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Abstract Preferential attachment networks with power law exponent T > 3 are known to
exhibit a phase transition. There is a value p. > 0 such that, for small edge densities p < p
every component of the graph comprises an asymptotically vanishing proportion of vertices,
while for large edge densities p > p. there is a unique giant component comprising an
asymptotically positive proportion of vertices. In this paper we study the decay in the size of
the giant component as the critical edge density is approached from above. We show that the
size decays very rapidly, like exp(—c/+/p — pc) for an explicit constant ¢ > 0 depending
on the model implementation. This result is in contrast to the behaviour of the class of
rank-one models of scale-free networks, including the configuration model, where the decay
is polynomial. Our proofs rely on the local neighbourhood approximations of Dereich and
Morters (Ann Probab 41(1):329-384, 2013) and recent progress in the theory of branching
random walks (Gantert et al. in Ann Inst Henri Poincaré Probab Stat 47(1):111-129, 2011).
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1 Introduction and Main Results
1.1 Introduction

Sparse random graph models typically undergo a phase transition in their connectivity
behaviour depending on the mean number of edges per vertex. A typical case are the Erd6s—
Rényi graphs with n vertices and m = m(n) edges and asymptotic edge density p = lim @
There exists a critical density p. = 1 such that if the edge density satisfies p < p. the largest
component in the graph comprises a vanishing proportion of vertices, whereas for p > p
this proportion 0 (p) is strictly positive. The behaviour of 6(p) as p | p. is characterised by

an exponent B defined by

0(p) ~ (p—p)P, asp pe,

which is § = 1 in the Erd6s—Rényi case. A natural extension of the Erd6s—Rényi model is the
configuration model, which allows to construct random graphs with n vertices and a given
degree sequence m, ..., m,. Of particular interest is the case when the degree sequence is
heavy-tailed,

n—Q0 — j—Tto()

%#{1§j§n:mj=k}—>u(k) as k — oo,
where the parameter T > 2 is the power-law exponent. The connectivity behaviour of the
Erd6s—Rényi model persists with § = 1 for the configuration model with t > 4, and with
B =1/(t —3)if 3 < t < 4, see Cohen et al. [5]. The paper by Cohen is based on an
informal approximation of local neighbourhoods in the graph by Galton—Watson trees and
thereby extends to a wide range of scale-free network models, where similar approximations
hold.

Cohen et al. [5] claim their result for scale-free networks in general without specifying
a model. This reflects the belief that the behaviour observed in the configuration model
extends to all natural scale-free network models including the class of preferential attachment
networks. In the present paper however we show for the first time that preferential attachment
networks have a qualitatively completely different behaviour than predicted in [5]. In fact,
for all T > 3 the size of the giant component is decaying exponentially as one approaches the
critical edge density. More precisely, we show that the relative size of the giant component
in preferential attachment networks is

Lo(l)) asp | p
AP = Pec ' “

where c is an explicit constant depending on the way in which the edge density is controlled.
This demonstrates once again that preferential attachment networks belong to a different uni-
versality class than the configuration model and other models based on rank-one connection
probabilities.

The underlying phenomenon of the ‘small giant component’ or ‘slow emergence of the
giant’ has first been discovered and discussed by Oliver Riordan in the seminal paper [17],
and in collaboration with Bollobds and Janson in [3,4]. Riordan [17] finds that for the original
Barabasi—Albert model subject to Bernoulli percolation with retention parameter p, one has

6(p) = exp (

0(p) = exp ( - asp 0, for cm=-log (1.1)

Cm ';0(1)) ; (m—i-l)’
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where m > 2 is the outdegree of all vertices. As this model corresponds to the critical case
Tt = 3 this is not at odds with the results of Cohen et al. [5]. The merit of our work is to
extend the phenomenon of slow emergence to a regime where it is most surprising because
it defies the predictions in [5].

In his proof, Riordan exploits the fact that there are local approximations of the network
by multitype branching processes whose survival probability can be studied analytically by
looking at the associated Laplace operators. These branching processes are more complex
than those used in [5].

In the present paper local approximation is by a branching random walk with killing.
Instead of the analytical techniques used by Riordan, which we could not apply effectively
in our case due to the higher complexity of the approximating process, we use geometric
properties of killed branching random walks. Studying their survival probabilities requires
sophisticated techniques from the theory of branching random walks, which became available
only in the past few years, see [1,9]. Our results are based on the techniques developed in
[9] and are therefore pleasingly probabilistic and highly timely.

1.2 Statement of Results

We start by describing the preferential attachment network introduced in [6], which gives
scale-free networks with arbitrary power law exponent T > 2 by variation of a parameter.
A concave function f: Ny — (0, 00) is called an attachment rule if f(0) < 1 and

Af(k) = fk+1)— f(k) <1 forall ke N,.

The maximal increment is denoted by ¥+ := sup{A f(k): k € Ng}. By concavity, f is
non-decreasing, y* = f(1) — £(0) and the limit y := limy_, o f(k)/k exists and equals
y = inf{Af(k): k € Np}. Given an attachment rule f, we define a growing sequence
(G : n € N) of random graphs as follows

e Start with the graph G given by one vertex labelled 1 and no edges;
e Given the graph G,,, we construct G,,4.; from G,, by adding a new vertex labelled n + 1
and, foreachm < nindependently, inserting the directed edge (n+1, m) with probability

f (indegree of m at time n)

n

Formally, we are dealing with a sequence of directed graphs but all edges point from
the younger to the older vertex. Hence, directions can be recreated from the undirected,
labelled graph. For all structural questions, particularly regarding connectivity and the length
of shortest paths, we regard (G, : n € N) as an undirected network. It is shown in [6] that
when y > 0 the networks have a degree distribution which is a power law with exponent
7 = 14 1/y. We are also interested in the percolated version of the network (G, : n € N).
For p € [0, 1], we write G, (p) for the graph obtained from G,, by deleting each edge with
probability 1 — p independent of all other edges.

Let (G,: n € N) be a sequence of (random or deterministic) graphs, where G, has n
vertices. For n € N, we denote by |C,,| the size of the largest component in Gj,. The network
(G, : n € N) has a giant component if there exists a constant 6 > 0 such that

|C"|
—_— =

n

6 as n— oo,

where the convergence holds in probability. The limit 6 is called the size of the giant com-
ponent.
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Dereich and Morters showed in [7, Theorem 1.6] that when y > %,
2 < 1 < 3, then (G,(p): n € N) has a giant component for all p € (0, 1]. When y < %,
or equivalently > 3, then there exists a critical percolation parameter p. > 0 such that
(G (p): n € N) has giant component if and only if p > p.. We denote the relative size of
the giant component in (G, (p): n € N) by 6(p, f) and omit p or f from the notation when
the percolation parameter or the attachment rule are fixed.

We are interested in the decay in the size of the giant component as we approach p. from
above in the case p. > 0, or equivalently y < % It was shown in Lemma 3.3 of [7] that the

critical retention probability for the network (G, : n € N) is given by

or equivalently

Pc = :0(05*)_1,

where p(-) is the spectral radius of the score operator, a function on a nonempty open interval,
which we describe explicitly in Sect. 2, and o™ is the minimizer of p.

Our first result shows the exponential decay of the size of the giant component of the
percolated network, when the retention parameter approaches the critical value.

Theorem 1.1 Let f be an attachment rule with y < % and (1, f) > 0. Then

. 72p" (a*)
,Pf}} VP = pelogb(p, f) = - fa*pc-

An alternative way of reducing the edge density and thereby destroying the giant compo-
nent is to alter the attachment rule instead of percolating the network. For a linear attachment
rule f(k) = yk 4+ g with y < %, Dereich and Morters [7] show that there exists a giant
component if and only if

1.2
>(2 V)

B>

=: fec(¥) = Be.

Therefore, one could fix y and decrease 8 to B.. Another idea would be, for a given 8, to
decrease y until B = B.(y). To analyse the behaviour of the size of the giant component under
this procedure, let (f;);>0 be a sequence of attachment rules with y; := inf{Afi(k): k €
No} < % for all # > 0. We denote by p; and « the spectral radius and its minimizer
corresponding to the score operator for the unpercolated branching random walk derived
from attachment rule f;.

Theorem 1.2 Let (f;);>0 be a pointwise decreasing sequence of attachment rules with y; <
%for all t > 0 and pointwise limit f. Suppose that 0(1, f;) > 0 forallt and (1, f) = 0.

Then
2 ANy
Jim iog @) log (1, f) = — | L
— 00

where a* and p" (a*) are derived from f.

The existence of p and a* corresponding to f is proved in Proposition 2.3. There we
will also see that lim;_, o p;(;) = 1. The following corollary exemplifies Theorem 1.2 for
linear attachment rules, see also Fig. 1. We denote

G -v)? 1
Be(y) = ﬁ and y.(B) = 5(1 —B—/B*+ 2/3)
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Fig. 1 Simulation of level lines
of the function

B,y) = 6(1,y-+p). The
phase boundary is the leftmost
line. Theorem 1.2 describes the
asymptotics of this function as
the phase boundary is approached
from the right (1.2), from

above (1.3), and from any angle
in between

0.2 0.4 0.6 0.8

beta

Corollary 1.3 (Linear attachment rule) Let y € [0, %), B € (0, 1]. Then

T
li — Be logbo(1, y - = 1.2
sim VB = Be(y)logf(l,y - +5) N = (1.2)
IfB € (0,1/4], then
. T
ylliflcl}ﬂ)v y —ve(B)logb(l,y - +B) = T2 (1.3)

Remark 1.4 Two cases in our phase diagram are covered in the work of Riordan [17]. The
first of these cases corresponds to an approximation from the right of the point 8 =0, y = %
which is equivalent to the original Barabdsi—Albert, or LCD, model.! Note that our results
refer to the subcritical case y < % and the critical case y = % is not included. The second is
the case 8 = %, y = 0, the Dubins model, in which there is no preferential attachment and
our results are consistent with those of Riordan [17].

Corollary 1.3 allows a quantitative comparison of the decay of the giant component for
different models. The smaller y (or the larger 7), the slower is the decay. The LCD model,
or equivalent models with y = %, have faster decay of the size of the giant component than
preferential attachment networks with attachment rules satisfying y < %

Throughout, we will use the following notation: For every integer k € N, we write
[kl =A{1,...,k}, Ry :=[0, 00), Ny := NU {0}.

