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Abstract We consider processes of the form [s, T] > ¢t — u(t, X;), where (X, P )
is a multidimensional diffusion corresponding to a uniformly elliptic divergence form
operator. We show that if u € 1> (0, T'; le) with %—’; ell,(0,T; Hp_l) then there is a
quasi-continuous version # of u such that (¢, X,;) is a P (-Dirichlet process for
quasi-every (s, x) € [0, T) x R? with respect to parabolic capacity, and we describe
the martingale and the zero-quadratic variation parts of its decomposition. We also
give conditions on u ensuring that u(#, X;) is a semimartingale.
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1 Introduction

In the present paper, we study the structure of additive functionals (AFs for short) of
the form X* = {X;{l =u(t,X;)—u(s,X;);0<s<t<T},whereu: Qr=1[0,T] x
R? — R and X = {(X, Ps x); (s,x) € Qr} is a Markov family corresponding to the
operator
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with measurable coefficients a : Q7 — R? @ R?, b : Q7 — R¥ such that

MEP < ) aijt, 0&E < AEP, aj=aji,  |bitx)| <A, EeR?
i,j=1
! (1.2)
for some 0 < A < A and Ay > 0 (see [26, 29, 37)).

It is known (see [22, 32]) that for every (s,x) € Q; =[0,7T) x R4 the process
Xs.. = X. — X, is under Ps  a continuous Dirichlet process on [s, 7] in the sense
of Follmer [14]. In the paper, we first develop some stochastic calculus for time-
dependent functionals of X. Secondly, we give mild regularity conditions on u under
which the functional X ”, is a Dirichlet process under Ps . and, if this is the case,
we describe the martlngale part M* and the zero-quadratic variation part A" of its
decomposition

X!, =M + A", 1els,T], Psy-as. (1.3)

Finally, we characterize the class of u such that X ? is a semimartingale under P .

It is known that general Dirichlet processes are stable under C! transformations
(see [4, 9]). C'-regularity of u is too strong in applications we have in mind. Our
main motivation to investigate functionals of the form X* comes from the fact that
they appear in probabilistic analysis of strong solutions to parabolic PDEs or varia-
tional inequalities involving the operator L, (see [20, 33, 34]). Therefore, the natural
assumption on u is that it belongs to some Sobolev space and in general is even not
continuous.

Time-independent functionals of time-homogeneous diffusions are quite well in-
vestigated. Let X be a locally compact separable metric space and let m be a pos-
itive Radon measure on X" such that supp[m] = X. Let {(X, Py); x € X'} be an m-
symmetric Hunt process with Dirichlet form (£, D(E)) on Ly (X, m). It is known (see
[18]) that for every u € D(E) there exists an £-quasi-continuous version of u (still
denoted by u) such that X* admits the so-called Fukushima decomposition, i.e.,

X! =M+ A}, 1te[0,T], P-as.

for £-q.e. x € X', where M* is a continuous martingale AF of finite energy and A*
is a continuous AF of zero energy. A simple calculation (see [18, p. 201]) shows that
A" has zero-quadratic variation on [0, 7] under the measure P,(-) = f y Px()dv(x)
along dyadic partitions of [0, T'] for every Radon measure v < m. Hence, to prove
that X* is a Dirichlet process in the sense of Follmer, one should weaken the assump-
tion on the absolute continuity of v and on the sequence of partitions. In [12], the
authors weakened the assumption on the starting measures v in the case of Dirichlet
form (€, D()) on Ly (R4, m) with the Lebesgue measure m, defined by

Eu,v) = l(aVu Vu)o, u,veDE)=H"'(RY), (1.4)

where a(7, x) = a(x), x € R?. The class of measures considered in [12] includes
in particular the Dirac measure () for £-q.e. x € R9, which shows that X* is a
Dirichlet process on [0, T'] under Py for £-q.e. x € R along dyadic partitions. It is
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worth mentioning that in the case of non-symmetric diffusions the approach of [12]
breaks down.
A different approach to the problem of investigating X* in case

E(u,v)z%(aVu,Vv)z—i—(qu,v)z, u,veDE) =H'(RY), (15)

with a(t, x) = a(x), b(t, x) = b(x) was adopted in [31]. In [31], it is shown that if
u e qu (R?) with ¢ > 2 then X" is a continuous Dirichlet process in the sense of
Follmer for £-q.e. x € RY (see also [29, 32] where time-inhomogeneous diffusions
are also considered).

In the case of a one-dimensional Wiener process W, it is known (see [16]) that
W is a continuous Dirichlet process in the sense of Follmer for every starting point
x €Rif u e H'(R), and it appears that this condition is necessary (see [7]). In the
case of a multidimensional Wiener process, one can deduce from [15] that W* is a
continuous Dirichlet process in the sense of Follmer on [0, T'] for g.e. starting points
x eR?ifu e HY(RY).

To our knowledge, in the case where u depends on time, only few results are
available. In [22], diffusions corresponding to L, are considered. It is shown there
that X* is a continuous Dirichlet process on [s, T'] in the sense of Follmer for every
(s,x) € Q4 if sup,cio. (VU@ + ||%—'t‘(t)||p) < oo for some p >d A 2. In [8],
necessary and sufficient conditions on u for X* to be a semimartingale are given in
the case where X is a one-dimensional Wiener process.

We will now briefly describe the content of the paper. As already mentioned, we
are interested in solutions to parabolic PDEs or parabolic variational inequalities in-
volving L;. Therefore, our basic assumption on u is that u € W,,, where W, = {u €
1L,(,T; Hx}); % el (0, T; Hp_l)} (p is some weight), i.e., u belongs to the natural
space for strong solutions of such problems. Let capy, : 297 — Rt U {+00) be the
parabolic capacity associated with L, (see [28]) or, equivalently, a restriction to Q0 ;
of the capacity generated by the time-dependent Dirichlet form

Jr EO@®), v)dt — [(2@1), v(®), ueW,vela(R; HY),

Eu,v) = {fR EDw®),v®)dt + (50, u@), veW,uely(R; H'),

where W denotes W, with p =1,

ED(u,v) = %(a(t)Vu, Vo), + (b())Vu,v),, 1€[0,T],

EOw,v) =EOu,v) fort <0 and £ (u, v) = D) (u, v) for r > T. In the paper,
we provide various conditions on u ensuring that for cap; -quasi every (q.e. for short)
(s,x) € QO the process X S" is under Ps , a continuous Dirichlet process on [s, T'] in
the sense of Follmer or is a continuous semimartingale.

For the convenience of the reader, we begin in Sect. 2 with basic information on
various definitions of parabolic capacity associated with L;.

In Sect. 3, we formulate Fukushima’s and Lyons—Zheng’s decomposition of X
under Ps .. Using the latter decomposition, we investigate additive functionals of
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the form f div f (9, X) d6, where div f stands for the divergence of the vector field
f: (fl, e, fd) such that fi € ]Ll2°°(QT), i=1,...,d.Itis known that in the case
of time-homogeneous diffusions {(X, Py); x € Rd} corresponding to L; with time-
independent coefficients, such functionals may be defined under the measure P,, as
a forward—backward integral with respect to martingales from the Lyons—Zheng de-
composition of X" (see [36]). We show that the functionals can be well defined for
time-inhomogeneous diffusions and what is more important, under the measure Ps
for g.e. (s,x) € Q4 (see [34] for similar results). We also show that if u € H! (Rd)
then under some additional regularity conditions on the coefficient a, X* is a contin-
uous Dirichlet process in the sense of Follmer under P, for £-q.e. x € RY, where £
is given by (1.4).

In Sect. 4, we show that each u € VW, has a quasi-continuous version, still denoted
by u, such that X¥  is a Dirichlet process on (s, T'] under Py . for every (s, x) € Oj;.
Under mild addmonal regularity conditions on u, it is a Dirichlet process on [s, T']
for capr-q.e. (s,x) € Q4. We also describe the martingale and the zero-quadratic
variation parts of the decomposition (1.3) and show that (1.3) implies the Fukushima
decomposition of X* into martingale AF of finite energy and CAF of zero energy.

In Sect. 5, we introduce the definition of the integral with respect to continuous
additive functionals (CAFs for short) of X of zero-quadratic variation associated with
functionals in L»(0, T'; H, 1. The key result here says that given such a CAF A and
a bounded n € W, one can find a sequence {A"} of square-integrable CAFs of finite
variation such that for g.e. (s, x) € Qf s

E x sup — 0.

s<t<T

t t
/ 16, Xp)dAT , — / 10, Xp)dAy g
S N

This approximation result enables us to handle integrals with respect to CAFs corre-
sponding to functionals in L,(0, T; H, 1). As a first application, we show that such
CAFs are uniquely determined by their Laplace transforms.

In Sect. 6, we are concerned with the problem of finding minimal conditions on
u € W, under which X" is a semimartingale. Our main result proven here says that
X . is a locally finite semimartingale under P;  for g.e. (s, x) € Q4 if and only if
(% + L;)u is a signed Radon measure.

Finally, in Sect. 6 we collect some useful estimates for diffusions X and related
estimates on the fundamental solution p and weak solutions of the Cauchy problem
associated with L;.

In the paper, we will use the following notation:

Ou=I[s,t1xRY, 0, =[0,11xRY,  Qz=[0,T) xR,

0 ad
V=——o; ..., — ).
<8x1 Bxd>

Cc(Q7) (C(RY)) is the space of all continuous functions with compact support
in Q7 (in RY).

