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Abstract

The subcarrier domain of multicarrier continuous-variable quantum key distribution
(CVQKD) is defined. In a multicarrier CVQKD scheme, the information is granulated
into Gaussian subcarrier CVs and the physical Gaussian link is divided into Gaussian sub-
channels. The subcarrier domain injects physical attributes to the description of the subcarrier
transmission. We prove that the subcarrier domain is a natural representation of the subcarrier-
level transmission in a multicarrier CVQKD scheme. We also extend the subcarrier domain
to a multiple-access multicarrier CVQKD setting. We demonstrate the results through the
adaptive multicarrier quadrature-division (AMQD) CVQKD scheme and the AMQD-MQA
(multiuser quadrature allocation) multiple-access multicarrier scheme. The subcarrier domain
representation provides a general apparatus that can be utilized for an arbitrary multicarrier
CVQKD scenario.

Keywords Quantum key distribution - Quantum cryptography - Quantum continuous
variables - CVQKD

1 Introduction

The continuous-variable quantum key distribution protocols allow for the parties to establish
an unconditionally secure communication over the traditional telecommunication networks
[1-20]. In comparison to discrete-variable (DV) QKD, the CVQKD schemes do not require
single-photon devices, a fact that allows us to implement in practice by standard devices [21—
31]. Despite the several attractive benefits of CVQKD [1-3,9-14], these protocols still require
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significant performance improvements to be comparable with that of the traditional telecom-
munications [32—-49]. For this purpose, the multicarrier CVQKD has been defined through the
adaptive multicarrier quadrature division (AMQD) modulation [5]. In a multicarrier CVQKD
system, the Gaussian input CVs are granulated into subcarrier Gaussian CVs via the inverse
Fourier transform, which are decoded by the receiver by the unitary CVQFT (continuous-
variable quantum Fourier transform) operation [5]. Precisely, the multicarrier transmission
divides the physical Gaussian link into several Gaussian sub-channels, where each sub-
channel is dedicated for the conveying of a Gaussian subcarrier CV. In particular, the multicar-
rier transmission injects several benefits to CVQKD, such as improved secret key rates, higher
tolerable excess noise, and enhanced transmission distances [5,6,8,9,29-31,50-57]. Specif-
ically, the benefits of the multicarrier CVQKD modulation has been extended to a multiple-
access CVQKD through the AMQD-MQA (multiuser quadrature allocation) scheme [8],
in which the simultaneous reliable transmission of the legal users is handled through the
sophisticated allocation mechanism of the Gaussian subcarriers. The SVD-assisted (singular
value decomposition) AMQD injects further extra degrees of freedom into the transmission
[29,52], which can also be exploited in a multiple-access multicarrier CVQKD.

The achievable secret key rates in a multicarrier CVQKD setting have been rigorously
derived in [6]. These secret key rates also confirm the multimode bounds determined in [43]
(see the results on fundamental rate-loss scaling in quantum optical communications in [43]).
For further information on the bounds of private quantum communications, we suggest [44].

Here, we provide a natural representation of the subcarrier CV transmission and show
that it also allows us to utilize the physical attributes into the sub-channel modeling. The
angular domain representation is a useful tool in traditional telecommunications to model
the physical signal propagation through a communication channel. The angular domain rep-
resentation is aimed at revealing and verifying the connections of the physical layer and the
mathematical channel model in different scenarios, avoiding the use of an inaccurate channel
representation [58—60]. Here, we show that similar benefits can be brought up to multicarrier
CVQKD. We define the subcarrier domain representation for multicarrier CVQKD. The sub-
carrier domain utilizes the phase-space angles of the Gaussian subcarrier CV to construct the
model of a Gaussian sub-channel and to build an appropriate statistical model of subcarrier
transmission. The subcarrier domain is an adequate application for multicarrier CVQKD
since it is a natural representation of the CVQFT operation. The key behind the subcarrier
domain representation is the Fourier operation, which has a central role in a multicarrier
CVQKD setting since this operation makes possible the construction of Gaussian subcarrier
CVs from the single-carriers and Gaussian sub-channels from the physical Gaussian link.

Particularly, the CVQFT transformation not just opens the door for the characterization of
the subcarrier domain of a Gaussian sub-channel but also provides us a framework to study the
effects of psychical layer transmission in an experimental multicarrier CVQKD scenario. The
subcarrier domain utilizes physical attributes such as the phase space angle into the description
of the transmission. Thus, the subcarrier domain representation takes into account not just
the theoretical model but also the physical level of the subcarrier transmission. Since the
subcarrier domain is a natural representation of a multicarrier CVQKD transmission, it allows
us to extend it to a multiple-access multicarrier CVQKD setting. Furthermore, the subcarrier
domain model provides a general framework for any experiential multicarrier CVQKD.

The novel contributions of our manuscript are as follows:

1. We define the subcarrier domain of multicarrier continuous-variable quantum key dis-
tribution.
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2. The subcarrier domain injects physical attributes to the description of the subcarrier
transmission.

3. We prove that the subcarrier domain is a natural representation of the subcarrier-level
transmission in a multicarrier CVQKD scheme.

4. We extend the subcarrier domain to a multiple-access multicarrier CVQKD setting. We
demonstrate the results through the adaptive multicarrier quadrature-division (AMQD)
CVQKD scheme and the AMQD-MQA (multiuser quadrature allocation) multiple-access
multicarrier scheme.

5. The subcarrier domain representation provides a general apparatus that can be utilized
foran arbitrary multicarrier CVQKD scenario. The framework is particularly convenient
for experimental multicarrier CVQKD scenarios.