The remaining paper is structured as follows: We prove Theorems 1.1 and 1.2 simultane-
ously. In Sect. 2 we collect several auxiliary results that we need later on. In particular, in
Sect. 2.1 we recall the relevant results from [7] who relate the size of the giant component to
the survival probability of a multitype branching random walk with killing. In Sect. 2.2 we
derive the main tool to analyse these branching random walks, a version of the well-known

! There is a difference in the set-up of the LCD model and our model, as the former uses a fixed number of
connections for every new vertex. This technical difference does not affect the results beyond the form of the
constants involved.
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many-to-one lemma. In Sect. 2.3 we collect various moment estimates, while in Sect. 2.4
we state a large deviation result originally due to Mogulskii in a suitable adaptation to our
setting.

The actual proofs of Theorems 1.1 and 1.2 are split into an upper bound carried out in
Sect. 3 and a lower bound in Sect. 4. Our proof shows that the survival probability of the
branching random walk is well approximated by the probability that the branching random
walk follows a carefully chosen strategy up to a large generation N. Here, the choice of N
and the particular strategy depend on how close to criticality the model is. With the help of the
many-to-one lemma, these events for the branching random walk can be translated into events
expressed in terms of a Markov chain. Then, the latter can be analysed using large deviation
techniques. The upper bound uses this strategy together with a first moment method, while
the lower bound is slightly more involved: we use a coarse graining strategy, whereby we
first identify a suitable subset of the multitype branching random walk by grouping together
particles across every N generations following a particular strategy. Then, we treat each of
these groups as one generation of a standard Galton—Watson process and analyse its survival
probability by estimating the probability that one generation survives.

In Sect. 5 we show how to derive Corollary 1.3 from Theorem 1.2. Finally, in Appendix
we prove the large deviation result, Theorem 2.10.

As mentioned above our proof follows a similar strategy as in [9]. However, we are
considering a very different mechanism: first of all we are dealing with a multi-type branching
random walk that additionally has infinitely many offspring in each step. Furthermore, in our
case we do not shift the killing boundary, but we allow the parameters of the model to vary
such that the models approaches criticality which requires very different moment estimates.

2 Proofs: General Preparations
2.1 The Approximating Branching Process

We introduce a pure jump Markov process with generator
Lg(k) == f(k)(gk + 1) — g(k)).

This defines an increasing, integer-valued process, which jumps from k to k + 1 after an
exponential waiting time with mean 1/f (k), independently of the previous jumps. Under
the probability P we denote by (Z;: t > 0) the process started in zero, by (Z;:t = 0) the
process started in one, and by (Z{”: t > 0) the process started in zero conditioned to have a
pointat T > 0.

This process is used to define a multitype branching random walk with type space 7 :=
[0, o0) U {€}, where £ is a non-numerical symbol for ‘left’. A particle in location x € R and
of type T € 7, produces offspring to its left whose displacements have the same distribution
as the points of the Poisson point process with intensity measure

¢ E[f(Z-))L(—c0,01(1) dr.

The type of an offspring on the left equals the distance to its parent.

The distribution of the offspring to the right depends on the type of the particle. When
the particle is of type £, then the relative positions of its right offspring follow the same
distribution as the jump times of (Z;: t > 0). When the particle is of type t > 0, then the
displacements follow the same distribution as the jump times of (Z;') — lir,00)(@®): t = 0).
All offspring on the right are of type ¢.
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The offspring to the right do not form a Poisson point process. The more particles are born,
the higher the rate of new particles arriving. Moreover, the total number of particles produced
is infinite without accumulation point The expected distance between a particle and its kth
offspring on the right equals Zj (1) f(l]) = Z]; (1) f(]l)/] 7 . Since lim;_, fi.j) = y, this
distance behaves asymptotically like y ~! log(k) when y # 0 and like k when y = 0.

We call the described process idealized branching random walk (IBRW) in accordance
with [7]. Dereich and Morters [7] show that the genealogical tree of the IBRW is related
to the local neighbourhood of a vertex in Gj,. To obtain a branching process approximation
to (Gn(p): n € N), we define the percolated IBRW by associating to every offspring in
the IBRW an independent Bernoulli(p) random variable. If the random variable is zero, we
delete the offspring together with its descendants. Otherwise, the offspring is retained in the
percolated IBRW. When the percolated IBRW is started with one particle in location x and
type T, then we write Pp ) for its distribution and E &, ry for the corresponding integral
operator; Py 1) 1= P()C 0 E(x 7y = E 0"

The percolated IBRW can be 1nterpreted as a labelled tree I" where every node represents a
particle and is connected to its children and (apart from the root) to its parent. The vertices are
identified as finite sequences of natural numbers x = jj ... j, including the empty sequence
) which denotes the root. We concatenate sequences x = ij...ixy and y = ji... j, to
form the sequence xy = iy...ixj1...jm. When, for j € N, xj is a vertex in I', then
x,x1,...,x(j—1) are also vertices in the tree and x =: p(xj) is the parent of xj. The length
|x| = k is the generation of x. For |x| > k, we abbreviate pk (x) for the k-fold composition
of p(-). The ancestor of x in generation k is denoted by xi, i.e. x; := p” —k(x) when |x| = n.
In particular, xo always denotes the root. To every vertex we associate two functions, S and
7. Here S(x) is the location of the particle on the real line and 7 (x) denotes its type.

To obtain a branching process approximation to the local neighbourhood of a vertex in
(G, (p): n € N), we consider the percolated IBRW with a killing barrier at zero. That is, every
particle with location on the nonnegative half-line is deleted together with its descendants.
Dereich and Morters prove the following identification.

Theorem 2.1 (Dereich and Morters [7]) For all p € [0, 1] and attachment rules f, 6 (p, f)
equals the survival probability of the percolated IBRW with a killing barrier at zero, started
with one particle of type £ whose location is given by — E, where E is an exponential random
variable with mean one.

Next we collect some spectral properties that will be used in the analysis of the IBRW.
Denote by C(7) the Banach space of bounded, continuous functions on 7 equipped with
the supremum norm | - ||. For & € (0, 1), we consider the score operator

Abg(r) =Elfy | D gx(x)e W |, e, @1
|x|=1

onC(7), Ay = Aé. The spectral radius of AL is denoted by p?(«). The dependence of Al
on the attachment rule f is suppressed in notation but it will always be clear from the context
which f is considered. Since by definition,

Abg(w0) = Efy ) | D g@@)e 5 | = pEgy) | Y 8(x(x)e™™ ™ | = pAsg(w),
lx|=1 Ix|=1

2.2)
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670 M. Eckhoff et al.

it suffices to analyse A,. We write 1 for the constant function with value 1 and let Z :=
(y, 1 —yp)fory < %andl’:@fory > %

Lemma 2.2 Let p € (0, 1. Ify > %, then A§1(0) = oo. Ify < %, then the following holds:

(1) pP(@) is finite for alla € T, pP (@) = pp(a) and p(a) — oo for ¢ — 0Z.

(ii) There exists a unique positive eigenfunction vy of AL corresponding to p? («) with
lvell = 1. Moreover, v, does not depend on the retention probability p and
minge7 ve () > 0.

(iii) The function p is twice differentiable on T with

PO = Egy | 3 ”‘:(Eix))) ~aSO)\(_S(x)) | foralltg € T, i € (1,2).
o« (T0

|x|=1
(2.3)
(iv) The function p is strictly convex on I and there exists a unique minimizer «* € T.
(v) Foranyt € [0, 00)
Vg (£) < va(7) < vy (0).

Proof By (2.2), it suffices to prove Lemma 2.2 in the case p = 1. For that case, it was shown

n [7, Lemma 3.1] that A,1(0) < oo is equivalent to A, being a strongly positive, compact
operator with A, g € C(7) for all g € C(7). Moreover, it is proved that for all g € C(7),
g >0,wehave A, g < Aug < Agyg, where

A = ala) a(l —a) y a(e) a(l — @)
=" \la@ a(l—a))’ 7* \c@) a(l—a))’

ala) = fooe_‘”E[f(Zt)]dt, cla) = /Oo e ELf(Z)]dt
0 0

and

Here, for example, A, g means that for all T > 0,

Agg(t) = fo g(e M E[f(Z))dt + /0 ge TOELf(Z)]dt.

We have, p(a) > p(A,) = a(a) + a(l — «). The values of a and c are identified as (cf.
proof of Proposition 1.10 in [7])

ook .
£ SU+D
a(a) = _—, 24
,;g)f(nﬂx ,;Jl_!)f(ﬂrl)ﬂx

We analyse the convergence properties of a(c). Using log(l 4+ x) < x for x > 0 and
=X Y AFG) + £(0) > jy, we estimate

SSL0) : S
,[Lm+f 2 (1+555) | =ow B2y

| V

k
o o

E — = exp ——logk—C—8k>
v (0) ( Y

j=1
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for some C > 0 and a null sequence (8x)xeN. In particular, there exists a C’ > 0 such that

forallk e N
a/
1_[ £ > /(l) y.
o JU) ta k

Hence, a(«) = oo for all @ < y. On the other hand, by Cauchy’s condensation test, a(x) <
oo forall @ > y. Hence, A, 1(0) < coifand only if @ € (y, 1 — y) =: Z. From now on we
assumethatZ # @,ie.y < % Fora € Z, p(a) is finite and since p («) > a(a)+a(l—a), we
see that p(a) — oo for @ — 9Z. The existence and uniqueness of eigenfunction vy : 7 —
(0, 00) follows from the Krein—Rutman theorem (see Theorem 3.1.3 in [16]). The fact that
Ay is a strictly positive operator, implies minec7 vy (7) > 0. Since p(w) is an isolated
eigenvalue with one-dimensional eigenspace, one can argue along the lines of Chapter II §3
(in particular Remark 2.4) and Theorem I1.§5.5.4 of [12] that p is twice differentiable and
the derivative can be represented as in (2.3). In particular, o”(«) > 0 for all « € Z, hence, p
is strictly convex on Z and there exists a unique minimizer o™ € Z.

To prove (v), consider T > 0. Let 2,(” = Z™ — 1y &) for any 7 € [0, 00). Then, by the
definition of the eigenfunction,

P@Ua(7) = Aava(D) = E.r) | ) va(z())e™ 5
|x]=1

o0
=Eo) | ) va(=S))e P sy<0) | + va(OE [ / e—"”dzi”}
0
| lxI=1

oo
> E0.o) | Y Va(=Sx)e ¥ O i5)<0) +va(z)E[ / e—“’dz,]
0
| Ix|=1

= Aqva (€) = p(e)ve (),
where we used in the inequality that the distribution of the positions to the left of the origin

do not depend on the initial type and for the second expectation we used the monotonicity
in types proved in [7]. The upper bound holds by a similar argument. O

The next proposition collects some of the consequences for the spectral radius if we
consider converging attachment rules.

