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Abstract We consider a measure-valued diffusion (i.e., a superprocess). It is deter-
mined by a couple (L, ), where L is the infinitesimal generator of a strongly recurrent
diffusion in R¢ and v is a branching mechanism assumed to be supercritical. Such
processes are known, see for example, (Englander and Winter in Ann Inst Henri
Poincaré 42(2):171-185, 2006), to fulfill a law of large numbers for the spatial distri-
bution of the mass. In this paper, we prove the corresponding central limit theorem.
The limit and the CLT normalization fall into three qualitatively different classes
arising from “competition” of the local growth induced by branching and global
smoothing due to the strong recurrence of L. We also prove that the spatial fluc-
tuations are asymptotically independent of the fluctuations of the total mass of the
process.
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1 Introduction
1.1 Model

Let {P:};>0 be the semigroup of a strongly recurrent diffusion on R¢ with the
infinitesimal generator L. We also introduce the so-called branching mechanism
¥ Ry — Ry, Itis represented as

V(A = —ak + BA? +/ (7™ — 1+ ax) I(dx), (1.1)
Ry

where o, f € R,B > 0 and II is a measure concentrated on Ry such that
fR+ min(x2, x)TT(dx) < 4oo0. In this paper, we will study the behavior of a super-
process {X;},>o with the infinitesimal operator L (or equivalently, with the semigroup
P) and branching mechanism . It is a time-homogenous, measure-valued Markov
process. As such itis characterized by a transition kernel, which in our case is expressed
in terms of its Laplace transform

—1ogE(e*<f’Xf>|X0=v)=/ up(x, H(dx), (1.2)
Rd

where 1 > 0, f € bT(R?) (bounded, positive and measurable functions on R?) and
v € Mp(R?) (finite, compactly supported measures). The function u s (x, ) is the
unique nonnegative solution of the integral equation

t
up(x, 1) =P f(x) —/0 Pr—slr (g (-, $))]1(x)ds. (1.3)

For the technical details of this construction, we refer the reader to [6,7]. The above
definition could appear quite abstract, but actually any superprocess has a natural
interpretation as the short lifetime and high-density limit of branching particle systems
(see, for example, Introduction of [8] and Sect. 1.3). There is a vast body of literature
concerning various aspects of superprocesses, e.g., [6,7,9,10].

1.2 Results: Outline

We postpone a formal description of our assumptions and results to Sects. 3 and 4
providing now intuitions.

In this paper, we are interested in the supercritical case in which the system grows
exponentially (on the event of survival). The rate of growth is given by —¢/(0) = «
which, in this paper, is assumed to be strictly positive:

Y (0) =a > 0.
It is standard to prove that the limit: Vi, := lim,_, 4 o e~ %'| X, |, where | X, | := (X, 1)
is the total mass of the system, exists and is a non-trivial random variable. The semi-

group P corresponds to a strongly recurrent diffusion with its unique invariant measure
denoted by ¢.
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Superprocesses of this type fulfill a spatial law of large numbers. In a nutshell and
without specifying detailed assumptions, recall [8, Theorem 1], this means that for
any bounded continuous function f, we have

lim e (X, f) = (¢, f) Voo, in probability.

t—+00

The goal of our paper is to prove the corresponding central limit theorem. This will
be achieved by studying the spatial fluctuations:

(X1, f) = |1 Xil{e, f)

N (1.4)

where N, is some norming, not necessarily deterministic.
Before further discussion we need to quantify the recurrence of P. For the sake of
discussion, not being quite precise, we assume that there exists

u >0,

such that for a bounded continuous function f, the quantity P; f — (f, ¢) decays
exponentially fast at rate . The behavior of (1.4) depends qualitatively on the sign
of o — 2. Roughly speaking, it reflects the interplay of two antagonistic forces, the
growth which is local and makes the system more coarse and the smoothing induced
by the spatial evolution corresponding to P. The results split into three qualitatively
different classes:

Small growth rate « < 21 see Theorem 4. In this case, “the smoothing” prevails
and the formulation of the result resembles the standard CLT. The normalization
is N, =1|X tll/ 2 (which is of order e~ ©@/21) and the limit is Gaussian, though its
variance is given by a complicated formula. Moreover, the limit does not depend
on Xp.

Critical growth rate « = 2 see Theorem 6. In this case, we are in a situation
of a delicate balance between “the growth and “the smoothing” with the growth
being “somewhat stronger.” The normalization is slightly bigger compared to the
classical case: N; = t'/2|X,|'/2. The limit still does not depend on X.

Large growth rate « > 2 see Theorem 8. In this case “the growth” prevails. The
normalization is even bigger: N; = @M’ (we have o — y > /2 and therefore
N; > /|X;]). What is perhaps most surprising the limit holds in probability. In
addition, the growth is so fast that the limit depends on the starting configuration
Xo. Moreover, we suspect that the limit is non-Gaussian.

In either case, we prove that the spatial fluctuations (1.4) become independent of the
fluctuations of the total mass:
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1 Xi| — e Vo
|1 X, |12

’

as the time increases.

1.3 Related Results

In [2], the authors established central limit theorem results for the branching particle
system in which particles move according to the Ornstein—Uhlenbeck process (i.e.,
the one with infinitesimal generator Lf = %azA f — p (x - grad f)) and branch after
exponential time into two particles. Such a system is closely related to the super-
process with L and ¥ (1) = aA 4+ BA2. In fact, it can be defined as the weak limit of
branching particle systems. In the nth approximation, the system starts from a particle
configuration distributed according to a Poisson point process with intensity nv (v is
the starting distribution of the superprocess). Each particles carries mass 1/n and lives
for an exponential time with parameter 1/n. During this time, it executes a random
movement according to an Ornstein—Uhlenbeck process. When it dies, the particle is
replaced by a random number of offspring. The mean of this number is supposed to
be 1 4 o/n, while the variance 28. Each particle evolves independently of the others.
We note that this construction can be extended to general L and i (see, for example,
(8.

In [2], the authors studied fluctuations akin to (1.4) discovering three regimes similar
to the list above. The particle point of view gives arguably more compelling intuitions.
Having this picture in mind, it might be easier to understand the discussion above;
moreover, some further heuristics are given in [2, Remarks 3.4, 3.9, 3.13].

Although [2] was inspiration for this paper, it must be stressed that the approxima-
tion, insightful as it is, cannot be easily used as a proof method in the superprocess
setting nor the proofs of [2] can be transferred directly. The main difficulty compared
to the branching systems is that a superprocess is not a discrete object. This was over-
come using the backbone construction developed in [5]. It represents a supercritical
superprocess as a subcritical superprocess (called dressing) immigrating continuously
on top of a branching diffusion. Controlling the aggregate behavior of the dressing
was the main technical issue to be resolved in this paper. This was achieved using
analytical estimates of the behavior of P, which is a different approach then the cou-
pling techniques applied in [2]. It is noteworthy that these analytical methods proved
to be much more robust and allowed to obtain results for a quite general class of L.
Moreover, in this paper we work with a general branching mechanism v, assuming
only finite fourth moment.

Related problems for branching particle systems were also considered in [1,4].

1.4 Organization
The next section presents notation and basic facts required further. Section 3 contains

formulation of the assumptions. Section 4 is devoted to the presentation of our results.
The proofs are deferred to Sects. 5, 6, 7 and 8 and “Appendix.”
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2 Preliminaries and Notation

Let us first recall the notions which appeared in the introduction. P is the semigroup
of the diffusion process with the infinitesimal operator L. To shorten the notation for
a € R, we define a semigroup {73;" } >0 DY

PEf(x) = e P, f(x). 2.1

M £ is the space of finite, compactly supported measures and b (R?) is the space
of bounded, positive and measurable functions on R, By ¢y, c2, ..., we will denote
generic constants which might vary from line to line.

For a measure v and a measurable function f, we write ( f, v) := fRd fx)v(dx),
provided it exists, and by |v|, we denote its total mass, i.e., |[v| := (1, v) (we allow it
to be infinite).

We will use Cp to denote the space of continuous functions which grow at most
polynomially. Formally:

Co = Co(R?) := {f ‘R R: f is continuous and

there exists n such that | f(x)|/||x]|* — 0 as || x| — —l—oo} .

We will use Ry, Ry, ... to denote generic functions for Cp, and these may vary from
line to line.

For x,y € R” by x - y, we denote the usual scalar product. By —4_ we denote
convergence in law.

The parameter « in (1.1) is the rate of growth of the model. By Ext, we denote the
event that the process becomes extinguished, i.e.,

Ext := [ lim |X/| :o]. (2.2)
t—+00

It is well known that P (Ext) = ¢~ X0l where
A* is the largest root of (1) = 0. (2.3)

Clearly, in the supercritical case we have A* > 0.

