
Journal of Statistical Physics (2021) 182:55
https://doi.org/10.1007/s10955-020-02689-8

The Free Energy of a Quantum Sherrington–Kirkpatrick
Spin-Glass Model for Weak Disorder

Hajo Leschke1,2 · Sebastian Rothlauf1 · Rainer Ruder1,2 ·Wolfgang Spitzer2

Received: 31 March 2020 / Accepted: 17 December 2020 / Published online: 6 March 2021
© The Author(s) 2021

Abstract
We extend two rigorous results of Aizenman, Lebowitz, and Ruelle in their pioneering
paper of 1987 on the Sherrington–Kirkpatrick spin-glass model without external mag-
netic field to the quantum case with a “transverse field” of strength b. More precisely, if the
Gaussian disorder is weak in the sense that its standard deviation v > 0 is smaller than the
temperature 1/β, then the (random) free energy almost surely equals the annealed free energy
in the macroscopic limit and there is no spin-glass phase for any b/v ≥ 0. The macroscopic
annealed free energy turns out to be non-trivial and given, for any βv > 0, by the global
minimum of a certain functional of square-integrable functions on the unit square according
to a Varadhan large-deviation principle. For βv < 1 we determine this minimum up to
the order (βv)4 with the Taylor coefficients explicitly given as functions of βb and with a
remainder not exceeding (βv)6/16. As a by-product we prove that the so-called static approx-
imation to the minimization problem yields the wrong βb-dependence even to lowest order.
Our main tool for dealing with the non-commutativity of the spin-operator components is a
probabilistic representation of the Boltzmann–Gibbs operator by a Feynman–Kac (path-
integral) formula based on an independent collection of Poisson processes in the positive
half-line with common rate βb. Its essence dates back to Kac in 1956, but the formula was
published only in 1989 by Gaveau and Schulman.
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1 Introduction and Definition of theModel

A spin glass is a spatially disordered material exhibiting at low temperatures a complex mag-
netic phase without spatial long-range order, in contrast to a ferro- or antiferromagnetic phase
[28,52,54]. To this day most theoretical studies of spin glasses are based on models which
go back to the classic(al) Sherrington–Kirkpatrick (SK) model [63]. In this simplified
model (Lenz–)Ising spins are pairwise and multiplicatively coupled to each other via inde-
pendent and identically distributed (Gaussian) random variables and are possibly subject to
an external (“longitudinal”) magnetic field. The SK model may be viewed as a generaliza-
tion of the traditional Curie–Weiss (CW) model in which the spin coupling is given by a
single (non-random) constant of a suitable sign. In both models the pair interaction is of the
somewhat unrealistic mean-field type in the sense that it is the same for all spin pairs [53].
This neglect of geometric distances requires the effective strength of the pair interaction to
decrease sufficiently fast with increasing total number of the spins in order to ensure ther-
mostatic behavior in the limit of macroscopically many of them. The notion “mean field”
indicates the comfortable fact that the Bragg–Williamsmean-field approximation of equi-
librium statistical mechanics [37] yields the exact free energy in this limit [25]. According
to standard textbook wisdom it is easy to calculate the macroscopic free energy of the CW
model and to show that it provides a simplified but qualitatively correct description of the
onset of ferromagnetism at low temperatures [21]. In contrast, for the SK model the calcu-
lation has turned out to be much harder due to the interplay between thermal and disorder
fluctuations, in particular for low temperatures. Nevertheless, by an ingenious application of
the heuristic replica approach, see [28,52,54], Parisi found that the macroscopic (quenched)
free energy of the SKmodel is given by the global maximum of a rather complex functional
of (probabilistic) distribution functions on the unit interval [57,58]. The unique maximiz-
ing distribution function is interpreted as the (functional) spin-glass “order parameter”. The
attempt at understanding this Parisi formula became a challenge to mathematical physicists
and mathematicians [70]. Highly gratifying for him and his intuition [59], the formula was
eventually confirmed by a mathematically rigorous proof due to the efforts and insights of
Guerra, Talagrand, and others [3,4,34,35,56,71,73].

Since magnetic properties cannot be explained at the (sub)microscopic level of atoms
and molecules by classical physics alone, some spin glasses require for fundamental and
experimental reasons a quantum-theoretical modelling. Of course, the SK model may be
viewed as a simplistic quantummodel by interpreting the values of the Ising spins as (twice)
the eigenvalues of one and the same component of associated three-component spin operators
each of them with (main) quantum number 1/2. But a genuine quantum SK model with
quantumfluctuations and inherent dynamics needs the presence of different (non-commuting)
components of the spin operators. The theory of such a model was pioneered by Bray and
Moore [8] and by Sommers [66]. More precisely, for a quantum spin-glass model with
isotropic (Frenkel–)Heisenberg(–Dirac) spin coupling of mean-field type these authors
handled the competition of thermal, disorder, and quantum fluctuations by combining the
Dyson–Feynman time-ordering of operator products with the replica approach [8] or with
the Thouless–Anderson–Palmer (TAP) approach [66]. For the TAP approach see [28,
52,54]. Since these authors did not aim at rigorous results, they applied the so-called static
approximation to simplify the rather complicated equations derived by them. However, this
approximation is still insufficiently understood—even for higher temperatures.

A simpler genuine quantumSKmodel is obtained by considering an extremely anisotropic
pair interaction where only one component of the spins is coupled which is perpendicular
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to the direction of the external magnetic field. This model was introduced by Ishii and
Yamamoto [38] and approximately studied within the TAP approach. It is usually called
the SK model with (or “in”) a transverse field, see [68] and references therein. It is this
model to which we devote ourselves in the present paper. It is characterized by the random
energy operator or Hamiltonian

HN := −b
∑

1≤i≤N

S x
i − v√

N

∑

1≤i< j≤N

gi j S
z
i S

z
j (1.1)

acting selfadjointly on the N -spin Hilbert space (isometrically isomorphic to)

C2 ⊗ · · · ⊗ C2 =: (C2)⊗N ∼= C2N ,

that is, the N -fold tensor product of the two-dimensional complex Hilbert space C2 for
a single spin. Here N ≥ 2 is the total number of a collection of three-component spin-1/2
operators where the selfadjoint spin operator S α

i /2 with component α and index (or “site”)
i is given by the tensor product of N factors according to

S α
i := 1 ⊗ · · · ⊗ 1 ⊗ S α ⊗ 1 ⊗ · · · ⊗ 1

(
α ∈ { x, y, z}, i ∈ {1, . . . , N }) .

In this definition the identity operator 1 and the operator S α , as the i-th factor, are understood
to act (a priori) on C2 and satisfy the (specialized) Dirac identities

(S α)2 = 1, S xS y = iS z, S yS z = iS x, S zS x = iS y (1.2)

with i ≡ √−1 denoting the imaginary unit. With respect to the eigenbasis of S z these four
operators are represented by the 2 × 2 unit matrix and the triple of 2 × 2 Pauli matrices
according to

1 =
[
1 0
0 1

]
, S x =

[
0 1
1 0

]
, S y =

[
0 −i
i 0

]
, S z =

[
1 0
0 −1

]
.

The first term in (1.1) models an ideal (quantum) paramagnet and represents the energy of
the spins due to their individual interactions with a constant magnetic field of strength b ≥ 0
externally applied along the positive x-direction. The second term in (1.1) models disorder
in spin glasses and represents the energy of the spins due to random mean-field type pair
interactions of their z-components. More precisely, we assume the N (N − 1)/2 coupling
coefficients (gi j )1≤i< j≤N to form a collection of jointly Gaussian random variables with
mean E[gi j ] = 0 and covariance E[gi j gkl ] = δikδ jl (in terms of the Kronecker delta).
The parameter v > 0 is the standard deviation of vgi j and stands for the strength of the
disorder. At given b or v quantum fluctuations become more important with increasing v or
b, respectively—due to the non-commutativity of S x

i and S z
i .

We proceed by introducing the basic thermostatic quantity of the model (1.1). For any
reciprocal (absolute) temperature β ∈ ]0,∞[, we define the random partition function (or
sum) as the trace

ZN := Tr e−βHN (1.3)

of the Boltzmann–Gibbs operator and the (specific Gibbs) free energy by

fN := − 1

Nβ
ln(ZN ) , (1.4)

which is the random variable of main physical interest, in particular, in themacroscopic limit
N → ∞. The disorder averageE[ fN ] of fN is called the mean or quenched free energy and
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has to be distinguished from the annealed free energy,

f annN := − 1

Nβ
ln
(
E[ZN ]) . (1.5)

The latter is physically less relevant (for spin glasses with “frozen-in” disorder), but math-
ematically more accessible and provides a lower bound on the quenched free energy by the
concavity of the logarithm and the Jensen inequality [39] (see also [42, Lem.3.5]),

f annN ≤ E[ fN ] . (1.6)

Over the years the work [38] has stimulated many further approximate and numerical
studies devoted to the macroscopic quenched free energy of the quantum SKmodel (1.1) and
the resulting phase diagram in the temperature-field plane, among them [10,11,26,32,43,44,
49,51,61,69,75,78,79]. Not surprisingly, this has led to partially conflicting results, especially
for low temperatures.

From a rigorous point of view, a solid understanding of the low-temperature regime seems
still to be out of reach. The main and modest aim of the present paper is therefore to provide
the first rigorous explicit results for the opposite regime characterized by βv < 1. Since in
this regime βb ≥ 0 may be arbitrary, we call it the weak-disorder regime. In the following
sections we firstly compile some properties of f annN for arbitrary βv > 0. Next we show that
f annN has a well-defined macroscopic limit f ann∞ with similar and well-understood properties,
see Theorems3.1, 4.3, and 5.3 below. In particular, for βv < 1 the limit β f ann∞ takes a
rather explicit form as a function of βv and βb. Then we prove that the more important free
energies fN and E[ fN ] have both f ann∞ as its (almost sure) macroscopic limit if βv < 1, see
Theorem6.3 and Corollary6.6. For βv < 1 we also prove the absence of spin-glass order
in the sense that limN→∞

(〈S z
1 S

z
2 〉)2 = 0, almost surely, see Corollary6.4 and Remark6.5.

Here 〈 (·) 〉 := eNβ fNTr e−βHN (·) denotes the (random) Gibbs expectation induced by HN .
These results extend two of the pioneering results ofAizenman, Lebowitz, and Ruelle [2]
for the model (1.1) with b = 0 to the quantum case b > 0. Unfortunately, for any βv > 1 we
only have the somewhat weak result that the difference between the macroscopic quenched
and annealed free energies is strictly positive if the ratio b/v is sufficiently small.

Toour knowledge, the only other rigorous results for the quantumSKmodel (1.1) are due to
Crawford [18] and toAdhikari and Brennecke [1]. Crawford has extended key results
of Guerra and Toninelli [35] and Carmona and Hu [13] for the model (1.1) with b = 0
to the quantum case b > 0. More precisely, he has proved the existence of the macroscopic
(quenched) free energy not only for βv < 1, but for all βv > 0 (without a formula).
Furthermore, he has shown that the limit is the same for random variables (gi j )1≤i< j≤N

which are not necessarily Gaussian but merely independently and identically distributed
with E[g12] = 0, E[(g12)2] = 1, and E[|g12|3] < ∞. More recently, Adhikari and
Brennecke have provided a variational formula for the macroscopic (quenched) free energy
for all βv > 0. This formula is still somewhat implicit and given by a suitable d → ∞
limit of a Parisi-like functional for a classical d-component vector-spin-glass model, due to
Panchenko.
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2 The Annealed Free Energy and Its Deviation from the Quenched Free
Energy

In this section we attend to the annealed free energy f annN for arbitrary values of N ≥ 2,
βv > 0, and βb > 0. According to (1.5) we have to perform the Gaussian disorder average
of the partition function ZN . In order to do so explicitly, we will use the following Poisson–
Feynman–Kac (PFK) probabilistic representation of ZN in terms of N copies of a Poisson
process with constant rate (or intensity parameter) βb:

ZN = (
cosh(βb)

)N ∑

s

〈
exp

(
− β

∫ 1

0
dt hN

(
sσ(t)

))〉

βb
. (2.1)

Here, the classicalHamiltonian hN , characterizing the zero-field SKmodel [63], is defined
by

hN (s) := − v√
N

∑

1≤i< j≤N

gi j si s j , (2.2)

where s := (s1, . . . , sN ) ∈ {−1, 1} × · · · × {−1, 1} =: {−1, 1}N denotes one of the 2N

classical spin configurations and the notation
∑

s indicates summation over all of them. The
integrand in (2.1) is obtained from (2.2) by replacing there each si by the product siσi (t),
where

σi (t) := (−1)Ni (t)
(
t ∈ [0,∞[ , i ∈ {1, . . . , N }) (2.3)

defines the spin-flip processwith index i , in other words, a “(semi-)random telegraph signal”
[41,46]. It is a continuous-time-homogeneous pure jump-type two-state Markov process
[42, Ch.12] steered by a simple Poisson process Ni in the positive half-line.1 The random
variable Ni (t) is N0-valued and Poisson distributed with mean βb t ≥ 0 independent
of the index i . The N Poisson processes N1, . . . ,NN are assumed to be (stochastically)
mutually independent. The angular bracket 〈 (·) 〉βb denotes the corresponding joint Poisson
expectation conditional on σi (1) = 1 for all i ∈ {1, . . . , N }. In (2.1) and in the following we
often write σ(t) := (

σ1(t), . . . , σN (t)
)
and suppress the N -dependence of 〈 (·) 〉βb to keep

the notation simple. For the validity of the PFK representation (2.1) we refer to (B.16) in
Appendix B.

For performing the Gaussian disorder average of the partition function ZN we start out
with the disorder mean

E
[
βhN (s)

] = 0 (2.4)

and the disorder covariance

E
[
β2hN (s)hN (̂s)

] = 2λ
(
N
[
QN (s, ŝ )

]2 − 1
)

(2.5)

of the classicalHamiltonian in terms of the dimensionless disorder parameter λ := β2v2/4
and the overlap

QN (s, ŝ) := 1

N

N∑

i=1

si ŝi
(
s, ŝ ∈ {−1, 1}N ) (2.6)

between two classical spin configurations. Formula (2.1) then gives

E[ZN ] = (
2 cosh(βb)

)N e−λ
〈ZN

〉
βb . (2.7)

1 For a concise definition of Poisson (point) processes well suited for our purposes the reader may consult
Appendix A.
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Here, the functional ZN : σ → ZN (σ ) is a random variable with respect to the underlying
N Poisson processes and defined by

ZN (σ ):= eλ 2−N
∑

s

E
[
exp

(
− β

∫ 1

0
dt hN

(
sσ(t)

))]
(2.8)

= eλ 2−N
∑

s

exp
(1
2
E
[(

− β

∫ 1

0
dt hN

(
sσ(t)

))2])
(2.9)

= exp
(
Nλ

∫ 1

0
dt

∫ 1

0
dt ′

[
QN (σ (t), σ (t ′)

]2) (2.10)

=: exp
(
NλPN (σ )

)
. (2.11)

Equation (2.9) reflects the Gaussianity of the disorder average with (2.4). Interchanging
now the expectation with the (two-fold) time integration according to the Fubini–Tonelli
theorem, using (2.5), and observing (si )2 = 1 yields (2.10). By 0 ≤ [

QN (s, ŝ)
]2 ≤ 1 the

two-fold integral PN is a [0, 1]-valued random variable so that we have the crude estimates

1 ≤ ZN (σ ) ≤ eNλ . (2.12)

Somewhat to our surprise, we have not succeeded in calculating f annN explicitly, not even
for N → ∞, see however, Theorems4.3 and 5.3 below. For the time being we derive certain
estimates and properties of f annN .