Proposition 2.3 Let (f;);>0 be pointwise decreasing attachment rules with y; = infy>o f’ ®)

< 1/2. Define
Fk) == lim f(k).
—00
Then, f is concave, f(0) < 1and f(k+1) — f(k) < 1forallk € No. Let y = infy=0 L&

and let p(a) be the spectral radius of the operator associated to the branching process wzth
attachment rule f, o™ be its unique minimizers and let vy, be the corresponding eigenfunction

with ||vy|| = 1. Define the same quantities with index t when referring to the branching
process associated to f;, where we set p;(a) = o0 ift ¢ (yr, 1 — ).
®

ple) = lim py(e) forallt € (y,1 —y).
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672 M. Eckhoff et al.

(ii) Suppose that lim;_, o p;(f) = 1, then of — a* ast — oo and p(a*) = 1;
(iii) The quotient

Ut ©0)

Vr o ()

is uniformly bounded in t away from zero and infinity.
(iv) Moreover, ast — o0,

o (ef) — p” (@®).
Proof Since (f;):>0 is a pointwise decreasing sequence of positive functions

fk) = tlim fi(k), forall k € Ny,
—00

exists. As an infimum of concave functions, f: Ny — [0, 0o) is concave. The property
f(0) < lisinherited from f;. The increments might in general only satisfy f(k+1)— f (k) <
1, but the strict inequality is not needed for the analysis of the branching process and the
corresponding operators.

The assumption p;(et)) > 1 implies that there exists a giant component for all 7 > 0.

Hence,
afn(l/2)+/ap(1/2)cy(1/2) > 1 Vit >0,

by Proposition 1.10 in [7]. Here ay, and cy, are the functions given in (2.4). By monotone
convergence, ar(1/2) + . /ar(1/2)cy(1/2) > 1 and, in particular, f(0) > 0. Hence, f is
an attachment rule. From now on we add a subscript ¢ to all quantities corresponding to f;
and no subscript for quantities corresponding to f.

The assumption y; < % is needed to make the operator A; o exist for some . We have
forallt <s

y = lim M<

_k—>oo k

O

k—oo k

G
=¥ < 3.

2

lim
k—>oo k

In particular, (y;);>0 is a non-increasing sequence. LetZ = (y, 1 —y)and Z;, = (y;, 1 — 1)
fort > 0. Then Z, € 7 for all > 0 and we write p; () = co whenever « ¢ Z;.

Let @ € Z. We use the monotonicity of the branching process in the attachment rule to
derive

1 1 1
= inf |A”1||» = inf inf |A? 1||» = inf inf |A? 1]|»
p(a) irelN” oLl ;EN%QO” rolll ;gojgNll rolll
=inf p; (@) = lim p; ().
>0 =00

In particular, for every o € 7 there exists ¢ > 0 such that p; (o) < 0o. Hence, UIZO I, =1.
Since p(a) — oofora — 0Z,thereexistsane > Osuchthata™, of € [y+€, 1 -y —€] =: T
forall ¢ > 0.

Convergence y; — y implies the existence of a fp > 0 such that Z C Z; for all t > #. In
particular, we can consider the family p, (0;)s>4, of uniformly continuous functions on Z.

11— 00 . .

In the next step we argue that o — o*. Notice that by assumption p(a) =

lim;, 00 o (@) > limy o0 pr (@) > 1 and

pa™) < pla) < pi(ef) — 1.
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Near Critical Preferential Attachment... 673

t .
Hence, p(*) = 1. Suppose that o % a* does not hold. Then there exists a8 > 0 and a
subsequence #, 1 oo such that |a;’; —a*| = § forall n € N. Since p is strictly convex with
unique minimizer o*, we have

8 :=min{p(a* = 8), p(a* +8)}—-1>0
and p(a) > 1+ & foralla ¢ [a* — 8, a* + §]. In particular,
Por, (@) = py, (@) = plaf) = 148

Since the term on the left-hand side converges to 1, this is a contradiction and the convergence
g 00 . .
a —> o™ is established.
The fact that o] converges to o* and f; converges to f implies that A; o converges to

Ag+ because of the uniform continuity of the operator in & € Z. Since the eigenspaces of
p(a*) and p; (o) are one dimensional, one can argue along the lines of Note 3 on Chapter
II'in [12, pp. 568-569] to see that v; 4+ converges o vg+. Since the functions are bounded,

Vi g7 (0)
0

is uniformly bounded in # from zero and infinity. With the observed convergences and this
uniform bound (2.3) now implies that also

o/ (af) — p" (™),
as required. O

2.2 The Many-to-One Lemma

We first continue the analysis of the IBRW. The following lemma is based on a spine con-
struction which is known as Lyons’ change of measure [14]. Recall the Ulam—Harris notation
from Sect. 2.1.

Lemma 2.4 ( Many-to-one) For all @ € T there exists a probability measure P* on some
measurable space, and a Markov process ((Sy, t,): n € No; P*) with state space R x T,
such that for alln € N, (s9,70) € R x T and F: (R x T)" — R measurable

£l [ 30 e s =5t pp ey T gy ), S,z

Ve (T(X0)) (2.5)

|x|=n

= E‘(lsoyfo)[F(Sla Tl e Sns Tl
Moreover, o ((S;, tj): i € [n]) =0 (S;:i € [n]).

Note that it is easy to check that the distribution of ((S,, 7,) : n € Np; P¥) does not
depend on the percolation parameter p.

Proof Givenalabelledtree (I", L), with L(x) = (S(x), 7(x)), we can distinguish an ancestral
line & = (&1, &, . ..) which we call spine. In the space of labelled trees, we denote by F,, the
o-field generated by the first n generations, F;,, = o ((x, L(x)): |x| < n). The analogue in
the space of trees with spines is denoted by F;r.

For every (so, 70) € R x 7, the distribution of the IBRW started in (sg, 79) can be

interpreted as a distribution P(?O ) O the set of labelled trees. We extend this measure to
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674 M. Eckhoff et al.

the space of labelled trees with spines. Since (sg, 79) and p will remain fixed throughout the
proof, we omit it from the notation and write P = P(f0 1) for brevity.
Note that every F, -measurable function g can be written as

g(r7 L7 5) = Z gJC(F’ L)]lfnzx’
|x|=n

for F,,-measurable functions g, (see page 24 in [18]). We define P’ to be the (non-probability)
measure on F,* such that for all nonnegative ,-measurable functions g,

/g(I‘,L,S)dP,T:/ Y (I L)dP|f,.

|x|=n
We now construct a new branching random walk under a new probability measure P*. The

root has again label L(?) = (S(@), 1(9)) = (so, o). A particle &, on the spine in generation
n with label (S(&,), (§,)) produces new offspring with distribution

ey ) | /—a(sm—S(en»M d
i " " @ ) ¢ v e

for all atomic measures u on R x 7. Here £, denotes the offspring distribution for a particle
of type 0 € 7 in the original process. The new spine particle &, in generation n + 1 is
chosen from the offspring of &, by choosing an offspring x with probability proportional to

e*a(s(x)*s(én))va (z(x)).
Off the spine the new branching random walk behaves exactly as the original one. Then

dP*| 5 dP?| vy (T(x))

(M. L.&§) = — (I L.§) pP(e)”! eSS G
dpP; dPr | _ X_: Vo (T(§n-1))
X p(x)=&y—1

e ¥SE)=SE-D)y . (7(&,))
=4S =SE-1)y, (T(x))

2 po)=tu

AP |
=& T L gy pP () e S-S e (TE)
dPn—l Ua(f(gnfl))

= ﬁ (p”(a)*le*‘X(S(Ek)fS(sk_l))M)
k=1 Vo (T (§x—1))

—a($(E)-StEo)) Ve (TE))
Ve (7(50))

In particular, for all F': (R x 7)" — [0, co) measurable

E*[F(S&), T, .., SEn), T(En)]

=pl(@)"e

=E} —n y—a(S(n) S (E0)) Ve (T (En))

= En[F(S(Sl), T(€1), ..., SEn), TED))p(a) e 0 va(r(&)))]

=E[ ) 1 e (i) -5 (x)) Y (TO))
- E|:|X|:n PG Tt St Tlamp(e) e ' Ua(T(XO))iI.

We define (S,, t;) = (S(,), t(&,)) and IP’%SO w0 = P*. The Markov property follows
from the definition of the process. Since the offspring distribution of the spine is absolutely
continuous with respect to the offspring distribution of the original process and the type of
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the original process is a function of the locations of its ancestors and the particle itself, the
proof is complete. O

Next we also need a higher-dimensional version of the many-to-one lemma that includes
the number of offspring of the particles on the spine. For any x = (xgp,...,x,) in the
branching process, define the point measure on R

Vy = > 85()-50x)5

yilyl=n+1,y,=x

with §; a Dirac mass in s, which describes the positions of offspring of x relative to the
position of x. Denote by M, (R) the point measures on R.

Lemma 2.5 Forall @ € Z, (so, 79) € R x T there exists a probability measure ]P’(S0 0 =
]P"(xs(fm) and a Markov process ((Si, Ti, vi—1)i=0,....n, - n € No; P{ ) started in (so, 7o, 85,)

with state space R x T x M(R) such that for all measurable F

.....

—a X, X n Cl( (ll))
D | S et -ston p gy n (z(io))F(S(xl),r(xl),vxo,...,S(xn),‘t(xn),vxn_l)

|x|=n
By o) [F (51,11, v0, oy Sy Ty va—1)]-
Moreover, for any measurable A C R and any measurable F,

E[F(Sy — Sp—1, va—1(A) |0 (S, T, vie1,i <n —1)]

—Eo | 2 e W@ T RS0, (31151 = 1.50) € A)
Ix|=1 Vot

T=Tp—1
Note that unlike in Lemma 2.4 the distribution of (Sk, Tk, vk—1)ken, does depend on p,

since we are considering a non-linear function of the point process describing the position
of the offspring.

Proof Consider the IBRW with spine £ under the measure P“ as constructed in the proof
of Lemma 2.4. Then, define (Sy, T, vu—1) := (S(&n), T(§n), vg,_,) and the first statement
follows since we know the explicit Radon—Nikodym density of P* with respect to P,". The
second statement is a consequence of the Markov property of the IBRW with spine combined
with a suitable choice of test function F. O

Lemma 2.6 (Moments) Let « € Z and ((S,, ty): n € Ng) be the Markov process from
Lemma 2.4. For all ty € T

O [2]_p”(a)

B Sl =gy FoawlSil =0
Proof Follows immediately from (2.5) and (2.3). O

2.3 Asymptotic Moment Estimates
In the proofs of Theorems 1.1 and 1.2 we will need estimates for moments of the Markov

chains defined in Lemmas 2.4 and 2.5. Suppose that f;, isasequence of decreasing attachment
rules such that f; | f pointwise for an attachment rule f. Further, suppose that y, :=
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llmk_>Oo I, (k)/k < ; for all n € N, so that by Proposition 2.3 also y = limg_, f(k) E

Let a;, resp. ™ be the unique minimizer of the spectral radius p,, resp. p, of the operator
corresponding to the attachment rule f,, resp. f. In the setting of Theorem 1.1 take f; = f
and write p, = pP" = ppp(*).