3 Assumptions

In this section, we state precisely the assumptions on the branching mechanism v and
the diffusion semigroup P. We will discuss them and give an example in Sect. 4.4

B1 The branching mechanism i given by (1.1) is non-trivial, precisely either 8 # 0
or IT # 0. It is supercritical, i.e., « > 0. Moreover, I1 fulfills

/]R+ max (x4,x2) IT(dx) < 4o0.
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These conditions imply
¥'(0) = —a, ¥ (0) < 400, fori € {2,3,4},

and ¥ (0) # 0.

Further, we formulate assumptions on the semigroup P. Note that our formulation,
although not the most compact, is chosen so that it is easy to verify and apply in proofs.
Such a presentation also highlights what properties are essential for proofs.

S1 The semigroup P has the unique invariant probability measure ¢. We require that
any f € Co(R?) is integrable with respect to ¢ and for any x € RY

lim P f() = (f.9).

We will use f to denote the centering of f with respect to ¢ i.e.,

f=rf—{(fo. (3.1)

We note that P, f = P, f — (f, ¢) and for f = const we have f = 0.
S2 There exists u > 0 such that for any function f € Co(R?) one can find R € Co(R?)
fulfilling
1P, f )| < R(x)e ™. (32)

S3 There exist 4 > 0 and & : R? > R (for some k > 1) such that 4 # 0 for any
i €{l,..., k} wehave h; € Co(RY) and for anyt >0
P{h = e_’”h.

Moreover, for any function f € CQ(Rd), there are R € Co(R? ) and a bounded
function r : Ry — Ry such that r(¢) N\ 0 and

| Py f(x) = h(x) - (fh, @) < R(O)r(1). (3.3)

Note that for any ¢+ > 0, we have (P, h, ¢) = 0 (indeed by the fact that ¢ is invariant
we have (P;h, @) = (h, ¢) and moreover (P,h, ¢) = e (h, ¢)).

We note that (S3) implies (S2). Indeed one can obtain (3.2) easily by dividing (3.3)
by e#*'. We note also that (S1) and (S2) imply the following fact. For any f € Co(RY),
there exists R € Co(R?) such that for anyt >0

IPr f ()] < R(x). (3.4
Remark 1 Conditions (S1), (S2) and (S3) state, roughly speaking, that the diffusion
associated with P is strongly recurrent with the spectral gap . It might be possible that

these conditions can be verified using a Bakry—Emery-type condition or by Foster—
Lyapunov criteria. We refer to the classical work [13]. Section 6 addresses the so-called
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exponential ergodicity which might be useful for checking (S1) and (S2). Property (S3)
seems harder to be check in generality, one can use the asymptotics of the transition
density (as in the subsequent example). Other methods include using tools of functional
analysis as, for example, [14, Sect. 3].

Example 2 Let us consider a superprocess with

Lf = %ojAf —y (x - gradf), (3.5)

i.e., the infinitesimal operator of an Ornstein—Uhlenbeck process, where ¢ > 0 and
y > 0and ¥ (1) = —ax + A% fora, B > 0. It is obvious that (B1) holds. It is well
known that the unique invariant distribution ¢ of L has density

(-25) " exp (- L)
7[0'2 02 '

Moreover, for any f € Cop we have the following representation:
Pfx)=Ef (xe_yt + ou(t)G) ,

where ou(t) := +/1 —e~2¥" and G is distributed according to ¢. Using this repre-
sentation conditions, (S1), (S2) and (S3) can be verified quite easily (we refer to [1,
Section 6]). Let us just mention that the function % in (S3) is A(x) = x and u = y.
The limit objects Vi, and Hy, can be given a more explicit representation. Vi, is dis-
tributed according to Exp(|X0|_1) and Hy is non-Gaussian. More information about
the joint distribution of (V, Hso) is contained in forthcoming Conjecture 14 which
can be proved in this particular case.

4 Results

We start with a brief discussion of the behavior of the total mass of the superprocess,
ie., {|X¢|};50- Let {V:},>0 be defined by

V, = e X, . .1)

Fact 3 Under assumption (B1), the process {V;};>¢ is a positive martingale with
respect to its natural filtration. Moreover, it converges

Voo := lim V,, as.andin L>. “4.2)

t——+00

Therefore, V is non-trivial (e.g., EV,, = V). We also have

Var(Voo) = 03| Xol, oy = 1/’01(0). (4.3)
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The proof of the martingale property and (4.2) is analogous to the proof of forthcoming
Fact 13 and is left to the reader.

We recall that o« > 0 is the growth rate of the system (see (1.1)) and that > 0 is the
constant introduced in (S2)—(S3). Analogously to the presentation in the introduction,
we split this section into three parts depending on the sign of @ — 2.

4.1 Slow Growth ¢ < 2u

We recall (2.1), (3.1) and define

=v"(0) / (PfO) 0 (44

Let us also remind the event Ext in (2.2) and oy given in (4.3). The main result of this
section is

Theorem 4 Let {X,},~o be the superprocess starting from Xo € M r(RY). Let us
assume that (BI), (S1), (S2) and o < 2 hold. Then, for any [ € Co(RY) we have
oy < +00 and conditionally on the event Ext° the following holds

_ [X;]|—e* Voo (Xz,f)—lXxl(f,@) d .o
o x , Voo, G1, G2), t ,
(e"' JIX Npa] 7 Voo, G G2, ast = oo
4.5)

where G| ~ N (0, 0‘2,), G, ~ N(0, U]%) and \700 is Voo conditioned on Ext°. Moreover,

the random variables \700, G1, G are independent.

Remark 5 The law of the first coordinate of the limit depends on X only though its
total mass | Xo| (see Fact 3). The second and third coordinate do not depend on X at
all.

The proof is given in Sect. 6.

4.2 Critical Growth o =2u

We recall the function / from (S3) and define
Gf =y () ((h - (fh. o))*. ). (4.6)
Using (S1) and (S3), one easily checks that for f € Cy we have 0} < +o00. Let us

remind the event Ext in (2.2) and oy given by (4.3). The main result of this section is

Theorem 6 Let (X,},-o be the superprocess starting from Xo € M F(Rd). Let us
assume that (B1), (S1), (S2), (S3) and o« = 2 hold. Then, for any f € Co(RY) and
conditionally on the event Ext° the following holds

(e““|X| 1Xi| — e Voo (X1, f) — IXi(f 0)
tls

4o
, - (Vo, G1, Gp), ast — 400,
VX 112/1X,] ) >
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where G1 ~ N (0, 0‘2,), Gy ~ N(0, U]%) and ‘700 is Voo conditioned on Ext. Moreover,

the variables ‘700, G1, Gy are independent.

The proof is given in Sect. 8.

4.3 Fast Growth a > 2

Let & be the function from (S3). We define a process {H;},( by
H, := e @=WUX, h). 4.7)

Fact 7 Let us assume (B1), (S1), (S2) and (S3). The process H is a martingale and
under assumption & > 2 it is L>-bounded.

From this fact, it follows that in the setting of this section, the limit

Hy = lim H;, 4.8)

t——+00

exists both a.s. and in L?. Let us remind the event Ext in (2.2) and oy given by (4.3).
The main result of this section is

Theorem 8 Let {X;},5o be the superprocess starting from Xo € Mp@RY). Let us
assume that (B1), (S1), (S2), (S3) and o > 2u hold. Then, for any f € Co(R%)
conditionally on the event Ext¢ the following holds

- |Xi] — e Voo (Xz,f)—lel(f,¢)) d o A
X4, : Voo, G (fh. @) - Hoo),
(e B e S ) = G h ) A
ast — +o0o, 4.9)

where G ~ N (0, 0‘2,), the variables \700, I-AI<>Q are, respectively, Hx, Vo conditioned
on Ext® and (\700, ﬁoo), G are independent. Moreover

(e“"’|X,| (X1, f) = 1 X[, )

) — (Voo, (fh, ¢)-Hx), in probability. (4.10)
exp ((a — w)r)

Remark 9 The law of Hy, exhibits non-trivial dependence on the starting condition
Xo and Vi, Hy are not independent. We expect that Hy, is non-Gaussian. We make
those observations precise in Conjecture 14 which is illustrated using the Ornstein—
Uhlenbeck superprocess from Example 2. We notice that being the limit of infinitely
divisible processes, the pair (V, Hxo) is also infinitely divisible. Determining its
Lévy exponent would be an interesting result, though it seems unlikely to be obtained
in a general setting.

The convergence of the second coordinate in (4.10) is closer to a law of large
numbers than to a central limit theorem. Intuitively speaking, the system grows so
fast that the fluctuations become localized. This also manifests itself in the fact that
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the normalization is much bigger than the classical one. Writing exp((a¢ — w)t) =
exp(at) exp(—ut), we can decompose the normalization into exp(«?) and exp(—put).
The first term corresponds to the standard law of large numbers, and the second
one reflects the fact that the mass of the system, roughly speaking, is distributed
according to P;* (the measure adjoint to P; ). More precisely by (S3), we have e#/ P, f =~
h - (fh, ¢). Following these observations, we also conjecture that the convergence

above holds almost surely.