For the formulation of the corresponding theorem we introduce some notation. We begin
with the function μ : [0, 1] × [0, 1] → [0, 1] defined by

μ(t, t ′) := 〈 σi (t)σi (t
′) 〉βb = cosh

(
βb(1 − 2|t − t ′|))
cosh(βb)

≥ 1

cosh(βb)
(2.13)

for all i ∈ {1, . . . , N }. It is the thermal Duhamel–Kubo auto-correlation function of the
z-component of a single spin in the absence of disorder, λ = 0, see (B.13) in Appendix B.
Upon explicit integrations we get

∫ 1

0
dt

∫ 1

0
dt ′ μ(t, t ′) =

∫ 1

0
dt μ(t, 0) = tanh(βb)

βb
=: m (2.14)

and
∫ 1

0
dt

∫ 1

0
dt ′

(
μ(t, t ′)

)2 =
∫ 1

0
dt
(
μ(t, 0)

)2 = (
1 − (

tanh(βb)
)2 + m

)
/2 =: p , (2.15)

so that
√
2p − m = 1/ cosh(βb). Finally, we introduce two positive sequences by

pN := p + (1 − p)/N , GN := ln
(
1 + pN (eNλ − 1)

)
(N ≥ 1) . (2.16)

Lemma 2.1 (Inequalities between m and p, and bounds on GN )
For any N ≥ 2, βb > 0, and λ > 0 we have the inequalities

0 < m2 < p < m < min{1, 2p} ≤ 2p < (1 + p)m , (2.17)

pNλ < ln
(
1 + pN (eλ − 1)

)
< GN/N < pNλ + (1 − pN )Nλ2/2 , (2.18)

max{0, λ + ln(pN )/N } < GN/N < λ . (2.19)
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Proof The first five inequalities in (2.17) are obvious. The last one is a consequence of the
elementary inequalities sinh(x) ≥ x + x3/6 and tanh(x) ≥ x − x3/3 for x ≥ 0. The first
inequality in (2.18) follows from the convexity of the exponential and the Jensen inequality
for a {0, 1}-valuedBernoulli random variable taking the “success” value 1 with probability
pN ∈ [0, 1]. For the second inequality we use

(
1 + pN (eλ − 1)

)N ≤ 1 + pN (eNλ − 1) =
exp(GN ) by the convexity of the N -th power x → xN for x ≥ 0 and the Jensen inequality.
The last inequality is an application of

ln
(
(1 + a(ex − 1)

) ≤ a|x | + (1 − a)x2/2
(
a ∈ [0, 1] , x ∈ R

)
(2.20)

for a = pN and x = Nλ. Inequality (2.20) itself follows from x ≤ |x |, exp(−|x |) ≤
1−|x |+ x2/2, and ln(y) ≤ y−1 for y > 0. The inequalities (2.19) are simple consequences
of pN < 1. ��
Now we are prepared to present our first result.

Theorem 2.2 (On the annealed free energy)

(a) For any value of the dimensionless disorder parameter λ = β2v2/4 > 0 and any number
of spins N ≥ 2 we have the three estimates

−GN

N
+ λ

N
≤ β f annN + ln

(
2 cosh(βb)

) ≤ −p λ
N − 1

N
, (2.21)

β f annN ≤ −λ
N − 1

N
− ln(2) . (2.22)

(b) Thedimensionless quantityβ f annN depends on the disorder strengthv only via the variable
λ > 0. The function λ → β f annN is concave, is not increasing, and has the following
weak- and strong-disorder limits

lim
λ↓0

(1
λ

(
β f annN + ln

(
2 cosh(βb)

)) = −p
N − 1

N
, (2.23)

lim
λ→∞

1

λ
β f annN = −N − 1

N
. (2.24)

(c) The function β → β f annN is concave for any v > 0.

Proof (a) The claimed inequalities (2.21) are equivalent to

NpNλ ≤ FN ≤ GN , (2.25)

where

FN := λ − Nβ f annN − N ln
(
2 cosh(βb)

)
(2.26)

= ln
(〈
exp

(
NλPN

)〉
βb

)
, (2.27)

confer (1.5), (2.7), and (2.11). By an explicit calculation, using (2.13) and (2.15), we
obtain

〈PN 〉βb = pN . (2.28)

Consequently, the lower estimate in (2.25) follows from the convexity of the exponential
and the Jensen inequality with respect to the Poisson expectation in (2.27). To obtain
the upper estimate in (2.25) we recall from (2.12) that PN ∈ [0, 1]. Therefore we have

〈
exp

(
NλPN

)〉
βb ≤ 1 + 〈

PN
〉
βb

(
eNλ − 1

)
(2.29)
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by the (Jensen) inequality eya ≤ 1+a(ey −1), for y ∈ R and a ∈ [0, 1], used already in
the proof of the first inequality in (2.18), and by taking the Poisson expectation. Estimate
(2.22) follows from the disorder average of the inequality ZN (βb, βv) ≥ ZN (0, βv) :=
limb↓0 ZN (βb, βv) for the (random) trace ZN ≡ ZN (βb, βv). For later reference we
prove this probabilistically and estimate the Poisson expectation in (2.1) from below
by restricting it to the single realization without any spin flip (that is, without any jump)
in the time interval [0, 1]. This realization occurs if, and only if, the random variable∏N

i=1 1(σi ), defined by 1(σi ) := 1 if σi (t) = 1 for all t ∈ [0, 1] and 1(σi ) := 0 otherwise,
takes its maximum value 1. The probability of this event is

〈 N∏

i=1

1(σi )
〉

βb
=

N∏

i=1

〈
1(σi )

〉
βb =

(〈
1(σ1)

〉
βb

)N = (
cosh(βb)

)−N
. (2.30)

(b) The first sentence is obvious by (2.27). This equation also shows that β f annN is concave
in λ, because the right-hand side of (2.27) is convex by the Hölder inequality. The
monotonicity in λ then follows from the concavity and β f annN ≤ − ln

(
2 cosh(βb)

)
for

all λ > 0 by (2.21) with obvious equality in the limiting case λ = 0. The claim (2.23)
follows from (2.21) and limλ↓0 GN/(λN ) = pN , see (2.18). The claim (2.24) follows
from (2.22) and the lower estimate in (2.21) by using limλ→∞ GN /(λN ) = 1, see (2.19).

(c) This concavity follows from definition (1.5) by the Hölder inequality with respect to
the product measure E[Tr (·)]. ��

Remark 2.3 (i) Equation (2.30) shows that the classical limit b ↓ 0 corresponds to taking
into account only the single realization without any spin flip (for each spin).

(ii) The last inequality in (2.19) weakens the lower estimate in (2.21) to λ/N − λ. This
weaker lower estimate is quasi-classical in the sense of Lemma2.5 below. It may also be
derived from using the Jensen inequality exp

( ∫ 1
0dt (. . . )

) ≤ ∫ 1
0dt exp(. . . ) in the PFK

representation (2.1) or from applying theGolden–Thompson inequality directly to the
trace (1.3). The inequality ZN (βb, βv) ≥ ZN (0, βv), underlying the estimate (2.22),
may also bederiveddirectly from (1.3) by applying the Jensen–Peierls–Bogolyubov
inequality. For such trace inequalities we refer to [65].

(iii) The parameter p on both sides of (2.21) is actually a bijective function of the product
βb > 0, see (2.15). It is strictly decreasing, approaches its extreme values 1 and 0
in the limiting cases βb ↓ 0 and βb → ∞, respectively, and attains the value 1/2 at
βb = 1.19967 . . . , more precisely, at the solution of βb tanh(βb) = 1, see Fig. 1. In the
first limiting case the estimates (2.21) yield the well-known result for the zero-field SK
model, given by the right-hand side of (2.22). They also guarantee that f annN coincides
with the free energy of the ideal paramagnet in the absence of disorder (λ ↓ 0). In
the opposite limit of extremely strong disorder (λ → ∞) the result (2.24) shows that
the magnetic field becomes irrelevant in agreement with the zero-field SK model and
“physical intuition” for the case βb � βv.

(iv) The lower estimate in (2.21) may be sharpened by replacing GN with the less explicit
quantity

G̃N :=
∫ 1

0
dt ln

(∫

R
dx wN (x)

[
cosh(

√
4λ x) + μ(t, 0) sinh(

√
4λ x)

]N) (2.31)

where wN (x) := √
N/π exp

( − Nx2
)
defines the centered Gaussian probability

density on the real line R with variance 1/(2N ). In fact, we have the two inequalities
FN ≤ G̃N ≤ GN . For their proofs we note that the quantity ln

(〈
exp

(
KN

)〉
βb

)
as a
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Fig. 1 Plot of the parameter p defined in (2.15) as a function of βb. See Remark2.3 (iii)

functional ofR-valued Poisson random variables KN : σ → KN (σ ) is convex by the
Hölder inequality. The first inequality now follows from (2.26), (2.27), the Jensen

inequality applied to the two-fold integration in (2.11), a Gaussian linearization using
wN , and an explicit calculation, confer the proof of Lemma6.1 below. The first step
in the proof of the second inequality is the same as in the proof of the first inequality.
But then, instead of performing the Gaussian linearization, we use (2.29) with PN
replaced by

[
QN

(
σ(t), σ (t ′)

)]2, combine this with (2.28), and finally apply again the
Jensen inequality to the two-fold integration, but this time using the concavity of the
logarithm. We note that G̃N (like GN ), for any N ≥ 2, may be viewed to depend on
βb only via p because the function βb → p is bijective.

(v) The upper estimate in (2.21) may be sharpened considerably by combining (2.26) with
(4.27) below. As N → ∞ this becomes optimal for any λ according to Theorem4.3 (a).

(vi) In the simple case N = 2 the quenched and annealed free energies can be calculated
exactly by determining the four eigenvalues of the two-spinHamiltonian H2 with the
results

E[β f2] = −1

2
E
[
ln
(
2 cosh

(√
(2βb)2 + 2λg212

)
+ 2 cosh

(√
2λ g12

))]
, (2.32)

β f ann2 = −1

2
ln
(
E
[
2 cosh

(√
(2βb)2 + 2λg212

)]
+ 2eλ

)
. (2.33)

For the remaining Gaussian integrations over the real line there are explicit “closed-
form expressions” available only in the limiting cases βb = 0 and/or λ = 0.

The basis for our somewhat weak result mentioned near the end of Sect. 1 is

Theorem 2.4 (On the difference between the quenched and annealed free energies)

(a) For any λ > 0 we have the crude bounds

0 ≤ E [β fN ] − β f annN ≤ GN

N
− λ

N
≤ λ

N − 1

N
. (2.34)

(b) For any λ > 0 we also have the lower bound

k(λ) − λ

N
− ln

(
cosh(βb)

) ≤ E[β fN ] − β f annN , (2.35)

where

k(λ) := max
q∈[0,1]

(
λ
(
1 − (1 − q)2

) − E
[
ln
(
cosh(g12

√
4λq)

)])
. (2.36)
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(c) A simple condition implying strict positivity of the lower bound in (2.35) is

βbmin
{βb

2
, 1
}

< λ
(N − 1

N
−
√

8

πλ

)
. (2.37)

The proof of Theorem2.4, given below, is based on the lower estimate in (2.21), the estimate
(2.22), certain quasi-classical estimates for the (random) free energy β fN ≡ β fN (βb, βv),
divided by the temperature, and on the (so-called replica-symmetric) SK approximation
k(λ) − λ − ln(2) to the macroscopic quenched free energy of the (zero-field) SK model
[63]. This approximation provides a lower bound on E

[
β fN (0, βv)

]
for all βv and N ≥ 2

according to Guerra, see [33, Ineq. (5.7)], [34], and also [72, Thm.1.3.7]. Since the quasi-
classical estimates are of some independent interest, we firstly compile them in

Lemma 2.5 (Quasi-classical estimates for the free energy)

β fN (0, βv) ≤ β fN (βb, βv) + ln
(
cosh(βb)

) ≤ β fN (0, β pv) ≤ − ln(2) . (2.38)

0 ≤ β fN (0, βv) − β fN (βb, βv) ≤ ln
(
cosh(βb)

) ≤ βbmin{βb/2, 1} . (2.39)

Proof (Lemma2.5) The first estimate in (2.38) follows from using the Jensen inequality
exp

( ∫ 1
0dt (. . . )

) ≤ ∫ 1
0dt exp(. . . ) in the PFK representation (2.1). Alternatively, it may

be viewed as an application of the Golden–Thompson inequality, confer Remark2.3 (ii).
Using in (2.1) the Jensen inequality

〈
exp(. . . )

〉
βb ≥ exp

(〈. . . 〉βb
)
combinedwith (2.13) and

(2.15) yields the second estimate in (2.38). The last estimate in (2.38) is due to the operator
inequality exp(−βHN ) ≥ 1 − βHN and Tr HN = 0 for arbitrary b and v. The first two
estimates in (2.39) follow by combining the first estimate in (2.38) with the random version
underlying (2.22), see its proof and also Remark2.3 (ii). The last estimate in (2.39) is due
to the elementary inequalities cosh(y) ≤ exp

(
min{y2/2, |y|}) for y ∈ R. Here the second

inequality is obvious and the first one follows by comparing the two associated Taylor

series’ termwise and using n!2n ≤ (2n)! for n ∈ N. ��
Remark 2.6 (i) The estimates (2.38) are quasi-classical, because the quantum fluctuations

lurking behind the anti-commutativity S z
i S

x
i = −S x

i S
z
i , equivalently behind the ran-

domness of the Poisson process Ni , are neglected by the first estimate and taken
somewhat into account by the second one in terms of an effective disorder parameter
β pv ≤ βv. The last estimate in (2.38) corresponds to the limiting cases v ↓ 0 and
b → ∞. The estimates (2.39) control in a simple way the influence of the transverse
magnetic field on the values attainable by the free energy.

(ii) The estimates (2.38) imply especially β fN + ln
(
2 cosh(βb)

) ≤ 0. This estimate can
be derived, without β fN (0, β pv), directly from (2.1) by using exp(y) ≥ 1 + y for
y ∈ R and

∑
s hN

(
sσ(t)

) = 0. Alternatively, it may be viewed as an application of
the Jensen–Peierls–Bogolyubov inequality, similarly as in Remark2.3 (ii).

Proof (Theorem2.4)

(a) The first bound in (2.34) is (1.6). For the second bound in (2.34) we take the disorder
average of the second estimate in (2.38) and combine the result with the lower estimate
in (2.21). This gives

E[β fN ] − β f annN ≤ GN

N
− λ

N
+ E

[
β fN (0, β pv)

] + ln(2) . (2.40)

Finally, we use the disorder average of the last (crude) estimate in (2.38)

E
[
β fN (0, β pv)

] ≤ − ln(2) . (2.41)
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The simplified last bound in (2.34) is due to (2.19).
(b) We begin by claiming the lower estimate

E[β fN ] ≥ k(λ) − λ − ln
(
2 cosh(βb)

)
. (2.42)

It simply follows by combining the disorder average of the second estimate in (2.39) with
Guerra’s lower bound on E

[
β fN (0, βv)

]
, that is, with (2.42) for b = 0. The claim

(2.35) now follows by combining (2.42) with (2.22).
(c) We have k(λ) ≥ λ − E

[
ln
(
cosh(g12

√
4λ)

)] ≥ λ − √
8λ/π . Here, the first inequality

follows from restricting the maximization in (2.36) to q = 1. The second inequality
follows from ln(cosh(y)) ≤ |y| for y = g12

√
4λ combined withE[|g12|] = √

2/π . The
last estimate in (2.39) now completes the proof. ��

Remark 2.7 (i) The upper bound in (2.34) has an underlying random version, namely
β fN − β f annN ≤ (GN − λ)/N . It simply follows by combining the lower estimate in
(2.21) with the estimate in Remark2.6 (ii).

(ii) We recall some more or less well-known properties of the function k : λ → k(λ).
First, we have the bounds max{0, λ − √

8λ/π} ≤ k(λ) ≤ λ. The lower bound 0
follows from restricting the maximization in (2.36) to q = 0, the other lower bound
has just been derived in the proof of Theorem2.4 (c), and the upper bound follows from
using cosh(y) ≥ 1 in (2.36). Second, we have the equivalence 4λ ≤ 1 ⇔ k(λ) = 0.
It follows by considering the first two derivatives with respect to q of the function
to be maximized in (2.36). These can be studied via Gaussian integration by parts.
Third, if 4λ > 1, then the function k is strictly increasing in λ according to its first
derivative k′(λ) = (

q(λ)
)2 ≥ 0 where q(λ) is the unique strictly positive solution of

q = E
[(
tanh(g12

√
4λq)

)2], sometimes called the (zero-field) SK equation.
(iii) Obviously, any sharpening of (2.41) or (2.42) improves the bound in (2.34) or (2.35),

respectively.

3 The Topics of Section 2 in theMacroscopic Limit

From now on we are mainly interested in the macroscopic limit N → ∞. The next theorem
is the main result of this section and analogous to Theorem 2.2.

Theorem 3.1 (On the macroscopic annealed free energy)

(a) For any λ > 0 the macroscopic limit of the annealed free energy exists, is given by

f ann∞ := lim
N→∞ f annN = sup

N≥2

(
f annN − λ

Nβ

)
, (3.1)

and obeys the three estimates

− inf
N≥2

GN

N
≤β f ann∞ + ln

(
2 cosh(βb)

) ≤ −p λ , (3.2)

β f ann∞ ≤ −λ − ln(2) . (3.3)

(b) The dimensionless limit β f ann∞ depends on the disorder strength v only via the dimen-
sionless variable λ > 0. The function λ → β f ann∞ is concave, is not increasing, and has
the following weak- and strong-disorder limits

lim
λ↓0

( 1
λ

(
β f ann∞ + ln

(
2 cosh(βb)

)) = −p , (3.4)

123



55 Page 12 of 41 H. Leschke et al.

lim
λ→∞

1

λ
β f ann∞ = −1 . (3.5)

(c) The difference between the (macroscopic) annealed free energy and the ideal paramag-
netic free energy vanishes for any v > 0 in the high-field limit according to

lim
b→∞

(
β f ann∞ + ln

(
2 cosh(βb)

) = 0 . (3.6)

(d) The function β → β f ann∞ is concave for any v > 0.