The Markov chain from Lemma 2.4 corresponding to attachment rule f;, is denoted by

(S, t"™:ieN;P= IP’(SO o)

Lemma 2.7 There exists n > 0 such that

(n)
sup E " [e"'s '] < 00.
neN,teT

Proof We first consider the case S;") > 0. Note that

s —a)§™ (x) Va, (T (X)) -1
E® [e" 1 ] <1+ Eqn Z el (X)T(I)Pn(an) Lison (x)>0)
Ix|=1 n

—a*)§m
<14sup? N AR NI
sup ak(ﬂ) E@.7) ‘}::1 {5 (x)=0)

where we used that p,(o;) > 1, the monotonicity in types for vy, by Lemma 2.2 and the

uniform boundedness of the quotient z“” % in n by Proposition 2.3. Hence, it suffices to show

that for the right choice of 1 the expectation on the right hand side remains bounded in 7.
Now, by Lemma 2.2, we have that  := %(a* —y) > 0. By Proposition 2.3, we have that
yn 4 ¥ and oy — o*. Then, we can choose ng sufficiently large such that for all n > ng we
have y, <y +nand o, > a* — 1.
Furthermore, we denote by Z"0 the jump process that jumps from & to k + 1 with rate
f,no (k) started in 1. Then by comparison with a Yule process with constant branching rate,
we can find a constant C(ng) > 0 such that

sup E[Z,"1e=+M! < C(ny). (2.6)
t>0

Finally, we obtain from the construction of IBRW and using (2.6) that for n > ng

—_a*) s
Eom | D e 50 g 20,

=1

<Y e CTRE | Y Lswetkki
keNg lx[=1

< Y e @REZ ] < Clng) Y em @ Ik,
keNy keNp

which is finite by choice of 7.
The fact that the supremum over all n is finite follows from the same argument if we
redefine n as %min{a* — v, — ¥k, k < nol.
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For the case that Si’” < 0, it suffices to prove in a second step, that there exists n > 0 such
that

—(a* (n)
E@.0) Z e~ @ tmS (X)]l{s<">(x)§0} < 0.
lx|=1

Since the children to the left of a particle in the IBRW form a Poisson process and their
distribution is not depending on the type of their ancestor we have by construction

o0
—(a* (n) * — (ftn)
E@.0) § e~ @ tms (X)]]‘{S(”)(X)SO} Z/O el@ntmi, tE[fl,,(th )] dt,
|x|=1

where X is the pure birth process with jump rates given by f.

Let e, = %(1 —vp —a)) and let € = 4(1 —y —a*), where y = infy> f(k) . By
Lemma 2.2, €,, € > 0.

Using that f, (k) < k + 1 and a comparison to a Yule process, we have that there exists
C, > 0 such that

ELf, (X(")] < E[X ]+ 1 < C, "' forall 1> 0.
By Proposition 2.3, we can find n¢ such that for all n > n,
lap —a®| <€, and y <y, <y +e.

Define n := min{%e, €,,n < ng}. Then, we have for n < nyg,

00 00 00
/ e(a,z+ﬂ)te*fE[ftn (X(f’”))] dt < Cn/ e@ntn=l+ytet g; < C,l/ e M 4t < 0.
0 0 0

Furthermore, for n > n, we can use the monotonicity of f;, to deduce that

e} ee}
/ e ELf, (X)) di < / e ELf, (X)) dr
0 0

oo
< Cyg / elentn=lFyug et gy
0

IA

)
Cno / e(a*+r;—l+y+25+%(]—y—a*+e))t dt
0

o0
< CnO/ e < dt,
0

which completes the second step and thus the proof of the lemma. O

Lemma 2.8 Let (S o ‘L'k s v,(c" 1) be the Markov chain defined in Lemma 2.5 either for attach-

ment rule f; and percolation parameter 1 or for fixed attachment rule f (with y < % ) and

percolation parameter p,, where p, | p(a*)~\. For any sequence (My)nen such that
M, — o0, there exist constants C > 0 and y > 0 such that, for all n,

s B [0 (o0, )y, | < P
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Proof To unify notation define p,, = 1 in the varying f case and f;, = f in the percolation
case. By the extended many-to-one formula, Lemma 2.5, we have that

n (n)
IE(() t)[ o ((—o0, Mn))]l{si’»SMn}]

n —a S —1 an(f(x))
=EQy || 22 e Vpatan) e Usmgozmy | | D0 Lisoww=m
r=1 =1

We can use that pn(0y) > 1, the monotonicity in types and in p,, Lemma 2.2, and that

C = sup,cy o, 22; < oo by Proposition 2.3, in order to bound the above by

_ *S(") - U(xn (0)
Do (A)m(l{S(”)(x)SMn} 2 Lisweozi)
=1 Op lx|=1

2

1
Eq

1
<CEjqy || 22 Lozswe=m,)
=1
) 2.7)

1 —axsm 1
+2CEfo | | 2o ¢ O lisme<o) | | Bt | | 20 Tiozsmw=m
=1 Lel=1

1 —axsm
+CEgq [ | 20 ¢ DLismw=n | | D Lismw=o
x=1 =1

For the first term in (2.7), we note that f(k) < f;, (k) < f(k) < 7/1+ k + f,(0) (for
y1+ = sup{Af;, (k), k € Np}. Therefore, if we let (fol )¢=0 be the jump process jumping
from k to k 4 1 atrate f;, (k) started in 1, we can conclude that by construction of the IBRW

2
A i\ 2 ~ .
Ego || 22 Lossww=my | | <E I:(ZA/}L) ] = C(fa)e"™,

lx[=1

for some constants C(f;,) and y > 0, where the latter bound follows by comparison with a
Yule process, whose second moments grow at most exponentially.

For the second term on the right hand side in (2.7), the first expectation is bounded
uniformly in n by (the second part of) Lemma 2.7 and the second expectation can be bounded
by the second moment, so that the first part of the argument applies.

For the final term in (2.7), we use that the particles to the left form a Poisson process, so
that we can use a standard identity for Poisson processes, see e.g. [13, Eq. (4.26)], to deduce
that

—a*Ssm
Eoo || 20 e D lsmum=o | | Do Liswm=o
[x|=1 Ix|=1

:/ ea:te‘*tE[ftn(X(f’”))]dt <1 +/ eitE[f,n(X(f’"))]dt> .
0 0

However, as in the proof of Lemma 2.7 the right hand side is bounded uniformly inn. O
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Corollary 2.9 In the setting of Lemma 2.8, we have for any sequence N, — 0o and with
i/4 ~
R,=eM" M, = N,{/S that there exist C,y > 0 such that

. * _ " ~ _Snl/s
IgPﬁ’gr)(v(‘;’) <Ry, )" < My)>1—Ce 7N,
; :

* (n)
Proof By Lemma 2.7, there exists n > 0 such that C := sup, ., . E(()l&r)[ensl ] < oo.
Moreover, by Lemma 2.8, there exist C’ > 0, ' > 0 such that sup, ]E‘()‘O.r)[io, S <M,] <

C’e?"Mn Hence, we can estimate by Chebyshev’s inequality
sup P (B0 < R, S1 < My,)°)
teT

= P?oyfkil)(sl = Mn) +Pl(xo"[kil)(\_)0 >Ry, S$1 = M,y)

_ 1 / IS VA S5 /4
<e nMpy + 7C/ey My —¢ NNy + C/e)’ Ny Ny ,
n

by our choice of M), and R,. Therefore, the statement of the corollary follows by choosing
y and C appropriately. O

2.4 Mogulskii’s Theorem

The main technical tool in the proof of our main result is the following large deviation result
due to Mogulskii in its original form. We state it here in a version adapted to Markov chains
as a generalisation of the version for random walks found in [9].

Theorem 2.10 ([9,15]) Let T be a nonempty set. We assume the following:

(1) Foreachn € N, ((Sl.("), ti(")): i € N) is a Markov chain with values in R x 7.
(11) (an)nen and ((kp)nen) are positive sequences with ay,, k, — oo and aﬁ/kn — 0 as
n— oQ.
(iii) Forallcy,ca,c3,c4 € R, A > 0 and forr, = [Aa,zlj,

) )
Pon |l <——<caVielmha< "2 <cu
a

n An

(2.8)

—— P(c] <Vo2AW; <Vt €0, 1];c3 < Vo2AW] < ca)

uniformly in t € T, where 6% > 0 is a constant independent of A and (W,: t > 0; P)
is a standard Brownian motion.

Let g1 < g2 be two continuous functions on [0, 1] with g1(0) < 0 < g2(0) and denote

E i < S;n) < i Vi e [k,]
= — - — € .
n 81 k)= a = 82 k, 1 n

Then, forall Ty € T,

lim % 10g P 20 (En) n’o’ / 1 ! di
' 0, = — .
ook, o TSR 2 )y ) —a P
Moreover, forany b > 0, 19 € T,
2 2.2 1
a w0 1
lim -~ log P, E,, S" > 1H)—b =— / dt.
0 &, 08 ©0,70) (Ens S, = (82(1) — b)ap) > )y o — a0
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The proof of Theorem 2.10 is postponed to Appendix.

We will now show that we can apply Mogulskii’s results to the Markov chains from
Lemmas 2.4 and 2.5. We will treat both the setting of Theorems 1.1 and 1.2 at the same time
and so continue using the notation introduced at the beginning of Sect. 2.3.

To this end, we first recall Donsker’s theorem for martingale difference arrays (see for
example Theorem 7.7.3 in [8] or Theorem 18.2 in [2]). The theorem is usually stated for
r, = n, but it is straightforward to generalize the statement to the following:

Proposition 2.11 Let (r,)eN € NN be a sequence withr, 1 coasn — 00. Foreveryn € N,
let (§/': 1 <i < ry) be a family of random variables and denote F|' = o (§]', ..., &) for
alli < ry,. Assume that

() E[gF"\1=0foralli <r, neN.
(i) Forallt €0, 1], ZiELtrnJ E[(Slf’)2|ﬁ?‘_l] — t in probability as n — oo.
(iii) Foralle >0, E[(Ei")zll\gmxlﬁ{l] — 0 in probability as n — oo.

i<ry
Then the linear interpolation of (3, _,, &' m < r,) converges weakly to a standard Brow-
nian motion on [0, 1].