The proofs are given in Sect. 7.

4.4 Discussion and Remarks

Remark 10 In our paper, we assume (B1) which states that the branching mechanism
admits fourth moment. We use this assumption to verify Lyapunov’s condition in the
proof of central limit theorems. It seems that existence of (2 4 €)-moment for some
€ > 0 should be sufficient, but we do not have the necessary formulas to calculate
moments of superprocess in such a case. Further, it is not unlikely that the existence
of second moment is enough for the results to hold.

An interesting question would be to go beyond this assumption. Namely, to study
branching laws with heavy tails. It is natural to expect a different normalization and
convergence to stable laws.

5 Proof Preliminaries

In this section, we gather necessary prerequisites for the proofs in Sects. 6, 7 and 8.

5.1 Backbone Construction

Supercritical superprocesses admit a beautiful and insightful description known as the
backbone construction/decomposition. According to this construction, a supercritical
superprocess consists of subcritical superprocesses (the so-called dressing) immigrat-
ing along the so-called (prolific) backbone which is a supercritical branching particle
system. This allows to transfer many results concerning supercritical branching sys-
tems to superprocesses. On the conceptual level, this paper follows the strategy of [2],
which presents CLTs for some branching particle systems. The main issue is to control
the behavior of the dressing. We will comment on that once again after presenting the
decomposition (5.7).

Now we briefly discuss some aspects of the backbone construction referring the
reader to [3, Sect. 2.4] for more details.! Let us recall the branching mechanism given
by (1.1), we assume that it is supercritical, i.e., « > 0. Let A* be the largest root of
¥ (A) = 0. We denote

L) = (L 4+ AY). 5.1

! This section is shortened version of the description in [5]. The author thanks the authors of [5] for letting
him to use it.
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This happens to be a valid branching mechanism, and thus, we may consider a super-
process with this branching mechanism, it will be referred to as X*. It is subcritical,
i.e., its total mass decays exponentially fast with rate

=—W"'(0) = -y’ <0. (5.2)

The inequality follows by the fact that v is strictly convex. Next we define

. *

F(s) = oy (A*)I/f(?» (1 =s)). (5.3)
It is the generating function of the branching law of the backbone process {Z;},~.
More precisely, it is a Markov process consisting of finite number of individuals. Each
of them from the moment of birth lives for an independent and exponentially distributed
period of time with parameter ¥’ (A*) during which it executes an L-diffusion started
from its position of birth and at death gives birth at the same position to an independent
number of offspring with distribution described by F. The configuration of particles

can be naturally identified with an atomic measure. The space of such measures is
denoted by M, (R%).

Definition 11 Fix v € Mp(R?) and y € M (RY). Let Z be a branching particle
diffusion (i.e., a backbone) with initial configuration y and X%* be an mdependent
copy of X* (i.e., with subcritical branching mechanism (5.1)) such that X =v. We
define a M F(]Rd) valued stochastic process {A;};>¢ by

A=X"" 41, (5:4)
where the processes {1};>( is independent of X 0% This process has a certain path-
wise description, namely I consists of a subcritical superprocess immigrating along
the backbone process. The full description is presented in [5]. The joint process

{(A+, Z1)},>0 is Markovian, we denote its law by P,,,,. The following equation char-
acterizes the transition kernel of this process

Eyxy exp(—{f, M) + (b, Z;)) = &~ 7000007, (5.5)

where f, h € b™ (Rd) and e V50 is the unique [0, 1]-valued solution of the integral
equation

- _ 1
et =P [e )+ o

/O P [w* (—A*e_”f,h('vs)—i-u?(', s)) . (uf;(-, s))] (x)ds.
(5.6)

where u*. is the solution of (1.3) with the subcritical branching mechanism * given
by (5.1).
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We now present the main result concerning the backbone construction. First we ran-
domize the law of P, ,, for v € M £ (R?) by replacing the deterministic choice of y
with a Poisson random measure having intensity A*v. We denote the resulting law by
P,.

Theorem 12 (/5, Theorem 2]) For any v € Mpg(R?), under the measure P, the
process A is Markovian and has the same law as X starting from Xo = v.

For any 0 < s < ¢, we decompose the immigration process I (see (5.4)) as follows

1Zs|

I, =D}, +ZF, .,

where {D;}z>0
before time s. The process I'* describes the mass which immigrated along the sub-
tree stemming from the ith prolific individual at time s located at Z; (i) (we choose

any enumeration of the particles of Z). We have thus the following decomposition of
A

describes the evolution of the dressing which appeared in the system

12|
Ar=X"+ D+ D Tp2 5.7
i=1
Let us define {Y }t>0
Y) =X/ + D}, (5.8)

We have Y = X and Y evolves according the subcritical branching mechanism *.
Subcriticality is fundamental for our proof because this process is negligible when
t > s. The third term of (5.7) is a sum of random variables indexed by the branching
process Z to which techniques similar to [2] can be applied. Each of the processes I'*
performs Markovian evolution described by (5.5) with the starting conditions v = 0
and Yy = 8Zr(i)'

5.2 Martingales and Their Limits

We recall V and H (given by (4.1) and (4.7)). We define their analogues
{W:i}i>0, {1110, associated with the backbone process Z. Namely,

W, = e_m|Zt|, (5.9
I = e “"WZ, b, (5.10)

where £ is the eigenfunction introduced in (S3).
Let us assume that V, H, W and I are defined for the backbone construction.

Fact 13 Let us assume that (B1), (S1) and (S2) hold. Then, W is a positive, L>-
bounded martingale. We denote its limit by W,,. Moreover

1
Voo = FWOO’ a.s. (5.11)
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If, in addition, (S3) holds then I is a martingale, which for « > 2y is L?-bounded. In
this case the limit

IOO = lim 1[,
t—400
exists a.s and in L2. Moreover
1
HOO = )\_*1007 a.s. (512)

The proof uses some facts which are presented later and thus is postponed to Sect. 7.

By Theorem 12, the backbone Z starts with a random number of particles. The
definitions of W and I and the convergences remain valid under assumption Zo = 8o
(i.e., one particle located at 0). We denote the joint limit in this case by (Ioo, Woo)
We conjecture the following behavior of the law of (Hxo, Vio)-

Conjecture 14 Let us assume that (B1), (S1), (S3) and « > 2u hold and let

{(Ivéo, W(’)O)} 1 be an i.i.d. sequence distributed according to (Iso, Woo). Let v €
i

M F(Rd) and N be a Poisson point process with intensity v independent of the

sequence. We define

IN| IN| [N

Hoo 1= — ZI’ +Zh(x,)W’ s Vo= ZW’ :

where |N| is the number of points in N and (x1, ..., xx|) are their positions.
Let (Hso, Vo) be the limits of martingales (4.2) and (4.8) for the superprocess
starting from X = v then

(Heo, Voo) =4 (I:Ioo, ‘700)

The conjecture is supported by the fact that it holds in the case of superprocess from
Example 2. In this case, it follows simply by Fact 13, Theorem 12 and an analogous
decomposition for the Ornstein—Uhlenbeck branching process given in [2, Proposi-
tion 3.11]. In [2, Remark 3.14], it is proven also that in this case H, is not Gaussian.

5.3 Moments

This section is devoted to the presentation of the moment formulas of processes appear-
ing in the proofs. In the paper, we utilize moments up to order 4. We recall the branching
mechanisms v and ¥* given in (1 1) and (5.1).

Given f € Co(R?), Wedeﬁneuf, I ‘RIxR, > Randuf , ”}’2 ‘RIXR,
R by

wh(x, 1) =P, whle,n =P fx). (5.13)
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t 2
u?;(x, t) = —W”(O)/O P, |:(M}r( S)) i| (x)ds,
2 e 1 2
Wi (e 1) = — () (0) /0 P [(u? .9) }(x)ds. (5.14)
Further, let

By ={(1,1,0), (3,0,0)}, Bs=1{(1,0,1,0),(0,2,0,0), (2, 1,0,0), (4,0,0,0)},
(5.15)

*,3 *.4 RdXR+I—>

}zgi {c}n}m <,u, D€ constants to be specified later. We define u’;”,
y

t k ) m;
W (x, 1) :=/0 PO D e [1(e77C9) " | wds. s.16)

meB,  j=1

We define also V1 V2 RY x Ry +— R by

at a*t

Vi, 1) = —%Ptf(x), (5.17)

I 2
Vit = r/o Pits [W”<0> (Per o) =" O (u7'c.0)

— (o — oM s)] (x)ds. (5.18)

Finally, we set V3 V4 RY x Ry — Ras

k
Vi@, :=/Ot7’;"_x > all(- v upl)”

me By Jj=1

—@—a = > AT (uj;f)mj )ds,  (5.19)

me By Jj=1

where {cfn}m cBup, and {csn} are constants to be specified. The usefulness

meB3UBy
of these formulas follows by

Lemma 15 Under assumption (B1) and (S1) for any f € Co(R%) formulas (5.13),
(5.14), (5.16), (5.17), (5.18) and (5.19) are well defined (in particular all quantities
are finite). They can used to calculate moments, viz.