This paper is organized as follows. In Sect. 2, some preliminaries are briefly summarized.
Section 3 discusses the subcarrier domain representation for multicarrier CVQKD. Section 4
extends the subcarrier domain for multiple-access multiuser CVQKD. Finally, Sect. 5 con-
cludes the results. Supplemental information is included in the Appendix.

2 Preliminaries

The basic terms and notations of multicarrier CVQKD are summarized in Sect. A.1 of the
Appendix. The detailed description of AMQD and AMQD-MQA can be found in [5] and
[8]. For the secret key rate formulas, see [6].

3 Subcarrier Domain of Multicarrier CVQKD

Proposition 1 (Subcarrier domain representation of multicarrier transmission.) For the i-
th Gaussian sub-channel Nj, the subcarrier domain representation is Ry, (T; (N;)) =
UT; (N;) U, where U is the CVQFT operator.

Proof The proofs throughout assume / Gaussian sub-channels for the multicarrier transmis-
sion. The angles of the |¢;) transmitted and the |¢l’ ) received subcarrier CVs in the phase
space S are denoted by Qi* € [0,2x], and 6; € [0, 27 ], respectively.

Specifically, first, we express F (T (N)) as

F(T(\) =) F(Ti (V)
l

== o (D
Ty
i=0 k=0
from which F (T; (NV;)) is yielded as
2L ik
F(L(N) =) Tee T . @)
k=0

@ Springer



Subcarrier Domain of Multicarrier Continuous-Variable... 963

Next, we recall the attributes of a multicarrier CVQKD transmission from [5]. In particular,
assuming / Gaussian sub-channels, the output y is precisely as follows:

y=F(TW)F@)+ F(A)
=F(TW)F(F'@)+F ()
=(F(TW)) F)d+ F (A) 3)

= ZF(Ti N di + F (A)),
!

where
FWd)=F(F'@)=z )

The [ columns of the / x [ unitary matrix F formulate basis vectors, which are referred to as
the domain R, from which the subcarrier domain representation R, (7; (N;)) of T; (N;)
is defined as

Ry (T; (N) = F(T; (N) F. (%)
Thus, (3) can be rewritten as
¥y =Ry (TV))d+ F (A)
=3 Ry, (T; ND)d; + F (A, ©
l
where y”¢ is referred to as the subcarrier domain representation of y.
Particularly, from (5) follows that Ry, (7; (NV;)) can be expressed as
Ry (T; Ni) =UT; M) U, (N
where U is an/ x [ unitary matrix as
U=F, ®)

where F refers to the CVQFT operator which for / subcarriers can be expressed by an/ x [
matrix, as

| =i2mik
U:Tle I i,k=0,...,1—1, )
thus,
1
Ry (T(N)) = Z U (T; (N})). (10)

i=1
To conclude, the results in (1) and (2) can be rewritten as

!
U(TWN) =) U (T; (M), an

i=1
thus

F(T; V) = U (Ti (N)) . 12)
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Specifically, an arbitrary distributed R (T (N)) can be approximated via an averaging over
the following statistics:

S (R M W)) €N (0.0 (13)

by theory.
Since the unitary U operation does not change the distribution of S (T (N)), an arbitrarily
distributed T (') can be approximated via an averaging over the statistics of

ST €CN (0,07 ) - (14)

[m}

Theorem 1 (Subcarrier domain of a Gaussian sub-channel). The Ry, subcarrier domain rep-
resentation of N;, i = 0...1—1,isRg, (T; (V7)) = >_x A (N b (k/1) b (cos ;) b (cos 9,~*)T
b(i/l), k =0...1 — 1, where b () is an orthonormal basis vector of Rg,, 6; and 6; are the
phase-space angles of |¢;) and |¢l/> A (N;) = x;, where x; is a real variable, x; > 0.

Proof The b basis vectors of R, are evaluated as follows. Let 67 € [0, 2] refer to the angle
of the i-th noise-free input Gaussian subcarrier CV |¢;) in S. The angle of the i-th noisy
subcarrier CV qblf ) is referred to as 6; € [0, 2], 6; # 0;‘*-

In particular, for the subcarrier domain representation, the scaled CVQFT operation defines
the b () basis at [ Gaussian sub-channels as an / x 1 matrix:

1
e—iZn cos b;
1 efi271200s9,-
b (cosb;) = , (15)

7
e—i2ﬂ(l—l)cos(ii

while for the input angle 0" also defines an / x 1 matrix as

1

; *
e*l27f cos 6;

e—i2712 cos 0

b (cos;) = (16)

S

efi27r(lfl) cost;

Precisely, the difference of the cos functions of the i-th 6" transmitted and the 6; received
angles is defined as

7 = cosf; — cos 6. (17)
Let b (cos ;) and b (cos 61.*) be the basis vectors of cos 6;, cos 6 [58-60], then for the ©; =
0; — 6} angle

[cos Q;| = lb (cos@i*)Tb (cos )|, (18)

and

lcos ;[ = [ f (z)l, (19)
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where [58]

_ [(cos 0 —cos 6]
f(m) = 1 m(l 1)(cos 6; —cos 6;* )% (20)

In particular, using (20), after some calculations, the result in (18) can be rewritten as

sin(sr/(cos 0; —cos 0;"))

|cos ;| = Tsin(r (cos 6, —cos 7)) | 21)
Specifically, by expressing (20) via the formula of
sinc (x) = sin (nx) — (22)
one can find that for [ — oo, f (7;) can be rewritten as [58]
Jim f (7)) = e Tisine (I77) . (23)

The function | f (z;)| for different values of t; is depicted in Fig. 1. The function picks up the
| f (;)| = 1 maximum at 7; = 0, with a period » = 1. For / sub-channels, a period yields /
values.