Remark 3.2 (i) For the lower estimate in (3.2), Lemma2.1 implies the bounds

pλ < ln
(
1 + p(eλ − 1)

) ≤ inf
N≥2

GN/N ≤ GM/M (3.7)

≤ pλ − (1 − p)λ2/2 + (1 − p)λ(Mλ + 2/M)/2 , (3.8)

max
{
0, λ + ln(p)/2

} ≤ inf
N≥2

GN/N ≤ GM/M < λ = lim
N→∞GN/N (3.9)

for any λ > 0, βb > 0, and natural number M ≥ 2. Another upper bound is

inf
N≥2

GN/N ≤ ln(1 + (3/2)pe2λ)/2 , (3.10)

which follows from (3.9) by choosing M ≥ 2/p and observing p ≤ 1. It is smaller
than λ if and only if p < (2/3)(1 − e−2λ).

(ii) The infimum over M ≥ 2 in (3.8) is attained and depends on λ. The smaller λ is, the
larger is theminimizingM . In particular, if λ < 1/3 then, and only then, theminimizing
M is larger than 2.

(iii) Returning to infN≥2 GN /N itself, the minimizing N ≥ 2 depends on λ and, via p, also
on βb. In the weak- and strong-disorder limits we have

lim
λ↓0 g(λ) = p , lim

λ→∞ g(λ) = 1 (3.11)

for g(λ) := infN≥2 GN/(λN ). The strong-disorder limit is obvious from (3.9). For
the proof of the weak-disorder limit we use (3.8) to obtain lim supλ↓0 g(λ) ≤ p +
(1 − p)/M = pM . Taking now the infimum over M ≥ 2 and observing p ≤ g(λ)

from (3.7) completes the proof of (3.11). For intermediate values of λ in the sense
that 2λ < ln(1 + 2/p), equivalently G4/4 < G2/2, the infimum in (3.2) is attained
at some N ≥ 3. A numerical approach suggests that the minimizer is N = 2 for all
λ ≥ 1 if βb ≤ 1/2. In this context we recall from (2.25) the inequality F2 ≤ G2, for
all λ and βb, and from (2.33) and (2.26) that F2 can be calculated exactly. However,
while −F2/2 provides a sharper lower bound in (3.2) than −G2/2, it is a less explicit
function of λ and βb.

Proof (Theorem3.1)

(a) For the proof of (3.1) we show that the sequence (FN )N≥2, as defined in (2.26), is
sub-additive. Indeed, for two arbitrary natural numbers N1, N2 ≥ 2 and classical spin
configurations s, ŝ ∈ {−1, 1}N1+N2 we have

[
QN1+N2(s, ŝ)

]2 ≤ N1

N1 + N2

( 1

N1

N1∑

i=1

si ŝi
)2 + N2

N1 + N2

( 1

N2

N1+N2∑

i=N1+1

si ŝi
)2

(3.12)

by the convexity of the square and the Jensen inequality. By combining this with (2.27),
(2.10), and (2.6) and by using the independence of the involved Poisson processes we
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get the claimed sub-additivity, FN1+N2 ≤ FN1 + FN2 . According to Fekete [27] (see
also [42, Lem.10.21]) this establishes the convergence result

lim
N→∞

FN

N
= inf

N≥2

FN

N
≥ pλ > 0 , (3.13)

where we have used also (2.25) and (2.16). By (2.26) this gives the claim (3.1). The
estimates (3.2) and (3.3) follow from (3.1) applied to (2.21) and (2.22), respectively.

(b) The first sentence follows from (3.1) and the corresponding one in Theorem2.2 (b). The
function λ → β f ann∞ is concave and not increasing, because it is the pointwise limit of a
family of such functions according to (3.1) and Theorem2.2 (b). The claim (3.4) follows
from (3.2) and (3.11). The claim (3.5) follows from (3.3), the lower estimate in (3.2),
and (3.11).

(c) This follows from (3.2), (3.10), and lim
b→∞

p = 0.

(d) The function β → β f ann∞ is concave, because it is the pointwise limit of a family of such
functions according to (3.1) and Theorem2.2 (c). ��

Remark 3.3 (i) The lower estimate in (3.2) becomes sharpened (for intermediate values of
λ) when GN is replaced by G̃N . This is a consequence of Remark2.3 (iv).

(ii) The high-field relation (3.6) complements the strong-disorder relation (3.5). A
relation analogous to (3.6) also holds for the macroscopic quenched free energy
limN→∞ E[ fN ]. This follows by combining (3.6) with (1.6) and the disorder aver-
age of the estimate in Remark2.6 (ii) in the limit N → ∞. Here we rely on the fact that
limN→∞ E[ fN ] exists for all λ > 0. For the classical limit b = 0 this has been shown
by Guerra and Toninelli in their seminal paper [35]. Its extension to the quantum
case b > 0 is due to Crawford [18] by building on [36]. For λ < 1/4 this extension
also follows from our main result Δ∞ := limN→∞

(
E[ fN ] − f annN

) = 0 obtained by
probabilistic arguments in Theorem6.3 below. Returning to the high-field relation for
the macroscopic quenched free energy, we note that it is consistent with the inequality

lim
N→∞E[β fN ] ≤ min

{ − ln
(
2 cosh(βb)

)
, lim
N→∞E[β fN (0, βv)]} (3.14)

following from the disorder averages of (2.38) and (2.39) for any b > 0. Equality in
(3.14), for given v > 0, only holds in the limiting cases b ↓ 0 and b → ∞, as follows
from (2.38) and the strict concavity of limN→∞ E[β fN ] in b ∈ R. This contrasts
the quantum random energy model (QREM) for which equality holds in the analog of
(3.14) for all b (and v) according to Goldschmidt in [31]. Although the QREM is
much simpler than the quantum SK model (1.1), a rigorous proof of his statement was
achieved only recently byManai andWarzel in [48].

(iii) In the limit N → ∞ the bounds in Theorem2.4 take the form

max
{
0, k(λ) − ln

(
cosh(βb)

)} ≤ βΔ∞ ≤ inf
N≥2

GN

N
. (3.15)

The upper bound in (3.15) is due to the disorder average of (2.38) and the lower estimate
in (3.2). At the expense of weakening this bound for intermediate values of λ, it can
be made somewhat more explicit with the help of (3.8) and (3.9) or (3.10) for small
and large λ, respectively. In any case, by (3.7) the upper bound in (3.15) is not sharp
enough to vanish for λ < 1/4. But it vanishes for any λ ∈ ]0,∞[ in the high-field limit
b → ∞ due to (3.10).

(iv) According to the monotonicity mentioned in Remark2.7 (ii) the lower bound in (3.15)
is strictly positive for sufficiently large λ > 1/4, in particular, if βbmin{βb/2, 1} <
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Fig. 2 In the temperature-field quarter-plane there is one region where the difference Δ∞ =
limN→∞

(
E[ fN ] − f annN

) ≥ 0 is strictly positive (light gray) according to (3.15) and another one where it is
zero (heavy gray) according to Theorem6.3. The (red) dashed line is a cartoon of the critical line between the
spin-glass and the paramagnetic phase as obtained by approximate arguments and/or numerical methods, see
Remark3.3 (iv). The region with Δ∞ > 0 is larger than the light gray region, but we do not know how large.
It should at least contain the critical line

λ − √
8λ/π , see (2.37). It follows from (3.15) that the difference Δ∞ ≥ 0 between

the macroscopic quenched and annealed free energies is strictly positive for any pair
(β,b) ∈ ]0,∞[ × [0,∞[ provided that v > 0 is sufficiently large. Physically more
important is the situation of a fixed v > 0. Then strict positivity holds for any b ≥ 0
provided that β > 0 is sufficiently large and, conversely, for any β > 1/v provided
that b > 0 is sufficiently small. Nevertheless, the lower bound in (3.15) is not sharp
enough to characterize the (maximum) region with Δ∞ > 0 in the (1/β,b)-plane for
b > 0,2 but it is so for b = 0. The latter can be seen by combining the main result in [2]
(or Theorem6.3) with (2.42) for b = 0 and the equivalence in Remark2.7 (ii). These
facts are illustrated in Fig. 2, where we also have included the result of Theorem6.3
and a cartoon of the critical line, that is, the border line between the spin-glass and the
paramagnetic phase as obtained by approximate arguments and/or numerical methods,
for example in [26,32,51,69,75,78,79].

(v) For any b ≥ 0 the lower bound in (3.15) is good enough to coincide with the upper one
for asymptotically large λ in the sense that limλ→∞ βΔ∞/λ = 1. It follows from (3.11)
and limλ→∞ k(λ)/λ = 1 according to the simple bounds in Remark2.7 (ii). Combining
this observation with (3.5) yields limλ→∞ limN→∞ E[β fN ]/λ = 0, reflecting the
finiteness of the (specific) macroscopic quenched ground-state energy which, in its
turn, directly follows from (2.42) and Remark2.7 (ii). Finally we note that the lower
bound in (3.15) also implies limβ→∞ Δ∞ = ∞ in agreement with (3.3).

4 A Dual Pair of Variational Formulas for theMacroscopic Annealed
Free Energy

In the last section we have seen that the macroscopic annealed free energy f ann∞ exists and
obeys explicitly given lower and upper bounds which become sharp in the limits of weak and

2 The region characterized byΔ∞ > 0 is larger than the region implied by (3.15). For example, for 1/(βv) <

1/
√
4 ln(2) = 0.60056 . . . there is a region, where the “annealed entropy” β2∂ f ann∞ /∂β is negative as follows

from Theorem3.1 (d), the lower estimate in (3.2), and (3.3). This region does not completely belong to the
region implied by (3.15).
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strong disorder, λ ↓ 0 and λ → ∞, respectively. Furthermore, the bounds in (3.2) coincide
asymptotically also in the limits of low and high field, that is, b ↓ 0 and b → ∞. However,
so far we have no formula which makes the λ-dependence of β f ann∞ more “transparent” for
general λ > 0 and b > 0. This will be achieved, to some extent, in the present section. More
precisely, we will show that β f ann∞ may be viewed as the global minimum of a non-linear
functional with a simple λ-dependence and defined on the Hilbert space of real valued
functions being square-integrable over the unit square. This follows from an asymptotic
evaluation of the right-hand side of (2.27) as N → ∞ by large-deviation techniques due to
Varadhan [76] and others, see [19,20] and also [42].

For the formulation of the corresponding theorem we need some preparations. We
begin by introducing some further notation. We consider the (separable) real Hilbert
space L2 := L2

([0, 1] × [0, 1]) � L2
([0, 1]) ⊗ L2

([0, 1]) of all Lebesgue square-
integrable functions ψ : [0, 1] × [0, 1] → R, (t, t ′) → ψ(t, t ′) with scalar product
〈ψ, ϕ〉 := ∫ 1

0dt
∫ 1
0dt

′ ψ(t, t ′)ϕ(t, t ′) and norm ‖ψ‖ := 〈ψ,ψ〉1/2 for ψ, ϕ ∈ L2. If ψ ∈ L2,
then obviously its absolute value |ψ | also belongs to L2, where |ψ |(t, t ′) := |ψ(t, t ′)| (for
almost all (t, t ′) ∈ [0, 1] × [0, 1] with respect to the two-dimensional Lebesgue mea-
sure). The tensor product σi ⊗ σ j of two random functions (2.3) is defined pointwise by
(σi ⊗ σ j )(t, t ′) := σi (t)σ j (t ′) so that σi ⊗ σ j ∈ L2, obviously. In particular, we consider
the sequence (σi ⊗ σi )i≥1 of independent and identically distributed L2-valued random vari-
ables and its empirical (or sample) averages ξN := ∑N

i=1 σi ⊗ σi/N with mean 〈ξN 〉βb = μ

and variance 〈ξ2N 〉βb −μ2 = (1−μ2)/N for all N ∈ N. Finally, we introduce the non-linear
functional Λ : L2 → R, ψ → Λ(ψ), generating the cumulants (or logarithmic moments)
of ξ1 = σ1 ⊗ σ1, by

Λ(ψ) := ln
(〈
exp

(〈ψ, ξ1〉
)〉

βb

)
(4.1)

and its Legendre–Fenchel transform Λ∗ : L2 → R ∪ {∞}, ϕ → Λ∗(ϕ) by

Λ∗(ϕ) := sup
ψ∈L2

(〈ψ, ϕ〉 − Λ(ψ)
)

(4.2)

with its effective domain D∗ := {ϕ ∈ L2 : Λ∗(ϕ) < ∞}. We stress that Λ, Λ∗, and D∗
depend on βb > 0, equivalently on p. But we suppress this dependence to simplify the
notation, as we have done with μ, m, and p introduced in (2.13), (2.14), and (2.15).

Lemma 4.1 (Some properties of the functionals Λ and Λ∗)
For anyψ, ϕ ∈ L2, withμ ∈ L2 as defined in (2.13), and with 1 ∈ L2 denoting the (constant)
unit function we have

(a) for Λ the inequalites

−∞ < 〈ψ,μ〉 ≤ Λ(ψ) ≤ Λ(|ψ |) ≤ 〈|ψ |, 1〉 ≤ ‖ψ‖ < ∞ , (4.3)

〈ψ, 1〉 − ln
(
cosh(βb)

) ≤ Λ(ψ) , (4.4)

(b) for Λ∗ the equality and inequalities

0 = Λ∗(μ) ≤ Λ∗(ϕ) , Λ∗(1) ≤ ln
(
cosh(βb)

)
. (4.5)

Moreover, we have the properties:

(c) The functional Λ is convex which is reflected by the inequalities

〈Λ′(ψ), ϕ − ψ〉 ≤ Λ(ϕ) − Λ(ψ) ≤ 〈Λ′(ϕ), ϕ − ψ〉 . (4.6)
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Here, the non-linear mapping Λ′ : L2 → L2, ψ → Λ′(ψ), is defined by the L2-function

Λ′(ψ) := e−Λ(ψ)
〈
e〈ψ,ξ1〉ξ1

〉
βb =: 〈ξ1

〉
βb,ψ

, |Λ′(ψ)| ≤ 1 . (4.7)

This function is in its arguments (t, t ′) continuous and exchange symmetric (t ↔ t ′).
Moreover, for ψ ≥ 0 (pointwise) it satisfies the equality and inequalities

μ = Λ′(0) ≤ Λ′(ψ) , (4.8)

0 < p ≤ 〈Λ′(ψ), μ〉 ≤ m ≤ 〈Λ′(ψ), 1〉 ≤ 1 . (4.9)

(d) The functional Λ is Lipschitz continuous with constant 1,

|Λ(ψ) − Λ(ϕ)| ≤ 〈|ψ − ϕ|, 1〉 ≤ ‖ψ − ϕ‖ , (4.10)

and also weakly sequentially continuous, that is, sequentially continuous with respect to
the weak topology on L2. Furthermore, the functional Λ has at any ψ ∈ L2 the linear
and continuous Gâteaux differential L2 → R, ϕ → 〈Λ′(ψ), ϕ〉 because

d

da
Λ(ψ + aϕ)

∣∣
a=0 = 〈Λ′(ψ), ϕ〉 (a ∈ R) . (4.11)

(e) The mapping Λ′ is Lipschitz continuous with constant 1,

‖Λ′(ψ) − Λ′(ϕ)‖ ≤ ‖ψ − ϕ‖ . (4.12)

(f) The finiteness Λ∗(ϕ) < ∞, equivalently ϕ ∈ D∗, implies |ϕ| ≤ 1, 0 < 〈1, ϕ〉, and
0 ≤ 〈ρ ⊗ ρ, ϕ〉 for all ρ ∈ L2

([0, 1]). In particular, Λ∗(0) = ∞.
(g) The functional Λ∗ is convex and so is its non-empty set D∗. Furthermore, Λ∗ is weakly

lower semi-continuous and its lower-level sets D∗
r := {ϕ ∈ L2 : Λ∗(ϕ) ≤ r} for

r ∈ [0,∞[ , are non-empty, convex, weakly sequentially compact, and weakly compact.
Proof (a) The first and last inequality in (4.3) are obvious. The second one is the Jensen

inequality combined with (2.13), the fourth one follows from 〈|ψ |, ξ1〉 ≤ 〈|ψ |, 1〉, and
the fifth one is the Schwarz inequality. The third inequality follows from the Taylor
series of the exponential in (4.1) by estimating termwise according to

〈〈ψ, ξ1〉n
〉
βb ≤〈〈|ψ |, ξ1〉n

〉
βb for n ∈ N. This estimate is due to ψ ≤ |ψ | and the positivity implied by

the inequalities
〈∏

k∈I
σ1(tk)

〉

βb
≥ μ(ti , t j )

〈 ∏

k∈I\{i, j}
σ1(tk)

〉

βb
≥ 0 . (4.13)

They are provedwithin amore general setting in Appendix A, see (A.6). Here, t1, . . . , t2n
denote 2n arbitrary points of the time interval [0, 1] and i, j denote two arbitrary elements
of the index set I := {1, . . . , 2n}. For the proof of (4.4) we restrict the Poisson expecta-
tion in definition (4.1) to the single realization without any spin flip in [0, 1] by inserting
1(σ1), confer the proof of (2.22). By this we get Λ(ψ) ≥ 〈ψ, 1〉 + ln

(〈1(σ1)〉βb
) =

〈ψ, 1〉 − ln
(
cosh(βb)

)
.