(1) Forany Xo € Mp(R?) we have
E(X, f) = (G0, Xo), Var((X;, f) = =50, Xo).  (5.20)
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Similar formulas hold for the subcritical superprocess with the branching mech-
anism *, namely

E(X], f) =y (.0, Xo), Var((X], f)) = —@?(, 0, Xo).  (5.21)

(2) There is a choice of constants {cl,} {clzn} and {01311} such that for x € R and
k < 4 we have
Eoxs, (f, A" = (=D VE(x, ). (5.22)

Remark 16 We recall that the process A was defined in Definition 11. Formula (5.22)
will be used to calculate moments of I'"-* in (5.7). To this end, notice that under Eq s,

the process A has the same law as {Fif} under condition Z;(i) = x.
u=>

Moreover, we note that the constants {c},} , {cZ,} and {c,} can be specified explic-
itly though are not relevant to our proofs.

Using these formulas, we analyze the process Y* defined in (5.8). Let f € Cp (RY),
and using the strong Markov property, (5.20) and (5.21), we obtain

E(Y, f) = EEx, (X}, ) = ¥ "E(X,, P, f) = % (Py(P, f), Xo)
= TP £, Xo), (5.23)

where under the measure Ey, the process X* is a subcritical superprocess starting
from X,. In the last transformation, we used the fact that P is a semigroup. Now, by
a* < 0, we see that indeed Y/’ is negligible for ¢ > s.

It will be useful to have the following bounds

Lemma 17 Assume (Bl), (S1) and (S2). Given f € Co(R?) there exists R € Co(R?)

such that )
Iu?(x, N| < % R(x), |u?2(x,t)| < e R(x), (5.24)
and ) )
W3 0] < TR, D] < e TR@), (5.25)
finally also
Vi, 1) < e R(x). (5.26)

The proofs of Lemmas 15 and 17 are technical and thus postponed to “Appendix.” We
will also need moment formulas for the backbone process. We skip proofs referring
the reader to [11] and derivation on [2, Sect. 4.1].

Lemma 18 Let us assume (Bl)and (S1). Let Z be the backbone process as in Theorem
12. Then, there exists C > 0 such that for any f € Co(R?) we have

E(Z, f) = (P* f. A*v). (5.27)
t
Bz = | (P;’ (7] [ P [eeror] <x>ds) v(d),
R4 0
(5.28)

where we recall that A* is given by (2.3).
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6 Proof of Theorem 4

In this section we fix f € Co(R?) and make the standing assumption that (B1), (S1),
(S2) and @ < 2u hold.
Let us first outline the proof. We use the decomposition of A given in (5.7). We

recall that Vi, is the limit of the martingale V (see (4.1) and Fact 3), that f = f—(f, o)
and finally (2.3). We start with the following random vectors

K@) = (7 A ™D = e Vo), P (A, ).

i=1 i=1

1Ak ] 12|
o= (e“”|z,|/k*, e (WAl ST (1= VL), e @D (M) = m) 17,0 <10gr}>’

(6.1

where {VL},  are i.id. copies of Voo, M} = e~ =Dyl | F) and m]
= E (M}|Z;) = E(M}|Z;(i)) (k and further details of definitions will be specified
later).

We will show that

lim [Ki(t) — K5(¢)] =0, in probability. (6.2)
t—>—+00

Next, we will consider a random vector related to K5 defined by

LAk 4

Ko(1):= (e“wz,/x*, LAk D7 A=V, (1Za/2*) ™2 D (i =mi) 1,0 <log1}>-
i=I i=1

(6.3)

We will show that conditionally on the set of non-extinction Ext° (see (2.2)), we have

Ke(t) > (Veo, G1, Ga), (6.4)
where the limit is as in (4.5). From these results, Theorem 4 follows by standard
arguments.

Before going to the proofs, we recall (3.1) and (TJ% given by (4.4) and we state the
following technical lemma.

Lemma 19 We have 0% < 400 and

lim  sup |e_“tVf%(x,t)—a]%/A*| =0, (6.5)

1700 x| <log
Moreover, there exists R € Co(R?) such that
Vi 0] < e R(). (6.6)

The proof is deferred to the end of this section.
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6.1 Proof of (6.2)

We will proceed defining auxiliary K;(¢), K3(t), K4(t) and proving that for i €
{1, 2, 3,4} we have

lim |K;y+1(t) — K;(¢t)| =0, in probability.
—+00

This clearly will establish (6.2). Let us fix k € N such that (we recall that o™ is
negative) k > max (u/(1 — @/2), —a/a*). 6.7)

We set
Ka(0) i= (e71Ze1 3%, e8P Age] = € Vo), 4D (A, ) (68)

Obviously, the limit of K (k?) is the same as the one of K (¢). Moreover, we recall
(5.9), and by Fact 3 and Fact 13, we have Vi, — W;/A* — 0 a.s. Therefore, |K () —
K1 (t)| — 0 almost surely.

We will now concentrate on the second coordinate. The process of the total mass
{IA¢[};>0 is a continuous-state branching processes (CSBP) (see [12, Sect. 10]. As
such, it enjoys the branching property (see [12, 10.1]). Thus, for s > kt we may
decompose

LAk ]

Asl= D Fl+ F. (6.9)
i=1

where {F{} _, are independent CSBPs having the initial mass 1 and [I:]] is a

5>0

CSBP with the initial mass |Ag;| — ||Ax|]. Analogously to (4.1) processes Vsi =
e s Fs’ and V := e~ F} are positive martingales with the respective limits Véo and
Vo as described in Fact 3. Passing to the limit in (6.9), we get

Akl
Voo = e * [ D7 VI + Vi
i=1

One easily checks that

LAk ]
WD (|Aky] = e Vo) —e= RS (1 = Vi) =e D (| Aks] = LAl = Vo) >0,
i=1

(6.10)
in probability. '
We pass to analyze the third coordinate of (6.8). We recall that M; =
e_((k_l)“/Z)’(Fé}ct_l)t, f) and observe that by (5.7) and (5.22) we have
~ 1z 3
E e~ DAy, f) — e @D M| < e CVEX 11— 0. (6.11)
i=1
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This follows easily by (5.23) and (6.7) (the second proviso). To recapitulate, we set

LI Ag] \Z|
K3(t) := | e | Z,| /0", e~ kel Z(l—vgo),e—(“/2>fZM;' . (6.12)
i=1 i=1

By (6.10) and (6.1 1), we havg |K3(t) — Kz(t)| — 0.
We recall also m! = E (M| Z;) = E (M}|Z;(i)), with Z,(i) being the location of
the ith particle of Z (in some ordering). We define

LAk 1Z:]
Ka(t) = (e 1Z|/3%, %P0 D7 (1= Vi) e @21 S (M] — m))
i=1 i=1

By (5.22) and assumption (S2), we have
mj| < cre” (DDt ipy ), f(Z,(0))] < @0V EEDIR (7, (1)),

Further by (3.4), (5.27), the fact that Xg € Mg (R?) and using the first proviso of
(6.7) we obtain

12|
E (e @23 mi] | < e@?reaD/20e=nd=Dp Ry Xg) - 0. (6.13)
i=1

In this way, we have established that |K3(¢t) — K4(t)| — O.

Finally, we deal with | K5(#) — K4(¢)|. We introduce truncation in order to be able to
control moments in the next section and Lemma 19. The choice of log ¢ is somewhat
arbitrary. We define 7 (¢) and use the conditional expectation to calculate

2
1Z:]
[(t) :=FE e @1 Z(le —m) 1z, =logr)
i=1
12| o
=e “E ZE ((le - m§)2|Z,(i)) Lz, )1 21081}
i=1
12| _
< e B[ 3B (MDIZO) zanioen) | (6.14)
i=1

We recall (5.18), (5.22) and obtain

. (k—=D)t 5 2
]E ((M;)2|Zt) S c e_((k—l)ol)l /0 P&—])tfs I:(’])g f())
+ (ufl . s))2 n ufz( s):| (Z,(i))ds.
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We treat the first term. By (S2), « < 2u and (3.4), we obtain

. (k—=1t - \2
cre” (= /0 Pli-ty—s [(Ps’f(-)) }(Zt(i»ds
(k—1)t
< / 2Py [RY] 2 < Ra(ziti.