Next, we utilize function f (-) to derive the R, subcarrier domain representation of N;.
Function f (7;) at a given 6; formulates a plot

p:(cost;, [f (t)l), (24)
where from the r = 1 periodicity of f (-) follows that the main loops are obtained at
cos 6; = cos 6. (25)

The plot | f (7;)]| as a function of cos 6; is depicted in Fig. 2, for Qi* =n/2,l=2.

From the bases b (+) of (15) and (16), the Fourier bases b (%) and b (;—), i,k=0,...,1—1,
is defined as follows.

The set Sp, of the Ry, orthonormal basis over the C! complex space of the R, subcarrier
domain representation can be defined as

Sp={b(0),b(}).....0(5")} e, (26)
1
— (=)l
0.8 siuc( T )
l
= I >
2 0.6
[
= 04
0.2+
1
-1 -05 0 0.5 1
T.

7

Fig. 1 The function | f (z;)| (blue) for different values of ;. The period of the function is » = 1. The sinc
function (green) is approximated with an arbitrary precision in the asymptotic limit of / — oo
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0.8 -

0.2+

-1 -0.5 0 0.5 1
cos 0,

Fig.2 The Ry, subcarrier domain representation of NV;, at Gi* = /2,1 = 2. The function | f (7;)| picks up
the maximum at t; = 0

and b (%) isan/ x 1 matrix as

S
=
e
[
Sl
-

27)

and

b(H)=7J] ¢ ! : 28)

—i2n(—k
e ]

while the b (;—) [ x 1 matrix is precisely as

b= ¢ T | (29)

—i2mi(l—1)
e ]

Precisely, using the orthonormal basis of (26), the result in (20) can be rewritten as
[ @) =bO)b(w). (30)
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Specifically, the expression of (30) allows us to redefine the plot of (24) to express b (%) as
follows:

f (cos6; — %)

pb(%: (cos6;, ). (31)

and thus the maximum values are obtained at

cosf; = % (32)
Particularly, at a given /, evaluating f atk =1, ...,] — 1 yields the following values [58]:
f(1)=0. (33)

and
F(F) =717 (34)

In particular, the A (N;) parameter is called the virtual gain of the N; sub-channel transmit-
tance coefficient, and without loss of generality, it is defined as

AWN)) =xi, (35)

where x; is a real variable, x; > 0.
From (15), (16), and (35), T (N) can be expressed as

-1
TW) =Y AN b(cos) b (cos6;) . (36)

i=0

By exploiting the properties of the Fourier transform [58-60], for a given cos 6 and cos 6;,
Rg (T (N)) can be rewritten as

N
|

-1

Ry (T(N)) = b(5)'T W) b (3)

i=0 k=0
-1 1-1 .

=3 b(4) A W) b (cos ) b(cos ;) b (1) (37)
i=0 k=0
-1 1-1

N Wi

= xib(F) b (cos6;) b(cosb; ) b (}).

i=0 k=0

Specifically, in (37), for the representation of term b(cos 61.* )Tb @@/l) [58], set S can be
defined for the Ry, domain of A; as

SR+ |cost; — (%) < 1. (38)
The set S™¢ in the subcarrier domain representation for 91'* =n/2,l=2andk =0,...,[—

1, is illustrated by the dashed area in Fig. 3. The b (0) , b (%) L. b (#) basis vectors of
R¢ for I = 2 are also depicted, evaluated via (31).
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cos 0,

Fig. 3 The set sRe (dashed areas) for Ol.* = /2,1 = 2 Gaussian sub-channels and k = 0, .../ — 1. The
curves (red, green) depict the basis vectors b (0) , b (}) of Ry

Putting the pieces together, from (37), Ry, (T; (N;)) of a given Gaussian sub-channel N;
is yielded as

-1

Ryy (T; N) = Y b(5) T W) b ()

i .
= Z A W) b(%)fb (cos ;) b(cos Gl-*)Tb (%)
k=0
o

3.1 Statistics of Subcarrier Domain Sub-channel Transmission

Theorem 2 (Transmittance of the Gaussian sub-channels). For arbitrary 07, the magni-
tude |R¢i (T; (/\fi))| of Re; (T; (N)) of a given N is maximized in the asymptotic limit
of cos 2 — 1, where Q; = 6; — 0F. Averaging over the statistics S (R¢ (T (N))) €
CN (0, ‘7’12“(/\/))’ rank (S (R¢ (T (N)))) = min (|S;], |Sk|), where the cardinality of sets
Si, Sk identifies the number of non-zero rows and columns of Rg, (T (N)).