(b) By definitions (4.2) and (4.1) we haveΛ∗(ϕ) ≥ 〈0, ϕ〉−Λ(0) = 0 for all ϕ, in particular,
Λ∗(μ) ≥ 0. On the other hand, (4.2) also gives Λ∗(μ) ≤ 0 by Λ(ψ) ≥ 〈ψ,μ〉 from
(4.3). The second inequality in (4.5) follows from using (4.4) in (4.2).

(c) The functionalΛ is convex by theHölder inequality. The first inequality in (4.6) follows
from the Jensen inequality with respect to the expectation 〈 (·) 〉βb,ψ and the Fubini–
Tonelli theorem. The second inequality then follows from interchanging ψ and ϕ. The
exchange symmetry (t ↔ t ′) of the function (t, t ′) → (

Λ′(ψ)
)
(t, t ′) = 〈ξ1(t, t ′)〉βb,ψ =
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〈
σ1(t)σ1(t ′)

〉
βb,ψ

is obvious. The proof of the continuity of this function is postponed
until the proof of (d). The estimate in (4.7) is due to the triangle inequality |〈 (·) 〉βb,ψ | ≤
〈| (·) |〉βb,ψ combinedwith |ξ1| = 1. It ensures thatΛ′(ψ) ∈ L2. The (pointwise) equality
in (4.8) is obvious. The inequality there follows from theTaylor series of the exponential
under the expectation in (4.7) and using (4.13) with n + 1 instead of n. The inequalities
(4.9) are immediate consequences of the estimates 0 < μ ≤ Λ′(ψ) ≤ 1, see (4.7) and
(4.8), and the definitions (2.14) and (2.15).

(d) Inequality (4.10) follows from (4.6) and the inequality in (4.7). Moreover, for any
sequence (ϕn)n≥1 ⊂ L2 weakly converging to some ψ ∈ L2 we have a :=
supn≥1 ‖ϕn‖ < ∞ as a consequence of the Banach–Steinhaus theorem, see [6,
Lem.2.46 and Lem.2.22]. Therefore we get 〈ψ, ξ1〉 = limn→∞〈ϕn, ξ1〉 and 〈ϕn, ξ1〉 ≤
‖ϕn‖ ≤ a for all realizations of the underlying Poisson process N1. The claimed
weak sequential continuity Λ(ψ) = limn→∞ Λ(ϕn) now follows from the Lebesgue

dominated-convergence theorem with respect to the Poisson expectation. For the proof
of the (global)Gâteaux differentiabilitywe replaceϕ in (4.6) byψ+aϕ with a ∈ ]0,∞[
and get 〈Λ′(ψ), ϕ〉 ≤ (

Λ(ψ+aϕ)−Λ(ψ)
)
/a ≤ 〈Λ′(ψ+aϕ), ϕ〉. The proof of (4.11) is

now completed by observing that lima↓0〈Λ′(ψ+aϕ), η〉 = 〈Λ′(ψ), η〉 for all ϕ, η ∈ L2.
The latter follows from (4.7), (4.10), and by dominated convergence with respect to the
Poisson expectation and to the integration underlying the scalar product of L2. For the
postponed proof of the continuity of (t, t ′) → η(t, t ′) := 〈

ξ1(t, t ′) exp
(〈ψ, ξ1〉

)〉
βb for

given ψ ∈ L2 we apply the Schwarz inequality to the Poisson expectation and obtain
for the time being

∣∣η(t + u, t ′ + u′) − η(t, t ′)
∣∣2 ≤ 2 eΛ(2ψ)

(
1 − 〈

ξ1(t + u, t ′ + u′)ξ1(t, t ′)
〉
βb

)
. (4.14)

The last Poisson expectationwith t, t ′ ∈ [0, 1] and t+u, t ′+u′ ∈ [0, 1] is bounded from
below by μ(t + u, t)μ(t ′ + u′, t ′) according to (4.13) with n = 2. Thus, the left-hand
side of (4.14) tends to zero for all t, t ′ ∈ [0, 1] as (u, u′) tends to (0, 0). This implies the
continuity of the L2-function Λ′(ψ) = η exp

( − Λ(ψ)
)
on the unit square.

(e) The claimed inequality (4.12) is equivalent to
〈
Λ′(ψ) − Λ′(ϕ), η

〉 ≤ ‖ψ − ϕ‖‖η‖ (ψ, ϕ, η ∈ L2) . (4.15)

In fact, (4.12) follows from (4.15) for η = Λ′(ψ) − Λ′(ϕ). Conversely, (4.15) follows
from (4.12) by the Schwarz inequality. For the proof of (4.15) we write

〈
Λ′(ψ) − Λ′(ϕ), η

〉 =
∫ 1

0
da

d

da

〈
Λ′(ϕ + a(ψ − ϕ)

)
, η
〉 =

∫ 1

0
da

d

da

〈〈ξ1, η〉〉a (4.16)

using the a-expectation 〈 (·) 〉a := 〈 (·) 〉βb,ϕ+a(ψ−ϕ), see (4.7). The integrand turns out to
be the a-covariance of the centered random variables A := 〈ξ1, ψ − ϕ〉 − 〈〈ξ1, ψ − ϕ〉〉a
and B := 〈ξ1, η〉 − 〈〈ξ1, η〉〉a and has an a-independent upper bound according to

d

da

〈〈ξ1, η〉〉a = 〈AB〉a ≤ (〈A2〉a〈B2〉a
)1/2 ≤ ‖ψ − ϕ‖‖η‖ . (4.17)

Here, the first estimate is the Schwarz inequality with respect to 〈 (·) 〉a . For the second
estimate we use 〈B2〉a = 〈(〈ξ1, η〉)2〉a − (〈〈ξ1, η〉〉a

)2 ≤ ‖η‖2 which follows from the
positivity of squared real numbers, the Schwarz inequality for the scalar product, and
‖ξ1‖ = 1. We also use 〈A2〉a ≤ ‖ψ − ϕ‖2 which follows analogously.
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(f) For the first claim we use Λ(ψ) ≤ 〈|ψ |, 1〉 from (4.3) in (4.2) to obtain Λ∗(ϕ) ≥
〈ψ, ϕ〉 − 〈|ψ |, 1〉. Now we pick an arbitrary ε > 0 and apply the last inequality to a
function ϕ ∈ L2 satisfying the lower estimate |ϕ| ≥ 1 + ε on some Borel-measurable
set B ⊆ [0, 1]× [0, 1] of strictly positive Lebesgue area |B| := 〈χB , 1〉 > 0, where χB

denotes the indicator function of B. For such a ϕ we choose ψ = aϕχB ∈ L2 with a ∈
]0,∞[ and getΛ∗(ϕ) ≥ a〈|ϕ|(|ϕ|−1), χB〉 ≥ a(1+ε)ε|B| > 0. Taking the supremum
over a > 0 givesΛ∗(ϕ) = ∞which is equivalent to the first claim. For the second claim
we restrict the supremum in (4.2) toψ = −a1with a > 0 and obtainΛ∗(ϕ) ≥ −Λ(−a1)
if 〈1, ϕ〉 ≤ 0. Since the [0, 1]-valued random variable 〈1, ξ1〉 = ( ∫ 1

0dt σ1(t)
)2 has the

strictly positive variance 2(1 − 2m + p)/(βb)2
[
> 2(1 − m)2/(βb)2

]
, the supremum

over a > 0 gives Λ∗(ϕ) = ∞ which is equivalent to the second claim. For the third
claim we note that Λ(−aρ ⊗ρ) ≤ 0 by (4.1) and 〈ρ ⊗ρ, ξ1〉 ≥ 0. By (4.2) we therefore
get Λ∗(ϕ) ≥ −a〈ρ ⊗ ρ, ϕ〉 for all ϕ ∈ L2. Taking the supremum over a > 0 gives
Λ∗(ϕ) = ∞ if 〈ρ ⊗ ρ, ϕ〉 < 0. This is equivalent to the third claim.

(g) The functional Λ∗ has the claimed two properties because it is, by definition (4.2),
the pointwise supremum of a family of affine and weakly continuous functionals, see
[6, Prop. 13.13]. The sets D∗ and D∗

r are convex because Λ∗ is convex and they are
not empty because μ ∈ D∗

0 ⊆ D∗
r ⊂ D∗. Since D∗ is contained in the closed unit-ball

B1 := {ϕ ∈ L2 : ‖ϕ‖ ≤ 1} by the previous claim 4.1, it is bounded.3 Consequently, every
sequence in D∗

r is bounded and therefore has a sub-sequence (ϕn)n≥1weakly converging
to some ψ ∈ B1, see [6, Lem.2.45]. Since Λ∗(ψ) ≤ lim infn→∞ Λ∗(ϕn) ≤ r by the
weak (sequential) lower semi-continuity of Λ∗, we actually have ψ ∈ D∗

r . In words,
D∗
r is weakly sequentially closed. To conclude, D

∗
r is weakly sequentially compact and,

hence, by the Šmulian–Eberlein equivalence also weakly compact, see [6, Cor. 2.38].
��

Remark 4.2 (i) The fourth inequality in (4.3) may be sharpened in a βb-dependent way
according to

Λ(|ψ |) ≤ 〈ln(cosh(|ψ |) + μ sinh(|ψ |)), 1〉 ≤ 〈|ψ |, 1〉 . (4.18)

The first inequality follows from the convexity of Λ and the Jensen inequality applied
to the two-fold integration underlying the L2-scalar product. The second inequality is
due to μ ≤ 1.

(ii) SinceΛ is weakly sequentially continuous, it is in particular weakly sequentially lower
semi-continuous (w. s. l. s. c.). By its convexity, Λ is therefore even weakly lower semi-
continuous, see [6, Thm.9.1].

(iii) Since theGâteaux differential ϕ → 〈Λ′(ψ), ϕ〉 in Lemma4.1 (d) is linear and contin-
uous, Λ′(ψ) is even the Fréchet derivative (or gradient) of Λ at ψ , see [6, Fact2.62].

(iv) The inequalities (4.6) imply monotonicity of Λ′ in the sense that 〈Λ′(ψ)−Λ′(ϕ), ψ −
ϕ〉 ≥ 0. In fact, this monotonicity is even equivalent to the convexity of Λ, see [6,
Prop. 17.7].

(v) We also have a pointwise monotonicity ofΛ in the sense that 0 ≤ Λ(ψ) ≤ Λ(ϕ) if 0 ≤
ψ ≤ ϕ. This is a consequence of 0 ≤ 〈μ, ϕ − ψ〉 ≤ 〈Λ′(ψ), ϕ − ψ〉 ≤ Λ(ϕ) − Λ(ψ).
Here, the first inequality is obvious by 0 < μ, the second one follows from (4.8), and
the third one is (4.6).

(vi) We only have the inequalities 0 ≤ 〈Λ′(ψ), 1〉 ≤ 1 and 0 ≤ 〈Λ′(ψ), μ〉 ≤ m instead
of (4.9) for general, not necessarily positive ψ ∈ L2. The first positivity follows from

3 Since the unit-ball B1 is closed with respect to the L2-norm and also convex (by the convexity of that norm),
it is also weakly closed, see [6, Thm.3.34], and weakly (sequentially) compact [6, Cor. 2.38].
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0 ≤ ( ∫ 1
0dt σ1(t)

)2 = 〈σ1⊗σ1, 1〉 = 〈ξ1, 1〉. The proof of the second positivity contains
an additional argument according to 0 ≤ ∫

dσ2
( ∫ 1

0dtσ1(t)σ2(t)
)2 = ∫

dσ2 〈σ1⊗σ1, σ2⊗
σ2〉 = 〈

σ1 ⊗ σ1, 〈σ2 ⊗ σ2〉βb
〉 = 〈ξ1, μ〉. Here, we are using

∫
dσ2 ( · ) := 〈( · )〉βb

as another notation for the (partial) expectation with respect to the Poisson process
steering the spin-flip process σ2.

Eventually we are prepared to present the main result of this section.

Theorem 4.3 (Dual variational formulas for the macroscopic annealed free energy)

(a) For any λ > 0 the limit β f ann∞ of the dimensionless annealed free energy satisfies the
following two equivalent variational formulas:

β f ann∞ + ln
(
2 cosh(βb)

) = inf
ϕ∈D∗

(
Λ∗(ϕ) − λ〈ϕ, ϕ〉) (4.19)

= inf
ψ∈L2

( 1

4λ
〈ψ,ψ〉 − Λ(ψ)

)
. (4.20)

(b) The infimum in (4.19) and the infimum in (4.20) are attained and each (global) minimizer
ϕλ ∈ D∗ ⊂ L2 in (4.19) (at given βb > 0) corresponds to a minimizerψλ ∈ L2 in (4.20),
and vice versa, through the relation ψλ = 2λϕλ. In (4.20), and hence in (4.19), one may
restrict the infimization to positive and exchange symmetric ψ ∈ L2 without losing
generality.

(c) Each minimizer ψλ ∈ L2 in (4.20) is a continuous and exchange symmetric function
solving the Euler–Lagrange critical equation

ψ = 2λΛ′(ψ) (4.21)

and obeying the (pointwise) bounds 2λμ ≤ ψλ ≤ 2λ 1 (so that 2λ
√
p ≤ ‖ψλ‖ ≤ 2λ).

Corresponding properties hold for the minimizer in (4.19) by (b).
(d) For any λ < 1/2 there exists only one solution of (4.21) and hence, by (c), only one

minimizer in (4.20) and hence, by (b), only one minimizer in (4.19).

Proof (a) At first we note that the infimum in (4.19) is lower bounded by−λ, as follows from
Λ∗(ϕ) ≥ 0 and 〈ϕ, ϕ〉 ≤ 1 for ϕ ∈ D∗, see Lemma4.1(f). By (4.19) and (3.9) this lower
bound may be recognized as a weakened version of the one in (3.2). From this lemma
and Remark4.2 (ii) we also recall that Λ is convex and weakly lower semi-continuous,
two properties which are well-known to be shared also by the L2-norm and its square
(due to the Schwarz and the Jensen inequality). The equality (4.20) therefore easily
follows from Legendre–Fenchel duality, see [74, Thm.2.2] or [6, Cor. 14.20]). The
proof of (4.19) requires more work. We begin by rewriting (2.27) as

FN = ln
(〈
exp

(
Nλ〈ξN , ξN 〉)〉

βb

)
(N ≥ 2) (4.22)

using (2.11), (2.6), and the empirical averages ξN introduced above Lemma4.1. In view
of (2.26) and (3.1) we need to show that

lim
N→∞

FN

N
= sup

ϕ∈D∗

(
λ〈ϕ, ϕ〉 − Λ∗(ϕ)

)
. (4.23)

To this end, we observe that the sequence (ξN )N≥1 satisfies a large-deviation principle
(LDP) with convex (good) rate functional Λ∗ with respect to the weak topology on
L2. Equivalently, this LDP is satisfied by the sequence of Borel4 probability measures

4 The norm and weak topologies on L2 induce the same Borel sigma algebra of events [24].
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(DN )N≥1 on L2, where DN is the distribution of ξN characterized by its Laplace

functional ψ → ∫
L2DN (dϕ) exp

(〈ψ, ϕ〉) = exp
(
NΛ(ψ/N )

)
on L2. This follows

from Lemma4.1 and [20, Thm.3.3.11] or [19, Sect. 6.1].5 That given, the Varadhan
integral lemma [19, Thm.4.3.1] (see also [42, Thm.27.10]), as an extension of the classic
asymptotic method of Laplace, then yields limN→∞ FN/N = supϕ∈B1

(
λ〈ϕ, ϕ〉 −

Λ∗(ϕ)
)
. Herewe have used the norm-continuity of the squared normϕ → 〈ϕ, ϕ〉 = ‖ϕ‖2

and the fact that the measure DN is supported on the closed unit-ball B1 ⊂ L2 because
‖ξN‖ ≤ 1. Since λ〈ϕ, ϕ〉−Λ∗(ϕ) = −∞ for all ϕ ∈ B1 \D∗, the desired equality (4.23)
follows.