0

Other terms are easier and left to the reader. We conclude that
E((M)*12,) = Rs(Z:G). (6.15)

By (5.27) and the Cauchy—Schwarz inequality, we conclude that

1Z:]

1) < e B D Ry (ZDz,6)z1081) | = 4 (Ps [R3(')1{u-nzlogr}] » Xo)
i=1

12
=1Xol swp [PREO] T [(Pegziosr) 0]
xesupp(Xo)

For any x € R, using (S1), we get

lim sup (P; 1| z10g) (x) < limsuplimsup (P;1y.j=y) (x) = 11m sup(1j.y>y, ¢) = 0.
+

t—+00 y—>+00 —>+00
Function x +— (77, Ly =log ,) (x) is continuous and the support of X is compact thus

limsup sup (,le\l‘l\zlogt) (x) =0.
t—+00 xesupp(Xo)

This and (3.4) imply 7 (¢) — 0 and consequently |K5(t) — K4(t)| — O.

6.2 Proof of (6.4)

We will use characteristic functions. It will be convenient to work conditionally on
the event & := {|Ax| >t} N {Z; > t} (we denote the corresponding expectation by
E"). We set

LAk
X161, 62,05 1) 1= E'exp { i01e™1Z,1/2" + 62 LAk )2 D (1= Vi)
i=1
Ll _
+i63 (1Z1/1*) Z(M’ m) Lz, <togr} [ »
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and
1361, 02,633 1) 1= [ &= BT 2= BT 2 B exp fiege ™! Z,1/37)
We shall show that for any 61, 6, 63, we have

lim |x((01,02,63; 1) — x3(01, 62, 603; )] = 0. (6.16)
t—+00

Secondly, we notice that P(e < |[Ay| < t) — 0and P(e < |Z;| < t) — O; thus,
lg, — 1gxe a.s. and Fact 3 implies that

lim (01,62, 055 1) = [e—<930f>2/2e—<92"”2/2] (IE: exp {191 \700}) . (6.17)
—400

Using 1g, — lgxe a.s. it is a standard task to conclude (6.4) from (6.16) and (6.17).

To get (6.16), we will introduce an intermediate function x> and show that
|xi(61,62,03;t) — xi+1(01,62,63;1)] —, O for i € {l,2} using the central limit
theorem.

Let h be the characteristic function of (1 — v;'o). One checks that all the random
variables in the definition of xi, except for Véo, are measurable with respect to the
o-field F generated by {Ags, Zs};<,. Moreover, conditionally on F, Véo are i.i.d. By
Fact 3, we have E(1 — Voio) = 0 and Var(Voio) = oy. Using conditional expectation,
we obtain

x1(01,02,03; 1)
\Zi|
—-1/2 i
=E' | exp {i01e7 | Z,| /2" +163 (1Z,1/1*) /Z(M’ m) (2,6 <log )

LAkl
h (62l 7172)

The central limit theorem yields & (92 / ﬁ)n — ¢~®200)*/2_ This motivates the
following definition

x2(01,602,03;1) == I:e—(ezdv)z/z:l
|Z:]
i01e” —1/2 4
B exp 1io1e ™1 Z,1/3" +i65 (1Z:1/2%) E(Ml ML)z, <tog 1)

Dominated Lebesgue’s theorem and the assumption on the event & yield

L1 Xk ]
2161, 02,055 0261, 62, 63 )| <E" | (621X 7/2) T —em @2

(6.18)
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Similarly we will deal with the other sum. We work conditionally on Z;, and
for notational simplicity, we work with integer times. We introduce sequences
{@n}n>0+ {Pu}n>0 such that a, € N, p, € R4 (intuitively a, is the number of
particles at time n and p, are their positions). We assume that a,e " — a > 0,
lpn ()]l < logn.We denote

dn
Sp = 69 2a, Y () — i)

i=1

where ]\;I,Q = E (e’((k’l)“/z)”(Fé}("fl)n, NZnG) = pn (i)) (compare with Mli
defined below (6.1)) we set also n~1’n = IEA;I,ZL . We are going to use the CLT to analyze
Sy. Firstly, we calculate its variance

dn
v, = Var (§,) = k*a;l ZVar(M,"l - ﬁzfl
i=1
an dan
=2a, ' D BML? = ara, > () (6.19)
i=1 i=1
A proof analogous to (6.13) gives )»*an_l Z?;](ﬁzﬁl)z — 0. By (5.22), we have
E(M!)? = e~@k=Dr VJ%( pn(i), (k — 1)n). Recalling (6.5), we obtain

lim v, = 02,
n—0 " Y

where o2 is given by (4.4). Secondly, we check the Lyapunov condition. Using
Holder’s inequality and (6.6), we get
an an an
a2 D EWM, — i)t < c1a? D EM)T < a2 D" Ri(pali)
i=1 i=1 i=1
< an_l

sup  Ri(x) —, 0.

[lx|l <logn
Therefore, the CLT implies
S, >4 N (0, a]%) .

Using the dominated convergence theorem in a similar manner as in the case of 1 — x2,
one can show that |x2 (01, 62, 03; 1) — x3(01, 62, 63; 1)| —; 0.

6.3 Proof of Lemma 19
In order to prove (6.5), we will show that

e—‘”vf%(o, 1) — oF/A*, sup e_w|ij~_(x,t)—Vf2~.(0, 1] — 0. (6.20)

Xl <logz
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To get the first convergence, we use (5.18) and write

" t
v =2 e, [(P;’.f(-))z] (0)ds
1 2
- | P [WO) (ujgl(-, s)) + (a — a*)ujﬁ(-, s)} (0)ds

=:11(t) + L (1).

We have

_ 1'[///(0) t s - 2
no =52 [Ler, [(Psf(o)}(O)ds.

Using (S2), the integrand in the last expression can be estimated as follows
L \2
0= L(x):= e Py [(Rf(-)) ] () < e@THIP_ Ry (1), (6:21)

Using (3.4), we get L(0) < c1e@~25 which, by assumption & < 2, is integrable
with respect to s. By (S1) for any fixed s > 0, we have

Jlim P [(Psf(-))z} © = (0. 7. 7).

Recalling (4.4) and appealing to dominated Lebesgue’s theorem we conclude 7 () —
0% /A* < +00. An analogous argument, using (5.13) and (5.24), gives

oo

I . 1 —as " *, 1 2 %y %2
20 > == |0y O (55169) - e s

By (S1) ¢ is an invariant measure thus (¢, P, f) = (¢, f), using (5.13), (5.14) and
Fubini’s theorem, we get

o]

e Ai e o, 0) (P F) ~(@—a)y"0) /0 P, [(Pﬁ*f)z] s
W(O) / g, (P2 F) s
(ot _ a*)w”(O)/ / —os (s — u)< ?, [(Pg*f)z})dsdu

_ w:im /0 g, (P ) i +1/f;i0> 0°°e_au . |:(7)g* f)z])duzO.
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Now we pass to the second statement of (6.20). We analyze the first term of (5.18)
which is hardest and leave the other terms to the reader. Namely, we will prove that

/0 t eSP;_ [(PS f(.))z] (0)ds — /0 t 5P,y |:(Ps f(.)ﬂ (0)ds

t
< / f(s,t)ds —, 0, (6.22)
0

sup
x|l <logt

where

f(s, 1) :=e* sup

lxll<log?

P () Joo =P (rid) |0 629

We recall (6.21) and notice that f(s, 1) <2 SUP| || <log L(x) thus

fs, 1) <2725 sup P [Ri](x)

lxll <logz

= Qe @215 |:(R1,g0) + sup (Pi—s[Ri](x) — (Ry, <p>)}

Xl <logz

< D@21 |:(R1,g0) + e HI=S) sup Rg(x)i| < c1e@720s/2,

x|l <logz

N2 -
Fix s > 0. We denote H(x) = (P;f) (x) and Hy = Hy — (Hy, ¢). Applying (S2)
and using the triangle inequality, we get
Pi—s I:]x ()C)‘)

< 2¢* lim sup (e“(’s) sup Rl(x)) =
|

t—+00 |x| <logt

lim sup f (s, ) < limsup (Ze"‘s sup
\

t—+00 t—>+00 |x|| <logt

Now the convergence in (6.22) follows by Lebesgue’s dominated theorem and we
conclude the proof of (6.20).
In order to prove (6.6), we apply the triangle inequality to (5.19) and Lemma 17

Vi@l ser / P |:H‘—A*V . s)—I—u-J( s)‘ :|(x)ds

me By j=1

+mz/7z“{ﬁ

me By j=I

t
e s)‘ i|(x)ds+/0 P [u?k(~,s)] (x)ds.
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For simplicity, we skip all terms utk (which by (5.25) and o* < 0 are easy to

7
control). We will thus consider
! k j m;
Se(x.1) == @ Vic.s)| ds. 6.24
k. 1) Z/OP,_S[[f(s) (x)ds (6:24)
me By j=1

For k = 2, calculations similar to (6.21) lead easily to S»(x, r) < e* R (x). Thus, we

conclude
VZ, 0] < e Ra(). (6.25)

For k = 3, we recall (5.15) for and use (3.2), (5.17) and (6.25) to get

t
S3(x,1) < c1/ Pies Uv;(-, HVFC.s)
A .