L, (R?) is the usual Banach space of measurable functions on R4 with the norm
lull, = (f]Rd lu(x)|? dx)'/P, L,.4(Q¢r) is the Banach space of measurable functions
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on Q;r with the norm ]l g7 = (f; (faa (s, )7 dx)P/4 ds)"/4, Lp(Qir) =
Ly p(Qer): el por.7 = el e, and lluell p. 7 = llull o, 7

Let p € R;. By Lp,p(Rd) (Lp.q,0(Qr7)) we denote the space of functions u
such that up € L,,(Rd) (up € Ly 4(Q; 7)) equipped with the norm || p., = lupllp
Ul p,g,p.0.7 = llupllp,g.e, 7). We write K CC X if K is a compact subset of X. By
(-, -)2 we denote the usual inner product in L, (RY) and by (-, )2, the inner product
in Ly, ,(RY).

W;’ o 1s the Banach space consisting of all elements u of L), p(Rd ) having gener-
alized derivatives ;’7 i=1,....d,inL, ,(R?) with the dual space W, |. We denote
H /} = Wzl’ o W, is the subspace of L,(0, T; H /}) consisting of all elements u such
that ‘5—‘: el,(,T; Hp’l), where Hp’1 is the dual space to H; (see [23] for details).
By (-,-), we denote the duality pairing between spaces H,, H, ' and by | - [« we
denote the norm in Banach space 1> (0, T; H o b,

By f we denote the vector function (f1,..., f¢). We write f € Ly ,(Qr) if
fie Ly ,(Qr),i=1,...,d. By M (M) we denote the set of all Radon measures
(positive Radon measures) on Q7, and by M™ ([0, T]) the set of positive Radon
measures on [0, T]. B(E) (Bb(E),B};’C(E),BJ“(E)) denotes the set of all Borel
(bounded, locally bounded, positive) real functions on a topological space E.

By C we denote a general constant which may vary from line to line, but depends
only on fixed parameters.

2 Parabolic Capacity

Letd > 1 and let ‘R denote the space of all functions p : R? — R of the form p(x) =
(14 x|/~ x e R?, for some « € R, and let R be the space of all p € R such that
fRd p(x)dx < co. Unless otherwise stated, in the sequel we will always assume that

p € R;. We also write py(y) = p(y —x), y € RY.
Let @ € 1,(0,T; Hp_ Dy, Tt is well known that @ admits the decomposition

@ = fO+div f forsome fO, f € Lo p(Q7). e, @) = (f*.m)2,p — (. V(0*m)2.
This decomposition is not unique, but it is known that for every such decomposition
Dl < ||f0||2,p,T + || fll2,p,7 and there exists a pair which realizes the norm. If, in

addition, @ > 0, i.e., @(n) > 0 for any positive € L (0, T; H/}), then by Riesz’s
theorem there is a Radon measure @ on Q7 such that

<P(n)=/ ndu .1
or

for every n € Cgo(QT). Let us observe that
n({ty xR =0, 1€[0,T]. (2.2)

Indeed, if {,} C C3°(Qr) is a sequence of positive functions such that 7, | 1y, gd
pointwise and in L (0, T; H ;), then

0=®() = lim ®(,) = lim / mndp = pn({t} x RY).
n—>oo n—>0oo QT
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Let us define the capacity of E CC Qr =(0,T) x R? by
@QT(E)zinf{/ |Vn(z,x)|2dtdx+/ In(t, )" drdx -
or or
ne CSO(QT), n= 1E}-

The capacity can be extended in a standard way to the Borel o -field B(Qr) of subsets
of QT For E CC QT and n € C§° (QT) such that n > 1g, we have

M(E)Sf nduzcb(n):/ nfopz—/ FV(0*n)
or or or
2
<C(IVallzp,r + ||T)||z,p,r) .

Thus, j < €apy;, . Now, for E CC R9 define

capga (E) =inf{/d|Vn(x)|2dx +/d|n(x)|2dx :neCPRY), 7> 15},
R I

and extend it in the standard way to B(R?). From [5] it follows that for every B €
B(Qr).

T
vaT(B)Z\/O Cade(B,)dt,

where B, = {x € R?; (¢, x) € B}. Since u <« Wér’ using the well known fact

that elements of H ; have quasi-continuous versions defined up to the sets of
cappra-measure zero (see [18, Chap. 2]), we may extend formula (2.1) to all n €
Ly(0,7T: H)).

It is worth noting that in the definition of capacity cap,. and in the representation
theorem for functionals in L, (0, T'; H o l) derivatives with respect to the time variable
do not appear. Therefore, various facts on functionals u € (0, T; H ” YN M can
be proven by making obvious changes in proofs of corresponding facts concerning
elliptic capacity and functionals in H ! In particular, slightly modifying arguments
from [6] and [10], one can prove the following theorems.

Theorem 2.1 Let u € M. If u < cap, then there exist y1, y» € 12(0, T; Hp’l) N
M and positive a; € L1 10¢(QT, ¥i), i = 1,2 such that dyu = oy dyy — ar dy:.

Theorem 2.2 A Radon measure | vanishes on sets of zero cap, capacity if and
only if it admits the decomposition

uw=o +k,

where ® € 150, T; Hy') and k e L\ (Q7).
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In the paper, we will also use another notion of capacity, the so-called parabolic
capacity, which appears when considering the natural space of strong solutions of
variational inequalities, i.e., the space W,,.

Let 2 = C([0,T], R4) denote the space of continuous R4-valued functions on
[0, T equipped with the topology of uniform convergence and let X be the canonical
process on £2. It is known that for a given operator L, defined by (1.1) with a and
b satisfying (1.2) one can construct a weak fundamental solution p for L; and then
a Markov family X = {(X, P; x); (s, x) € O} for which p is the transition density
function, i.e.,

Ps,x(thx;OS[SS)zla Ps,x(XtEF)Z/ ps,x,t,y)dy, te(s,T]
r

for any I" € B(R?) (see [29, 37]). We define the parabolic capacity of an open set
BCQ; by
T
cap; (B) =/ Pym(3t € (s, T): (1, X;) € B)ds, (2.3)
0

where m is the Lebesgue measure on R¢ and
PY,m(F)Z/dPY,X(F)dxa Ieg.
R

It is known (see [18, Theorem A.1.2, Lemma A.2.5, A.2.6]) that such a defined set
function might be uniquely extended to a Choquet capacity on B(Q ;) and it satisfies
(2.3) for every compact set K C Q. In what follows, we say that some property is
satisfied quasi-everywhere (q.e. for short) if it is satisfied except of a Borel set of zero
capacity capy .

Remark 2.3 It follows directly from the definition of cap; that cap;, ({s} x B) > O for
every s € (0,7) and B € B(RY) such that m(B) > 0. Hence, if some property holds
for g.e. (s, x) € Q;, then it holds for a.e. x € R for every s € (0, T).

From [27] and [28], it follows that the parabolic capacity cap; is equivalent to the
following parabolic capacity cap, in the analytical sense.

Definition 2.4 Let V C Q; be an open set. We set
capy (V) = inf{[ullyy, :u e Wy, u =1y ae.}

with the convention that inf ) = oo. The parabolic capacity of a Borel set B C Q; is
defined by

cap,(B) = inf{cap,(V) : V is an open subset of 7, B C V}.
From [28, Proposition 2], it follows that cap, is a Choquet capacity.
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Remark 2.5 1f capy, is a Choquet capacity, it follows in particular (see [18, Theorem
A.1.1.]) that for any B € B(Q4),

cap; (B) = sup capy (K),
K CB, K -compact

which implies that cap; (B) = 0 iff cap; (K) = 0 for every compact subset K of B.

Definition 2.6 We say that u : Q7 — R is quasi-continuous if u is Borel measurable
and [0, T] > ¢ — u(t, X;) is a continuous process under the measure Ps , for g.e.

(s,x)€ Q4.

The notion of quasi-continuity defined above is equivalent to the following one:
for every ¢ > 0 there exists an open set U, C Or such that U 5\Ue is continuous and
capa(U,) < € (see Remark 3.6 and Proposition 3.7 in [35]). Let us also note that it is
known that every u € W,, has a quasi-continuous version (see [27]).

3 Diffusions Corresponding to Divergence Form Operators

Set F} =0 (X, u €ls,t]), ]:"f =o(Xy,u €[T +s —t,T]) and define G as the com-
pletion of F3. with respect to the family P = {P; , : i is a probability measure on
B(RY) }, where Ps () = fRd Ps x(+) n(dx), and define G} (g‘;) as the completion of
F$ (F¥) in G with respect to P.

We will say that a family A = {A;;,0 <s <t < T} of random variables is an
additive functional (AF) of X if A . is a ({G]}, Ps,,)-measurable cadlag process
and P x(Asy = Asy + Auy,s Su <t <T)=1forqe. (s,x) € Q4. If, in addi-
tion, As,. has Ps y-almost all continuous trajectories for g.e. (s, x) € Q 4, then A is
called a continuous AF (CAF), and if Ay . is an increasing process under P; , for g.e.
(s,x) € Qp, it is called an increasing AF or positive AF. If M is an AF such that
for q.e. (s,x) € O, EM|MS,,|2 <ooand Eg yM;, =0 fort e[s,T] (E; is the
expectation with respect to Py x), it is called a martingale AF (MAF). We say that A
is an AF (CAF, increasing AF, MAF) in the strict sense if the corresponding property
holds for every (s, x) € Q. Finally, we say that A is a quasi-strict AF (CAF, increas-
ing AF, MAF) if the corresponding property holds under P; . for every (s, x) € Q4
on (s, T'] and for g.e. (s, x) € Q4 on [s, T]. Since in what follows, except for Propo-
sition 3.3, we will consider exclusively quasi-strict AFs, we will call it briefly additive
functionals.