Proof First, we recall Ry, (T; (N;)) from (39) and express |R¢,. (T; (M))| as

|Rg: (T; (N))| = b (%) b (cost) b (cos87) b (). (40)

For a given 67, the values of angle ; has the following statistical impacts on (40).
Without loss of generality, let parameters i and k be fixed as

i,k={C,C}, (41)

where C > 0 is a real variable.
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Particularly, for the A; sub-channels, the |R¢i (T; (/\/’,-))| magnitudes formulate a set
3= {|R¢, (Ti (N}))

i=0,...,1—1}. (42)
Let
Qi =0, —0f, (43)

and let s be the number of sub-channels for which ’72@. (T; (./\/i))‘ ~ 0.
Specifically, for 9, let determine €2; the value of k as

S i
Let us define a Gy initial subset with |G| = sg, as
Go = {|Re; (T) (N)))[,j =0.....50 =1} S 3, 45)
where
[Ro; (T; (\)))| ~ 0. (46)
In this setting, as cos 2; — 1, the cardinality of G increases,
G:cosQ — 1:1G| =5 > |Gyl = s0, (47)
while as cos 2; — —1, the cardinality of G decreases, thus
G:cosQ —> —1:|G] =5 < |Go| = s0. (48)

In particular, as (48) holds, the range of k expands from C to the full domain of k = [0, 2C],
and |R¢l. (T; (Ni))| decreases, thus

|Rg, (T; V)| ~ a, (49)

where a is an average which around the |R¢,- (T; (M))| coefficients stochastically moves
[58-60].

The impact of cos 2; — —1 on ‘R@ (T; (./\G))’ is depicted in Fig. 4 for i, k = {C, C},
i = C = 0.5]. The maximum transmittance is normalized to unit for k = 0.5C. Statistically,
the convergence of cos 2; — —1 improves the range of k and decreases the sub-channel
transmittance (see (44)).

Particularly, the degrees of freedom in Ry (T (N)) can be evaluated through the rank of
Ry (T ().

Let us identify the number of non-zero rows and columns of Rg, (T (N)) via |S;| and
|Sk|, of sets S;, Sk, respectively. By averaging [58—60] over the statistics of

S (R M) €N (0.07xr)) (50)
thus the rank of S (R¢ (TW ))) without loss of generality is expressed as
rank (S (Rg (T (N)))) = min (IS ], [Sk])

. *
A min (Zl cos 6;, Zl cos 0, ) s

for an arbitrary distribution, by theory [58].
The rank in (51) basically changes in function of the number / of A; Gaussian sub-
channels utilized for the multicarrier transmission since the increasing [/ results in more

(G
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i=C=0.5/

Fig. 4 The impact of cosQ; — —1 on ‘Rd’i (T; (N;))| for a fixed i = C = 0.5/ on a sub-channel ;.
The parameter range changes to i,k = {C, [0,2C]}, C = 0.5, from i,k = {C, C}. For cos ; — 1, the
transmittance picks up the maximum at k = C = 0.5/ (red) in a narrow range of k ~ C. Statistically, as
cos Q2; — —1, the transmittance significantly decreases, moving stochastically around an average a (dashed
grey line) within the full range k = [0, 2C]

non-zero elements in S (R¢, (TW ))) [58-60]. On the other hand, the rank in (51) also
changes in function of 6;. Specifically, as cos €2; — 1, the matrix S (R¢ (TW ))) will have
significantly decreased number of non-zero entries (see (47)), while for cos Q; — —1, the
rank increases because the number of non-zero entries in (51) increases [58] (see (48)).
These statements can be directly extended to the diversity, since the div (-) diversity func-
tion of S (Ry (T (NV))) is evaluated via the number of non-zero entries in S (R (T (N))),

div (S (Rg (T(V)))) = | Eik (S (Ry (T (NV)))) #0. (52)
Vi, k

where E; i identifies an (i, k) entry of S (’R¢ (TWN ))). Precisely, from (52) follows that
div (S (Ry (T (N)))) increases with the number / of Gaussian sub-channels. o

4 Subcarrier Domain of Multiuser Multicarrier CVQKD

Lemma 1 (Subcarrier domain of multiple-access multicarrier CVQKD). The Ry (T (N)) of
T (N) in a K;y, Koy multiuser setting is Rg”l'K""' (TW)) = Ug,, TWN) Uk,,,, where
—i2mik

Uk, i5 @ Kour X Koy unitary Ug,,, = W%e Kow ik =0,..., Kour — 1.
ou,

Proof Let K;,, K,,; be the number of transmitter and receiver users in a multiple access
multicarrier CVQKD [8], and let Z be the K;, dimensional input of the K;, users. The
Gaussian CV subcarriers formulate the K;;, dimensional vector

D = Ux,, Z, (53)

where Uk, stands for the inverse CVQFT unitary operation.
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The Uk,, and Uk,,,, Kin X Kin, Kour X Koy unitary matrices at / Gaussian sub-channels
are as

i2mik
UKl.n:\/Le Kin Jik=0,...,Kin—1, (54)
and
—i2mik
Uk,, = —e Kou i,k=0,..., Ko —1, (55)

v Kout

which unitary is the CVQFT operation (For further details, see the properties of the multi-
carrier CVQKD modulation [5,6,8,9].).
Specifically, the output Y in a K;,, K, setting is then yielded as

Y = UKOLU T (N) (UKOLH D) + UKOMI A
= (UK()I,” T (N) UK()Mf) D + UK(}EIT A (56)
=Ry Ko (T (N)) D + Uk, A,

thus without loss of generality
Kin,Kout
Ry (TW)) =Ukg,, TWN) Ug,,- (57)

Particularly, by rewriting (37), Rg""‘K”L" (T (NV)) can be expressed as

R‘I;ianout (T (N))

Kin—1 Kour—1 ¥ .
= > Y bk, (5T Wbk, (3)

= k=0

Kin*l Koutfl T * .*_ . (58)
= > > bk () AW bk, (cos6)) bg,, (cos ;) b, (})

i=0 k=0

Kin—1 Kour—1 ¥ et .
= Z Z xibK{mt(%) bKuul (COS@,‘)me (COSO;) bKin (17)’

i=0 k=0

where the basis vectors are precisely as

~ Kout

1
—i2ml cosb;
e Kour
—i2m2l cos b;
bk, (cost;) = 1 e Kou (59)