+vjes

3
i| (x)ds
! 3
= / P [‘E(Q_M)SRI(')EMRz(-)‘ + ‘e(‘x—“)slh(')‘ ] (x)ds.
0
Using assumption o < 2u and (3.4), we estimate

t t
S3(x, 1) < e / @TMSP,_ Ry(x)ds < Rs(x)e™ / @IS gs < B2 Ro ().
0 0

This yields that
|V;(x, 1| < B2 Re(x). (6.26)

Finally, we pass to k = 4. We recall (5.15) and use (3.2), (5.17), (6.25) and (6.26) to
get

t 2
Sa(x, 1) < C]/ ’P;I_S [’V}('»S)V;"('v s)
0 ;

+[vjes

gl 3] ¢ o] oms

t
5/0 |

s Rl(.)‘z | Ro ()] + \ew—ﬂ”mo)ﬂ (x)ds.

@I Ry ()05 Re()] + e Ra() +

Using the assumption o« < 2 and (3.4), we get

t t
Sa(x, 1) < e“[/ e P,_sR7(x)ds < Rg(x)em/ e ds < e* Rg(x).
0 0
This is enough to conclude (6.6).
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7 Proof of Theorem 8

In this section, we fix f € Co(R?) and make the standing assumption that (B1), (S1),
(S2), (S3) and @ > 2 hold. Proving the convergence of the whole vectors (4.9) and
(4.10) would be notationally cumbersome. As it follows similar lines as in the proof
of Theorem 4, it is left to the reader. We focus on the most important part which is
the convergence of the second coordinate of (4.10). Recalling (3.1) and the backbone
construction given in Definition 11, we denote

Yi(0) = e CT (A f) — IAN(f) = e TN A ).
We shall prove that
Yi(t) — (fh, @)  Hew — 0, in probability, (7.1
where, slightly abusing notation, we used H, to denote the limit of martingale (4.7)

defined for {A;},>¢. By Theorem 12, the processes X and A have the same law and
thus (7.1) implies the convergence

[ (X0 ) = Xl f @D = (o) - Hoo >0,

and hence also in probability. This establishes the convergence of the second coordinate
in (4.10). Before the proof, we formulate a technical lemma

Lemma 20 There exists R € Co(R?) such that
|vf%<x, ] < @R (x). (7.2)

We will define intermediate processes Y2, Y3, Y4. The convergence (7.1) will follow
immediately once we show

Y1t +j(@®) —Y2()| = 0, [Y2(r) — Y3(1)] = O,
[Y3(1) = Ya(@)| = 0, |Ya(t) = (fh, @) - Hx| — 0, (7.3)

where the convergences hold in probability and j : R +— R, isacontinuous function.
Recall (5.7) and let us set

1Z
Ya(t) = POl Ze—(d—u)j(l)<r}’(ft)’ ]7>’

i=1

choosing j to be any continuous function fulfilling

1t, and r(j(t)e* — 0, (7.4)

i = -2t
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where r is the function introduced in (S3) and «™* defined in (5.2). Using (3.4), (5.8)
and (5.23), we get

E[Yi(t+ j (1) — Y20)] = EIY] )| < e IO (P | f]. Xo) < 1T T0 — 0,

where we used the first proviso in (7.4). ‘
We proceed to the second convergence of (7.3). Let Mf = e (@m)J (t)(r‘;’(’t), f)
and m! :=E(M!|Z;) = E(M!|Z(i)) and we set

4

Y3(1) := e~ @)1 Zm;

i=1

Clearly, E (M} — m!|Z,) = 0 and {M] — m;}’ are independent conditionally on Z;,
thus

|Z:| 124 ) .
E (1) = V50 = 2R (B 303 0] —m ! = mh)| 2,
i=1 j=1
(1.5)
|Zi] | Z:] ) : ) .
— ¢ 2= Z Z]E ((Mtl — m;)(M,J — mt])|Z,)
i=1 j=1
12| o
=2 WE (SR ((M; — m;)ZIZz) : (7.6)

i=1
By (5.22) and (5.26), we get
E (M) = m)?12:) <E(MDZ:) < Ri(Z).
Using (5.27), « > 2u and (3.4), we obtain

E (Y2(t) = Y3(t)* < c1e @M E(Z;, R1) < coe 2“7 (P,Ry, Xo) — 0,
7.7
which establishes the second convergence in (7.3).
We recall (5.17) and (5.22) to get

—e® i)

)\’*

oj (1)
mi = e @ min<

- 1 . ~
(P F(zin) =105 (P f(ZiD).
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where [(t) = (1 - e("‘*"")j(’)). Following (S3), we decompose m! = ! + i’ with

. 1 . ~
i) = 10— (P f (i) = (Fhog) - h(Zi(0)))

. 1
ity = 102 (Fhe9) - h(Z4 ).

We recall (5.10) and write
|Z;] I,
— ,(a—p)t Y
Ya(t) = e @H zmi =1 (fh, ) - o

i=1

By (S3) we have |n~1§| < r(j®)R1(Z:(i)). Applying (5.27), the second proviso of
(7.4) and (3.4) we obtain

|Z;]
E|Y3(t) = Ya(n)] < e @7 " iif| < e @M (j(0)E(Zs, R1)
i=1

= e"(P Ry, Xo)r(j(1) — 0,

thus the third convergence of (7.3) holds.
Finally, noticing /() — 1 and using Fact 13, we get

Iy
Ys5(t) = (fh,¢)- e (fh,@) - Hoo, as.

This is the last statement of (7.3), and thus, the proof is concluded.

7.1 Proof of Lemma 20

By (3.2), (5.18), (5.13) and (5.24), we obtain

RON)

|V/2~.(x, Dl =c /Otpta—s [(P;x];('))z + (u;’l(-, s))2 +

< /0 t P [(ew—wszel (-))2 + (e(“*_“)tRz(-))z +

i| (x)ds

ea*tR3(~)’] (x)ds.
Using (3.4), we get

t t
|Vf%(x,r)| < e / @T20SD,_ Ru(x)ds < Rs(x)e®’ / @25 g
0 0
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7.2 Proof of Fact 7

Werecall h = (hy, ..., hi) introduced in (S3). By Lemma 15, (5.20) and (S3) for any
iefl,..., k}, weget

E(X;, hi) = (X0, u}, (- 1)) = e (X0, Pihi) = 7" (Xo, hi) = " (Xo, hi).

Using the Markov property, one concludes that H is a martingale.
Leta >2u,i €{l,...,k}, by (S3),(5.14) and (3.4), we get

1

22 (x 1)) < e—2(a—u)t/0 P [(Pf‘hi('))z] (x)ds
t

— E—Z(Q—M)I/ P[O{_S [eZ(Q—M)ShiZ] ()C)dS
0

t
= (@2 / @25 p, [h,?] (x)ds < Ry (x).
0

By Lemma 15 and Xo € M r(R%) now follows that the martingale H is L?-bounded
and thus converges in L? and a.s.

7.3 Proof of Fact 13
The fact that W is a martingale is well known (see, for example, [3, Theorem A.6.1]).
The properties of I are proved in [2, Sect. 3.3] (where its name is H).

We now concentrate on showing (5.12). Having a.s convergence of H and [ it is
sufficient to show that for some / > 0

1
Hgt1yr — Flt — 0,

in probability. Recalling h = (hy, ..., hi) introduced in (S3) and decomposition (5.7)

we obtain for any j € {1, ..., k} the jth coordinate of H41) — AL*I, is given by
1Zi| ' | 17
em DIyl pj) e @D et hj>—e*<“*“>’/\—* hj(Z(i))

i=1 i=1
|Z:]
sy oo S (vt )
i=1
izl
e @y (m; - ;hﬂzt(i»)
i=l1

=11 (1) + (1) + I3(1),
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where M! := e /=TI ) and ml = E(M]|Z,) = E(M}|Z(i)). Use (5.23),
(3.4), (S3) to calculate

E|l1(1)] < e~ HD@—wrate™lip, k), Xo)
< e*(H»l)(otf;/.)leozteoz*lt<Rl7 Xo) < Cle*(H»l)(otf//,)leatea*lt.

By (5.2) we can choose / such that E| /1 ()| — 0. The proof of E (L(1))* = 01s the
same as the one of (7.7). Finally, for /3 we use (5.22) and (S3) to get

. 1 1 *
mp = S h(Zi(@) = Fe““ TR(Z, (i)

The convergence I3(t) — 0 follows by the convergence of the martingale /. Putting
together, we obtain (5.12). Relation (5.11) can be proven using a similar but simpler
way. Details are left to the reader.