3.1 Fukushima’s Decomposition and Decomposition in the Sense of Follmer

It is known (see [22, 32]) that there exist a CAF A in the strict sense and a continuous
MAF M in the strict sense such that

X —Xs=M;;+ A5, tels, T], Psx-as., 3.1
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for every (s, x) € O}, and moreover, M . is a ({G;'}, Ps,x)-square-integrable martin-
gale on [s, T] with the covariation given by

. t
(M;’_,MS’,.>t=/ aij(0,X9)do, tels, Tl i,j=1,....d, (3.2)

N

while Ay . is a process of P ,-zero-quadratic variation on [s, T'], i.e., A; s =0 and

> Agiyy — Asy > — 0 in probability P (3.3)
t,’EHm
for any sequence {I1,, = {fo,t1, ..., tiom)}} Of partitions of [s, T'] such that s =7y <

t <o <tigny=T and |[[T,,|| = maxi<j<im) |ti —ti—1] — 0 as m — oo. In par-
ticular, X. — X, is a ({G/'}, P x)-Dirichlet process in the sense of Féllmer. One can
also show that M is an MAF of locally zero-energy and A is a CAF of locally finite
energy (see [32] and [30, 31] for time-homogeneous diffusions), i.e., (3.1) coincides
with Fukushima’s decomposition for X.

Observe that if 0o * = a then, by (3.2),

t
Bu= [ o716 X0 dMys. tels.T] (3.4)
)
isa ({G/}, Ps,x)-Wiener process.
3.2 Lyons—Zheng’s Decomposition

Additional information on the structure of A of decomposition (3.1) provides the
Lyons—Zheng’s decomposition for X. Let (s, x) € Q7. Fors <u <t <T we set

d ot t
a;,’);,l :Z/I; Eaij(G,Xg)p IE(S,X,Q,XQ)dG, IBl;,t :/L; bl(O,Xg)dQ
j=1

In the sequel, for a process Y on [s, T] and fixed measure P; , we write Y, =
Yrys— fort els, T].

From [32] it follows that under P . the canonical process X admits the decompo-
sition

1

1
Xi=Xu=3Mus+ 5 (N7 = N7 smu) =i +Buss s sust =T, 35)

where M . is the martingale of (3.1) and NSS,"X isa ({g’g }, Ps x)-martingale such that
. : t - -
(NSB NG = f aij(0,X9)d0, tels, T, i,j=1,....d. (3.6)
s
Observe that the covariation of N** does not depend on x € R¢.
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Remark 3.1 From (2.7) in [29] it follows that

Es (N30 G ysy) =00 s<ui <up <T,

up,uz
NS, X S,X _ 8§,X .
where N, v = N7, . — N7, Hence, if we put
75X 5,X _A7SeX
MM,I - (NS,T—i-s—t Nv,T+s—L¢)’

then for every ¢ € [s, T), {M; 45—y, u € [s,t]}isa ({Q_’TH_”}ME[M], Ps ,)-martingale
and under P , the process X admits the decomposition

1 |
X, — Xy = EMu’t - EM;;C —012’,); +But, SSu=st=T

considered in [24].
3.3 Forward—Backward Integrals

Let f = (fi,..., fa): Or — R? and let S be some class of real functions defined
on Q7. To simplify notation, in what follows we write f € Sif fi € S,i=1,...,d.
Let f € Blboc(QT). Similarly to [34, 36], using (3.5) we set under the measure P; y,

t t
/ f(0.Xe)d"Xg =~ / F(0, Xo)(dMy 9+ dasy) — / F(6. Xg)aN";
r r

T+s—t
3.7

fors<u<t<T,where =T +s —0. By Proposition 7.6, all integrals on the
right-hand side of (3.7) are well defined for every (s, x) € Q. The interest in the
integral defined above comes from the fact that if f is regular then

t t
f divf(@,Xg)d9:/ a ' f(0,Xg)d*Xg, s<u<t<T, Pgc-as. (3.8)
u u

(see [34]), which enables one to extend the integral on the left-hand side of (3.8) to
[ e BY(Qr).

Our first goal is to extend the class of functions for which (3.7) is well defined for
g.e. (s,x) € Q. In view of (1.2), (3.2), (3.6), Proposition 7.6 and Corollary 3.4, to
define integrals with respect to the forward and backward martingales it suffices to
assume that f € Ly ,(Qr). The main problem is to define the integral with respect
to o®* because the gradient of p is not square-integrable (see [1]) and «** depends
on (s, x). The latter fact makes difficulties in applying the Markov property of X to
get the existence of the integral.

We start with the investigation of integrals with respect to «®* in case of time-
homogeneous diffusions. Let {(X, Py);x € R?} be a Hunt process associated with
the Dirichlet form (1.5).
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It is known that if a is piecewise smooth (see [11] for details) then there exists an
M > 0 such that

v __M ly —xI?
| xp(t,x,y)|_mexp o )

Hence, by the elementary calculations,

T
B[ lrooldat), ¢ [ gy -aiday,
0 R4

On the right-hand side of the above inequality, we recognize the Riesz potential of
order 1. Therefore, repeating the arguments from the proof of [15, Proposition 3.6]
shows that for every f € L joc (Rd),

T
P, (/0 |f(XD|d|e*|, < oo) =1 (3.9)
for £-q.e. x e RY.

The following example shows that in the time-dependent case the condition f €
L, ,(Qr) is insufficient to guarantee (3.9) even if a is smooth.

Example 3.2 Letd =1,a=1,b =0, so that X;, r > s, has under P , the normal
distribution with mean x and variance ¢ — s. Then

1 [ 1 ["x—X
ag;fZE/ -1 p(sx@Xg)dQ—zfxe % 46.
s s -9

Suppose that f is nonnegative and does not depend on x. Then

— X
w(s, x) = / FOd|ad], —E”/ Foy =% 9'

/ f©®)
- s)l/2

i.e., w(s, x) does not depend on x. Now, let us fix #y € (0, T'). Since the function
(o, T) >t — (1 — 1)~ /2 does not belong to L, (7, T'), one can find f € L,(0, T)
such that ftOT f(O)(O — 10)"1/2 = co. Then w = co on the set {to} x R4 and from
Remark 2.3 it follows that cap; ({fo} x R?) > 0.

We will extend the integral side of (3.7) to f € Ly, »(Q7) by using approximation.

Proposition 3.3 Let p > 0andlet A, A", n € N, be CAFs of X such that

Es. sup |Al, — Ay " >0 (3.10)

s<t<T

fora.e. (s, x) € Q. Thenthere exists a subsequence {n'} of {n} such that (3.10) holds
along {n'} for q.e. (s,x) € Q3.
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Proof Set B ={(s, x) : Es x sups,<7 |A} , — As¢|P - O} and let T = inf{t € [5, T') :
(t, X;) € K}, where K is a compacz subset of B. Since (X, P ) is a Feller process,
T is a {G] }-stopping time. Hence, by the strong Markov property with random shift
and additivity of A" and A,

Py (T < 00) = Py« (E,,Xr sup A", — Ag,|P 0,7 < oo)

t<t<T

= P, (Es,x( sup |A¥,, — AT’[|P

T<t<T

gi>+>0,r<oo)

IA

Ps,x (2]7/\1 Es,x ( sup

s<t<T

A%, = A" Ginr) 0).

Set

Tn,m(svx» w):Es,x< sup |A?,t _Asvl|p

s<t<T

Gior ) @)

By (3.10), Ty,m — 0in Ly (Qr x £2, IT), where IT is the finite measure defined by
the formula

I1(B) =/ (Esyxlg(s, x)),o(x) dsdx.
or

Using the Borel-Cantelli lemma, we can choose a subsequence (still denoted
by {n}) such that T, ,, — 0, [T-a.e. In particular, T ,(s,x) — 0, Ps ,-a.s. for
a.e. (s,x) € Or. Hence P (t < 00) =0 for a.e. (s,x) € Qr, and consequently
cap; (K) = 0. Hence, by the fact that cap; is a Choquet capacity, cap; (B) =0. U

Corollary 3.4 Let p > 0 and let A be a CAF of X such that

Esyx sup |Ag|P <00 (3.11)

s<t<T
forae. (s, x) € Q. Then (3.11) holds for g.e. (s, x) € Q.
Proposition 3.5 Ler f € L2 p(Q7). Then there exists a unique CAF D of X such

that for every sequence {f,} C By(Q7) convergent to f in Lo, ,(Qr) there exists a
subsequence (still denoted by {n}) such that

t
E x sup / fn(0, Xg)d*Xg — Ds | > 0 (3.12)
s<t<T|Js
forqe. (s,x)€ Q.
Proof Put A", = [! f,(0, X¢)d*Xs. By Proposition 7.6,
/ (Es,x sup |A", — Ag"t|),o(x)dx -0 (3.13)
or s<t<T ’
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Hence, by Proposition 3.3, there exists a subsequence (still denoted by {n}) and some
process D** such that E; , sup,, 7 |A}, — Dy | — 0 for g.e. (s, x) € Q. Using
arguments from the proof of [18, Lemma A.3.2], one can choose a version of D%*
which does not depend on (s, x).