‘We use Donsker’s theorem as follows.

Lemma 2.12 Let A > 0, (ay)nen be a positive sequence with lim,,_, oo a, = 00 and write
e LAa,ZZJ foreachn € N. Moreover, let (S;"), T[(n))iEN() be the Markov chain introduced in
Lemma 2.4 for attachment rule f;,. For all c1, ¢y, c3,c4 € R,

(n) (n)

(61 < <oVielmla< =< 64)
ap [

P
— P(c1 < Vo2AW, <Vt €[0,1];¢c3 < Vo2AW| < cy)

as n — oo, uniformly in t € T, where (W;: t > 0; P) is a standard Brownian motion.

Proof The first step is to show that the conditions of Proposition 2.11 are satisfied by the
random variables

(n) (n)
n._Si _Si—l =1 2.9
Si = t=1,...,r,. (2.9
rno
Let 7' = o (5", ..., 8"). Foralli € [r,],

a

E* (n) [S('l) (Vl)] _ ))[S(N)] _ 0

1 1
(n) ¢
l"”UZ (Stnl Ti1 1/1"”(72 (O nl

by Lemma 2.6 and p}, («¥) = 0 as ) minimizes p,. Moreover, as n — 00,

E* &7 ] =

* 1 *
n 2 — - R @) ()
X EHEIRL = Y o (57— 5]
i<ltry] i<ltry]
Ltral o, (@) r 5
= — — 0"~ =1,
rnU2 ,On(Ol;f) o?
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since r, — oo and p,(a¥)/pl(a)) — o by definition. Thus, Condition (ii) of Proposi-
tion 2.11 is satisfied. Finally, let n be as in Lemma 2.7, then

* 1 * n n
D B [ED Lgnse F, ] = ps ;E?g,r,@n[(s{ N21{IS)"] > evrao?}]
L=Fn

i<rp

< s £ [771157) > o]
o 1 o ol
< Co ﬁ fng(o'T)[e 1 ]7

where C is a constant such that x> < Ce"™! for all x € R. Then, by Lemma 2.7 the
exponential moment is bounded uniformly in 7, so that the right hand side converges to zero
as required.

To apply Theorem 2.10 we have to check that the convergence of the distribution functions
is uniform in the start type. This is guaranteed by the monotonicity of the IBRW in the start
type (which was proven in [7, Remark 2.6]) which entails a monotonicity of (S;’”) by the

many-to-one lemma, and by the fact that the limit is independent of the start type. O
Lemma 2.13 Let N, be a positive sequence with lim,_,oc N, = 00 and set a, =
1/3 1/5 1/4 =) ~(m)

N, M, = N, , R, = eNn' . Consider the Markov chain (S’("), T,y Vi DkeN, With filtra-
tion (f;in))keNo and transitions given for any measurable F by

x Q) OO Q) (n)
E*[F(S" = S T 0 ) 1A
=BG, p[F(S!" " vg") [0y (00, My)) < Ry, §)” < My].

where (Si”) , 1.'1(”) , v(()")) is the first step of the Markov chain defined in Lemma 2.5 associated

either to the IBRW with attachment rule f; and p = 1 or with attachment rule f and
percolation parameter p,. Let A > 0, write r, = I_Aagj. Forall cy,cy,c3,c4 €R,

o SFH) S,(«n)
P! (c< L <ceVielml;c <—"<c>
onler=-=a [rnlsc3 =< 0, = (2.10)

— P(c1 < VOo2AW, <Vt e[0,1];c3 < Vo2AW] < cy)

as n — oo, uniformly in v € T, where (W;: t > 0; P) is a standard Brownian motion.

Proof We show that we can replace S‘;") by Slf") in the above probability up to an error that
converges to 0 uniformly in 7 and then invoke Lemma 2.12. Define the event

Ey = {iy’ < Ry, 81" = 8" < My}.
and note that by Corollary 2.9, there exist constants C, y > 0 such that
inf P (E,) > 1— Ce 7" 211
‘[HEIT (0,1-)( n) - —Ce . ( . )
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We estimate for any c‘i, cé eR

o i S‘;") i\
P(O,r) < P <cVi € [ry]

n

o ra () o
Pz (" <8" <"

« s : .
<EJ | 1el < 2 < Vie [, — 1]ty
’ n P(SI _En)

IA

A

« o8
Xy i i i\ T (n) n yNn
<Eg |:ll{cl = <cdVielr,— 1]} Gt 1) (cfr <87 < )} (1+2Ce™ ).

where we assume that n is sufficiently large and we used (2.11) together with
for x € [0, 7]. Iterating this estimate yields

<1+42x

1 —X

* . ®) . . ( . - /s
P o (al = -=qvie [r,,]) < IP’(O " (cll s sdVie [rn]> (14+2Ce 7Ny,
n n
(2.12)

and we note that by the choice of 7, the error converges to 0.
For a lower bound, we estimate

(n)
L (c’] = =qvie [rn]>

n

(n)
S5 |l <5 < diviepn, - 1 lE® (" < S" < ) Ey)
= 0.0 1=, =9 O N
S(") o
>ES |1l <2 < vielr, — 111P" (" <8 <
©.7) 1=, =% " o I
o
— sup P(o,r)(E")
T

Iterating and using the bound (2.11) gives

Q) (n)
* . ; . ; . - ~ 0 1/5
o, i i iv/: i iv/: —yN,
]P’(él’r) <cl < P <cVie [r,l]> > ]P’(é’ 9 < < p <cVie [rn]> —Crpe Vin

n n

(2.13)

where the error converges to 0 by choice of r,,. Then, combining (2.12) and (2.13) together
with Lemma 2.12 we can deduce the statement of the lemma. m]

3 Proofs: Upper Bound

In this section, we fix the start type ¢ of the IBRW. Recall that in the killed IBRW every
particle x with S(x) > 0 is deleted together with its descendants. We denote its survival
probability by ¢, that is, for sog < 0,

& (py ) = Pg . (killed IBRW survives).
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Lemma 3.1 Foralla € Z,50 <0,n e Nand by, ...,b, >0,
n—1 )
Lo Py ) < €70 pP (@) T(n) + Y e @it pP (@) T (),
Jj=0

where [ (j) = ]P‘(’fm’[)(—bi <S8 <0VieljDforj=0,...,n where ((S;i, 7i)i>0, P(sy.¢))
is the Markov chain from Lemma 2.4 started in (so, £).

Proof By definition,
&o(po ) < PLp @lx| = n: Si) <0 Vi € [n])

< P§ p@lxl=n: —bi < Sx;) <0Vien)

n
+ ZP(I;O,@)(3|x| =n: —b; <Sx;) <0Viel[j—1],8x;) <—bj).
j=1

(3.1)
For the first summand we use the Markov inequality and Lemma 2.4 to derive
P(ZO’[)(EI|x| =n: —b; <Sx;)<0Vieln])
=Pl | Do L-bi <SG <O0Vien) =1
|x|=n
SE(y o | Do U-bi < S() <0Vielnl)
|x|=n
=P @By [ 1 < 5 0¥ e 0 |
20 Ve (Tn)
14
<O ryeaniy = p@yte 1), (3.2)
infre7 vy (7)
where we used in the last step that by Lemma 2.2 inf ;<7 vl (1) = vy (0). Similarly,
Pl ,@lxl=n: —bi < Sx;) <0Vielj—11Sx)) < —bj)
< P&,@GIXI =j: —bi <8S(x;) =0Viel[j—1],S(xj) < —bj)
=Pl o (Z I —bi <S(xi) <0Vielj—1],8x)) <—bj} > 1)
lx|=Jj
<El [Z 1 —b <S(xi) <0Vielj—1],5x)) < —b,}}
lx|=Jj
= pP(@)VE, ,, [e“(sf_s())]l{ b <8 <0Viel[j—11,8; < —b;) ”"‘Em;]
’ V(T
< pP (@) eI = 1. (3-3)
Combining (3.1)—(3.3), now concludes the proof. ]
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Lemma 3.2 Foralla € T with p(a) > 1 and for all s) < 0,k, N € Nand (bj: j € [kN])
nonnegative and decreasing,
N-1
Lo (py ) < €0 p(@)f NN + & Y e« Paevitso) p (@) DR 1),
=0

Proof Using Lemma 3.1, that j +— [(j) is decreasing, p(x) > 1 and that j e~bi is

increasing to obtain
kN—1
E(p. )= e p@MNTUN) < Y e T @) T ()

~.
(=}

I
MZ

Dk—
Z —Of(bj+1+50)p(a)j+11(j)

= E
|

1
e~ Gurnetso) o () Dk gy,

IA
B
i
S

m}

For the proof of Theorem 1.1, let (p,)nen be a sequence of retention probabilities with
Pn 4 pc. For Theorem 1.2, let (¢,),en be a sequence of parameters with 7, 1 co. We write,

pPr(:)y = pypp(-) for Theorem 1.1 y *  for Theorem 1.1
pn(:) = and «, =
0r, () for Theorem 1.2 a,’; for Theorem 1.2.

o

Moreover, we denote by v, the eigenfunction for p, (,r) from Lemma 2.2. The Markov chain
from Lemma 2.4 corresponding to & = «;' and retention parameter p,, or attachment rule f;,

is denoted by ((Sl.(”) (’”) ieN;P),ie P= ]P’ (so.0)- One easily checks that in the setup of
Theorem 1.1 the distribution of the Markov chaln does not depend on n.
Finally, we introduce for all n € N,

ACH
€p 1= ]C’gpn(a:) and o’ := nlgr;o pn(T:
n\*n

Notice, that in the situation of Theorem 1.1, 02 = P (@®) pc. The choice « = o guarantees
that for both theorems, €, | 0 as n — oo.

Lemma3.3 Let N € N,so < Oand a,b > 0. Let k, = [(a/e,,)%N’IJ and b (sg) =
a '"2b(Nk, —)'3 — 59, i € [Nky]. Then, forall C > 0,1 € [N],

llmsupe log sup I50(lky,) <_ﬁii
noo —C/ =<0 )T 2 Nb+O?

where IS (j) = P50 (—b(s) < S" <0Vi € [j]).