(b) At first we show that the infimum I := infψ∈L2 Ω(ψ) = inf Ω(L2) > −λ in (4.20) is
attained. Here,

Ω(ψ) := 1

4λ
‖ψ‖2 − Λ(ψ)

(
ψ ∈ L2, λ ∈]0,∞[ ) (4.24)

defines the underlying non-linear functional Ω : L2 → R. We will use two properties
of Ω . By Λ(ψ) ≤ ‖ψ‖ from (4.3) we have Ω(ψ) ≥ ‖ψ‖(‖ψ‖ − 4λ

)
/(4λ) so that Ω is

(super-)coercive, that is, lim‖ψ‖→∞ Ω(ψ)/‖ψ‖ = ∞. Furthermore, we claim that Ω is
w. s. l. s. c. in the sense of Remark4.2 (ii), because it is the sum of two functionals with
this property. For the first functional, the squared norm, this is well-known. Namely, if
(ϕn)n≥1 ⊂ L2 converges weakly to ψ ∈ L2, then we get ‖ψ‖2 ≤ lim infn→∞ ‖ϕn‖2
from the obvious inequality ‖ψ‖2 ≤ ‖ϕn‖2+2‖ψ‖2−2〈ψ, ϕn〉. The second functional,
−Λ, is w. s. l. s. c., because Λ is even weakly sequentially continuous by Lemma4.1 (d).
Now we choose an arbitrary sequence (η j ) j≥1 ⊂ L2 infimizing Ω in the sense that
lim j→∞ Ω(η j ) = I . Since the (converging) sequence

(
Ω(η j )

)
j≥1 ⊂ [−λ,∞[ is

bounded, the coerciveness of Ω implies the same for the underlying sequence (η j ) j≥1,
see [6, Prop. 11.20]. Therefore this has at least one sub-sequence (ϕn)n≥1, ϕn := η j(n),
weakly converging to some limit in L2, see [6, Lem.2.45].We name this (unknown) limit
ψλ, use the fact that Ω is w. s. l. s. c., and conclude by a well-known beautiful argument
going back to Bolzano andWeierstrass, confer for example [7]:

I ≤ Ω(ψλ) ≤ lim inf
n→∞ Ω(ϕn) ≤ lim sup

j→∞
Ω(η j ) = lim

j→∞ Ω(η j ) = I . (4.25)

To summarize, each weak accumulation point of any infimizing sequence is a minimizer.
The other claims about the minimizers follow from the simplicity of the squared norm
‖(·)‖2 and from the finiteness, convexity, weak sequential continuity, and Gâteaux

differentiability ofΛ according to [74, Sect. 2.1] or by extending an argument in the proof
of [17, Thm.A.1] from theEuclidean Rd to the realHilbertian L2. Onemay restrict to
positiveψ in (4.20) because 〈ψ,ψ〉 = 〈|ψ |, |ψ |〉 andΛ(ψ) ≤ Λ(|ψ |) by (4.3). Onemay
restrict to exchange symmetric ψ because 〈ψ,ψ〉 ≥ 〈ψ+, ψ+〉 and Λ(ψ) = Λ(ψ+).
Here, ψ+(t, t ′) := (

ψ(t, t ′) + ψ(t ′, t)
)
/2 defines the exchange symmetric part ψ+ of

ψ .
(c) At first we assert the two inequalities

λ‖Ω ′(ϕ)‖2 ≤ Ω(ϕ) − Ω(ψλ) ≤ 1

4λ
‖ϕ − ψλ‖2 . (4.26)

Here ϕ ∈ L2 is arbitrary, ψλ is an arbitrary minimizer of Ω , and Ω ′(ϕ) = (2λ)−1ϕ −
Λ′(ϕ) is the Fréchet gradient of Ω at ϕ. Both inequalities follow from the second

5 This functional LDP is one natural extension from Rd - to L2-valued random variables of the pioneering
refinement of the weak law of large numbers due to Cramér (1938) and H. Chernoff (1952).
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inequality in (4.6), rewritten as λ‖Ω ′(ϕ)‖2 − ‖ψ − 2λΛ′(ϕ)‖2/(4λ) ≤ Ω(ϕ) − Ω(ψ).
To obtain the first inequality in (4.26) we take the supremum over ψ . For a minimizing
ϕ this then yields ‖Ω ′(ϕ)‖2 = 0, hence a solution of (4.21). The claimed continuity and
exchange symmetry just reflect the corresponding properties of Λ′(ψ) for any ψ ∈ L2,
according to Lemma4.1 (c). The claimed bounds follow from (4.21) combined with
(4.7) and (4.8). The second inequality in (4.26) will be used only later in the proof of
Theorem5.3 in the next section. It follows from the above rewritten inequality in (4.6)
with ϕ = ψλ by using the just obtained Ω ′(ψλ) = 0 and renaming ψ to ϕ.

(d) For two solutions ψ , ψ̃ ∈ L2 of (4.21) we have
∥∥ψ − ψ̃

∥∥ = 2λ
∥∥Λ′(ψ

) − Λ′(ψ̃
)∥∥ ≤

2λ
∥∥ψ − ψ̃

∥∥ by (4.12). It follows that 1 ≤ 2λ if ψ �= ψ̃ . This implication is equivalent
to the claim. ��

Remark 4.4 (i) As to the proof of (4.23), it is interesting to notice that the inequality

FN

N
≥ sup

ψ∈L2

(
Λ(ψ) − 1

4λ
〈ψ,ψ〉

)
= sup

ϕ∈D∗

(
λ〈ϕ, ϕ〉 − Λ∗(ϕ)

)
(N ≥ 2) (4.27)

can be derived easily without large-deviation techniques. One only has to use in (4.22)
the obvious inequality 〈ξN , ξN 〉 ≥ 2〈ξN , η〉−〈η, η〉 for arbitraryη ∈ L2, combinedwith
properties of the exponential, the definition (4.1), and the fact that the random variables
σ1 ⊗ σ1, . . . , σN ⊗ σN are independent and identically distributed. The equality in
(4.27) is (4.20).

(ii) From (4.19) and (4.20) we immediately rediscover that β f ann∞ depends on v only via
λ > 0 and that β f ann∞ is not increasing in λ because it is the pointwise infimum of a
family of such functions. Since inf Ω(L2) = infψ∈L2

(
λ〈ψ,ψ〉−Λ(2λψ)

)
by scaling,

the concavity of β f ann∞ in λ is seen to follow similarly from the convexity of Λ. From
(4.19) and (4.20) also the upper estimates in (3.2) and (3.3) can easily be rediscovered.
Namely, the upper estimate in (3.2) follows from (4.19) by restricting to the single
function ϕ = μ and from (4.20) by using Λ(ψ) ≥ 〈ψ,μ〉, see (4.3). The estimate (3.3)
follows from (4.19) or (4.20) by restricting to the constant function ϕ = 1 or ψ = 2λ 1
and by observing (4.5) or (4.4), respectively. The lower estimate in (3.2) does not seem
to be obtainable so easily from (4.19) or (4.20). However, the weaker lower estimate
−λ, see (3.9), immediately follows from (4.19) according to the beginning of the proof
of Theorem4.3 (a). Alternatively, it follows from (4.20) by Λ(ψ) ≤ ‖ψ‖, see (4.3).

(iii) The Lipschitz continuity (4.12) implies
〈
Λ′(ψ) − Λ′(ϕ), ψ − ϕ

〉 ≤ ‖ψ − ϕ‖2 by the
Schwarz inequality. Applying this to (4.24) yields

〈
Ω ′(ψ) − Ω ′(ϕ), ψ − ϕ

〉 ≥
( 1

2λ
− 1

)
‖ψ − ϕ‖2 (4.28)

and hence strict monotonicity of Ω ′, equivalently [6, Prop. 17.7], strict convexity of Ω

on L2, if 2λ < 1. This shows again, without referring to the critical equation (4.21),
that Ω has exactly one minimizer for 2λ < 1.

(iv) The variational formula (4.20) may be derived informally, and without referring to
(4.19), from rewriting (4.22) as follows

FN = ln
( ∫

WN (dφ) exp
(
NΛ(

√
4λ φ)

))
. (4.29)

Here we have interchanged the Poisson expectation with the “linearizing” integration
over the (generalized) sample paths [0, 1]× [0, 1] � (t, t ′) → φ(t, t ′) of centered two-
timeGaussianwhite noisewith (generalized) covariance

∫
WN (dφ) φ(t, t ′)φ(u, u′) =
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δ(t−u)δ(t ′−u′)/(2N ) in termsof theDiracdelta. The symbolic equation “WN (dφ) =
dφ exp

(−N 〈φ, φ〉)” for theGaussian probability measureWN in (4.29) suggests the
Laplace method for the asymptotic evaluation as N → ∞. The resulting variational
formula then turns into (4.20) by the replacement φ → ψ/

√
4λ. In the physics liter-

ature such a derivation often goes under the name Hubbard–Stratonovich trick or
transformation, in particular when a Dyson–Feynman “time-ordered exponential” or
“product integral” [instead of thePFK representation (2.1)] is employed in order to “dis-
entangle” non-commutingHilbert-space operators. See, for example [8,44,50,66]. For
a rigorous approach to Feynman’s disentangling formalism we refer to the monograph
[40].

(v) Upon dividing byβ, the functional (4.24) in (4.20)may be viewed as a simpleLandau–
Ginzburg–Wilson free energy [37] obtained by integration over the paths σ1 : t →
σ1(t) of a single spin-flip process in the sense of (2.3):

β−1Ω(ψ) = −β−1 ln
(〈
exp

( − βH1(ψ, σ1)
)〉

βb

)
. (4.30)

Here, the effectiveHamiltonian H1(ψ, σ1) associates to anyψ ∈ L2 and any σ1 a non-
instantaneous self-interaction energy by βH1(ψ, σ1) := 〈ψ,ψ〉/(4λ)−〈ψ, σ1⊗σ1〉 ≥
−λ. The corresponding effective Gibbs expectation is given by 〈( · )〉βb,ψ , see (4.7).
The critical equation Ω ′(ψ) = 0, see (4.21) combined with (4.7), then identifies the
(positive) self-interaction function ψ “self-consistently” (up to a factor 2λ) with the
“perturbed” auto-correlation function of the spin 〈σ1 ⊗ σ1〉βb,ψ ≥ 〈σ1 ⊗ σ1〉βb =
μ. The combination of Theorem4.3 and Theorem6.3 below therefore constitutes, for
4λ < 1, a rigorous theory of the “self-consistency equations” in the respective physics
literature, among them [26,32,49,75,78]. In this literature the condition 〈ψλ, 1〉 = 1/2
is sometimes used to determine the critical line between the paramagnetic and the spin-
glass phase in the temperature-field plane, see for example [75]. By the (pointwise)
inequalities 2λμ ≤ ψλ ≤ 2λ 1 from Theorem4.3 (c) this condition implies 1 ≤ 4λ ≤
1/m which indicates the absence of spin-glass order for 4λ < 1 in agreement with
Corollary6.4 below, see also Sect. 7. In this connection we mention that the parameter
m defined in (2.14) may be recognized as the zero-field single-spin (or “local”) z z-
susceptibility for λ = 0.

5 TheMacroscopic Annealed Free Energy for Weak Disorder

Unfortunately, we do not know explicitly a single minimizer in (4.19) or (4.20) if λ > 0.6 In
this section we therefore compare the global minimum Ω(ψλ) = β f ann∞ + ln

(
2 cosh(βb)

)
,

see Theorem4.3 (b), to its simple upper bound Ω(2λμ), that is, to the functional (4.24)
evaluated at ψ = 2λμ. Fortunately, it turns out that Ω(2λμ) not only shares with Ω(ψλ) the
properties of convexity andmonotonicity in λ, but also constitutes a very good approximation
to Ω(ψλ) for small λ. More precisely, their respective asymptotic expansions, as λ ↓ 0,
coincide up to the second order.7 The corresponding second-order coefficient turns out to
be a rather complicated function of βb > 0 taking only negative values larger than −0.14,
see Fig. 3 below. The main drawback of Ω(2λμ) is the fact that it does not yield the true
behavior of Ω(ψλ) for large λ. However, due to our main result Theorem6.3 in the next

6 In the limiting case λ ↓ 0 we simply have ϕ0 = μ, see (4.5), and therefore ψ0 = 0 · μ = 0.
7 Coincidence up to the first order follows already by an argument in Remark4.4 (ii).
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section, it is (presently) only the weak-disorder regime, 4λ < 1, for which Ω(ψλ) is known
to be physically relevant. We begin with

Lemma 5.1 (Some properties of the upper bound Ω(2λμ))
The function λ → Ω(2λμ) = pλ − Λ(2λμ)

(a) is concave and strictly decreasing,
(b) obeys for any λ > 0 the estimates

pλ − ln
(
1 + (p/m)(e2mλ − 1)

) ≤ Ω(2λμ) ≤ −pλ , (5.1)

−(2m − p)λ ≤ Ω(2λμ) ≤ −(2m − p)λ + ln
(
cosh(βb)

)
, (5.2)

(c) has the second-order Taylor formula

Ω(2λμ) = −pλ − 2c0λ
2 − 4

3
r(λ)λ3 (5.3)

with the variance

c0 := 〈〈μ, ξ1〉2
〉
βb − p2 = m − p

4(βb)2
+ 2p − m

6
−
(2p − m

2

)2
(5.4)

and some continuous function r : [0,∞[ → [−m3,m3], λ → r(λ),
(d) has the strong-disorder limit

lim
λ→∞

1

λ
Ω(2λμ) = −(2m − p) . (5.5)

Proof (a) The concavity follows from the convexity of Λ. The strict monotonicity follows
from concavity and the fact that the first derivative at λ = 0 equals −p < 0.

(b) In terms of the [0,m]-valued random variable q := 〈μ, ξ1〉, see Remark4.2 (vi), we have

e〈2λμ,ξ1〉 = e2mλq/m ≤ 1 + (q/m)(e2mλ − 1) (5.6)

by the elementary (Jensen) inequality used in the proof of the first inequality in (2.18).
Taking now the Poisson expectation and the logarithm gives an upper bound onΛ(2λμ)

which, in turn, yields the lower estimate in (5.1). The upper estimate in (5.1) isΛ(2λμ) ≥
2pλ from (4.3). The lower estimate in (5.2) follows fromweakening that in (5.1) by using
p/m ≤ 1. The upper estimate in (5.2) follows from (4.4).

(c) We use the expectation 〈( · )〉λ := 〈( · )〉βb,2λμ, see (4.7). Since q ∈ [0,m], the convex
function λ → Λ(2λμ) = ln

(〈e2λq〉0
)
is arbitrarily often differentiable and its second-

order Taylor formula (at λ = 0 with remainder in Lagrange form) affirms that for
each λ > 0 there exists some (unknown) number a ∈ ]0, 1[ such that

Λ(2λμ) = (2λ)〈q〉0 + (2λ)2

2!
〈
(q − 〈q〉0)2

〉
0 + (2λ)3

3! r(λ) (5.7)

with the third cumulant r(λ) := 〈
(q − 〈q〉aλ)

3
〉
aλ

∈ [−m3,m3]. The claim now follows
from 〈q〉0 = p and an explicit calculation of 〈q2〉0. The latter is based on (2.13), (A.7)
in Appendix A for 〈 σ1(t1)σ1(t2)σ1(t3)σ1(t4) 〉0, and a straightforward but somewhat
tedious integration over the four-dimensional unit-cube [0, 1]4.

(d) The limit (5.5) follows from (5.2). ��
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Fig. 3 Plot of the variance c0 given by (5.4) as a function of βb. See Remark5.2 (i)

Remark 5.2 (i) Since the explicit expression (5.4) for the variance c0 is rather complicated,
we mention its simple bounds according to

(m − p)2

cosh(βb)
≤ c0 ≤ (m − p)p . (5.8)

In the notation of the proof of Lemma5.1 the lower bound follows from c0 = 〈
(q −

p)2
〉
0 ≥ 〈

(q − p)21(σ1)
〉
0 = (m − p)2〈1(σ1)〉0, confer the proof of (2.22). The upper

bound simply follows from q2 = qq ≤ mq . The lower bound implies the expected
strict positivity of c0 (for βb > 0). The upper bound shows that c0 vanishes (only) in the
limiting cases βb ↓ 0 and βb → ∞, and is smaller than p/4. As a function of βb the
variance c0 is continuous and attains its maximum value 0.0695 . . . at βb = 0.9089 . . .