To prove uniqueness, suppose that D is another process having the properties of D.
Let g, fu € Bo(O71), fu.8n — finly p(QT) Let {n} be a subsequence such that
(3.12) holds with the pairs (fn, D), (gn, D) and (fn, gn). For the latter pair, it is
possible thanks to Proposition 3.3 and the following convergence

/ <EH sup
or s<t<T

which is a consequence of convergence of { f,}, {,} and Proposition 7.6. Finally, for
qe. (5.%) € O,

t
fn(9 Xe)d*Xe—f gn(0, Xg)d* X
N

) x)dx — 0,

Es,x sup |Ds,t - Ds,t|

s<t<T

< lim E;, sup
n—oo S<Z<T

/fn(é’ X¢)d*Xo — Dy,

t t
+ hm Ey x sup fa(6. Xo)d* X —/ 8n(0, Xp)d" Xy
s

s<t<T

+ hm E; . sup

s<t<T

t
/ gn(0,Xp)d*Xg — Dy | =0,

and the proof is complete. g

Remark 3.6 For every (s, x) € QT and s <r <t < T, the integrals on the right-hand
side of (3.7) are well defined P; ,-a.s. This follows from Aronson’s estimates and
Proposition 7.4(ii) because

T —_ -
E/ If(9,X9)|2d9=/Q 170, 9 p(s.x. 0. y)d dy

<C/ ;“?(9 )|2ex (M)
=)o, @—sya2 VISP )

~1(x)

e 1 L Y (3.14)
and
Eyx frt|f(9’xe)|d|0l§f|g 5/‘QrYT|f(9,y)||pr|(S,X,9,y)d9dy
<7l VPG (3.15)
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Proposition 3.7 Let f € 1L, ,(Qr) and let D be the CAF of Proposition 3.5. Then
P x-a.s.,

t T+s—r _  _
Dy, = _/ f(0, Xg)(dMs,9 +dey) —/ f(0,Xe)dN:y, s<r<t<T
r ’ T+s—t o

forq.e. (s,x)€ Qj.

Proof Let {f,} C B,(Qr) be such that (3.12) holds g-e. Then by (3.7),

r t T+s—r _ _ _
/ Fo(0. Xg)d*Xg = — / Fu®. Xo)(dMy o +doy) — / (0. Xp)dNy,
r r T+s—t

and the result follows from (3.12), (3.14), and (3.15). O

Put N = N; U Ny, where
T ) c
N1 = {(S,X)G Qf;Ps,x(/ |f(t,X;)| dt<oo) :1} s
N

T c
N, = {(s,x) €04 p.V.-/ f(t, X)dag; exists and is finite Ps,x—a.s.}
S

and

T T
p.V.-/ ft, X)da)T = lim f@, X)daly.
s ’ 507 s+45 ’

Corollary 3.8 If f € L2 ,(Q4) then cap.(N) =0.
Proof Follows directly from Proposition 3.5 and Proposition 3.7. g

Let f €Ly ,(Qr). For afixed (s, x) € Q;, we set

T+s—r

f(0.Xp)dNyy

t Lo )
/f(@,Xe)d*Xe=—/ f(e,Xe>(dMs,e+da§:§)—fT ,
r r ot (3.16)

forall0 <s <r <t <T,and for a fixed (s, x) € N° we set

t t
/f(e,xe>d*xe=—/ F(0, Xo)dM; g

T

t
+p.v.—/ f(@,X@)dozj’g—/ f(6.Xe)dN}y (3.17)
s ’ T ’

+s—t

foralO<s<t<T.
Under stronger integrability conditions on f, all integrals on the right-hand side
of (3.7) are defined for g.e. (s, x).
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Proposition 3.9 If f €L, ,(Qr) for some p > 2 then for q.e. (s, x) € O,
r r
/ fO,Xg)d" Xy = —/ f(6, Xp)(d Mg +d0l§:g)
s N

T
—/ f(6.Xg)dNy, tels, Tl Ps.-as.
T+s—t o

Proof By (7.3),

T T 2/p
Es,x/ |f([v Xt)|d|a§:x|t = C(p)<Es,x/ |f(tv Xt)ipdt) .

From Proposition 7.6, it follows that the right-hand side is finite for a.e. (s, x) € Q4.
Hence, by Corollary 3.4, it is finite for q.e. (s, x) € Q. The result now follows from
Corollary 3.8. g

Proposition 3.10 Let {f,} C 1Ly ,(Q7) and f, — f in Lo ,(Qr). Then

(i) Forevery (s,x)€ Qj andr € (s, T],

Esx sup

r<t<T

— 0;

t t
fﬂ(e,xe)d*xe—/ F(0,Xp)d*Xo

(ii) There exists a subsequence (still denoted by {n}) such that for q.e. (s, x) € Q; ,

E; ;. sup — 0.

s<t<T

t t
f fn(9,X9)d*X0—/ (0, Xp)d*Xo

Proof (i) follows easily from (3.14) and (3.15). (ii) follows from Proposition 3.3

because
t _ t _
/ (Es,x sup /fn(Q,Xe)d*Xe—/ f0,Xp)d* Xy >,0(X)dx
or s<t<T|Js K
= =12
<|f=7ls,r
by Proposition 7.6. g

4 Time-Inhomogeneous Additive Functionals and Dirichlet Processes

In this section, we will be concerned with conditions on # under which the functional
X" = {X?,z =u(t, X;) —u(s, X;); 0 <s <t <T}is aDirichlet process in the sense
of Follmer.

Let p € R;. Fors €[0,T), we set Py ,(-) = [pa Ps.x()p?(x) dx.
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Definition 4.1 We say that a CAF A of finite variation is locally finite (resp., square-
integrable) if for every n € Cg' Q7),

T T T
/ Es,p/ n(t, X;)d|As..|; ds < 0o (resp.,/ Eg plAs. |7 ds < oo).
0 0 0

Definition 4.2 (i) Let (s, x) € Q7 and r € [s, T']. We say that a {G; }-adapted process
Y is a continuous Dirichlet process on [r, T'] under P;  if

Yi=M;+A;,, telr,T], Psx-as, “4.n

where M is a continuous ({G;}, P x)-square-integrable martingale on [r, T'] and A
is a continuous {G;}-adapted process on [r, T'] such that (A),T = 0 in the sense of
(3.3). We say that Y is a continuous Dirichlet process on (s, T'] under Ps , if it is a
continuous Dirichlet process on [r, T] under Ps , for every r € (s, T].

(ii) Let {1T,, = {to, 11, ..., t;(;m)}} be a sequence of partitions of [s, 7] whose mesh-
size converges to zero as m — 0o. If ¥ admits decomposition of the form (4.1) with
a continuous {G; }-adapted process A on [r, T] such that (A),T =0 along {I7,,} then
we call it a continuous Dirichlet process along {I7,,}.

Given u € W, set
t t

MK,E/‘ Vu(@,Xg)dMS’(g:/ oVu(,Xp)dBsp, 0=<s=<t<T, “4.2)
s N

where B is defined by (3.4).

Theorem 4.3 Assume that u € W,. Then there exists a quasi-continuous version of
u (still denoted by u) such that

(i) For every (s,x) € Q; the functional X" is a continuous Dirichlet process on
(s, T] under Py x with the decomposition

X, =M, + A} s<r<t<T, Ps,-as., 4.3)

rt

where

t t
Al =/ 00, Xg)do ~|—f a ' f0,Xg)d*Xg, s<r<t<T, P -as.
' ' “.4)
with f°, f L, ,(Qr) such that Lu = fO+div f, where L = % + L.
(i) For q.e. (s, x) € Q decomposition (4.3), (4.4) holds true with r =s.
(iii) If %—’: €l ,(Qr) +Ly(0,T; W;}p) with p > 2 then for g.e. (s,x) € Q7, X"
is a Dirichlet process on [s, T] under Py , with decomposition (4.3) forr =s.
(iv) For every sequence {I1,,} of partitions of [0, T] whose mesh-size converges to
zero as m — o there exists a subsequence {I1,,} such that X" is a continuous
Dirichlet process on [s, T] along {H;’,T =1, N[s,T]} for q.e. (s,x) € O3
admitting decomposition (4.3) for r =s.
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Proof (i) First, note that it is known that if u € V¥, then there exist f*, 0 f el, p(QT)
such that Lu = £ +div f. Let us fix (s, x) € Q. Let & = fs +div f,, where fs,
i= ., d, are standard mollifications of f’, and let f, = (fs ey fs ). Let u®(T)
be the standard mollification of u(T) and u, be a continuous version on Q7 of a
weak solution of the Cauchy problem

<% + Lt)un = @n, un(T) = Mn(T)7 4.5

where @" = @°¢, u"(T) =u® with ¢ = 1/n. From [33] we know that P; -a.s
X =M + AL, (4.6)

fors <r <t <T, where

t
A= / (£ +div /)6, Xo) d6
r

Let us define a version of u (still denoted by u) as follows: u (s, x) = lim,,_, 5o u5 (s, X)
if the limit exists, and zero otherwise. It is known (see [21]) that u,, — u in W,,. Next,
let

t t
=/ f0(9,X9)d9+/ a”'f(0.Xp)d* Xy, s<r<t<T.
r r

By Proposition 3.3 and (3.14), for every (s,x) € Q4 and r € (s, T], X“" — X4

rt>

M — MY, A — Al in Ly (82, Ps ) uniformly in 7 € [r, T]. Therefore passing

rt

to the limit in (4 6), we get (4.3), (4.4). By (3.16), for every (s,x) € Q4 and r €

(s, T],
. _ T
</ a‘lf(e,xa)d*xe>

. B T+s—r -
=</ a—lf(e,xg)dMs,ng/ a_lf(Q,Xg)dNi’g>
r T

+s—-

T

r

under P; . Let {fu} C C°(Qr) be a sequence such that fo— fin L ,(Qr). Then

T+s—t 2

/ Z(f — /)0, Xg)dM 6 + f (f = fu) (8. Xo) dN?,

T+s—t

ES,.X
r,T
ti€lly,

T _ _ _ -
<CE,, / o= FI2©0. X0)d0 < Co20) ¢ =)™ fu = [, p- 4D

From this and the fact that (fr £ (0, Xg)d*Xg),T =0, r € (s,T], Psx-a.s. for every
(s,x) € O, we get the first assertion of (i). To prove (ii), it suffices to pass to the
limit with » — s in (4.3) (if the limit exists) and use Corollary 3.4. Since from (i)
it follows that (fr f, Xg)d*Xg),T =0, re(s,T], Psx-as. for every (s,x) € O3,
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to prove (iii), it suffices to show that for g.e. (s, x) € Q; there exists the covari-
ation (fs'a_lf(e, Xg)d*Xg)sT under P ,. But the last statement is a direct con-
sequence of Proposition 3.9. Finally, to prove (iv), let us set B = {(s,x) € Or :
limsup,, o Esx Y.y e, |Asiiy — Ay |* > 0}and T =inf{r €[5, T) : (¢, X;) € K},
where K is a compact subset such that K C B. Then by the strong Markov property
with random shift and additivity of A,