Notice that the specific choice of parameters implies that

. (n)
ey =% (a2 (N ) o S Vi € [lkn]
n (0,€) l Ik, - (lk )1/3 = (kg )1/3

(3.4)
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Proof Denote g1 (t) = —a‘”%(% - t)% and let § > 0. For n sufficiently large, (3.4) yields

e i s I\ P
sup I0(lky) <P | g1 (—)5'75<—) a V2(C+8)Vielk) ).
/a0 00 lky) = (k)3 =\ N "

By Lemma 2.12 we can apply Theorem 2.10 with a, = (lk,)'/?, n = Ik, and g(t) =
a 12 + 8)%, and then take § N\ O to derive

1 .
lim sup - log sup I (lky)
n=eo (lky)s  —C/Jea=s0=0

7202 1 |
=- / I dt
2 Jo @b — 1 £ C(Nj0) a1/2)2
- 71202( [ )2/3 a
B 2 \N (b+C)?
Moreover, as n — 00,
1 3 1 %
2 1 Ll 3 3 3 1a
& ()’ =13 (& La/e N1 — 155 .
3

Proof of the upper bounds in Theorems 1.1 and 1.2 Since(p, f)isnon-decreasinginreten-
tion probability p and attachmentrule f, it suffices to consider the asymptotic behaviour along
adiscrete subsequence. As before, for Theorem 1.1 we take any discrete sequence of retention
probabilities p, | p. and for Theorem 1.2 we take any discrete sequence #,, 1 co. We make
use of the notation introduced in and before Lemma 3.3. In particular, we fix N € N,a > 0

and b > 0 and let k, := [(a/e,) 2N~ ] and b; = bi(s0) = b" = a~/2b(Nk, — i)} — 5.
Write

o = L(so,0)(Pn, ) for Theorem 1.1,
N, fi,)  for Theorem 1.2.

Applying Lemma 3.2 with « = &}, we obtain forevery N e N,a > 0,6 > 0,C > 0

log sup o | —log(N +1)
~C/Jan=50=0

< max a:Cen—l/z + ko N log p, (o) + log sup I’ (k,N),
] —C/fan<s0=0
logk, — a,’:(b,'én + 50) + ky log pn(a)),

logky — oty (b1 1y, +50) + (I + Dky log pu(at) +1log ~ sup [0 (lkn)}
—C/ /€ <50=<0

= max a,fCe,fl/z +k,Ne, + log sup LYk, N),
lelN—1] —C//€i<50=0
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logky — o a™ 2b(Nky — kn)3 + knén.

logkn — oa™2b(Nkn — (I + Dkn)3 + (I + Dknén + log

sup

IO (ky) ¢ -
—C/Jen=s50=0
Recall that the choice of parameters implies that

3
ek, — , and

=| Y

Jenlogk, — 0
Hence, by Lemma 3.3,

asn — oQ.

1
limsup ¢, log sup Sy
n—00 —C/\/en=50=0

" 3 3 wlo?
< max {Ca™+a2 —a
le[N—1]

5
2(b + 0%’

[T

p 1,2
0—a*h—(N —1)3 +
N3

v
1 3
0—a*b— (N —(+1)

(UL iy
N3 N 2 (b+C)2\N/
Taking N to infinity, we deduce
1
lim sup €7 log sup ¢!
oo —C/Jén<s<0
2.2
3 Teo 1
Smax{ca*‘i‘éﬁ (1— ) m),—a*b,
sup { Ol*b(l x)%_pa% (1_7[2021>x}
x€(0,1] 2 (b+0C)?
* 3 202 1
=max{Ca™ +az2 I—Tm ,
{ b1 — )} +a (1 n’o? 1 ) }
sup —o — X a -— | x
xel0,1] 2 (b+0)?
Now, we consider any C < ”22"2

and we choose b such that

For these choices, we can take a sufficiently large to see that the first term in the above
maximisation can be ignored, while in the second one the supremum is achieved at x = 0.
This gives the bound

1
lim sup €; log sup (o | < —a’b.
n—00 —C/ Jan=s0=0
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Now, we can let b 1 4/ # — C to see that for any 0 < C < ‘/—”22"2,

1 1202
lim sup €7 log sup & | = —aF -C|. (3.5)
n—00 —C/ Jen<s0<0 2

To complete the proof take § = %(1 — a*) > 0. Choose £ = Loz* o J and note that

€8 < a*ZZ < ZZ Then, we obtain from (3.5) using the monotonicity of s r—> g,

V2 TV
o L (=S VY
/ e’ ds < Z/ e ¢ltds + e WIVEn
0 pr RN

-1
< Ze1/@(—5k—a*%+a*(k+1)8)(1+o(1)>+ —(@* S a*-8)//en
k=0
oV @ E=20) (1o (1)

where we used that «* < 1. Thus, we can deduce by first taking the limit n — oo and then
8 | 0 that

00 71-20-2
lim sup \/Qlog/ e ¢ ds < —a .

n—o0 2

This immediately implies Theorem 1.2 since o2 = p’(a*). For Theorem 1.1, pe = 1/p(a@*)
implies

= log(pup(a™)) = log(pn/pe) = log (1 + ””p_ ”“) = ””p_ e+ 0(1)).

so that Theorem 1.1 follows since 62 = p” (a*) pe. m}

4 Proofs: Lower Bound

The general strategy of the lower bound is to identify a subtree of the IBRW that has the
same distribution as a Galton—Watson tree. For this carefully chosen subtree we then lower
bound the survival probability, which in return gives the required lower bound on the survival
probability of the IBRW. In Sect. 4.1 we collect some general facts about Galton—Watson
trees, which we will then use in Sect. 4.2 to carry out the proof of the lower bound.

4.1 Galton—Watson Lemmas

In order to show the lower bound we construct a Galton—Watson tree, whose particles are a
subfamily of the killed branching random walk. To estimate the survival probability of this
Galton—Watson tree, we will use the following general lemma due to [9] and we also recall
the proof for completeness.

Lemma 4.1 Let GW be a Galton—Watson tree and denote by X the number of children in
the first generation and by q = P(|IGW| < 00) its extinction probability. Then, for all
r < min{g, q},

P(IGW| = 00) > P(X # 0) — 2r 2P(1 <X <r172) —2r.
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Proof Denote by ¢ the extinction probability of GW and by s — g(s) = E[s¥] the gener-
ating function of GW. Then, for every r € [0, q],

q
q=g(q) =g0) +/0 g'(s)ds

q-r q
=g(0) +/ g'(s)ds +/ g'(s)ds

0 q—r
<PX=0)+g0—-r)+r, 4.1

where we used that g’(s) is increasing, and g’(s) < 1 for all s € [0, g,,.c]. We continue by
estimating

- =EXx1-n*"]= T irIE[X(l -]

< - rIE[Xe_’X]

=1 ! (E[Xe_rx; X < r_z] —l—IE[Xe_rX; X > r_z])
—r

< (r*ZPa <X<r 4+ r*zefl/’), (4.2)

—r
where we used for the second summand that u > ue™"" is decreasing on [r~!, o) and
[r~2, 00) C [r~!, 00). Then, for all r € (0, %],

1 1
<2 and 1—r*2e*1/’ =r (4.3)
—-r

1—r

Combining (4.2) and (4.3), we deduce
gU—r<2rPA<X<r3)+r (4.4)
Rearranging (4.1) and (4.4), we conclude that for all r < min{%, q},
1—g>PX, #0)—2r P < X, <r %) —2r, (4.5)
as required. O

We will also need an estimate which guarantees that a supercritical Galton—Watson process
grows exponentially fast on survival with large probability.

Lemmad4.2 Forall 9 > 1 > 6y > 0 there exists § > 0 such that for any Galton—Watson
process (X, : n € N)with Xo = 1 where mean offspring m, offspring distribution (pi)ken,,
and extinction probability q satisfy q, p1 < 8§ and m > 1/8, we have, for sufficiently large n,

P(X, <01 | X, > 1) < 6y.

Proof Denote by g the generating function of X . By pruning the tree, i.e. removing all finite
subtrees, we obtain a tree which on survival of the original process equals a Galton—Watson
process (f(,l: n e N)with pg =0, p; = g'(q) < p1 + (13#, and the same mean as the
original process. Hence § > 0 can be chosen such that the pruned process has arbitrarily
small p; and arbitrarily large mean.

We first show the statement for the pruned process. For an individual v, we denote by

X,,(v) the number of its offspring in generation n of the pruned Galton—Watson process. Let
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V0, V1, - . . , Uy be the first individuals according to the Ulam—Harris labelling in generations
0 up to n. Then, we can bound

B [n/21
Xy = ) XY,
i=1
where )N(ﬁ,i) is defined as follows: if v;_; has two or more offspring we set f(ﬁ,") = )N(,, V;),

where v; is the second offspring of v;— and if v; has only one offspring, we set X9 =o.
In particular, the X are independent and have distribution

P(X? =0)=p; and P(X? =k|X? > 0)=P(X,_; =k), keN.
Then, we can calculate

fn/21 fn/21
P&, <op) = [ PAEY =0 < [T (51 +PRams < 6)
i=1 i=1
3 N /21
< (B +PEupy 6D)
We now choose § > 0 so small that EX 1> 912 and p; < 922 /8. In particular, for sufficiently
large n we have P(X /2] <07) < 922 /8. Hence, we obtain for n sufficiently large

~ 1
P(X, <67) < 195

Note that if we condition X, on extinction in distribution it is equal to a Galton—Watson
process X with mean g'(¢) = pi. Therefore, by Markov’s inequality

1
P(X, > 1] extinction) = P(X;; > 1) < E[X;] = p| < 193’

by the same assumptions on § as above for n large. We can also assume that ¢ is sufficiently
small, so that the extinction probability ¢ is less than 1/2. Hence, combining the above
estimates,

1
P(X, <0'|X,>1) < PE. ST {P(X, < 6] |survival) + P(X, > 1|extinction)}

1 1 1
(Zeg + Zeg) <03,

IA

I—g¢q

which completes the proof. O

4.2 The Lower Bound

Throughout, we use the same notation as in the upper bound: For the proof of Theorem 1.1,
let (pn)nen be a sequence of retention probabilities with p, | pc. For Theorem 1.2, let
(t1)nen be a sequence of parameters with 7, 1 co. We denote by S™ the positions either in
the percolated IBRW or in the IBRW with attachment rule f; . If the context is clear, we will
omit the superscript. Also, we write,

and «a, =1 |

() = pnp(-) for Theorem 1.1
pnt) = o for Theorem 1.2.

N o*  for Theorem 1.1
pr,(-)  for Theorem 1.2

Moreover, we denote by v, the eigenfunction for p, (¢;;) from Lemma 2.2.
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Finally, we introduce for all n € N,

4 a*
2 = fim P2

n=>00 py (@)’

€, :=logpy(a}) and o (4.6)

Notice, that in the situation of Theorem 1.1, 62 = 0" (a*) pc. The choice o = o, guarantees
by Proposition 2.3 that for both theorems, €, | 0 as n — oo.

Given any starting point s > 0 and initial type 7, we will write P = P(5 1) = P(’;'fr) in the
percolation case and P = P ) = P(lm) in the case of Theorem 1.2.