8 Proof of Theorem 6
In this section, we fix f € Co(R?) and make the standing assumption that (B1), (S1),

(S2), (S3) and o = 2 hold. Let us first present the outline of the proof. We start with
the following random vector

Ki(t) := (e_‘”|At|, e DA, — ¥ Vo), t 7 2e @D, f)). 8.1)

We will define K;, K3, K4 which will fulfill the following relations. For any k£ >
—a/a* we have

|K1(1) — K2(t; k)| — 0, |K3(15 k) — Ka(t: k)| — O (8.2)
in probability as t — 400 moreover

limsup E|| K2 (1; k) — K3(t; k)||* < C/k,

t—+00

. " k—1\'"? /=
Ka(t; k) =9 Ly := | Vo, VooGls(T) Voo G2 |} (8.3)

for C > 0 and we recall that || - || denotes the Euclidian norm. The last convergence
holds conditionally on Ext® and G, G, are the same as in Theorem 6. Proving the
theorem is rather standard once (8.2) and (8.3) are established. Indeed, let Lo, We

denote the law of (Voo, vV VOOGl, vV VOOGz). For any w1, > probability measures on
RY we define

m(uy, n2) := sup (g, m1) — (g, u2)l,
geLip(1)
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where Lip(1) be the space of continuous functions RY > [—1, 1] with the Lipschitz
constant smaller or equal to 1. It is well known that m is a metric equivalent to weak
convergence. Moreover, when pi1, (2 correspond to two random variables X, X, on
the same probability space, then we have

m(u, n2) < E[IX; — X2l < EIX| — X2 (8.4)

We fix € > 0 and choose k large enough such that \/E||K2(t; k) — K3(t; b))% <
¢ and m(Ly, Loo) < €. Further, we find T} such that for any + > T, one have
m(K(1), K2(t; k)) < €, m(K3(t; k), Ka(t; k)) < € and m(K4(t; k), L) < €. With
these choices, we get

m(Ki(1), Loo) < 5S¢,

for t > Ty. The proof of Theorem 6 is concluded since € can be taken arbitrary small.
Before the proofs of (8.2) and (8.3), we state a technical lemma.

Lemma 21 We have

lim  sup |t_1e_me%(x,t)—aJ%/k*|—>(), (8.5)

17100 x| <logt
where \* is given by (2.3) and 0]% by (4.6). Moreover, there exists R € Cy such that
|V4(x )| < t2e* R(x). (8.6)

We will skip some details of the proof which are repetition of arguments used in the
proof of Theorem 4 or are easy to establish. In particular, we recall (5.7) and leave to
the reader showing that the first convergence in (8.2) holds with

1 LAk 1Z;]
Kz(t, k) = —allZ | e—(kol/2)l Z (1 _ Vl ) e—(a/2)[ZMkl ,

where Mk’ = (kt) 12— (k= ])“/z)t( 1) . f) and V;'O is an i.i.d. sequence dis-
tributed as in (4.2). We define also m, = IE(Mlk’i|Zt) = E(Mtk’i|Zt(i)),
H = e/t le’ " and

LI Agel] |Z:]

K3([; k) = —Ott|Z | —(ka/2)t z (1 —((1/2)1 Z(Mkl kl

i=1
(8.7)
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This expression differs from K (¢; k) only by H so in order to show the first assertion
of (8.3) we need to bound it from above in L%. Applying (5.17) to mf”, we obtain

—Dat _ ,(k=Da*t 4

e > Py f(Zi0)).

i=1

€(k
Htk — (k)2 (Kke/2t

By Lemma 18, we have

2
(k—2)at 1Z:|

E (D Py f(Zi(i))
i=1

E(HN? < €
([) = kt

ek=2)at

<o [ (Pr[Poenior]

! N2
+/0 Py [(ng(k—l)tf(')) :| (x)ds) Xo(dx).

Using (S2), we estimate

e(k—Z)at

o [ e [

t 2
+/ P [(e‘“e“(”("”)’Rl(-)) ](x)ds) Xo(dx).
0

E(HF)? <

Applying (3.4), and recalling o« = 2, we get that

e(k—Z)ozt

kt
e(k—2)at

<
-kt

E(H})?

IA

t
(Rz, Xo) (eat—Zu(k—l)t +eat/ ease—Zu(s+(k—l))tds)
0

t
(R3, Xo) (e—“("—2>’ +e—“<"—2)f/ ds) < C/k, (8.8)
0

for some C > 0. Let us now concentrated on the third coordinate of K3(t; k). We
introduce truncation. We recall /() defined in (6.14), one can follow the proof there

to show I(¢) — 0, the only change is to show (6.15), namely that E ((M,i’k)2|Z,) <

R((Z;(@)). This is left to the reader. Therefore, we have |K3(t; k) — K4(t; k)| — Oin
(8.2) with

i=1 i=1

11X} 1]
1 _ _ . _ . .
full= (“e “NZ) TS A=V, e (a/z)tZ(Mrk’l_me)l{Zz<i)||<logf})'

The final step listed in (8.3) that is to show K4(r; k) — Li. We proceed along the
lines of the proof in Sect. 6.2. The definitions and arguments are analogous. The only
significant change is the proof of convergence of v, defined by (6.19). In our case
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An An
vy = 2%a, ' D EMY)? = aray D B,
i=1 i=1

where MY = IE:((kt)*l/Ze*«k*l)a/Z)"(r;‘;c”_l)n, P Zni) = pn(i)) and ki =
EM,]f’ For the second term we use (5.17), (S2) and @ = 2u to estimate
iy | < cin” 2 ETDIDM PGy Fpa(i))] < nT 2K DERTIONR, (p, (i)
= n"2Ry(pa(0)).

We recall that [[p,(0)| < logn so sup;., |n~1ﬁ’i| — 0 and consequently

a;! Z?il(fhﬁ’i)z — 0. Using (5.22), we have
E(M, ") = (km)~'e™CDMVR(p ), (k = D).

By (8.5), we obtain

where aj% is given by (4.6). This completes the proof of K4(t; k) — L and conse-
quently the whole proof of Theorem 6.

8.1 Proof of Lemma 21
To show (8.5), we will prove
e V20,1 —> o7 /A*, sup tTleT | VE(x, 1) = VE(0,0)] —> 0. (8.9)
! el <log g g

To obtain the first convergence, we use (5.18) and write

" 0 t - 2
e VE0.1) = %r—l /0 e Py [(P?f(~)) ](mds

L, [
— —os
— )L—*f /0 e P

x [W(O) (u*}:l 3 s))2 T (a— a*)u*}:z(-, s)i| (0)ds
=:11(t) + L (?).

We start with I, recalling (5.2), using (5.13), (5.14) and applying (3.4) multiple time
we obtain

! * o~ 2 s * * o~ 2
| (1) 56117]/ e P [(7’? f(-)) +/ P [(7’3 f(')) }du} (0)ds
0 0

t N 2 s N
< ¢! / TSP, [(e“ “R1(~)) + / e <S+“>7DS_MR%(-)du] (0)ds
0 0
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t s
1! / TSP, |:(e°‘*SR1(-))2+ / e“*(s+“)R2(-)dui| (0)ds
0 0

t t
fl/ e(“*f"‘)“'P,_ng(O)ds < 17]/ PIC Ol DR}
0 0

IA

IA

To treat /7, we use @ = 2 and decompose following notation of (S3)

*

v (0)

¢ ~ 2
nw=r" /O Pis [(h(-) S(hog) + PEFO = () - (fh,9)) } (©)ds
t
S R (OR[N
0
4 ~ 2
+r7! /0 Pies [(P#f(-) —h() - (fh,9)) ](oms
! ~
w2t [P [(PEFO =R (P 0) (0O (o] s
=: I3(t) 4+ 14(t) + Is(t).
Recalling (S1), we check
Ity > o7 /9" (0).

To 14, we apply (S3) and (3.4), namely

t t
\L()| < z—‘/ r(s)*Pr_, [Rf] 0)ds < clt_l/ r(s)%ds — 0.
0 0

Similarly, one can prove |I5(t)] — 0. Putting these results together we conclude
Ii(t) — a% /A* and consequently the first convergence in (8.9) holds. Let us pass to
the second statement. We analyze the first term of (5.18), which is hardest, and leave
the others to the reader. Namely, we will show that

/0 t P, |:(73 f(.))z} (x)ds — /O t P,y [(79 f(.))z} (0)ds

t
5;“/ f(s,1)ds —; 0, (8.10)
0

sup 1!

llxll<logt

where f (s, t) given in (6.23). We recall the notation of (S3) and write

~ 2 ~ 2
(PFO) = e (PEFO = h() - (fhog)) + 7 C) - (o g))?
+2e725 (PFC) = h() - (fh, @) (O - (Fho o))
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Using this decomposition, @ = 2u together with the triangle inequality, we get

~ 2
f =2 sup Pig [(P;‘m —h()- (fh, ) ] ()

lxll <logz

+4 s P [(PEFO = RO - (Fhg)) O - (R eh] @)

lxll <logt

+ sup

x|l <logt

Pry [ (@0 @) = Py [ - 002 O

Weusea = 2u, apply (S3) to the first two expressions and define H = (h - (fh, go))2—
((h-(fh, ©)?, ¢). We write

Fe0=r@? sup P [RY @+r() sup Py [Ra() (hC) - ()] ()

llxll<logr x|l <log?

