA
>
M8

oHFWOHEH (keH7)

log? a*
(aflogl_pa;‘)_l(loga;‘)i_wexp(— £ ’)

'Q
Me I
110 810

K

»
I
S
I
[}

(S + i) "3 (log(Sg + i))a—3e+p~1

o
Mz
M2

i
3
ﬁ
o

<KZSk < )

k=m

provided m is large enough. Therefore,

mlgnooZIP’ (AknBf) =0
=m

and

mlgan(U Bk) > mlgan(U Ak)

k=m k=m

To finish the proof of (18), we only need to show that
P(A,i0.)=1. (19)

Similarly to (16), we have

Ty
/ ' IP( sup X, (1) > fp(u)) du ~ (1 — ¢)plog, Tx.
s,

k tel0,1]

Now from Lemma 6 it follows that
! 1
P(Ax) > Z exp (—(1 — 82)p10g2 Tk) — KSk P> gk_(1_84)’
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for every k sufficiently large. Hence,
o
> P (4) = oo (20)
k=1

Applying Lemma 4, we get for 0 < ¢ < k
P (ArA) = P (A P (A) + Mk, 21

where, similarly to the proof of Lemma 5,

~ 5ky2 562
i\~ | r((y,-) +(yj))
Mk,t=Cn,r Z Z (ylkyt,) A(;) o Xp _2 1 k 1
0i [T, —S] 0<u<L i (I 1r(siy, = 550D
0<j=ITi=S12, /4
- —J

where
A(r) k t
‘As,ﬁs} =K =]
It is easy to see that,
Sk+1 — T
M ~ 1’ as k — 00,
Tiy1 — Tk

so that, for 0 < t < k and k large enough, and assuming without loss of generality
that A < 2,

kot * _ * _ * 1 _
r(sipy =S )| = Sk =T) = r"(Sk — Tr-1) < Kr 2(Tk Ti—1)

< 2K (T — Tr—) "
< min(l, 1)/16.

Therefore,

(a7 +a?)
21+ %)

Mo < K(Ti—Tie)™ D LfLLexp
0<i<[T}—Sk]
0<j=[Ti—51

1
A

1
_ Tk T A
< KT = Te) " Lig_slin-s) 2, (@) ¥}
0<i <[T}—Sk]
0=/=I1,-5,]
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a, 5 5 %
< K(Tx — Tx—1)" " loge T loga T; - T,* T,

A

< KT % < K exp(—=AkU+e)/P 4y,

Hence we have,

> M < oo (22)

0<t<k<oo
Now (19) follows from (21), (22) and (20) and the general form of the Borel-Cantelli
lemma. O

Step 3. If p € (0, 1], then, for every ¢ € (0, 4—11),

liminf log (&,()/1)

_ 2
im in 7o)t > —(1+2e)° as. (23)

and
lim inf log (§,()/1) & 0/1)

im in ROV <—(1-—¢) as. 24)

Proof Put
Te = exp(k!/P), S = Ty exp (—(1 + ZS)ZhP(Tk)) .

Proceeding the same as in the proof of (17), one can obtain that

tim ing 08 (60 T/ Te)
koo hP(Tk)/Tk

> —(1+42¢)% as.
On the other hand it is clear that

lim ing (£ EpO/1) > limint 28 &P T/ Tk) T/ Te)
1—00 hy(t)/t k—00 hyp(T)/ T

since

log T/ Tur1) _ s hp(Ti) Tt

1m = m e —
k—=oo  hp(Ty)/ Ty k=oo  Tr  hp(Ti+1)

This proves (23).

Let
Te = exp (k(1+€2)/1’) . Sk =Teexp (—(1 — )h,(Ty)) .
Noting that
M ~1 ask — oo,
Sk+1
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along the same lines as in the proof of (18), we also have

lim inf log (&, (Tk)/ Tic)

<—(1-¢) as.,
k— o0 hp(Te)/ Ty

which proves (24). O
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