P (T <00) =Py, <1imsup Ecx, Y |Avyy, — AP >0.7 < oo)

—> 00
" ti€lly
Q’i) >0,7 < oo)

g;AT> > O).

and define the measure /71 as in the proof of Proposition 3.5. Since we know al-
ready that (AS,.)ST =0 under P« for a.e. (s, x) € Qr, it follows that 7, AM — 0O in
L1(Qr x £2, IT), and hence that there exists a subsequence (still denoted by m) such
that 7, — 0, IT-a.e. Therefore, T,,(s, x) — 0, Ps x-a.s. for a.e. (s, x) € Qr, which
proves that cap; (K) = 0, hence that cap; (B) = 0 by Remark 2.5. g

Ps,x <hm sup Es,x< Z |Ar,t,-+] - Ar,t,- |2

m—0oQ
tiell,

<Py <hm sup E( D N Asnyy — Ayl

m— 00 tell,
Set

T,(s,x, ) = Es,x Z |As,l,-+1 - As,t,- |2

ti€lly

Corollary 4.4 For every @ € .,(0,T; H ” 1Y there exists a unique CAF A of zero
quadratic variation such that

t t
Ar,,zf fO(Q,Xg)dG—i-/ a ' fO,Xe)d*Xe, s<r<t<T, P -as.
r r

for any decomposition of ® of the form ® = 0 +div f, f°, f € Ly ,(071).

In the sequel, we write frt DO, Xp)d0 =A;, s <r<t<T,ord~Aif Ais
the CAF corresponding to @ € L., (0, T; H o 1 in the sense of the above corollary.

Remark 4.5 From the linearity of the operator L,, it follows immediately that the
mapping W, > u — A", where A" is the functional of Theorem 4.3, is linear.

It is worth mentioning that the decomposition (4.3) implies Fukushima’s decom-
position of X" into a martingale AF of finite energy and a CAF of zero energy (for
related results for time-independent u, see [32]). To state the result, let us recall first
the definition of energy of time-inhomogeneous additive functionals of X and its ba-
sic properties.
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Definition 4.6 Let A, B be CAFs of X. We define the mutual energy of A and B by

T—h
e(A, B) :hl_i)l'{)l+ Z /0 Es,pAs,s+th,s+h ds
(whenever the limit exists), and we put e(A) = e(A, A).

One can check that the energy has the following properties:
(1) e(A+ B) =e(A) +e(B)+2e(A, B) <2(e(A) + e(B)),
(i) If e(A) =0 and e(B) < 00, then ¢(A, B) =0 and ¢(A + B) = ¢(B).

Lemma 4.7 If & € L,(0, T; H,'") then

e(/qb(e,xe)de) <cClo|?.

Proof Lets € (0,T), h e (0,T — ) and let u € VW, be a solution of PDE(0, @) on
[s,s 4+ h]. By Theorem 4.3 and Remark 2.3, there exists a quasi-continuous version
of u (still denoted by u) such that for a.e. x € RY,

Xy, =M, + A{ tels,s+h], Psy-as.,

5,1

where
t
A?’t =/ PO, Xg)dO, tels,s+hl Psx-as.
N

Hence, by Proposition 7.6 and Theorem 7.1,

2
<C(IVuld,int sup [u]3)

s<t<s+h

= C(H fo ||2,p,s,s+h + “f||2,p,s,s+h)’

where f0, f € L ,(Qr) are such that @ = f O+ div(f). From the above inequality,
the result easily follows. 0

s+h
Es / D0, Xp)do
S

Corollary 4.8 Let M“, A" be AFs of the decomposition (4.3). Then e(M") < o0,
e(A")=0.

Proof Using (4.2) and Proposition 7.6, one can check that e(M*) < C||Vu||%’p,T
< 00. To prove that e(A*) =0, let us write Lu = @ and define @", A"» as in the

proof of Theorem 4.3. Since the CAF A"" has finite variation, direct calculation
shows that e(A"*") = 0. From this, Lemma 4.7 and property (i), it follows that

e(a') <2e(a" —a") < (|7~ £ .+ 1F = Full2,.r)

for n € N, which completes the proof. O
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5 Continuous Additive Functionals of Zero-Quadratic Variation
Given a CAF A, we set
D(A) = {(s, x) € Qf : Ag,. is continuous and additive on [s, 7'] under Ps,x}
and
T
Dy(A) = {(s,x) € D(A); E/ A dt < oo}.
N
For instance, if As; = f; f(0,X9)d0,0<s <t =T, for some f €l ,(Qr)

then {(s, x) € Qz; Pyx ([ |f(1, X))l dt < 00) =1} C D(A), and if

t
As,tz/ fO,Xg)d*Xg, 0<s<t<T, 5.D
s

for some f e L>,,(Qr) then N C D(A), where N is defined in Corollary 3.8.

Lemma 5.1 Let f € L ,(Qr) and let A be defined by (5.1). Then capy ((Do(A))°)
=0.

Proof Let u € W, be a solution of PDE(0, @), where @ = div(a™! f ). By Theorem
4.3 and Remark 2.3, there exists a quasi-continuous version of u (still denoted by u)
such that for every s € (0, T) and a.e. x € R4,

Xg, =M, + A, s<t=T, Psy-as.,
where
t
A, =/ fO,Xp)d*Xg, s<t<T, Psy-as.
N
Hence, by Proposition 7.6 and Theorem 7.1,

EspA;, <Cll®@]., O0<s<t<T.

Consequently, E; x fST |AS,,|2dt < ooforae. (s, x) € O}, and hence for g.e. (s, x) €
0 by Corollary 3.4. g

Let ® € Lp(0,T; H;'), A~ @, and let O, f € L ,(Qr) be such that & =
fY 4+ div . Our next goal is to define the integral with respect to A and show that A
is determined by its a-potential.

Given n e W, N By (Qr), we set

t t t _
(H'A)r,z=/ 77(09X9)dAs,95/ nfO(Q,Xe)dQ—/ Vnf(0, Xe)do

t
+/ a ' fn®,X9)d*Xg, 0<s<r<t<T. (5.2)
r
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Observe that from (3.14), (3.15) it follows that all the integrals on the right-hand side
of (5.2) are well defined. Moreover, setting

s ol ) (o fors)] oo 1)

we see that capy, (N2) = 0 and for every (s, x) € Nf the right-hand side of (5.2) con-
verges Ps x-a.s. to a finite limit as » — s™. Thus, (5.2) defines a CAF of X.

From the following proposition, it follows in particular that 7 - A does not depend
on the choice of £, f in the decomposition of ®.

Proposition 5.2 Let @ € Ly(0, T, H,') and let A~ ®.

(i) For every bounded n € W,, there exists a sequence {A"} of locally finite CAF's
of finite variation such that for q.e. (s, x) € Q3,

E; « sup — 0.

s<t<T

t t
/ 1. Xg) dAT , — f 10, Xo)dAy g
N N

(ii) There exists a sequence {A"} of locally finite CAF's of finite variation such that
for every bounded n e W,, (s, x) € Qf andr € (s, T],

Es,x sup — 0.

r<t<T

t t
/ 16, Xo)dAT , — / 0. Xg)dA g
r r

Proof Let A" = A"», where A"» is defined as in the proof of Theorem 4.3. Then the
second part follows immediately from the definition of - A", n- A and (3.14), (3.15).
To prove the first part, let us observe that by Proposition 7.6,

[ (B sup [0 47),, = - A o) dx 0,
or

s<t<T

so the result follows from Proposition 3.3. O

Remark 5.3 Notice that from Proposition 5.2 it follows that if A is a CAF of fi-
nite variation corresponding to some ¢ € Lo(0,T; H,; 1) then the usual Lebesgue—

Stieltjes integral fs n(t, X;)dAs,, and the integral in the sense of (5.2) coincide.

Using the definition (5.2) of the integral with respect to additive functionals of
zero-quadratic variation, we can define the Laplace transform of such an additive
functional.

For o > 0, we put

T
Ug(s,x)zEs,x/ e A, (s,x)eD(e” TV A)

N

and

T
USn(s, %) = Ey.x / I X dAss. (5.0 € D(e Iy A) (5.3)

N
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for n e W, N Cp(Qr). In case A is a CAF of finite variation, the integral in (5.3) is
the usual Lebesgue—Stieltjes integral which is well defined for all n € C,(Q7).

In the sequel, we denote D(e~C~%)y - A) by DWUgn). If Ay, =t — s, then we
denote U§n by U%n.

Let {Ry; o > 0} denote the resolvent of £ on Ly ,(Q7). Notice thatif £ € B,(Qr1)
then R, e W, N By(Qr) and VRy& € B,(Qr). Indeed, the first assertion follows
immediately from the fact that Ry& is a strong solution of the Cauchy problem
(¢ + L)u = =&, u(T) = 0 and the representation formula

Ry&(s, x) = Eq / ' e V0, Xg)do,  (s.x) € Q.
S
The second assertion follows from the formula
VRyE(s, x) = /Q e O EWD, Y)Vip(s.x.0,y)d0dy, (s.x)€ Q;
sT
and integrability of V, p(s, x, -, -) proven in [1, Theorem 10].