—i27 (K oy — 1)1 cos 6;
e Kour
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972 L. Gyongyosi, S. Imre
and
1
—i2ml cos 9,.*
e Kin
. X —i272l cos 0]
bk, (cos 0; ) = Tk e Kin s (60)
—i2m (Kin—Dl cos 6]
e Kin
thus
1
—i2mk
e K()ut
. | —i2n2k
ky — K
b (7) = Niom e ’ (61)
—i27 (Koua =Dk
e Kour
and
1
—i2mi
e Kin
) | —i2wi2
L) — Kin
bg,, (¥) = T e (62)
—i2i(Kip—1)
e Kin
Without loss of generality, the function f from (20) can be rewritten as
il (Ko =i in(rl
fKom (7)) = Kl e Kour - Sm(ﬂlfi) i (63)
” sm (ﬂ Kr)ut ‘L',')
with
in (7 (cos 6; —cos 6
lcos | = 51-n(7'r (clos ;i —cos0;")) 7 (64)
Kou sm(rr Vo (cos 6; —cos 0;‘))
such that
KI)M k —
fre(5) =0, (65)
and
KI)M —k J— K{)u Kllu —k j—
fo () = o (Bo=h) k=1, Ko — 1. (66)
The maximum values of fXou (%) are obtained at
cosb; =k/l mod Koy /I . 67)

The subcarrier domain representation Rgi"’K”“’ (T; (V) via | f Kour (‘L’,‘)| for K, > [, at

0" = /2,1 =2is shown in Fig. 5.

1
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0.2 -

-1 -0.5 0 0.5 1
cos 0,

Kin.Kour

Fig.5 The function ’fKWf (r,-)‘ of R¢

(T; (N}) for Kour > 1, at 0] =m/2.1=2

The sets Sy, Kiy® Sy Kour of the bg,,, bk,,, orthonormal bases of a K;;,, K, setting are as

sbKl-" = [bK,‘n 0), bk, (%) s bk, (K""l_l)} c cKin7 (68)

and
Sbis = PR 01 BKp (3) i, (B41) ) € o )
m}

5 Conclusions

We defined the subcarrier domain for multicarrier CVQKD. In a multicarrier CVQKD pro-
tocol, the characterization of the subcarrier domain of a Gaussian sub-channel is provided
by the unitary CVQFT transformation, which has a central role in multicarrier CVQKD. The
subcarrier domain injects physical attributes to the mathematical model of the Gaussian sub-
channels. It provides a natural representation of multicarrier CVQKD and allows us to extend
it to a multiple-access multicarrier CVQKD setting. The subcarrier domain representation
is a general framework that can be utilized for an arbitrary multicarrier CVQKD scenario.
The subcarrier domain also offers an apparatus to formulate the psychical model of the
sub-channel transmission, which is particularly convenient for an experimental multicarrier
CVQKD scenario.
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Appendix
Multicarrier CVQKD

First we summarize the basic notations of AMQD [5]. The following description assumes a
single user, and the use of n Gaussian sub-channels A; for the transmission of the subcarriers,
from which only / sub-channels will carry valuable information.

In the single-carrier modulation scheme, the j-th input single-carrier state |<p j) =
xj +ipj) is a Gaussian state in the phase space S, with i.i.d. Gaussian random position
and momentum quadratures x; € A (0, ago), pj €N (0, O'L%O), where 002)0 is the modulation
variance of the quadratures. (For simplicity, 002)0 is referred to as the single-carrier modula-
tion variance, throughout.) Particularly, this Gaussian single-carrier is transmitted through
a Gaussian quantum channel . In the multicarrier scenario, the information is carried by
Gaussian subcarrier CVs, |¢;) = |x; +ip;), x; € N (0,02), pi € N (0,02), where 6 is
the modulation variance of the subcarrier quadratures, which are transmitted through a noisy
Gaussian sub-channel ;. Each NV; Gaussian sub-channel is dedicated for the transmission
of one Gaussian subcarrier CV from the n subcarrier CVs. (Note: index i refers to the sub-
carriers, while index j to the single-carriers throughout the manuscript.) The single-carrier
state ‘(p j> in the phase space S can be modeled as a zero-mean, circular symmetric complex

. . . . 2 .
Gaussian random variable z; € CA (0, oih), with variance 02 = E [|z il ] and with
<J X

Wz
i.i.d. real and imaginary zero-mean Gaussian random components Re (z;) € N (0,02 ),
Im (z;) € N (0, aaz)o).
In the multicarrier CVQKD scenario, let n be the number of Alice’s input single-carrier
Gaussian states. The n input coherent states are modeled by an n-dimensional, zero-mean,
circular symmetric complex random Gaussian vector

Z=X~+ip=(z1.....2) €CN (0,Ky) (A1)

where each z; can be modeled as a zero-mean, circular symmetric complex Gaussian random
variable

e (0,02 ).z =x; +ip;. (A2)
<J

Specifically, the real and imaginary variables (i.e., the position and momentum quadra-
tures) formulate n-dimensional real Gaussian random vectors, X = (xi,...,x,)! and
p=(p1,--., pn)T, with zero-mean Gaussian random variables with densities f(x;) and
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f(pj) as
- -
1 202 _ 1 202
F) = om0 (pi) = oz ™™ (A3)
where K, is the n x n Hermitian covariance matrix of z:
K, =E[z'], (A.4)
while z' is the adjoint of z.
For vector z,
Elz] = E [eiyz] — Ee'” [z] (A5)
holds, and
) N\T )
E [ZZT] =E [e’yz(e’yz) ] = Ee'? [ZZT] , (A.6)
for any y € [0, 27 ]. The density of z is as follows (if K is invertible):
K
f@ =g " (A7)