In view of Lemma 4.1, we will now choose a Galton—Watson tree GW,, as a subtree of
the killed IBRW in the following way, where we denote by X the number of children in

the first generation of GW,;:

(a) P(X™ = 0) ~ the survival probability of the Galton—Watson process. That is, when
there are offspring, then the process usually survives.

(b) P(X™ = 0) is close to the survival probability of the killed IBRW. That means that
we choose the subpopulation as a good approximation of the BRW and that the first
inequality in (4.5) is a good estimate.

(¢) P(1 < X™ < r~2) has to be small to beat r2.

The Galton—Watson tree is obtained by a coarse-graining procedure, which we now
describe. It involves positive parameters b, A, &, M which will be chosen carefully at a later
stage of the proof. We group together the first N + o(N) generations in the IBRW to form
the first generation in GW,,. It turns out that we have to choose N = N,, such that

Np = L(b/6,1)3/2J )
and for the first N steps we only choose particles whose positions are in the interval
. 1/3 .
hin = [~ = AN~ i |

To be precise, let L(N) = N + [N'/3] and

Cp = {x: [x| = L(Ny), S(xi) — S(x0) € Lijn, fori =1,..., Ny,
S(xi) — S(xi—1) <M, fori =N, +1,...,L(Ny)}.

Then we define C, to be the particles in the first generation of GW,,. We include the last
N'/3] generations to make sure that if we survive until time N, then we will have many
particles by time L(N).

We iterate the procedure, i.e. the children of y € C, will be

Cn(y) = {x: |x| =2L(Np),y < x, S(x;) —S(y) € I; , fori = L(Ny) + 1, ..., L(Ny) + Np,
S(x;) — S(x;i_1) < M, fori = L(Ny) + Ny + 1, ..., 2L(Ny)}.

and veC, C, (y) will form the individuals of the second generation of GW,, and we continue
in a similar way. Note that by the construction of /; ,,, we only include children in the second
generation of the original IBRW that are to the left of the position of their ancestor. In
particular, their distribution does not depend on the type of the parent. Moreover, all the
conditions on the spatial positions are relative to S(#). Therefore, the distribution of C,
does not depend on either the type of the root J nor the initial position S(#). Similarly, the
distribution of C, (y) does not depend on either type nor position of y. Hence, the number of
individuals in the different generations really do form a Galton—Watson process.
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Moreover, if we assume that
M < 6b, 4.7

then we have that all particle positions satisfy S(x;) — S(xo) <O foralli < |x| and x € C,
and GW,, is really a subset of the killed branching random walk.

Coupling with a Galton—Watson process
To control the contribution of the last N''/3 steps of the branching random walk, we use the
following coupling: We can couple the IBRW with a modified IBRW, where in generations
kKL(N)+N,...,kL(N)+L(N)—1,fork € Ny, the particles place their offspring according

to the following rules relative to their own position:

(i) to the right, the positions of the offspring follow the jump times of the birth process
7\ started in 0, which jumps from k to k + 1 at rate f (k).

(ii) to the left, the positions of the offspring are given by a Poisson point process with
intensity

e E[f(ZIDN1 (—oo01(1) dt,

where (Z\") is the birth process with jump rate f started in 0.
(iii) Also, in these generations types do not play a role, so we define all particles to have the
same type as S(#) in the original process.

Now, we define the Galton—Watson GW,, similarly to above in terms of the modified IBRW,
where we again denote by C,, the individuals in the first generation. Since ( f;,) is decreasing,
we can couple the processes such that if GW,, survives then GW,, survives and also such that
1C,| < 1Cal.

For the lower bound on P (C,, # ) it turns out that it is enough to control the probability
of the set

CEY™ = {x: |x| = Ny, S(x;) — S(x0) € Iy, fori =1,..., Ny}

being non-empty. Note that for both, the original process and the modification, the set Cj;™*™
is the same, however in the modified process, the next generations N + 1, ..., L(N) have the
distribution of a single-type branching random walk. In particular, the number of particles
in each generation form a Galton—Watson process, which we will denote by (X;)ren, =
(X (M))keN,- Moreover, we will denote by g = ¢ W its extinction probability when started
with a single particle. Note that ¢ does not depend on n and we will use that by increasing
M we have that limy—c0 g, = 0 and also lim y/ oo EX (M) = 0.

By the Markov property, the survival of the two subsets of the killed branching branching
walk are related by

PCy # W) = P(C, #9) = (1 —q,)PC>™ #0). (4.8)

The next result is the key step in the overall lower bound, where we will bound the
probability that C™™ is non-empty.
Proposition 4.3 For any «*0 < 1 and any 2% > %Zg%ﬁ

w7y, We have for any initial position
s > 0 and initial type T € T,

liminf N, ' log Pis 1) (C49™ # 0) > —ha*.
n—0o0
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Proof By construction the probability of the event Cy>™ # ¢ does not depend on the starting

point of the initial point nor its type, so we can assume that S® () = 0 and 7 (%) = 0.

For the first part of the proof, we will omit the indices n, whenever the context is clear and
we are not dealing with asymptotic statements. In particular, we will write N = N, S = S™,
o = ay, etc. Also, in this proof p = p”* in the percolation case and p = p,, if the attachment
rule is varying.

The first step is to carefully, select the relevant particles in C;™™. For R, = e
M, = N1/5 and an individual x, we write

1/4
N and

AS(xi) = S(xi) — S(xi—1), I = |x].

Recall that

vy = Z SAS(y)-

yiy—=x
For any |x| = N, let
Vi = vy, ((—00, My)).
Define
Yo =#x:|x|=N,S5x) € lin, vy, < Ry, AS(x;) < M, Vi € [N]}.

The Paley—Zygmund inequality yields

. E[Y,]?
PECE™ #0) = P(Y, = 1) =

> ElY2) (4.9)

The remaining proof proceeds as follows: in the first step we find an easier upper bound on
E[Ynz], which we can estimate using the many-to-one lemma in the second step. In Step 3,
we find a lower bound on E[Y,], which we will then combine with the other steps to obtain
our claim.

Step 1: Upper bound on E [Ynz]. First write

EIYA=E| Y > USW) € lin, vy, < Ry, AS(xi) < M, ¥i < N)
|x|=N |yl=N

X]l{S(yi) € Ii,na I_Jy,-,l = Rns As(yi) = MnVi =< N}

We split the sum over y according to the last time j € {0, ..., N} that the ancestors of y
agree with x to obtain

EY1=E| Y 1{S) € lin, by, < Ry, AS(xi) < M, Vi € [N]}
|x|=N

N
XYY Ly =x¥i < oy # X,

J=01yI=N
SOi) € lin, Dy, < R, AS(yi) < M, Vi € [N]}].
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Conditioning on the j + 1 first generations and using the independence of the branching
process and the fact that on {v, ;= R,}, we only have to consider at most R, relevant
siblings of x;, we obtain the upper bound

N—-1
E[lY;1<E { D US@) € Lin, 0y < Ray AS(x)) < M, Vi € [N]}} (1 +) Rnh_,-+1.n) :

Ix|=N j=0

where hy , = land for j < N —2,

hini= sup Egu | Y. 1{SO) €liyjnVi<N—j}
s0€ljn,10€T Iy/|=N—j
In particular, we have shown that
n—1
E[Y1 <EY] [ 14 hjyiaR |,
j=0

leading to

ETY,]
1+ Z?;(l) hjt1,nRn .
Step 2: Upper bound on h  ,,. First, we note since the left, resp. right, end point of Iy ,, are

to the left of the left, resp. right, end point of /; ,, for k > j, we can apply the monotonicity
in the initial types to deduce that

P(C’(lasym) # Q) Z

(4.10)

hjn < sup Eq,) Z L{S()) + 50 € Liyjn, Vi <N —j}
S0€lin IVI=N—j

Thus, we obtain by the many-to-one Lemma 2.4

hjn < sup Eq,) Z L{S()) + 50 € liyjn Vi <N —j}
S0€Ljim ly'|=N—j

aSy_j v (T0)

p@)N IS + 50 € Lipjn Vi <N — j}}
Uu(TN)

= sup ]E((XO,O) |:e

By the monotonicity in types, Lemma 2.2, we have that vy (70)/ve (tTn) < vq(0)/vy(£) and
vy (0)

- < 00, so that
Ve, (€)

further by Proposition 2.3, C := sup,,

hjm <C sup Ey [e“SN—jp(a)N_jl{Si 450 € LipjnVi <N — j}]

S()Elj,n
<C [ S;]l\?lﬁ O]e abe, (N—j)+raN p(O[)N JP?O,O) .11)
ue[— ,

x (Si+u—N9Tl;3jeI,-+j,,,Vi5N—j}),

‘We now would like to apply Mogulskii’s theorem to estimate the probability, but we need
a bound that works uniformly for all j (since we will be summing over j) and uniformly in u.
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We thus approximate the sum over j by a finite sum and also split up the interval [-AN /3, 0]
into smaller subintervals. So fix ¥ € N and define

K =K, :=|N/k].

For the next estimate, suppose that j € [(j' — 1)K, j'’K — 1] for some j' € {1, ...,k — 1}
and assume u € [—qAN1/3/K, —(q — 1)}»N1/3/K] for some g € {1, ..., k}. Then,

{Si+u—Frj€livjnVi<N—j}
Lo+ J) — AN”3<S-+u—%j_ i+ j)Vi <N — j}
— i = AN'P < St u < —ivi < (- jHK)

N

N/
(q — 1)AN1/3/K — i = AN < 8§ < =i+ gAN'P Jie Vi < (k- j’)K}

N

N

(q—l—K)A ebx—j’ i S; eb/c—j/—l i

< < —
k (k—jH)K — N3 — K (k — jHK

N

{-
{
{(q — D/ — i —h < S < —i g ghficVi < (c - j/)K}
+

—Vz < (k- j’)K}

E] n»s

where we assumed that n is sufficiently large so that

i k=i i k-
< ——— and — > —
N Kk (k—jHK N Kk (k—jHK

K kKo ( _ 1 ) i
K+1~ « k—j'/(k—jHK
By Lemma 2.12 we can apply Mogulskii’s theorem, Theorem 2.10 with gi(t) =
G120k gpiily and go(1) = —0b ==Ly 4 2,

1i N, log P (E;r ) n’o’ / ! dt = —C(k)

im —————log i'n) = — =: —C(x),

=00 (k — Ky - GO 2 Jo (g0 —g10)?

where o is defined in (4.6) and we noticed that the integral does not depend on ¢ nor j’.
Hence, applying the display (4.11) , where we use the definition of €, = p(«), and also that

a0 < 1 (since a*0 < 1, for all n sufficiently large, uniformly in j € [(j' — 1)K, j'K — 1],

we find that

13 (k= jHK,
loghj, < (—an0 + D&, (Ny — j) + day Ny TC(K)U +o(1))
b 13 (—JjHKy,
< (ot + DM = )kl = S g OGO 4 o(1)

< N'B3(=a®0b+ b+ a*r — C(k))(1 + o(1))
+ j Ku(=b(1 —a™0) + C(x)))(1 + o(1)).