Proposition 5.4 Let A be CAF associated with some ® € L,(0, T; H b LY. Then

Do(A) C N Do(e™ ™ Rg(8) - A).
£eBy(Q71),a,20

Proof Let n € Rg(By(Qr)) and & € B,(Qr) be such that n = Rg&. By Proposi-
tion 5.2, for every (s, x) € 07 andr € (s, T],

t 1
f e—a(@—j‘)n(e’ XQ)dA:.l!@ _ / E_a(g_s)ﬂ(e, X@)dAr,H — 0

r r

Esx sup

r<t<T

for some sequence { A"} of CAFs of finite variation. By the results proved in [33] and
elementary calculations, for every (s, x) € Q; we have

T
n(t, X,) = f e PO, Xg) db
t

T
—/ e PO6Vn(0, Xg)dBsg, t€ls,T], Py -as.
t

Hence applying the integration by parts formula to A;‘,_(e’“("s)n(-, X.)) and letting
n — 0o, we conclude that for every (s, x) € Qf under the measure Ps . ,

t
/ e 006, Xp)dArg
:
t t
= / e TP O=) e, Xg) A9 dO — / e~ @R O=Iv1(6, Xp) Ay d By g
r r

t
—a / e~ @PO=10, Xg) Ay dO + (1, X)e “ A, (5.4)
;
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fors <r <t <T. Since n,Vn € B,(Q71) and r — n(r, X,) is continuous, letting
r — st we get (5.4) for (s, x) € D(A). From (5.4) with r = s, the proposition easily
follows. O

Proposition 5.5 Let A, D be CAFs associated with some functionals in
L,(0, T, Hp’l) such that Ufyn = Ugn on Do(Upn) N Do(Ugn) for every o > 0 and
neW,NC.(Qr). Then A= D.

Proof Without lost of generality, we may assume that Ujn = U¢n on D(Ugn) N
D(U¢n) for every n € W, NC(Qr) because we can consider functionals f- A, f-D
with f € W, N Cc(Qr) and from the equality f - A = f - D for every such f one
can deduce that A = D. First, we show that

T
U (U*n)(s.x) = Egx / e, X)) Ay dt, (s,x) € Do(A).

N

It is well known (see [21]) that U%n € W, N Cp(Q7), so the above equality makes
sense. Using the Markov property, Proposition 5.2 and Fubini’s theorem, we have
that for every (s,x) € Qp and r € (s, T]

T
Ey . / e IY (1, X)) d Ay
r

T
= lim E, / e *ITOU* (1, X,) dAY,

n—00 r

T T
= lim E;, / e““s)(E,,X, / e“<9’>n(9,xg)d9>dA;’,
n—0o0 r t ’

T T
= lim E;, / e—““—“ES,x( / e 2O0=D06, X9)do
r t

n—o00

95) dA},

T T
= lim E, / e U I(t, X)) AL, dt = E; » / e (1, XA, dt.
r r

n—o00

Passing to the limit with r — s for every (s, x) € Dg(A), we get that

T
U (U*n)(s.x) = Eg.x / e, X)) Ay dt, (s,x) € Do(A).

N

By the above and the assumptions, it follows that

T T
Egx / e U=n(t, X)) Ay, dt = E; f e~ (t, X,) Dy, dt,
S 5

(s,x) € Do(A).
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Hence
Es,xn(t» Xt)As,t = Es,x’?(ta Xt)Ds,t» tels, T]

for (s,x) € Do(A) by the well known properties of the Laplace transform. Conse-
quently, using the Markov property and additivity of A, D forevery 0 <s <s' <t' <
t < T we have

Es,x’?(t/’ Xt/)As/,t = Es,xn(t/’ Xt/)As/,t/ + Es,xn(t/v Xt’)At’,t

= Es,x(Es’,Xv/ (77 l‘/, Xt’)As’,t’)) + Es,x (ﬂ(f/» Xt’)Et”Xt,Al’,t)

s

(
= ES,X(ES’,XY/ (77(/7 Xt’)DS’,t’)) + ES,X (77(1/» Xt’)ET’,X,/ (Dl",l))

B

= Es,xn(t/a Xt/)Ds/,t-
By induction, we get

k k
Eox [ [0 Xi)Av = Es [ [t Xi) Dy

i=1 i=1

forO<s <t/ <t <--- <ty <t <T from which the lemma follows. O

6 The Semimartingale Structure of Additive Functionals

In this section, we proceed with the study of the structure of the functional X*. We
will be concerned with additional conditions on u € W,, under which X" is a semi-
martingale.

Let S¢ denote the set of all positive measures on Q7 such that Mo, <K cap and

w({0} x RY) = u({T} x R?) =0, and let S, be the set of measures u € S¢ for which
there exists @ € 1,(0, T; Hp_l) such that (2.1) holds for every n € C2°(Qr). First,

we assume that Lu = %—LI’ + Lu € S(C) — Sg and then we consider the case where
Lu € M. Of course, the first assumption implies the second one, but in general the
converse implication is not true (see, e.g., [19, Example 1.1]). Let us also remark that
in general the functional Lu is not a measure. For instance, if d = 1, and Lu = f,
then Lu is a measure iff f is locally of finite variation (see, e.g., [2, Proposition
3.6]). Finally, it is worth noting that the first assumption on the decomposition of Lu
appears naturally when considering obstacle problems (see, e.g., [25] and references
therein).

Proposition 6.1 Assume that u € Wy, Lu € S5 — Sj. Then there exist a quasi-
continuous version of u (still denoted by u) and square-integrable positive CAFs
C, R such that for every (s, x) € (0P8

Xy, =M +Cri—Rry, 0<s<r=<t=<T, Psy-as., 6.1)
2 2
EilCrrl = CZ805 Il ExxlRorlP < CESRlall (62)
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and

T
Ey.x f E(t, X)) dCyy = fQ E) P x N din Ly, (63)
r rT

T
E,. / E(t, X, dRyy = fQ £t ) p(s, .1, y) dpa(, ) (6.4)
r rT

for all & € Co(Qr), where 1, U2 € Sg are such that Lu = | — (. Moreover, for
g-e. (s,x) € O, (6.1),(6.3), (6.4) hold withr = s.

Proof By Theorem 4.3, there exists a CAF A" such that (4.3) holds. We are going to
show that A* is a CAF of finite variation. Since p1, U € Sg, there exist fo, go, f g€
L, ,(Qr) such that pu; = O+ div f, po = g% + divg. Let f,?,g,(l), fn, &n denote
the standard mollifications of f©, g, f, g, respectively, and let uy = f,? + div £,
uh = gg +div g,,. Itis clear that uY, u} are positive and uf, us € La ,(Q7). Set

t t
Cty= [ (124 div ). Xopdo. RE = [ (gh+div ) 0. Xo)do,
N N

for0<s <t <T and

t t
c,,,:/ fO(G,X,g)d9+/ a ' (0, Xp)d*Xo, 6.5)

,
t t
Rr,tzf gO(G,Xe)d9+f a”'3(0, Xg) d*Xg (6.6)
r r

for0<s <r <t <T.Itis clear that for every (s, x) € Qf ,
A, =Cri—Ryy, 0<s5<r=<t<T, Pjy-as.
By (3.14), (3.15), for every (s, x) € O and r € (s, T,

Egx sup (|C!, — Cri| + |R}, — Ryi|) = 0, (6.7)

r<t<T

which implies (6.1). Now, let v € W, be such that Lv = u; and v(T) = 0. By (6.1),
there exists a CAF C such that X” = M" + C in the sense of (6.1). Since C, C satisfy
(6.5), C = C. Hence, by Aronson’s upper estimate and a priori estimates for PDEs,

Ex|Crr > < C(Egx|M! 1 |* + Es i |o(r, X))

2 2
p7(x) 2 2 p~(x)
<C7< v t )<C7 ,
= Co g Vel + w0 vly,) = ¢o=Caslm .

which proves (6.2). To show (6.3), (6.4) let us fix (s, x) € O, r € (s, T] and choose
e Cgo(QT) so that §1¢ , , =0 for some 6 € (0, T — s). Then, by Proposition 7.4,
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n==&p(s,x,-,-)€ly0,T; H;) and

T T
E; §(1,X1)dCy = lim E . £(t, X)dCy,
s+6 n—>00 s+8

T
= lim q)il(n):@l(n):/ f E(t,y)p(s,x,t,y)dui
n—00 s+68 JRE

by (6.2), (6.7) and the fact that u| — w1 in L2 (0, T; Hp_l). From this we easily get
(6.3) and (6.4). Passing to the limit with » — sT in (6.1) and using (6.5), (6.6) and
Corollary 3.4, we get (6.1) with r =5 for g.e. (s, x) € Q. Similarly, passing to the
limit with r — s in (6.3) and (6.4) and using (2.2) we get (6.3) and (6.4) with r =5
for g.e. (s,x) € Q5. Il

From now on, we write C ~ u if the CAF C is associated with the measure u
in the sense of (6.3). From the above theorems, we get in particular the well known
Revuz correspondence for smooth measures. However, in the case of the diffusion
(X, Ps.x), this correspondence may be expressed via density of the process which we
present in the following corollary.

Remark 6.2 Repeating proofs of Lemmas 2.2.8 and 2.2.9 in [18], one can show that
if u € S¢ then there exists a sequence {F,,} (called nest) of closed subsets of QT such
that (07 \ U:{fi Fy) =0, lim,_, o0 cap(K — F,,) = 0 for every compact K C Or
and 15, du € S for every n € N.

Definition 6.3 We say that dK : £2 x B([0, T]) — R is a random measure if

(a) dK(w) is a measure for every w € 2,
(b) o+ dK(w) is (G, B(M[O0, T]))-measurable,
(©) f; dKy is G} -measurable forevery 0 <s <t <T.