A n-dimensional Gaussian random vector is expressed as X = As, where A is an (invertible)
linear transform from R” to R”, and s is an n-dimensional standard Gaussian random vector
N (0, 1),,. This vector is characterized by its covariance matrix Ky = E [xxT] = AAT, and
has density

T

X X
_ 1 T2(AAT)
X)=—5————¢ . (A.8)
! («/271) /det(AAT)

The Fourier transformation F () of the n-dimensional Gaussian random vector v =

(v, ..., v,,)T results in the n-dimensional Gaussian random vector m = (my, ..., mn)T,
as:

—mTAA T m —0(30 (m3+...4m?)
m=F(V)=e 2 =e 2 . (A.9)

In the first step of AMQD, Alice applies the inverse FFT (fast Fourier transform) operation
to vector z (see (A.1)), which results in an n-dimensional zero-mean, circular symmetric

complex Gaussian random vectord, d € CN (0, Kq),d = (dy, ..., dn)T, as
dTAATd oy (di+.+d7)
d=F '@ =¢e 2 =e¢ Z : (A.10)
where
di = xq, +ipa,.di € CN (0,07). (A.11)
2

whereo, =K [|d[ |2] and the position and momentum quadratures of |¢;) arei.i.d. Gaussian

g;
random variables

Re (d;) = x4 € N (0,02,) . Im (d;) = pg, € N'(0,02,) (A.12)

where Kq = E[dd'], E[d] = E[¢77d] = Ee'” [d], and E[dd"] = E[e/7d(e7d)" | =
Ee'2y [ddT], for any y € [0, 27].
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The T (V) transmittance vector of A in the multicarrier transmission is
TW)=[T1 N, ....T, W' ec”, (A.13)
where
T; (Ni) = Re (T; (V) +ilm (T; (V) € C, (A.14)

is a complex variable, which quantifies the position and momentum quadrature transmission
(i.e., gain) of the i-th Gaussian sub-channel V;, in the phase space S, with real and imaginary
parts

0 < Rel; (A7) < 1/V2, (A.15)
and
0 < ImT; (\;) < 1/4/2. (A.16)
Particularly, the 7; (V) variable has the squared magnitude of
IT; (DI = ReT; (W) +1ImT; W)* € R, (A.17)
where
ReT; (Ni) = ImT; (M) . (A.18)

The Fourier-transformed transmittance of the i-th sub-channel V; (resulted from CVQFT
operation at Bob) is denoted by

|F (T; (N))I?. (A.19)

The n-dimensional zero-mean, circular symmetric complex Gaussian noise vector A €
CN (0, O’i)n of the quantum channel , is evaluated as

A=(Ar,...,A)" €CN(0,Kn), (A.20)
where
Ka =E[AAT]. (A21)
with independent, zero-mean Gaussian random components
Ay € N(0.0%). (A22)
and
Ap, € N (0,0%;). (A.23)

with variance o' N for each A; of a Gaussian sub-channel N;, which identifies the Gaussian
noise of the i-th sub-channel N; on the quadrature components in the phase space S.
The CVQFT-transformed noise vector can be rewritten as

F(A) =(F(AD.....F )", (A.24)
with independent components F (Ay,) € N(O, O‘%(M)) and F (A),) € N(O, 01%(/\/,-))
on the quadratures, for each F (A;). It also defines an n-dimensional zero-mean, circular

symmetric complex Gaussian random vector F (A) € CN (O, KF(A)) with a covariance
matrix

Kra =E[F(A)F (A, (A.25)
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where Kr(a) = Ka, by theory. At a constant subcarrier modulation variance craz)i for the n
Gaussian subcarrier CVs, the corresponding relation is

n

IN"62 =0l (A.26)

w; w’
i=1
where a _ is the modulation variance of the quadratures of the subcarrier |¢;) transmitted by
sub- channel N;. Assuming [ good Gaussian sub-channels from the n with constant quadrature
modulation variance %2),- , where 03)’_ = 0 for the i-th unused sub-channel,

l
Z%z)i = lai < naaz)o. (A.27)

In particular, from the relation of (A.27), for the transmittance parameters the following
relation follows at a given modulation variance a ,» precisely,

[Tamop WN)[* 02, > IT W), (A28)

where |T (NV)|? is the transmittance of A in a single-carrier scenario, and

l
Tarrop Wo)|* = 13 1F (1 W) P (A29)
i=1

For the method of the determination of these /[ Gaussian sub-channels, see [5]. Alice’s i-th
Gaussian subcarrier is expressed as

i) = Idi) = |F~' (). (A30)

A.2 Abbreviations

AMQD Adaptive Multicarrier Quadrature Division
AWGN Additive White Gaussian Noise
CV Continuous-Variable
CVQFT Continuous-Variable Quantum Fourier Transform
DV Discrete-Variable
FFT Fast Fourier Transform
IFFT Inverse Fast Fourier Transform
MQA Multiuser Quadrature Allocation
QKD Quantum Key Distribution
SNR Signal-to-Noise Ratio
SVD Singular Value Decomposition