(according to a simple numerical computation), see Fig. 3. For small βb we have the
asymptotic expansion c0 = 4

5 (βb)2 − 13
36 (βb)4 + . . . as βb ↓ 0.

(ii) The rather explicit lower estimate in (5.1) shares with Ω(2λμ) the properties of con-
cavity and monotonicity. It also has the same leading asymptotic behaviors in the limits
of small and large λ and b. But the second-order coefficient of its small-λ Taylor

series is (already) smaller and given by −2(m − p)p, confer (5.3) and (5.8). Neverthe-
less, the (positive) difference between Ω(2λμ) and the lower estimate in (5.1) does not
exceed 2(m − p)λmin{mλ, 1} for all λ. This follows from (5.1) combined with (2.20),
respectively with p/m ≤ 1.

(iii) Obviously, (5.5) does not reflect the true strong-disorder limit (3.5) of Ω(ψλ) because
2m − p ≤ m2/p < 1. But by generalizing Ω(2λμ) to the one-parameter variational
expression minx∈[0,1] Ω

(
2λ(μ+ x(1−μ))

) ≤ Ω(2λμ) this limit may be included (for
x = 1) without changing the first two terms on the right-hand side of (5.3).

The next theorem shows that Ω(2λμ) is a very good approximation to the global minimum
Ω(ψλ) = β f ann∞ + ln

(
2 cosh(βb)

)
for small λ, see Theorem4.3 (b) and (4.24).

Theorem 5.3 (The macroscopic annealed free energy up to second order in λ)
We have the following error estimates

0 ≤ Ω(2λμ) − Ω(ψλ) ≤ 4λ3 (λ > 0) (5.9)

and the two-term asymptotic expansion for weak disorder

β f ann∞ + ln
(
2 cosh(βb)

) = Ω(ψλ) = −pλ − 2c0λ
2 + O(λ3) (λ ↓ 0) (5.10)

123



Quantum spin-glass model Page 25 of 41 55

with c0 given by (5.4) and the usual understanding of the Landau big-Oh notation that
O(λ3) stands for some function of λ with lim supλ↓0 |O(λ3)|/λ3 < ∞.

Proof The first inequality in (5.9) is obvious becauseψλ is a minimizer of Ω . For the second
inequality we observe ‖2λμ − ψλ‖ = ‖2λΛ′(0) − 2λΛ′(ψλ)‖ ≤ 2λ‖0 − ψλ‖ ≤ (2λ)2

by (4.8), Theorem4.3 (c), and (4.12). Using this estimate in the second inequality of (4.26)
yields (5.9). Combining (5.9) with (5.3) yields (5.10). ��
Remark 5.4 (i) The first two terms on the right-hand side of (5.10) reflect the concavity

and monotonicity of Ω(ψλ) in λ. Both of the (positive) coefficients p and c0 vanish in
the limit b → ∞ in agreement with (3.6) and (5.1). Recall also Remark3.3 (ii).

(ii) The estimates (5.9) can be sharpened according to

λ‖Ω ′(2λμ)‖2 ≤ Ω(2λμ) − Ω(ψλ) ≤ min
{
4λ3, inf

N≥2
GN/N − pλ

}
. (5.11)

The lower estimate in (5.11) follows from the lower estimate in (4.26) and is strictly
positive, because 2λμ is not a minimizer of Ω (for λ > 0). The second upper estimate
in (5.11) follows from the lower estimate in (3.2) and the upper estimate in (5.1). For
given λ > 0 it sharpens the one in (5.9) for sufficiently small and sufficiently large βb,
see Remark3.2 (i). We also have the (simplified) relative error estimates

‖Ω ′(2λμ)‖2 ≤ Ω(2λμ) − Ω(ψλ)

|Ω(ψλ)| ≤ min
{4λ2

p
, 1 − p

}
. (5.12)

The lower and the first upper estimate follow by combining (5.11) with the estimates
pλ ≤ |Ω(ψλ)| ≤ infN≥2 GN/N ≤ λ from (3.2) and Remark3.2 (i).The second upper
estimate follows from writing the relative error as Ω(2λμ)/|Ω(ψλ)| + 1 and using
again Ω(2λμ) ≤ −pλ as well as |Ω(ψλ)| ≤ λ.

(iii) In view of (4.21) combinedwith (4.12) the (unique) minimizerψλ ofΩ for 2λ < 1may
be determined (numerically) with arbitrary precision by the successive approximations

ψ
(n+1)
λ := 2λΛ′(ψ(n)

λ

) (
ψ

(1)
λ := 2λμ , n ∈ N

)
. (5.13)

The (norm-)convergence of this minimizing sequence is exponentially fast according
to

‖ψ(n)
λ − ψλ‖ ≤ (2λ)n−1‖ψ(1)

λ − ψλ‖ ≤ (2λ)n‖ψλ‖ ≤ (2λ)n+1 . (5.14)

Here, the first inequality follows from (4.12) by mathematical induction. For the next
inequalities see the proof of Theorem5.3.8 Using ϕ = ψ

(n)
λ in (4.26) combined with

(5.14) yields an approximation to the macroscopic annealed free energy with an error
not exceeding (2λ)2n+1/2. For n = 1 we get back to (5.9).

(iv) By Theorem5.3 we know that Ω
(
ψ

(1)
λ

)
coincides with Ω(ψλ) up to the order λ2, as

λ ↓ 0. By (5.14) we see that ψ
(2)
λ coincides with the minimizer ψλ up to the same

order. Therefore it is of interest to determineψ
(2)
λ up to that order. To this end, we recall

that for each non-zero η ∈ L2 the mapping ψ → 〈η,ψ〉η defines a positive rank-one
operator on L2, whichwe denote by |η〉〈η| followingDirac. The Poisson average E :=〈|ξ1〉〈ξ1|

〉
βb of the projection |ξ1〉〈ξ1| is a positive integral operator with a continuous

[0, 1]-valued kernel given by
〈
ξ1(t, t ′)ξ1(u, u′)

〉
βb for (t, t ′), (u, u′) ∈ [0, 1] × [0, 1].

8 This is, of course, consistent with the Banach fixed-point theorem.
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By an extension of (5.7) we now have

Λ(2λϕ) = (2λ)〈ϕ,μ〉 + (2λ)2

2! 〈ϕ, (E − |μ〉〈μ|)ϕ〉 + O(λ3) (5.15)

for any ϕ ∈ L2 with the derivative

Λ′(2λϕ) = μ + 2λ(E − |μ〉〈μ|)ϕ + O(λ2) . (5.16)

Hence, we arrive at

ψ
(2)
λ = 2λΛ′(2λμ) = 2λμ + (2λ)2(E − p1)μ + 2λO(λ2) = ψλ + O(λ3) (5.17)

with 1 denoting the identity operator on L2. Like the first-order term in (5.17) also the
second-order term is a continuous, exchange symmetric, and positive L2-function, in
agreement with Theorem4.3 (c). The first two properties are directly inherited from the
integral kernel of the operator E. The positivity follows from the (pointwise) inequality
Eψ ≥ 〈μ,ψ〉μ for allψ ≥ 0 due to (4.13). The functionEμ can be calculated explicitly.
By (5.4) we have, in particular, 〈μ,Eμ〉 = c0 + p2. Further properties of E are given
by the operator inequalities 0 ≤ |μ〉〈μ| ≤ E ≤ 1 and the equality tr E = 1 for its trace.
Consequently, the uniform norm of the operator difference A := E−|μ〉〈μ| ≥ 0 obeys
‖A‖ ≤ tr A = 1 − p.

Sometimes variational problems in function spaces like (4.20) are drastically simplified by
restricting the set of all allowed variational functions to the one-parameter subset of functions
of the form ψ = y1 where 1 is the constant unit function (in L2 for the present case) and
y ∈ R is arbitrary. This is often called, for an obvious reason, the static approximation, confer
for example [8,44,66,69,75,78]. In view of Lemma5.1 and Theorem5.3 it is not surprising
that this approximation in the present case does not yield the true behavior for small λ, not
even up to the first order in λ. As opposed to that, Ω(2λ1) has the same strong-disorder limit
as Ω(ψλ) which, however, does not reflect the true behavior of the macroscopic (quenched)
free energy in this limit. The main properties of the static approximation to the macroscopic
annealed free energy are compiled in

Corollary 5.5 (On the static approximation and its insufficiency for weak disorder)
Let the restriction of the infimization in (4.20) to the one-dimensional subspace of all constant
L2-functions be denoted as

J (λ) := inf
x∈RΩ(2λx1) = inf

x∈R
(
λx2 − Λ(2λx1)

)
. (5.18)

Then the function λ → J (λ)

(a) is concave and not increasing,
(b) obeys for any λ > 0 the three estimates

− inf
N≥2

GN/N ≤ J (λ) ≤ −m2λ , (5.19)

J (λ) ≤ −λ + ln
(
cosh(βb)

)
, (5.20)

(c) obeys for any λ ≤ r/
(
2(1 − m)

)
, with arbitrary r ∈ ]0, 1[ , the lower estimate

− m2λ

1 − r
≤ J (λ) , (5.21)
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(d) has the weak- and strong-disorder limits

lim
λ↓0

J (λ)

λ
= −m2 , lim

λ→∞
J (λ)

λ
= −1 . (5.22)

Proof (a) The claimholds because it is true for any function definedby an arbitrary restriction
of the infimization in (4.20), confer Remark4.4 (ii).More explicitly, J is concave because
it is the pointwise infimum of a family of such functions according to the convexity of
Λ. And similarly, J is not increasing because it is the pointwise infimum of a family of
such functions according to J (λ) = inf y∈R

(
y2/(4λ) − Λ(y1)

)
.

(b) The lower estimate in (5.19) is obvious from − infN≥2 GN/N ≤ Ω(ψλ) ≤ J (λ). The
upper estimate in (5.19) follows by restricting to x = m in (5.18) and using Λ(ψ) ≥
〈ψ,μ〉 from (4.3). Estimate (5.20) follows by restricting to x = 1 and using (4.4).

(c) In terms of the [0, 1]-valued random variable q̃ := ( ∫ 1
0dt σ1(t)

)2 we have 〈y1, ξ1〉 = yq̃
and by an analogy to (5.6) therefore

Λ(y1) ≤ ln
(
1 + m(ey − 1)

) ≤ m|y| + (1 − m) y2/2 (5.23)

for all y ∈ R. The second inequality follows from (2.20). This gives

y2 − 4λΛ
(
y1
) ≥ (

1 − 2(1 − m)λ
)
y2 − 4λm|y| ≥ (1 − r)y2 − 4λm|y| . (5.24)

The proof of (5.21) is completed by completing the square in (5.24) and dividing by 4λ.
(d) The strong-disorder limit follows from (5.20), the lower estimate in (5.19), and (3.11).

For the weak-disorder limit we start from m2/(r − 1) ≤ lim infλ↓0 J (λ)/λ by (5.21),
take the supremum over r ∈ ]0, 1[, and observe the upper estimate in (5.19). ��

Remark 5.6 (i) The small-λ estimate (5.21) is not only useful for the proof of the weak-
disorder limit in (5.22), which differs from the true limit in (5.10) since m2 < p,
but it also implies that J (λ) is strictly larger than the minimum Ω(ψλ) in (4.20) for
sufficiently small λ > 0. More precisely, by choosing r < 1 − (m2/p) we get from
(3.2), (4.20) with (4.19), and (5.21) that

β f ann∞ + ln
(
2 cosh(βb)

) = Ω(ψλ) ≤ −pλ < J (λ) (5.25)

for all λ < (p − m2)/
(
2p(1 − m)

) [
< (m − p)/(2p) < 1/2

]
. This upper bound on λ

is a continuous and strictly increasing function of βb > 0 and approaches its extreme
values 0 and 1/2 in the limiting cases βb ↓ 0 and βb → ∞, respectively. It attains the
value 1/4 approximately at βb = 3. On the other hand, the true strong-disorder limit
in (5.22) implies that J (λ) ≤ −pλ for sufficiently large λ.

(ii) Our proof of Corollary5.5 is based on rather crude estimates ofΛ(y1) that easily follow
from its definition. Additional information on J (λ), for intermediate values of λ, may
be obtained from the formula

Λ(y1) = ln
( ∫

R
dz e−π z2 cosh

(√
(βb)2 + 4π yz2

)/
cosh(βb)

)
(y ≥ 0) .

(5.26)
It follows from a Gaussian linearization and a consequence of the PFK formula, see
RemarkB.2 (iii) in Appendix B. The restriction to y ≥ 0 in (5.26) causes no problem,
because one may restrict to x ≥ 0 in (5.18) without losing generality. This follows
from Λ(ψ) ≤ Λ(|ψ |) in (4.3).

(iii) For related models without disorder one may restrict to constant variational functions
without losing generality as has been shown in [15,22]. In particular, for the quantum

123



55 Page 28 of 41 H. Leschke et al.

CWmodel (defined by (1.1) with non-random gi j = 1/
√
N ) this observation provides

one, but not the simplest, rigorous approach to its well-known macroscopic free energy
and to the equation tanh(βb) = b/v of its critical line [9,67].

6 TheMacroscopic Free Energy and Absence of Spin-Glass Order for
Weak Disorder

In this sectionwe are going to prove that forweakdisorder,more precisely for any 4λ(= β2v2)
in the open unit interval ]0, 1[ and any βb > 0, the free energy fN coincides almost surely
with the annealed free energy f annN in themacroscopic limit N → ∞.We begin by comparing
the first and the secondmoment of the partition functionwith respect to theGaussian disorder
average. By the positivity of general variances we know that

(
E[ZN ])2 ≤ E

[
(ZN )2

]
. In the

present case of (1.1) we also have

E
[
(ZN )2

] ≤ c
(
E[ZN ])2 with c := e−2λ

√
1 − 4λ

> 1 (6.1)

provided that 4λ < 1. This is a special case of the following lemma, which in its turn is
an extension of [73, Lem.11.2.3] for the zero-field SK model to the present (quantum) case
with a transverse field. For its formulation we recall definition (2.6) and introduce three
“tensor expectations”. We write 〈 (·) 〉⊗

βb for the joint (conditional) expectation with respect
to the given set {N1, . . . ,NN } of Poisson processes and an independent copy (or replica)
{N̂1, . . . , N̂N } thereof. The joint Gibbs expectation 〈 (·) 〉⊗ corresponding to the duplicated
quantum SKmodel with Hilbert spaceC2N⊗C2N and Hamiltonian defined as the sum of
HN ⊗1, see (1.1), and a copy 1⊗ HN thereof (with spin operators Ŝα

i , but the same random
variables (gi j )1≤i< j≤N and parameters b, v) then, in the spin-flip process representation,
takes the form

(
ZN

)2〈〈
(·) 〉〉⊗

βb
(
cosh(βb)

)2N :=
∑

s ,̂s

〈
exp

(
− β

∫ 1

0
dt
[
hN

(
sσ(t)

) + hN
(
ŝ σ̂ (t)

)])( · )
〉⊗
βb

. (6.2)

Two simple examples for the expectation
〈〈
(·) 〉〉⊗

βb, revealing the (dynamical) independence
and symmetry between the original SK model and its copy, are given by

〈〈∫ 1

0
dt

∫ 1

0
dt ′ siσi (t )̂si σ̂i (t ′)

〉〉⊗
βb

= 〈S z
i Ŝ

z
i 〉⊗ = 〈S z

i 〉〈Ŝ z
i 〉 = (〈S z

i 〉)2 = 0 (6.3)

and
〈〈∫ 1

0
dt

∫ 1

0
dt ′ siσi (t)s jσ j (t )̂si σ̂i (t

′)̂s j σ̂ j (t
′)
〉〉⊗

βb
= 〈S z

i S
z
j Ŝ

z
i Ŝ

z
j 〉⊗ = (〈S z

i S
z
j 〉
)2 (6.4)

for i, j ∈ {1, . . . , N }. The last equality in (6.3) is due to the identitiesUN S z
i U

∗
N = −S z

i and

UN HNU∗
N = HN with the unitary operator UN := exp

(
iπ2

∑N
n=1 S

x
n

) = (iS x)⊗N on C2N .