Remark 6.4 By the results proven in [26], one can associate with the operator £
a Hunt process {(Z;, P.),t > 0, z € R4t1}. Actually, it follows from [26] that P,
coincides with Ps , for z = (s, x) € 0; and that Z; = (7 (¢), X;(;)), where 7 is the
uniform motion to the right, i.e., 7(t) = t(0) 4+ ¢ and t(0) = s under Ps .
Lemma 6.5 Let {dK"} be a sequence of random measures. Assume that for
(s,x) € F C Qj there exist random elements dK*" : (£2,G) — (MT(0, T,
BM™ ([0, T))) such that

dK"(-, X)) = dK** in M ([0, T]) in probability P .
Then there exists a random measure dK such that

dK*>* =dK, Psy-as.

for every (s,x) € F.
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Proof Letng(s,x) =0 and let

ni(s,x) = inf{m > ng—1(s,x), sup Ps,x(dM(de,dK‘f) > 2_k) < 2"‘}
p.gzm

for k > 1. By induction, ny € B(Qf) for every k > 0, and hence dLs5k = g Knes.x)
is B(Q7) ® G/B(M™ ([0, T])) measurable. Put

limg— 00 dL5**(w) in MF([0, T]) if the limit exists,

0 otherwise. 638)

dL** (w) = {

By the Borel-Cantelli lemma, for every (s, x) € F the limit in (6.8) exists P -a.s.
and dL** =dK**, P c-a.s. Putting dK (0) = dL%@)  we get a random measure
having the desired properties. O

Let u € S¢. In what follows, by du (-, X.) we denote a random measure such that
for g.e. (s,x) € Qf,

T
Es,x/ S(I,Xz)du(t,Xz)=fQ E(r,y)p(s, x,1,y)du(t, y) (6.9)

for every £ € BT (Qr).

Corollary 6.6 For every u € S€ there exists a unique random measure du(-, X.).
Moreover, for every | € S(‘)' ands €[0,T),

2

T
Es,p(/ du(t,Xz)> < Clul;- (6.10)

Proof Uniqueness follows from Proposition 5.5 and Remark 6.2. Let u € S and let
u be a unique solution of PDE(0, ). By Proposition 4.3, there exist a unique positive
CAF A* such that A" ~ u and a version of u (still denoted by u) such that for every
(s,x)€ Qpandre(s,T],

u(r,X,):AﬁT—MZT, 0<s<r<T, P -as. (6.11)
By Theorem 4.3, the random measures

dK" (o) = D, (t, Xi(w))dt if fOT @, (1, X (w)) dt < 00,
0 otherwise,

where @, are defined as in the proof Theorem 4.3, satisfy the assumptions of
Lemma 6.5. Hence there exists a unique random measure du(-, X.) such that
fsl dud, Xg) = A’Sf,, s <t <T, Psy-as.forq.e. (s, x) € Q4. Therefore, by (6.11),

T
u(r, X,):[ du@,Xe) — My, 0=<s<r<T, P -as. (6.12)
r
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Integrating (6.12) with respect to p> dm and using Proposition 7.2 yields

T 2
B[ an0.x0)) =R, + 19013, 1) = Cla
r

for every r € (s, T'], the last inequality being a consequence of Theorem 7.1. The
result now follows from Fatou’s lemma. Now, let i € S¢. Then, by Remark 6.2, there
exists a nest {Fy,} such that u, = 1f, du € S;. By what has already been proven,
for each n € N there exists the random measure du, (-, X.). Let us observe that if
n <m then 15, du,, =du,, which implies that 1z, dup, (-, X.) =du, (-, X.). There-
fore, dp;, (-, X.) = dp, (-, X.). By Lemma 6.5, it follows that there exists a random
measure d K such that d K = lim,— oo d ity (-, X.) in M ([0, T]) in probability Ps
forq.e. (s, x) € Q4. Itis clear that dK satisfies (6.9). Therefore, dK =du(-, X.). [

Remark 6.7 Let u satisfy the assumptions of Proposition 6.1. Then by (6.1) and a
priori estimates for BSDESs (see [13]), for every (s, x) € Q; and r € (s, T,

T
2
Egx sup |u(t,Xy)| +Es,x/ IVul?(0, Xg)do
r

r<t<T

T 2 T 2
sc(Es,x|u(T,Xr)|2+Es,x(/ dm(e,xm) +E<f d#2(9,X9)> )

Hence, if Es,x(frT di1(6, Xe))? + Es,x(frT dua (8, Xp))? < oo, then (6.1), (6.3),
(6.4) are satisfied with r = s. Consequently, by Corollary 6.6, for each fixed s €
[0, T), (6.1), (6.3), (6.4) are satisfied for a.e. x € R?. If s € (0, T), this also follows
from the fact that capy ({s} x B) > 0 for every B € B(Q7) such that m(B) > 0.

Definition 6.8 We say that X“ is a locally finite semimartingale if it is a semimartin-
gale under P, for g.e. (s,x) € Qr and its finite variation part is a locally finite
CAFE.

Let us remark that the class of locally finite semimartingales appears naturally
when considering Revuz duality for additive functionals (see [17]).

The next theorem shows that the condition Lu € M is necessary and sufficient for
X" to be a locally finite semimartingale.

Theorem 6.9 Letu € W,.

(1) Lu e M iff X" is a locally finite semimartingale.
(ii) Assume that Lu € M. Let n = Lu and let A" denote the finite variation part
of X*. Then dA* =du(-, X.).

Proof Suppose that Lu € M and let © = Lu. From Theorem 2.2, it follows that
u < cap. Let u =™ — u™ be the canonical decomposition. Of course, ™~ <

cap. Hence, by Theorem 2.1, there exist y1, 2 € Sg and a1,y € ]LLOC(QT) such
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that ™ = o dy1, &~ =aydy,. Put

t t
D?,t=f 0!1(9,X9)d)/1(9,X9)—/ (8, Xg)dy»(0, Xo), O0=s=t=<T.
N N

By Aronson estimates, for every n € Co(Q7),

T
/ <ES,X/ nal(t’XI)dyl(tvxt))SCf ﬂ“id)’i’ l=172
or s or

From the above and Proposition 3.3, it follows that for g.e. (s, x) € Q; the functional

D" is well defined and E; fST no;(t, X;)dy;(t, X;) < oo for every n € Co(Qr). By
Theorem 4.3,
Xg, =M, + A te[s,T], Psy-as.

st

for g.e. (s,x) € Q4 with A", M" as in Theorem 4.3. We shall show that A" = D".
In view of Proposition 5.5, to prove this it suffices to show that for every n € W, N

Ce(Q1),

T T
Es,x/ n(t,X,)dAi,:Es,x/ n(t, X;)dDg, (6.13)
N N

for (s,x) € Do(n - A*) N Do(n - D*). Given § € (0, T — s5), write

T T
Ly=Ey, / (. X)dAY,.  Ry=E,, / 7. X)dDY,.  (6.14)
s+36 s+36
Then by Theorem 4.3,
Ls =/ nfO(, y)p(s, x, 1, y)dt dy —/ Vnf(t.y)p(s,x,t,y)dtdy
Qx+zS,T Q

s+68,T

+/ nft,y)Vyp(s,x,t,y)dtdy
Os+s.7
and

Rs =/ ain(t, y)pls,x,t,y)dyi(t,y)
Osts.T

—/ an(t, p(s,x,t,y)dy(t, y).
Os+s8.T

Since np(s, x, -, -) € Co(Qs+ys,7) NLa(s +6,T; H;), it follows from the assumption
that Ls = R; for every § > 0. Letting § — 07 for (s, x) € Do(n - A*) N Do(n - D*),
we get Lo = Rp.

Now, assume that X* is a locally finite semimartingale. Without loss of general-
ity, we may and will assume that b = 0. The general case can be handled easily by
using Girsanov’s theorem because under the change of measure removing the drift
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term in the decomposition of X* new terms of finite variation appear (see, e.g., [34,
Sect. 4] for details). Then A” from the decomposition of X* of Theorem 4.3 is of
finite variation. Given n € C.(Qr), put

T
M(n)=[ (E(),x/ H(Q,Xe)dAo,e)).
RY 0

By our assumptions, the above integral is well defined and the functional u is contin-
uous with respect to the uniform convergence on compacts, which implies that u is a
measure. We shall show that Lu = u. Let n € Ry (C°(Qr)) C D(L) C W,, where
Ry is the resolvent of £. Then, by Theorem 4.3,

T T
n(t, X)) =n(T, XT)_/ Eﬂ(é’,Xe)dQ—/ oVn(®,Xe)dBsg, tels,T]
t t

P x-a.s. for g.e. (s, x) € Q. Integrating by parts, we get

T
Eo,xu(0, X0)n(0, Xo) = Eo,xu(T, X7)n(T, XT)_EO,x/ u(t, X)) Ln(t, X;)dt
0

T T
— Eo. / n(t, Xo)d Ao, — Eox f @V, Vu)(t, X, dr.
0 0

(6.15)

Notice that Ryép~2 € Lo(Q7) if € € C°(Qr). This follows from Proposition 7.2
and the fact that

T
Raé(s»x):Es,xA I[O,T](s'i‘t)eiat%—(s‘f‘t, Xsit)dt

(see, e.g., [27]). Integrating (6.15) with respect to x and using symmetry of the oper-
ator L;, we get

9
(u(0), n(O), = (u(T), n(T)), — <u _n> + {u, Lin)a,r — / ndu,
ot 2,T or

which proves that (Lu,n)y 7 = fQT ndu for all n € Ry (CX(Qr)). That Lu = u
now follows from the strong continuity of the resolvent. g

Using Theorem 6.1, one can prove a useful estimate for the first moment of the
supremum of X* in terms of the norm of u in W,,.