A.3 Notations

The notations of the manuscript are summarized in Table 1.
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Table 1 Summary of notations

Notation Description
rank (-) Rank function
div (-) Diversity function
i Index for the i-th subcarrier Gaussian CV, |¢;) = x; + ip;
j Index for the j-th Gaussian single-carrier CV, (pj) =x; +ip;
1 Number of Gaussian sub-channels N; for the transmission of the
Gaussian subcarriers. The overall number of the sub-channels is
n. The remaining n — [ sub-channels do not transmit valuable
information.
Xi, Di Position and momentum quadratures of the i-th Gaussian subcarrier,
[6i) = x; +1ip;
Xj, plf Noisy position and momentum quadratures of Bob’s i-th noisy subcarrier
. AN P
Gaussian CV, ¢i) =x; +ip;
Xj,pj Position and momentum quadratures of the j-th Gaussian single-carrier
loj) =xj +ipj
x}, p’j Noisy position and momentum quadratures of Bob’s j-th recovered single-carrier
: . P\ P
Gaussian CV (pj> =X + ip}
XA,isPA,i Alice’s quadratures in the transmission of the i-th subcarrier

Ry, (Ti (N})
¢ ).|¢7)
R¢

y

A
b()

Ti

|cos 2|

f (@)

Sk

Go

The subcarrier domain representation of sub-channel NV;,
R, (Ti (N})) = UT; (N;) U, where U is the CVQFT unitary operation

Transmitted and received Gaussian subcarriers. The subcarriers have angles
6;* € [0, 27], 6; € [0, 2] CVs in the phase space S
The subcarrier domain representation of output y, expressed as
YR =3 R, (T; (N di + F (Ap)
The virtual gain of sub-channel NV;, A (N;) = x;, where x; is a real variable.
A basis vector of R¢l. , evaluated as
Ry, (T ND) =2 AN b (/D b (cosb;) b (cos@i")Jr b@i/hk=0...1—1

The difference of the cos of phase space angles of the received and transmitted
subcarriers, 7; = cos; — cos 91'*

The cos of €;, where Q; = 6; — 0[.* is the angle of the basis vec-
tors b (cos6;), b (Cos 91‘*)' Defined as |cos Q;| = |b (cos 6;“)4r b (cos6;)

sin(nl (COS 6; —cos 9’-*))
I sin (rr (cos 6; —cos 9[.*))
Defines cos €2;, where 2; is the angle of the basis vectors b (cos 6;), b (cos 0;‘)

- i1 €08 6; —cos OF sin(ﬂl(cos@,-—cos&.*))
expressed as f (t;) = 7e ( g i )gm(n(cmgl_cmgé))

i

|cos ;| = | f (7;)|, and [cos ;| =

The period of function | f (z;)|
The plot of p : (cos 6;, | f (7i)])
The set Sy, of the Ry, orthonormal basis over the c! complex space of the R
subcarrier domain representation, Sy, = {b ©),b (%) ,...,b <FTI) } ec!
Set of subcarrier domain representations,
Go = ”R¢j (T (Nj))’,j =0,...,50 — 1} C 9, where
3 ={|Rg; (Tt W)],i=0,....1—1}
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Table 1 continued

Notation Description
E; (M) The (i, k) entry of matrix M
—i2wik
Uk pus The unitary CVQFT operation, Uk, = %e Kour i k=0,...,Kour — 1,
out
Kour x Koyr unitary matrix
. 2mik
. . . _ K

Uk, The unitary inverse CVQFT operation, Uk, = o e Rin |

i,k=0,...,Ki, — 1, K;j;; x Kj; unitary matrix
’Rgi" Kour (T N\)) The subcarrier domain representation of T (JV), expressed as

Kin. K,

Ry™ (T (N)) = Uk,,, TN) Uk,
bk g (), bk, ©) The basis vectors of the subcarrier domain representation in a K;;,, Kour

multiple-access multicarrier CVQKD scenario
fK"“’ (i) Defines cos €2;, where €; is the angle of the basis vectors

bk, (c086;), bk, (cos Gi*) expressed as the angle fKour (¢;) =
inl(Kour—1D7; .
e Ko  _Sin (nlt;)
Kour sin( 7 Koo b

SbKin s SbKout The orthonormal bases of a Kjj,, Koyr setting, Sme

1 Kin—1 K;
[ @055, (1), (5] < s,
1 Kour—1
{bKuut (O) ’ bKuur (T) e bKaur ( Olllt )} <€ CKout
7€CN (O, (TZ2> The variable of a single-carrier Gaussian CV state, |¢;) € S. Zero-
mean, circular symmetric complex Gaussian random variable, o; =
E |:|z|2] = 203)0 , with i.i.d. zero mean, Gaussian random quadrature

components x, p € N’ (0, 03)0>, where U%O is the variance

A eCN (0, ai) The noise variable of the Gaussian channel A, with i.i.d. zero-mean,
Gaussian random noise components on the position and momentum

quadratures Ay, A, € N (0, oﬁ), ai =F [|A|2] = 20'j2\/—

deCN <0, oj) The variable of a Gaussian subcarrier CV state, |¢;) € S.Zero-mean,
circular symmetric Gaussian random variable, 03 =E [ld Iz} =
20‘%, with i.i.d. zero mean, Gaussian random quadrature components
X4, pd €N (O, a%), where Jaz) is the modulation variance of the
Gaussian subcarrier CV state

F~1 )= CVQFTJf () The inverse CVQFT transformation, applied by the encoder, continuous-variable
unitary operation