Lemma 6.1 (Controlling a generalized second moment of ZN by its first moment)
For any N ≥ 2, λ > 0, and a ≥ 0 with 4aλ < 1 we have

E
[(
ZN

)2〈〈exp
(
2N (a − 1)λRN

)〉〉⊗
βb

]
≤ e−2λ

√
1 − 4aλ

(
E[ZN ])2 , (6.5)

with the [0, 1]-valued random variable RN := ∫ 1
0 dt

∫ 1
0 dt ′

[
QN

(
sσ(t), ŝ σ̂ (t ′)

)]2
, see (2.6).
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Proof Throughout the proof we will, without mention, repeatedly interchange the order of
various integrations according to the Fubini–Tonelli theorem. In a first step, we observe
the following identity for the Gaussian disorder average

e4λE
[
exp

(
−β

∫ 1

0
dt
[
hN

(
sσ(t)

)+hN
(
ŝ σ̂ (t)

)])] = ZN (σ )ZN (̂σ ) exp(2NλRN ) . (6.6)

Here we have used (2.4), (2.5), (2.10), and (2.8). The left hand-side (LHS) of (6.5) can
therefore be written as

LHS = e−4λ( cosh(βb)
)2N 〈ZN (σ )ZN (̂σ )

∑

s ,̂s

exp
(
2NaλRN

)〉⊗
βb

. (6.7)

In a second step, we use the Jensen inequality

exp
(
2NaλRN

) ≤
∫ 1

0
dt

∫ 1

0
dt ′ exp

(
2Naλ

[
QN

(
sσ(t), ŝ σ̂ (t ′)

)]2) (6.8)

and the linearization formula

exp
(
2Naλ

[
QN

(
sσ(t), ŝ σ̂ (t ′)

)]2) =
∫

R
dx wN (x) exp

(
x
√
8aλ

N∑

i=1

siσi (t )̂si σ̂i (t
′)
)

(6.9)

with the Gaussian probability density wN given by wN (x) = √
N/π exp

( − Nx2
)
, as in

Remark2.3(iv). By combining (6.7), (6.8), and (6.9) we get

LHS ≤ e−4λ( cosh(βb)
)2N

∫

R
dx wN (x)

∫ 1

0
dt

∫ 1

0
dt ′

×
〈
ZN (σ )ZN (̂σ )

∑

s ,̂s

N∏

i=1

exp
(
x
√
8aλ siσi (t )̂si σ̂i (t

′)
)〉⊗

βb
. (6.10)

By observing the identities

∑

s ,̂s

N∏

i=1

exp
(
. . .

) =
N∏

i=1

∑

si ,̂si

exp
(
. . .

) =
N∏

i=1

4 cosh(x
√
8aλ) = (

4 cosh(x
√
8aλ)

)N

(6.11)
and (2.7), the inequality (6.10) takes the simpler form

LHS ≤ e−4λ(2 cosh(βb)
)2N (〈ZN (σ )

〉
βb

)2
∫

R
dx wN (x)

(
cosh(x

√
8aλ)

)N (6.12)

= e−2λ(E
[
ZN

])2
∫

R
dx wN (x)

(
cosh(x

√
8aλ)

)N
. (6.13)

By the crude inequalities (cosh(y))N ≤ exp(N |y|) ≤ exp(Ny) + exp(−Ny) for y ∈ R

the last integral is seen to be bounded from above by 2 exp(2Naλ) for arbitrary a ≥ 0.
If 4aλ < 1, then it even has the N -independent upper bound 1/

√
1 − 4aλ as claimed in

(6.5). It is due to the inequality cosh(y) ≤ exp
(
y2/2

)
mentioned at the end of the proof of

Lemma2.5. ��
Remark 6.2 For the zero-field SKmodel equality holds in (6.8) and hence in (6.12), because
b = 0 implies σi (t) = 1 for all t ∈ [0, 1] and all i ∈ {1, . . . , N }, see Remark 2.3 (i).
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Inequality (6.5) will be applied with a suitable a > 1 in the proof of Corollary6.4 below.
The choice a = 0 leads to equality in (6.5), see (6.7) and/or (6.8).The special case a = 1,
see (6.1), is the main ingredient for the proof of the next theorem. This theorem and its two
corollaries extend two of the pioneering results of Aizenman, Lebowitz, and Ruelle in
[2] for the zero-field SK model, see also [16,29] and [73, Ch.11], to the present (quantum)
model with a transverse field of arbitrary strength b > 0.

Theorem 6.3 (The macroscopic quenched free energy for weak disorder)
If 4λ < 1, then the macroscopic limit of the quenched free energy exists and is given by that
of the annealed free energy, in symbols

lim
N→∞E[ fN ] = lim

N→∞ f annN = f ann∞ . (6.14)

Proof By Theorem3.1 it is sufficient to show that the (positive) difference ΔN := E[ fN ] −
f annN tends to 0 as N → ∞. In order to do so we adopt the so-called second-moment method
as applied in [73, Ch.11] to the zero-field SK model. For this method to work we build on
the large-deviation estimate of LemmaC.2 in Appendix C and on the elementary Paley–
Zygmund inequality [55] (see also [42, Lem.4.1])

(1 − q)2

(
E[X ])2
E
[
X2

] ≤ P
{
X ≥ qE[X ]} (6.15)

for any [0,∞[-valued random variable X with E[X ] ∈ ]0,∞[ and for any q ∈ [0, 1]. Here
P denotes the probability measure underlying the (disorder) expectation E.

We begin by rewriting the given (non-random) difference as the sum of two random
differences

0 ≤ ΔN = fN − f annN + E[ fN ] − fN ≤ fN − f annN + ∣∣ fN − E[ fN ]∣∣ . (6.16)

Next we show that there exist constants ε > 0 (independent of N ) and γN > 0 (with γN ↓ 0
as N → ∞) such that the probability of finding the right-hand side of (6.16) to be smaller
than γN , is larger than ε. This then yields ΔN ≤ γN and hence limN→∞ ΔN = 0.

In fact, with an (initially) arbitrary energy δ > 0 we estimate as follows:

1/(4c)−2 exp
( − δ2/(2v2)

)

≤P
{
fN − f annN ≤ ln(2)/(βN )

} + P
{∣∣ fN − E[ fN ]∣∣ ≤ δ/

√
N
} − 1 (6.17)

≤P
{
fN − f annN ≤ ln(2)/(βN ) and

∣∣ fN − E[ fN ]∣∣ ≤ δ/
√
N
}

(6.18)

≤P
{
fN − f annN + ∣∣ fN − E[ fN ]∣∣ ≤ ln(2)/(βN ) + δ/

√
N
}
. (6.19)

Here (6.17) is due to (6.15) with X = ZN and q = 1/2, combined with (6.1), and due
to the large-deviation estimate (C.2) in Appendix C using N − 1 < N and replacing δ by
βδ/

√
N . For (6.18) we have used the inclusion-exclusion formula for two sets/events and the

fact that probabilities do not exceed the value 1. Inequality (6.19) is just the monotonicity of
(probability) measures. Finally we choose δ so large that ε := 1/(4c)−2 exp

(−δ2/(2v2)
)

>

0 and put γN := ln(2)/(βN ) + δ/
√
N . ��

Theorem6.3 has two important consequences.

Corollary 6.4 (Absence of spin-glass order for weak disorder)
If 4λ < 1, then we have

lim
N→∞E

[(〈Sz1Sz2〉
)2] = 0 . (6.20)
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Proof By applying the Jensen inequality to the left-hand side of (6.5) with respect to the
joint expectation E[〈〈 (·) 〉〉⊗

βb] we obtain (for any N ≥ 2)

ln
(
E
[(
ZN

)2〈〈exp
(
2N (a − 1)λRN

)〉〉⊗
βb

])
− 2E

[
ln(ZN )

] − 2(a − 1)λ

≥ 2N (a − 1)λE
[〈〈RN 〉〉⊗

βb

] − 2(a − 1)λ (6.21)

= 2(N − 1)(a − 1)λE
[〈〈∫ 1

0
dt

∫ 1

0
dt ′ s1σ1(t )̂s1σ̂1(t ′)s2σ2(t )̂s2σ̂2(t ′)

〉〉⊗
βb

]
(6.22)

= 2(N − 1)(a − 1)λE
[(〈S z

1 S
z
2 〉)2] . (6.23)

For (6.22) we have used spin-index symmetry and for (6.23) we refer to the example (6.4).
By combining this with (6.5) we get

(a − 1)λE
[(〈S z

1 S
z
2 〉)2] ≤ N

N − 1

(
E[β fN ] − β f annN

) − 4aλ + ln
(
1 − 4aλ

)

4(N − 1)
(6.24)

under the assumption 4aλ ∈ [0, 1[ of Lemma6.1. For given 4λ ∈ ]0, 1[ we now choose
an arbitrary a ∈ ]1, 1/(4λ)[ �= ∅. Then the claim (6.20) follows from (6.24) by observing
E
[(〈S z

1 S
z
2 〉)2] ≥ 0 and Theorem6.3. ��

Remark 6.5 Following [2], see also [60,77], the left-hand side of (6.20) is the mean of the
spin-glass order parameter in the macroscopic limit, because the pre-limit E

[(〈S z
1 S

z
2 〉)2]

is, by spin-index symmetry, identical to the disorder average of the [0, 1]-valued random
variable

qN := 2

N (N − 1)

∑

1≤i< j≤N

(〈S z
i S

z
j 〉
)2 = N

N − 1

〈( 1

N

N∑

i=1

S z
i Ŝ

z
i

)2〉⊗ − 1

N − 1
, (6.25)

using the (squared) quantum analog of the overlap (2.6) and its Gibbs expectation
〈
( · )〉⊗

induced by the model (1.1) upon duplication. In the spin-flip-process representation this
identity takes the form (6.22) (for a �= 1). By q2N ≤ qN and Corollary6.4 also the variance

E
[(
qN − E[qN ])2] of qN is seen to vanish as N → ∞. Since |qN − E[qN ]| ≤ 1, the

dominated-convergence theorem establishes the P-almost-sure relation limN→∞ qN = 0,
that is, the self-averaging property of the sequence qN . In particular, the distribution of
qN converges weakly to the Dirac distribution at 0 ∈ R as N → ∞ if 4λ < 1, confer
[5, Thm.5.1]. In the physics literature this asymptotic concentration is often interpreted as
absence of replica-symmetry breaking for high temperatures.

Corollary 6.6 (The macroscopic free energy for weak disorder)
If 4λ < 1, then the sequence of random variables ( fN )N≥2 defined by (1.4) converges almost
surely to the macroscopic limit (3.1) of the annealed free energy, in symbols

lim
N→∞ fN = lim

N→∞ f annN = f ann∞ (P-almost surely). (6.26)

Proof By Theorem3.1 it sufficies to show that limN→∞ | fN − f annN | = 0, almost surely. By
the triangle inequality and by (1.6) we have

| fN − f annN | ≤ E[ fN ] − f annN + ∣∣ fN − E[ fN ]∣∣ (6.27)
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By Theorem6.3 the first difference on the right-hand side tends to 0 as N → ∞. Moreover,
the large-deviation estimate (C.2) in Appendix C implies the summability

∞∑

N=2

P
{∣∣β fN − E[β fN ]∣∣ > δ

} ≤ 2a2

1 − a
< ∞ , a := e−δ2/(8λ) (6.28)

for any δ > 0. A simple and standard application [5, §11, Example1] of the easy part of the
Borel–Cantelli lemma (see [5, Lem.11.1] or [42, Thm.3.18]) now shows that also the
second difference in (6.27) tends to zero, P-almost surely. ��
Remark 6.7 In the above proof we have used the fact that the summability (6.28) implies the
almost-sure relation limN→∞( fN − E[ fN ]) = 0. Clearly, the summability and hence the
relation hold for arbitrary λ > 0. It may be dubbed as “self-averaging in the mean” of the
sequence ( fN )N≥2. The physically indispensable self-averaging (or ergodicity) in the sense of
the almost-sure relation limN→∞ fN = limN→∞ E[ fN ] additionally requires the existence
of one of the latter limits. Until now the model (1.1) seems to be the only quantummean-field
spin-glass model for which the second limit is known to exist. For arbitrary λ > 0 this is due
to Crawford [18]. Theorem6.3 above provides for 4λ < 1 a (variational) formula for the
limit and therefore its existence for the weak-disorder regime as a by-product, similarly as in
[2] for the case b = 0. In view of the complexity of the Parisi formula [4,23,56–59,71,73]9,
even for vanishing longitudinal field, we conjecture a more complicated (variational) formula
to hold for 4λ ≥ 1 and b > 0.

7 Concluding Remarks and Open Problems

The present paper contains the first rigorous explicit results on the thermostatics of the
quantum Sherrington–Kirkpatrick spin-glass model (1.1) for the regime βv < 1. Unfor-
tunately, the opposite (and more important) regime remains not nearly as well understood
as in the “classical limit” b ↓ 0, at least from a rigorous point of view. Over the 35 years
of research several investigators have provided stimulating and possibly correct results by
approximate arguments and/or numerical methods. But for low temperatures these results
are typically less reliable, for example due to the unjustified interchange of various limits
and/or because of too small “Lie–Trotter numbers”. Therefore one should find rigorous
arguments for the actual shape of the (red) dashed line in Fig. 2. In view of Remark4.4 (v)
it is tempting to conjecture that the assertions (6.14), (6.20), and (6.26) remain true under
the (b-dependent) condition βv < 1/m. This would enlarge the heavy gray region in Fig. 2
slightly beyond the vertical line βv = 1 and help to “localize” the critical line somewhat
further. In any case, the precise determination of this line is a demanding problem. A similar
challenge is to aspire after the analog of the Parisi formula for the macroscopic (quenched)
free energy of the quantum SK model (1.1). A first step in this direction has been achieved
recently byAdhikari andBrennecke [1], see the end of Sect. 1. At present we do not know,
how their variational formula reduces to our (4.19) if βv < 1. Unfortunately, for βv ≥ 1 we
only have the inequalities (2.38) which may be used to bound the free energy of (1.1) from
below and above in terms of the zero-field Parisi formula. Nevertheless, it could be that the
quantum analog of the Parisi formula is in certain respects simpler than the classical one
because of quantum fluctuations, confer [11,51,61].

9 References [4,56,73] also contain results for classical SK models with multi-spin interactions.
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A The positivity of certain Poisson-process covariances

For the proofs of (2.13), (4.13), and related facts it is convenient to consider Poisson (point)
processes beingmore general than the one used in themain text (see, for example, [42,45,47]).
A Poisson process in a general sigma-finite measure space (Γ ,A, ρ) is a random measure
ν on (Γ ,A). The distribution of ν is uniquely defined, in terms of the (positive) measure ρ,
by the elegant and powerful formula

〈
exp

(
−
∫

Γ

ν(dx ) f (x)
)〉

= exp
(

−
∫

Γ

ρ(dx )
(
1 − e− f (x))) (A.1)

for its Laplace functional, which dates back toCampbell [12]. Here and in Appendix B the
angular brackets 〈 (·) 〉 denote the expectation with respect to the probability measure steering
the randomness of ν and f : Γ → [0,∞[ is an arbitrarymeasurable function into the positive
half-line. For f = aχA with a ∈ [0,∞[, A ∈ A, and ρ(A) < ∞ the right-hand side of
(A.1) equals the Laplace transform of the Poisson distribution with mean ρ(A). Hence the
random variable ν(A) is N0-valued and Poisson distributed with mean 〈ν(A)〉 = ρ(A). In
words, the mean number of Poisson points lying in A equals its ρ-measure. By choosing
f = ∑m

j=1 a jχA j it also follows from (A.1) that the random variables ν(A1), . . . , ν(Am) are
independent for (pairwise) disjoint sets A1, . . . , Am ∈ A of finite ρ-measures for allm ∈ N.
Finally, we note that (A.1) remains valid when f is replaced by the imaginary function i f
with f : Γ → R obeying

∫
Γ

ρ(dx )min{| f (x)|, 1} < ∞.
In the main text we are mainly interested in {−1, 1}-valued random variables correspond-

ing to σ(A) := (−1)ν(A) with A ∈ A obeying ρ(A) < ∞. By choosing f = iπ
∑m

j=1 χA j

with an arbitrary collection ofm ∈ N such sets, Â := {A1, . . . , Am} ⊂ A, we get from (A.1)

〈
σ( Â)

〉 = exp
(

−
∫

Γ

ρ(dx )
(
1 − τ Â(x)

))
(A.2)

in terms of the {−1, 1}-valued products σ( Â) := ∏m
j=1 σ(A j ) and τ Â := ∏m

j=1

(
1− 2χA j

)
.