Corollary 6.10 Ifu € W, then there is a quasi-continuous version of u (still denoted
by u) such that for every s € (0, T)

Ey y5 sup |u(t, X)| < Cllully,
s<t<T

@ Springer



J Theor Probab (2013) 26:437-473 467

Proof Since du/dt € Lr(0,T; H o 1), u admits the representation

9 i
8—” + Lo = fO+div(F) + dlv(aVu)+qu (6.16)

for some f 0 f €L, ,(Qr). From Theorem 4.3, it follows that there exists a quasi-
continuous version of £ (still denoted by /) such that

Xg, =M, + / 1o, Xe)d9+/ a ' £, Xo)d* X

1 t t
+§/ VM(Q,Xe)d*Xe-I—/ Vi, Xg) dfs o
N s

for g.e. (s, x) € Q7. By Doob’s [L,-inequality,

T 1/2
Es sup !u(r,xf)!sc<E‘y,x<|u(T,XT>|2+f (|f°|2+|Vu|2)(9,X9)d9>>

s<t<T

+ sup

s<t<T

T
/ (@' F+ Vu)©, Xo)d*X|.
t

Multiplying the above inequality by p and using Proposition 7.6, we obtain

E.yp sup [u(t, X0 < C(|luDy, + 1715, + [ 77 + 1V82p.7)-
s<t<T ) 0, 0,

Taking the infimum over all f°, f € L, ,(Q7) such that (6.16) is satisfied yields

d
Eogs o Jut. x| <¢(luD,, + | 5
s<t<T

+ ||V .
mk I Mllz,p,r>

This proves the desired estimate because the imbedding of W, into the vector space
c(o, 1], Lz,p(Rd)) is continuous (see, e.g., [23]). O

To estimate the second moment of the supremum of X*, we assume that Lu €
S5 — Sg- It is worth noting that solutions of parabolic equations with the right-hand
side in Ly , (Q7) and solutions of unilateral or bilateral problems satisfy that assump-
tion.

Corollary 6.11 Let u € W, and Lu € S; — S;. Then there is a quasi-continuous
version of u (still denoted by u) such that for every s € (0, T),

Es, sup |u(t, Xz)|2 <C(||ut ”i + ||“_||i)
s<t<T

where ut, u” € Sy and Lu = ut —pu.
Proof By Theorem 6.1, X" admits the decomposition (6.1) for g.e. (s,x) € Q.
Therefore, one can prove the desired estimate by the same method as in the proof

of Corollary 6.10. O
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Appendix

For the convenience of the reader, we collect here some estimates for diffusions X
associated with L; and related estimates on the fundamental solution p of L; and
weak solutions of the Cauchy problem

5 TLu==¢. ul=¢ (1.1)

(PDE(¢, @) for short), where @ € 1.,(0, T; H;l). Recall that u € W, is a strong
solution of PDE(g, @) if for any n € L., (0, T’; H[}),

Tlou Lt :
/ <a_(s),77(s)> ds—_/ (a()Vu(s), V(p*n(s))), ds
t s 4 2Ji
T
+/ (b(s)Vu(s), n()), , 7
t

T T
= / (£06),n(s)), , ds = / (£ (). V(0n(5))), ds
t t

forall ¢ € [0, T1, where f*, f €Ly ,(Qr) are such that & = 0 +div f.
For the proof of the following theorem, see, e.g., [21, 23].

Theorem 7.1 For every @ € L(0,T, H; VY there exists a unique strong solution
ueW, of PDE(p, @) and

sup [u)|3,+1Vul3, 7 <C(lel3, + 1212).
0<t<T

Proposition 7.2 Let p € R. There exist 0 < Cy; < C» depending onlyon \, A, Ay, d,
T and p such that

T T
o[ [ wenlewavar= [ [ Elwo.xolpwdods
t JRA t JRd

T
5C2// |V (0, x)|p(x)do dx
t JRA
forany y €y ,(Qr) andt €[s, T].
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Proof Follows from Proposition 5.1 in Appendix in [3] because, by Aronson’s esti-
mates (see [1, Theorem 7]), there exist cg, c1, c2 > 0 depending only on A, A,d, T
such that for every 6 € (s, T],

o fR E|p(0.x + Xeyo—s)|p () dx < /R Ey [0, Xo) | p(x) dx

<er [ B[O+ Xao-)lpto)dx,

R

where E denotes expectation with respect to the standard Wiener measure on §2. [
We now provide useful estimates for moments of X.

Lemma 7.3 For every p > 1 there is C depending only on A, A,d, T and p such
that

Esx sup |X,|” < C(p)(1+Ix])”.

s<t<T

Proof By [37], there exist C1, Ca > 0 such that for every (s, x) € Qi and r >0,

—Cyr?
Ps,x( sup |Xt—x|>r)§C1exp T .

s<t<T -

From this we conclude that for every p > 0

Esx sup |X; —x|? <C(p),

s<t<T

from which the result follows. O

The following estimates for p and weak solutions of (7.1) are known, but origi-
nally stated in terms of L., , , -norms with p = 1. At the expense of minor technical
changes, their proofs my be adapted to the case of spaces with weight p such that
o~ ! is a polynomial. For the first proposition, see Theorems 5, 7 and 10; and for the
second one, Theorems 5 and 10 in [1].

Proposition 7.4 Assume that p, q € (1, +00], % —l—% < 1. Then for any (s, x) € Q 4,

(1) ”p(ss X, ')”p/,q/.p;l + Ilvp(sv X, ')”(Zp)/,(Zq)/,p;l < C»

(i) p(s,x,-,), Vpls,x, ) €Ly -1(Quys.7) for every 8 € (0, T —s].

Proposition 7.5 Let p, g satisfy the assumption of Proposition 7.4. Then there exists
a continuous version u of a weak solution of (7.1), and

e, )] < Co™ O (Mplloo.p + 1 llpgp + [ 3y ) €0 € O

1

Proposition 7.6 Assume that p,q € (1, o0], % + % <s5.
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(i) Forevery (s,x) € Q4 and f €Ly 4 ,(Q7),

T
2 _
Es,x/ |f@. XD dt <Cp2 @) fllp.gup -
N

(i) For every (s,x) € Q; and f € Lop2g,p(O7), the integral (3.7) is well defined
and

2
Es,x sup = Cpiz(x)“f”ZpJq,p :

s<t<T

(iii) Foreverys €[0,T) and f €Ly ,(QO7),

t —_
/ f(0,Xe)d*Xg

T
2
Es,p/ |f@&, X)) dt <Cllfl2p7 -
s

Gv) If f € L2, ,(Qr) then the integral (3.7) is well defined for a.e. (s, x) € Q.

T _
/Q (E / !f(r,X,>|d|a§;?‘|,>p<x>dxdssc||f||2,p,T (7.2)
T N

and

t —_
/ 6, Xg)d* Xy

),o(x)dxds <C|Fl,,

/ (EM sup
or s<t<T

Proof (i) Since p~ (x +y) < Co~tx)p~1(y), applying Holder’s inequality gives

/ | £, ) pls.x, 1, y)dtdy <Cp~2(x) / £ )02 0)pGs.x.t, y)
Ost Ost
x py2(y)dtdy
<Co NI .09 %05 2y 0
and the result follows from Proposition 7.4.

(i1) By (i), integrals with respect to backward and forward martingale are well
defined. As for the finite variation part, observe that

T —_ —_
E/ |f|<9,xe>d|a§:.’“|9=/Q |76, »)[1Vpl(s. x.6. y)do dy
S s, T

= Cp_l(x)”f”zp,zq,p”VP(va’ " ')”(zp)’,(zq)’,p;'

which is finite for every (s, x) € O by Proposition 7.4. Now, let u be a weak solution
of the Cauchy problem (7.1) with f =0, ¢ = 0. Then E; , fST [Vu(d, Xg)|*do <
Co 213,54, bY [34, Theorem 4.11, and |u(s, )| < p~' ()CII fll2p,29,0 bY
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Proposition 7.5. Moreover, from [34] we know that

T T
ue.X)= [ a7 FOX0d X0 - [ VU6, X)dMeo. 1€l T, Poseas
t t

By the above estimates and Doob’s IL,-inequality,

2
= C(Eox swp p72(X0)+p7200)1£13,20.,

s<t<T
< ZC,O_Z(x)”f”Zp,Zq,,O’

the last inequality being a consequence of Corollary 7.3.

(iii) Follows from Proposition 7.2.

(iv) The fact that integrals with respect to backward and forward martingales are
well defined follows directly from (iii). Modifying slightly [31, Lemma 5.2] to the
case of time-inhomogeneous diffusions, we have for o« > 0,

Es,x

T
f f@, X)d* X,

2

T -
‘Es,x/ |f(t7Xf)‘d’a;:x|l
s

/;AT

T
<CE,, / (t — )| fie, X dr

2
<

(s x,t,y)dtdy

y,

)
X Z (t—95)p~la —p—(s x,t,y)dtdy
i,j:l Ost a
T ; 2
<CE [ a-s7 e xo . (7.3)
s

Multiplying this inequality by p and using the fact that the measure p dm is finite on
R4, we obtain by Jensen’s inequality that

T
IEA (Es,x/ |f(t’Xt)|d|a§:-x|,),0(x)dxds
o 2 1/2
<C</ / (I_S)_a(/ Evx|f (0. X0)| p2(x)dx> dtd5> .
0 N Rd

Write r(t) = ||f(t)||%‘p. From the above with « = 1/2 and (iii), we get

T pT T t
1250// (t—s)_l/zr(t)dtds=C/ (/ (t—s)_l/zds>r(t)dt
0 Js 0 0

T
§CT1/2/O r(t)dt=CT1/2’|f”§,p,T’
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which proves the result. The second assertion is a direct consequence of (iii) and
(7.2). O
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