+2 sup [PsH(x)|.

xll <logt

Let R3 € Cp then by (S2)
up PRI = (g, Re) + sup ProgRs(x) = g, Ra) o+ 707 Ra(log ).

Xl <logz )l <logz

This will be applied to the first two terms. The third one can be analyzed similarly
using (S2)

sup  |Pr_yH(x)| < e 9 Rs(logt).

llx]l <logt
By the fact that (s) N\ 0, we can write
f(s, 1) <cir(s) + e "™ Rg(log1).

Clearly, it is enough to establish (8.10).

To prove (8.6), we will follow the same route as in the proof of Lemma 19. Analo-
gously, we omit terms u*:* and estimate Sk as defined in (6.24). For k = 2, analogously
as in the proof of (8.5), one checks that

Vi, 0] < e Ry (x). (8.11)

For k = 3, we recall (5.15) for and use (5.17), (S2) and (8.11) to get

t 3
o 1 2 1
S3(x,1) < Cl/o P UVJF(.’ S)Vj;(.’ s)‘ + ’Vf(" s)’ ] (x)ds

t
s/ P;’_S[
0

e‘”/le(-)se”‘SRz(-)‘ n

e‘”/zR3(-)‘3} (x)ds.
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Using (3.4), we estimate that
t t
S3(x,1) < eo”/ 2P, [Ra] (x)ds < Rs(x)e‘”/ se®?ds < 1eCP Ry (x).
0 0

We conclude that
V30, 0] < 14/ Re(x). (8.12)

Finally, we pass to k = 4. We recall (5.15) and use (5.17), (S2), (8.11) and (8.12) to
get

S4(x, 1)

IA

! 1 3 2 2
Cl/O P va("s)"f("”‘ +[viesl

#vicof [vies]+ [vico| o

t
[

2
e””/le(-)‘ |se® Ry()| +

IA

e‘“/zR1(')se@a/z)SRz(‘)‘ +[se Ry ([

+

4
/2R, (-)) } (x)ds.
By (3.4), we obtain

t '
Sa(x,t) < e‘”/ 526 P,_sR7(x)ds < Rg(x)e‘”/ s2e®ds < 12e* Ry(x).
0 0

This is enough to conclude the proof of (8.6).
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9 Appendix
This section contains proofs of Lemmas 15 and 17. First, we recall Faa di Bruno’s

formula, which states that for sufficiently smooth functions g : R = Randh : R — R
we have

dk k . m;j
) = 3 am - h ) - [ (8Vw) . 0D

meAy j=1
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where an, ... m, ml'l'mlmz‘Zk'imek'k'"’k and the sum is over the set Ay of

all k-tuples of nonnegative integers m = (mjy, ..., my) satisfying the constraint
k.

> j=1JMm; = k.

Fix f € bt (R?) and recall (1.3). We introduce an additional parameter 6 > 0 and
denote

t
ugs(x,1) =P [0f](x) —/O Prs [¥ gy (- $))] (x)ds.

Formal calculations using (9.1) yield that

ad ! ad
Sglorx. 1) ="Pif(x) —/0 Pr—s [—uef(x, )Y (ugr (-, S))} (x)ds.

26
ak t
sgrtor 0y == [P | S g ()

0 meA;

k ; m;

3J i
X H1 (Wuef(w S)) (x)ds,
]:

for k > 2. It is standard to check that the above formulas are valid for 6 > O.
Passing to the limit # \, 0 we conclude that they remain true as long as % (0) is

finite. We denote u’; (x,1) = %ugf (x, t)‘e o The same reasonings hold for the
branching mechanism y* given by (5.1). The_respective quantities are denoted with
the superscript * (e.g., u?k).

We will prove that under assumption (B1) for k& < 4 the quantities u’} and u?k
given here are the same as the ones of (5.13), (5.14) and (5.16). One checks that
u?o(x, 1) = uE';f = 0. Recalling (1*)'(0) = —a*, we get

t
u?l(x, =P f(x)+ oz*/o Pi—s [u?l(., S)] (x)ds.

It is straightforward to verify that this equation is solved by the first formula of (5.13)
(we recall the notation (2.1)). The second formula of (5.13) holds analogously. To
treat the case k > 2, we denote

By := A\ {(0,...,0, 1)}, 9.2)
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(which in particular implies (5.15)) and write

t
u§’k(x,t) = —/0 Pr—s —a*u}k( $)+ D dm

me By

k .
y 1/f(,,,lJr.“er,()(O) . H (u;’j(-, s))m’ (x)ds.

j=1

Analogously as before it is solved by

k .
u;’k(x, = _/ ,Pta . Z am (m1+...+mk)(0) . H (u?j(.’ S))m/ (x)ds.
j=1

me By
9.3)
These are the same as (5.14) and (5.16).

The validity of the above expressions for f € Cy follows by a standard integral-
theoretic exercise. The formulas (5.20) and (5.21) are standard properties of the
Laplace transform (recall (1.2)).

Similar derivations hold for V}‘ .Wefix f € bT (Rd Yrecall (5.5)andputv =0,y =
Ox, f =0f,h =0,60 >0 and denote

Vs (x, 1) i= Eoxs, (e—<9f,At>) .

By (5.6), we know that Vyr(x, ) is the unique [0, 1]-valued solution of the integral
equation

1 t
Vor (e, = 1o 5 | Pocs [ (5 Vap ) + i 9)) = w50 | s

Let k > 1, using (9.1) we obtain (we skip some arguments to make expressions more
clear)

0 Voy _ v
(mi+...4mp) (4% *
gk = 7); —s z am ! k ( A V@f—i-ugf)

meAy
ﬁ L0/ 3/ Vos aj”;f "
- 907 89j

0/u i
_ Z am - ¥ *(m1+ +mk)(u ) H( aeff) ds.
meAy; ’

Similarly as before we pass to the limit & \ 0, again it is possible when 1 (0) < +oo.
ak Vor

Under assumption (B1) for k < 4, we denote VJ’E =

0 and we will prove that
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they are the same as given by (5.17), (5.18) and (5.19). One checks that Vo = 1 and

u?o = 0 and thus

Vi, 1) = /7?, S| D am g (% H( A* Vf+u*f)

meAy Jj=1

k .
— Z am - Ip>i<(ml+...+m,,)(0) ) H (u?j)mj ds.

meA; j=1

By (5.1) and (5.2), we have (¥*)' (=A%) = ¥/ (0) = —a. Therefore,

1 t
Vf(.x t) — / Pl s | —o (_)\.*V; +u>¢},k) + Z am'w*(ml+'.‘+mk)(_)\‘*)

me By
k . w7 m;j
< [T (v +u)
j=1
k -\ M
+o* u Z am *(m|+.‘.+mk)(0),H(u?J) | ds.
me By Jj=1

The formula (5.17) follows by simple calculations. Namely, we notice that by (9.2),
we have B| = ¢ and thus

Vi1 =

oa—ao* (! 1
- /O P [y 60 | s,
Using (5.13) and the semigroup property of P, we obtain that

A*

t
Vi = =55 [ep [P o] (as

*

o — ! *
= — )»*a eatptf(x)/ G N 1Y
0

= —%’Plf(x) (e‘” — e"‘*t) .

Derivation of (5.18) follows similarly, observing that B, = {(2, 0)} and calculating

1 [ 2
Vi, 1) = A_*/o P, [1//’(0) (—k*V}(~,s)+u}’l(-,s))

2
—0" O (15 9) = @ = e S)} (o).
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We notice that —A* V} (x,5) —i—u’}’l (x, s) = P¢ f (x) which concludes. Showing (5.19)
is left to the reader.

The fact that these expressions are valid for f € Cy follows by a standard integral-
theoretic exercise. (5.22) is a standard property of the Laplace transform.

Let us now pass to the estimates asserted in Lemma 17. Let us now prove the first
estimate in (5.24). Using (5.13), (5.14) and (3.4)

t t
2 (x, 1)) < /0 o [ RY] () = e /0 Py [RY] (@)ds = € Ry (x).

The second inequality in (5.24) follows analogously. In order to prove (5.25), we
utilize (5.13), (5.16) and (3.4) (we recall that «* < 0)

4 *
Cl/ s [
0
% t * * 5 * 3
e“ ’/ e P |:e"‘ *Ri()e* “Ry(-) + (e“ SR1(~)) :| (x)ds
0

e Ry(x).

' x, 1)

IA

u?l(-, S)u?z(-, S)‘ +

*, 1 3
' (-,s)) i|(x)ds

IA

IA

The case of ujf4(x, t) follows similarly. Estimate (5.26) holds by (5.24), (3.4) and the
following calculation.

Vix. 0

IA

t . 2
o [ PP ) + (P 0) e o was

IA

t
em/ e Pi_sRi(x)ds < e Ry(x).
0
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