In particular, we have 〈σ(A j )〉 = exp
( − 2ρ(A j )

)
by choosing Ak = ∅ for all k �= j . If

B̂ := {B1, . . . , Bn} ⊂ A is another arbitrary collection of n ∈ N such sets, we obtain the
positive covariance 〈

σ( Â)σ (B̂)
〉 ≥ 〈

σ( Â)
〉〈
σ(B̂)

〉
(A.3)
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by (A.2), the pointwise inequality τ ÂτB̂ ≥ τ Â + τB̂ − 1, and the functional equation of the
exponential. A simple consequence of (A.3) by iteration is

〈
σ( Â)

〉 ≥
m∏

j=1

〈
σ(A j )

〉 = exp
(

− 2
m∑

j=1

ρ(A j )
)

> 0 . (A.4)

As in the main text we are going to introduce a conditional Poisson expectation. For a
fixed Λ ⊆ Γ with Λ ∈ A and ρ(Λ) < ∞ we write the two Kronecker deltas δσ(Λ),±1 as
δσ(Λ),±1 = (

1± σ(Λ)
)
/2. The Poisson expectation conditional on σ(Λ) = 1, equivalently

on even ν(Λ), can therefore be written as

〈
( · ) 〉

Λ
:= 〈δσ(Λ),1 ( · )〉

〈δσ(Λ),1〉 = 〈 ( · ) 〉 + 〈σ(Λ) ( · )〉
1 + e−2ρ(Λ)

. (A.5)

By (A.5) and (A.3) we immediately see that
〈
σ( Â)

〉
Λ

≥ 〈
σ( Â)

〉
. The “conditional analog” of

(A.3) is

Lemma A.1 〈
σ( Â)σ (B̂)

〉
Λ

≥ 〈
σ( Â)

〉
Λ

〈
σ(B̂)

〉
Λ

. (A.6)

Proof From (A.2) and (A.5) we get the “conditional analog” of (A.2)

〈
σ( Â)

〉
Λ

= cosh
(
IΛ( Â)

)

cosh
(
ρ(Λ)

) exp
(

−
∫

Γ \Λ
ρ(dx )

(
1 − τ Â(x)

))
(A.7)

with IΛ( Â) := ∫
Λ

ρ(dx )τ Â(x). Corresponding formulas hold for
〈
σ(B̂)

〉
Λ
and

〈
σ( Â)σ (B̂)

〉
Λ
.

In the latter case τ Â has to be replaced with the product τ ÂτB̂ and IΛ( Â) with
IΛ( Â, B̂) := ∫

Λ
ρ(dx )

(
1 − τ Â(x)τB̂(x)

)
. For the proof of (A.6) we firstly employ

again the above inequality τ ÂτB̂ ≥ τ Â + τB̂ − 1. Then it remains to show that
cosh

(
ρ(Λ)

)
cosh

(
IΛ( Â, B̂)

) ≥ cosh
(
IΛ( Â)

)
cosh

(
IΛ(B̂)

)
. To this end, we use the hyper-

bolic relation 2 cosh
(
ρ(Λ)

)
cosh

(
IΛ( Â, B̂)

) = cosh
(
ρ(Λ) + IΛ( Â, B̂)

) + cosh
(
ρ(Λ) −

IΛ( Â, B̂)
)
. Therefore the two inequalities ρ(Λ) ± IΛ( Â, B̂) ≥ |IΛ( Â) ± IΛ(B̂)|, based on

the pointwise equalities 1 ± τ ÂτB̂ = |τ Â ± τB̂ | and the triangle inequality, combined with
the relation cosh(|y|) = cosh(y) for y ∈ R complete the proof. ��
Remark A.2 (i) If A j ⊆ Λ for all j , then the exponential factor in (A.7) takes its maximum

value 1. For example, in the case of two such sets, say A and B, we simply have
〈
σ(A)σ (B)

〉
Λ

= cosh
(
ρ(Λ) − 2ρ(A) − 2ρ(B) + 4ρ(A ∩ B)

)
/ cosh

(
ρ(Λ)

)
. (A.8)

The numerator further simplifies to cosh
(
ρ(Λ)−2

∣∣ρ(A)−ρ(B)
∣∣) if A ⊆ B or B ⊆ A.

(ii) In the main text and in Appendix B we only consider the special case corresponding to
Γ = [0,∞[, A = B([0,∞[) :=Borel sigma-algebra in [0,∞[, ρ = βb×Lebesgue

measure, and Λ = [0, 1]. There we write N(t) and σ(t) = (−1)N(t) = (−1)−N(t)

instead of ν([0, t]) andσ([0, t]), respectively, for any t ∈ [0,∞[.Wealsowrite 〈 ( · ) 〉βb
instead of 〈 ( · ) 〉[0,1]. It is well-known that the stochastic process

{N(t) : t ∈ [0,∞[}
has independent and, in distribution, time-homogeneous incrementsN(t+u)−N(u) =
ν
(]t, t + u]) for u ≥ 0. This implies that it is a Markov process, more precisely, a

continuous-time homogeneousMarkov chain with transition probabilities

pn,n′(t, t ′) := e−βb(t−t ′)
(
βb(t − t ′)

)n−n′

(n − n′)!
(
0 < t ′ ≤ t, n, n′ ∈ N0, n′ ≤ n

)
.

(A.9)
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Also the spin-flip process
{
σ(t) : t ∈ [0,∞[} is such aMarkov process. Its transition

probabilities are ps,s′(t, t ′) := [
1 + ss′ exp

( − 2βb(t − t ′)
)]/

2 with s, s′ ∈ {−1, 1}.

B The Poisson–Feynman–Kac Formula

In this appendix we consider an independent collection of N ∈ N Poisson processes
in the positive half-line [0,∞[ with common rate βb > 0 in the sense and notation of
RemarkA.2 (ii). We begin with the case of a single spin. Here g ∈ R is an arbitrary parame-
ter. The rest of the notation has been introduced in Sect. 1.

Lemma B.1 (Operator-valued PFK formula for a single spin)
For a single spin we have the operator identity

exp
(
βbSxi + βgSzi

) = eβb
〈(
Sxi
)Ni (1) exp

(
βgSzi

∫ 1

0
dtσi (t)

)〉 (
i ∈ {1, . . . ,N}) (B.1)

on the N-spin Hilbert space (C2)⊗N ∼= C2N .

Proof It is enough to prove (B.1) on the single-spin Hilbert space C2. So we suppress the
spin index i . For the auxiliary operator Kg(u, t) := exp

( ∫ u
t dt

′ βgS zσ(t ′)
)
with 0 ≤ t ≤

t ′ ≤ u we write

Kg(u, 0) = 1 −
∫ u

0
dt

d

dt
Kg(u, t) = 1 +

∫ u

0
dt Kg(u, t)βgS zσ(t) (B.2)

and define the operator

Tg(u) := (S x)N(u)Kg(u, 0) = T0(u) +
∫ u

0
dt (S x)N(u)Kg(u, t)βgS zσ(t) . (B.3)

The last integrand can be rewritten as follows

(S x)N(u)−N(t)(S x)N(t)Kg(u, t)βgS zσ(t) = (S x)N(u)−N(t)Kgσ(t)(u, t)βgS z(S x)N(t) .

(B.4)
Here we have moved

(
S x

)N(t) to the utmost right by using N(t) times the relation
S x f (S z) = f (−S z)S x, based on (1.2) and the elementary spectral identity f (A) =
1
(
f (1) + f (−1)

)
/2 + A

(
f (1) − f (−1)

)
/2 for any selfadjoint operator A with A2 = 1

and any Borel-measurable function f : {−1, 1} → C. Now we assert that the Poisson

expectation of (B.3) leads to

〈
Tg(u)

〉 = 〈
T0(u)

〉 +
∫ u

0
dt
〈(
S x)N(u)−N(t)

Kgσ(t)(u, t)
〉
βgS z〈T0(t)

〉
(B.5)

= 〈
T0(u)

〉 +
∫ u

0
dt
〈
Tg(u − t)

〉
βgS z〈T0(t)

〉
(u ≥ 0) . (B.6)

Equation (B.5) relies on the fact that the increments N(u) − N(t) as well as N(t ′) − N(t)
occurring in Kgσ(t)(u, t) = exp

( ∫ u
t dt

′ (−1)N(t ′)−N(t)βgS z
)
are independent of N(t) −

N(0) = N(t). For (B.6) we recall thatN(t ′) −N(t) has the same distribution asN(t ′ − t) −
N(0) = N(t ′ − t) by time-homogeneity. Since

(S x)N(u) = 1δσ(u),1 + S xδσ(u),−1 = 1

2
(1 + S x) + 1

2
(1 − S x)σ (u), 〈σ(u)〉 = e−2βbu ,

(B.7)
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we see that the mapping u → 〈T0(u)〉 = exp
(
uβb(S x − 1)

)
is the “free” or “unperturbed”

semigroup on C2 (corresponding to g = 0 and up to the factor euβb). Consequently, the
combination of (B.5) and (B.6) implies that u → 〈Tg(u)〉 satisfies the same Duhamel–
Dyson–Phillips integral equation as the “perturbed” semigroup u → exp

(
uβb(S x −

1) + uβgS z
)
. Actually, this equation is equivalent to the differential equation ∂

∂u 〈Tg(u)〉 =
〈Tg(u)〉(βb(S x − 1) + βgS z

)
with the initial condition 〈Tg(0)〉 = 1. Since the solution is

unique, the proof is completed by considering 〈Tg(1)〉. ��
Remark B.2 (i) Formula (B.1) dates back to Kac [41]. There he has not written down it

explicitly, but it is the backbone of his PFK formula for the solution of the telegraph
(or damped-wave) equation. For a modern account of this genre see [46] and also [14].

(ii) We learned the PFK formula (B.1) for a single-spin semigroup from Gaveau and
Schulman [30] who proved it by a suitable Lie–Trotter(–P. R. Chernoff) product
formula. Our proof avoids time-slicing and is in the spirit of Simon’s “second proof” of
the (Wiener–)Feynman–Kac formula for Schrödinger semigroups [64, Thm.6.1],
see also [62, Sect. 2.2]. It easily extends to time-dependent integrable g : [0, 1] → R.

(iii) The PFK formula (B.1) is equivalent to the explicit formulas

L−1(g) = b
w

sinh(βw) , L1(g) = cosh(βw) + g
w

sinh(βw) , w :=
√
b2 + g2

(B.8)
for the Laplace transforms of the two conditional distributions of the random variable
β
∫ 1
0dt σi (t),

Lsi (g) := eβb
〈
δσi (1), si exp

(
βg

∫ 1

0
dt σi (t)

)〉 (
si ∈ {−1, 1} , i ∈ {1, . . . , N }) ,

(B.9)
up to a g-independent factor. This follows from (B.7) with u = 1 and the special case

exp(−βH) = 1 cosh(βw) − H
sinh(βw)

w
, H := −bS x

i − gS z
i , H2 = 1w2

(B.10)
of the elementary spectral identity mentioned between (B.4) and (B.5).

(iv) Clearly, we have Tr exp(−βH) = 2 cosh(βw) by (B.10). On the other hand, by evalu-
ating this trace in the eigenbasis of S z

i and using (B.1) we get its spin-flip representation

Tr e−βH = eβb
∑

si

〈
δσi (1),1 exp

(
βgsi

∫ 1

0
dt σi (t)

)〉

= cosh(βb)
∑

si

〈
exp

(
βg

∫ 1

0
dt siσi (t)

)〉

βb
. (B.11)

(v) As a simple example of a Gibbs expectation value in the spin-flip representation we
consider the case g = 0 and the (non-selfadjoint) operator

S z
i (t) := e−βb t S x

i S z
i e

βb t Sxi = S z
i e

2βb t S x
i

(
t ∈ [0,∞[) , (B.12)

that is, the operator S z
i in the “imaginary-time” Heisenberg picture. Then we have

for theDuhamel–Kubo auto-correlation function of the z-component of a single spin
the formula

Tr
(
eβbSxi Szi (t)S

z
i (t

′)
)/

Tr eβbSxi = 〈
σi (t)σi (t

′)
〉
βb

(
0 ≤ t ′ ≤ t ≤ 1

)
. (B.13)
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It is due to the (positive) product S z
i (t)S z

i (t ′) = exp
(
2βb(t ′ − t)S x

i

)
and (A.8) for the

special case used in themain text. If t < t ′, then the factor order of the two spin operators
in (B.13) has to be reversed. It also follows that (4.13) may be viewed as an inequality
for multi-time correlation functions of the z-component of a single spin which interacts
with a transverse field only. For an odd number of instants these functions vanish by
S z
i -reversal symmetry, confer the argument immediately above Lemma6.1.

Corollary B.3 (Operator-valued PFK formula for several spins)
Let Sα

1 , . . . , Sα
N be a collection of N ∈ N (pairwise commuting) spin operators with com-

ponent α ∈ {x, y, z} and let N1, . . . ,NN be associated mutually independent Poisson
processes in the positive half-line [0,∞[ with the common rate βb > 0. Moreover, let
vN : {−1, 1}N → R be aBorel-measurable function and consider theBoltzmann–Gibbs
operator

WN (β) := exp
(
βb

N∑

i=1

Sxi + βvN(Sz1, . . . , S
z
N

))
. (B.14)

Then the operator identity

WN (β) = eNβb
〈( N∏

i=1

(
Sxi
)Ni (1)

)
exp

(
β

∫ 1

0
dtvN

(
Sz1σ1(t), . . . , S

z
NσN (t)

))〉
(B.15)

holds on the N-spin Hilbert space C2N .

Proof Apply the arguments used in the proof of LemmaB.1 for the i-th spin also for all other
spins ( j �= i). ��
Remark B.4 (a) Two examples: v1(s1) = gs1 , vN (s1, . . . , sN ) = v√

N

∑
1≤i< j≤N gi j si s j

(N ≥ 2).
(b) By (B.15) formula (B.11) naturally extends to

TrWN (β) = (
cosh(βb)

)N ∑

s1,...,sN

〈
exp

(
β

∫ 1

0
dt vN

(
s1σ1(t), . . . , sNσN (t)

))〉

βb
.

(B.16)

C Large-Deviation Estimate for the Free Energy

For the reader’s convenience we begin by quoting Theorem1.3.4 in [72] without proof.

Proposition C.1 (Gaussian concentration estimate)
For d ∈ N let F : Rd → R be a (globally)Lipschitz continuous function, |F(x)−F(x ′)| ≤
L|x−x ′|, with some constant L > 0, arbitrary x, x ′ ∈ Rdand | ( · ) | denoting theEuclidean
norm on Rd . Moreover, let g := {g1, . . . , gd} be an independent collection of d Gaussian
random variables with common mean 0 and variance 1. Then

P
{∣∣F(g) − E[F(g)]∣∣ > δ

} ≤ 2 exp
(

− δ2

4L2

)
(C.1)

for any δ > 0.

It is the basis of
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Lemma C.2 (Large-deviation estimate for the free energy)
For the (random) free energy fN defined in (1.4) with v > 0 we have

P
{∣∣β fN − E[β fN ]∣∣ > δ

} ≤ 2 exp
(

− N 2δ2

2(N − 1)(βv)2

)
(C.2)

for any total number of spins N ≥ 2 and any δ > 0.

Proof We interprete the coefficients (gi j )1≤i< j≤N in the quantumHamiltonian HN , defined
in (1.1), as the components of a non-random vector g ∈ Rd with d = N (N − 1)/2,
and write more explicitly HN (g) and fN (g) for its (specific) free energy. In view of
PropositionC.1 we then only have to show that the function g → β fN (g) is Lipschitz

continuous on Rd with constant L = βv
√
N − 1/(N

√
2). To this end, we introduce the

Gibbs expectation 〈 ( · ) 〉g := eNβ fN (g)Tr e−βHN (g)( · ) induced by HN (g). Then the Jensen–
Peierls–Bogolyubov inequality, see for example [65], gives

β fN (g′) − β fN (g) ≤ β

N

〈
HN (g′) − HN (g)

〉
g

= βv
N 3/2

∑

1≤i< j≤N

(
gi j − g′

i j

)〈S z
i S

z
j 〉g

(
g, g′ ∈ Rd) (C.3)

≤ βv
N 3/2

∑

1≤i< j≤N

∣∣gi j − g′
i j

∣∣∣∣〈S z
i S

z
j 〉g

∣∣ ≤ βv
N 3/2 |g − g′|1 ≤ L|g − g′| .

(C.4)

For (C.4) we have used the triangle inequality, the operator inequalities −1 ≤ S z
i S

z
j ≤ 1,

and the (Jensen) inequality |x |1 ≤ √
d |x | between the 1-norm and the 2-norm of x =

(x1, . . . , xd) ∈ Rd . By considering the last chain of inequalities also with g and g′ inter-
changed we get the desired Lipschitz continuity. ��
Remark C.3 A similar result was already given byCrawford [18].We include the lemma for
two reasons. First, it serves to make the present paper reasonably self-contained. Second, the
above proof is simpler than the one in [18]. It does not need the PFK spin-flip representation
and can easily be extended to quantum spin-glass models with additional mean-field type
interactions between the spins, for example to the quantum mean-field Heisenberg spin-
glass model with or without an external magnetic field [8,66].
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