F (-) = CVQFT (+) The CVQFT transformation, applied by the decoder, continuous-variable unitary
operation

F1 () =IFFT () Inverse FFT transform, applied by the encoder

002)0 Single-carrier modulation variance
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Table 1 continued

Notation Description

o2 = % > oaz)l, Multicarrier modulation variance. Average modulation variance of the / Gaussian
sub-channels N;

i ) The i-th Gaussian subcarrier CV of user Uy, |¢;) = |IFFT (z ;) =

‘F’l (Zk,i)> = |d;), where IFFT stands for the Inverse Fast Fourier

Transform, |¢;) € S, d; € CN(o, 03}), o2 = IE[ldi\2], 4 =
1 1

xd; +1ipa;s Xd; € N(O, au%F), pd; € N(O, aép) are i.i.d. zero-

mean Gaussian random quadrature components, and O'az)F is the
variance of the Fourier transformed Gaussian state
|<pk,,-) The decoded single-carrier CV of user Uy from the subcar-

rier CV, |<pk’,') = CVQFT (|¢;)), also expressed as F (|d;)) =

[ (! ) = )

N Gaussian quantum channel
Nii=1,...,n Gaussian sub-channels
T (N) Channel transmittance, normalized complex random variable,

T (N) = ReT (N) +ilmT (N) € C. The real part identifies the
position quadrature transmission, the imaginary part identifies the
transmittance of the position quadrature

T; (N Transmittance coefficient of Gaussian sub-channel N;, T; (N;) =
Re (T; (N;)) + ilm (T; (N;)) € C, quantifies the position and
momentum quadrature transmission, with (normalized) real and
imaginary parts 0 < ReT; (N) < 1/4/2, 0 < ImT; (N;) < 1/+4/2,
where ReT; (N;) = ImT; (N;).

TEve Eve’s transmittance, Ty, = 1 — T (N)
TEve.i Eve’s transmittance for the i-th subcarrier CV
z A d-dimensional, zero-mean, circular symmetric complex random

Gaussian vector that models d Gaussian CV input states, z = x+ip =
e za)T CN(0.Ky), Ky = E [zz"'], where z; = x; + ip;.
x = (xq, .‘.,xd)T’ Pp= 1., pd)T» with x; € ./\/(0, 0'02)0),
pi €N (O, %2)0> i.i.d. zero-mean Gaussian random variables
d=rF"! (2) An [-dimensional, zero-mean, circular symmetric complex random
Gaussian vector of the / Gaussian subcarrier CVs,CA (0, Kq),Kq =
E[ddT], d=(.....d)T.d; = x; +ipi. xi. pi € /\/(o, %%F)
are i.i.d. zero-mean Gaussian random variables, au%F = 1/03)0. The

i-th component is d; € CN' (0, 05_>, o =E [\di |2:|
1 1

Yi € CN (0, E [yky}:]) A d-dimensional zero-mean, circular symmetric complex Gaussian random vector

Vk.m The m-th element of the k-th user’s vector yg, expressed as
Yeom = 2 F (T; (N}) F (di) + F (A))
F (T N\)) Fourier transform of T (N) = [T} (WV}) ..., T} (/\/';)]T € C!, the complex
transmittance vector
—FA) Kpa) F(A)
F(A) Complex vector, expressed as F' (A) = e 2 , with covariance

matrix Kp(a) = E [F (AYF (A)T]
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Table 1 continued

Notation Description
yljl AMQD block, y [j]1= F (T (N)) F (d) [j1+ F (A) [j]
2
T = |IF (@) [j]I? An exponentially distributed variable, with density f (t) = (1 /2%%") e T1205,
E[r] < }1203)
TEve.i Eve’s transmittance on the Gaussian sub-channel N;, Tgye; =
ReTgyei + ilmTEye; € C, 0 < ReTgye; < 1/3/2,0 <
2
lmTEve,,- < l/ﬁ,o < |TEve,i| <1
d; A d; subcarrier in an AMQD block.
Vmin The min {vy, ..., vy} minimum of the v; sub-channel coefficients, where
vi = 0%,/ |F (T; (N)I? and vj < vgye
aaz) Modulation variance, a,% = VEve — Vmin¥ (8) p(x)» Where vy, =
1 A= |F(T* 2 _ 1 n—1 nflT* 7i2nnik2 d T* i
wk = [F(T)) = 5 X | Xhso Ti'e and -y 18
the expected transmittance of the Gaussian sub-channels under an
optimal Gaussian collective attack
Ve Additional sub-channel coefficient for the correction of modulation
imperfections. For an ideal Gaussian modulation, v, = 0, while
for an arbitrary [17 (x) distribution v = vpyin (1 -G () p(x)), where
- VEUe_Umin(g(‘s)p(x)_l)
craz)/ The constant modulation variance cruz)/ for eigenchannel 1;, evaluated
i i
el — g 2 E 2y _ _1 2 : . strai
as aw; = (O’N /"mn?i); )‘i ) = O with a total constraint
2 2 1 2 2
O = Z”min ga)lf =7 Zl w; =%
o<, The modulation variance of the AMQD multicarrier transmission in
the SVD environment. Expressed as 02,, = VEpe — (a/zv / max A2> s
@ Mmin *
where A; is the i-th eigenchannel of F (T), max Aiz is the largest
Nmin
eigenvalue of F (T) F (T)T, with a total constraint %Zl o'f),, =
i
2 2
oLy > 04
S (F (T)) A statistical model of F (T)

S (Rg; (T; (V7))

A statistical model of R, (T; N)
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