2 2 . 2 2
Note that C (k) — 5 as k — oo. However, by assumption we have that 5.5 < b(1 —
a*0), so we can assume that « is large enough such that C(k) < b(1 — «*6). In this case,

we can deduce that

loghj, < N3 (—a*0b + b+ a*s — Ck)(1 4 o(1)). (4.12)

@ Springer



Near Critical Preferential Attachment... 695

Moreover, if j € [(k — 1)K + 1, N], then we can use the trivial bound
log(hjn/C) < anAN' + (N = j)en < @uAN'7

b
+N2/32K < N'"3@* % +2b/k)(1 + o(1)). 4.13)

Consequently, if we combine (4.12) and (4.13) we obtain
N
limsup Ny *log ¥y < b(1 — a*0 +2/k) + a*i — C(k).
n—0o0 j=1
Finally, letting k — oo gives
2.2

T-0
242

N
limsup Ny log ¥ hj, < —a*0b + b+ a1 —

Step 3: Lower bounding E[Y,]. Let 8; > 0, then if we set AS; = S; — S;j—1 and v; =
v; ((—o0, My)), we have by Lemma 2.5 that

Ve (0) ]

LiS;€; 01 <Ru, AS; <M, Vi<N
U(X(TN) {l insVi—1=Rp, | =Mp V= }

E[Yn] =E{j o) [eaSNp(a)N

o aSyN N
= Eq,0) [e ple) ﬂ{sfel,-,n,a,-_lsRn,As[sanl'sN,sszelelﬂ}]

1/3
> 0N )N (Si € i, Bim1 = Ra, AS; SMa¥i < N, Sy = —01bN'3),

where we also used that by the monotonicity of types, see Lemma 2.2, v, (0) > vy (s) for
any s € 7.

Define the Markov chain (Sk, Tk, Vk—1)keN With associated filtration (Fj) and transitions
given for any measurable F by

E[F(Sk — Sk—1, Tr» Ph1) | Fiem1]

= El(x(),fkfl)[F(Sl, 71, v0) [ vo((—00, My)) < Ry, S1 < My].

Then, we can continue the previous display as

EY,] = e N o @)V P2 o (5 € Vi < N, Sy = —61bN ')

4.14
x inf PG, o) (b0 < Ry, AS1 < My)". D
T€e ’

Note that
0b. Si 0b . . . A
:P?0’0)<_ﬁl —h S i Sy iVi SN 5wz 6N )

By Lemma 2.13 we can apply Mogulskii’s Theorem 2.10 also to (Sk)keNo with g1 () =
—0bt — X, g2(t) = —0bt, so that we get

lim N, ' log P% 0 e S i N Sy =~

Jim, Ny log By (= 71— = i < —pivi <. Sy = 0iN')
1252

_ T 4.15
e (4.15)
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We estimate the last term in (4.14) by deducing from Corollary 2.9 that there exist C, 7 > 0
such that

. - ~ _SN1/5
inf Pl oo < Ry, ASy < M)V = (1= CeT7MHY,
so that in particular,

tim N~ log ((inf P ) (o < R, AS1 < MY ) =0. (4.16)

N—o00
Combining (4.15) and (4.16), we get from (4.14) if we recall the definition of €, that

NZOZ

liminf N, *log E[Y,] = —abib + b — ———.
n—oo 2)\.2
Step 4: Combining the estimates.

Combining the upper bound on Z;-V:l h j,» with the lower bound on E[Y,] as well as the
fact that R, = eV 1/4, we obtain from the second moment bound (4.10),

—1/3 ( ) 7'[20'2 7T20'2

. . asym — —_ _

llnn_l)loléf N, log P(Cn #* @) > —abb+b— 2 +abl —b — ok + 2
= —al+ab® — 0y).

Finally, we can let 0] | 6 to obtain the claim of the proposition. O

Proof of Theorems 1.1 and 1.2—lower bounds By the same argument as at the end of the
proof of the upper bound, we have completed the proofs of Theorems 1.1 and 1.2 if we can
show that if ¢, is either 6 (p,, f) or 6(1, f,), then

7202

lim /e, log¢, > — o, (4.17)
n—o0o
In our above construction, we first of all choose the constant M large enough such that
the Galton—Watson process (X, (M))ien, satisfies the assumptions of Lemma 4.2 for 6; = 2
and 6 = 1/2. Also, we can assume that its survival probability satisfies 1 — g - 1/2. Let
6 be such that 0 < 1. Then, choose b large enough such that 05 > M, so that in particular
GW,, is a subset of the killed IBRW, cf. (4.7). Additionally, we require that

7202 20 \?
b> — . (4.18)
1 —a*6 \log2
By Proposition 4.3 we obtain that for any A > %
liminf N, '/ log P(C{™ # @) > —ha*. (4.19)
n—o0

Now, by (4.18) we have that

w202 log2
<
2b(1—a0) ~ 220"

so we can additionally assume that A is small enough such that

20a™ < log2.
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Then, if we define
1
= — P(C™™ £ (),
=g (C™™ # 0)

we obtain by (4.19) that

r7227N'/3 - eN1/3(2ka*710g2+0(1)) =0

We will use the following general fact (see [9, Fact 4.2], but also [10, Lemma 5.2]):
let X1, ..., Xx be independent non-negative random variables and suppose F : (0, oo) —
[0, o0) is non-increasing, then

k
E [Z F(Xi)

i=1

k
> oXi > 0} < max E[F(X))| X; > 0] (4.20)
i<

i=1

We will eventually apply Lemma 4.1 to GW,, and thus first estimate P(1 < |C, | < r2).
We write S for the positions in the modified branching random walk used in the definition of
GW,,. For all sufficiently large n, by using (4.20) in the second step, we obtain

1/3

PA<Ic,l<r ) <Pa<lc,l<2"")
=P|1< Y #y>x:lyl=L0N). ASG) <M.i=N.... L)} <2V

rectm
(asym) N1/3
< P(C™™ £ ()P (XLNWJ <2V X i) = 1)

< P £p2 N
= PG #M)rio(),

where we used Lemma 4.2 for the last inequality.

Finally, we can lower bound the survival probability of the killed IBRW by the survival
probability of GW, , where we recall that the distribution of GW does not depend on the
initial position and the initial type. Also, we deduce from the upper bound shown in Sect. 3
that necessarily P(|JGW,,| = oo) — 0, so that the assumption r < min{%, P(IGW, | < 00)}

is satisfied for large n and we can apply Lemma 4.1 to obtain
&n = P(IGW,,| = 00)
PEC, #0) —2r ?PA <|C,| <r ?) —2r

v

\Y

v

1
(1 =g, )PC™ # %) = o(DPEP™ #1) = 2 PC™ )
1
z JPEPT £ D).

Hence, we get from (4.19) that

lim N, '?log¢, > —ae*.
n—00

Finally, letting & |, \/ 527 and noting that €, = bN~>/3(1 + o(1)), we obtain
252
lim enl/z log¢, > —a* o
n—oo

- 2(1 — a*0)
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Hence, (4.17) follows by letting 6 |, 0. O

5 Proofs in the Linear Case

In this section, we show how to deduce Corollary 1.3 from our general result, Theorem 1.2.

Proof of Corollary 1.3 In the proof of Proposition 1.3 in [7] it was shown that for linear
attachment functions, the spectral radius of A, equals the largest eigenvalue of

B 1 B

a— —y—a
Bry B |-
a—y l—-y—«a

This eigenvalue is given by

— 1 _ 2(1 — 2 v — —
PO = 3 e A0 20+ B2 = 202 +4py (1 —y — e — )]
5.1

In particular, «* = % regardless of the choice of y € [0, %) and B € (0, 1], and
ple) = 5

1 2
[ﬂ +B°+ ﬁy].
2~V
In order to apply Theorem 1.2, we need to determine p” (a*). To this end, we write ® () for
the large squared bracket in (5.1) and
pa)=(l-y—-a)a—y) = g@=l—-y—a—a+y=1-2a
Then

o) =3 v @) (B(1 —2y) + O())
2 p()?
+ % [0 + %(ﬁz(l —2)? + 4By @) (0 + 4By (1 — 2a))]
= ZZ(;)lp(a) + %(ﬂz(l —2y)? +4ﬂ)/g0(a))_%
- Dﬁ {p(a) - 2yﬂ>z+ 4ﬁy¢(a)} ' 2

We need the second derivative only for ¢ = a* = % Since after applying the product rule,
any term multiplied by (2« — 1) vanishes, we obtain

P'5 = | o) - Py
(o) VBRI =2y)r + 4Bye(a)

_1
=3

(5.3)

__? p(a*) — By .
(5 =72 (1 =2y)yB* + By
The critical values B.(y) and y.(B) are chosen such that p («*) > 1 if and only if 8 > B.(y)
or y > y.(B). This implies

G—7) 1
fo=peir) === ad ye=r)=3(1-F=F+28). G4
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Clearly,
l2-7 (5.5)

1
\/:3C+ﬂcy—§_)’ ﬂc— 71=
\/ﬂ2+ﬂ7/c=%—)/c ( B2 +2B8 — ) (5.6)

One easily checks that

(-r@) _,
l- Vc(,B) ’

i.e. Be(ye(B)) = B. We write p(a; B) or p(a; y) to emphasize the dependence on § or y,

respectively. By (5.3), (5.4) and (5.5),

ICy S p— [1_ ﬁ;y }
T (A—y)? L a—2nVBZ+By
2
2 1_(%—1/) 4
3=

= 1 —
G- Y d-ni

2
ﬁ[l —vl=2/B..
(z-v
By the continuity of p and its derivatives in B and y, we obtain 62 = 2/8.(y) for the
convergence 8 | Bc(y) and 6~ = 2/B for y | y.(B). Moreover, two Taylor expansions

yield for 8 | Bc
% BB — Be) +o(B—Be)

¥ B) =log(1 + dpp(a’™;

log p(a™;
5 Be)(B — Be)(1 + o(1)). (5.7)

= dgp(a™;
The derivative is given by
1 2
3-v+y
1 2B+ y 1 o
dpp(a™; Bo) = 5 (1 : )z : 14+ —~
2=V 2/Bs + Bey =Y ?:)7/’
2
1 1=2y+y? l—y
A R iV

For the corresponding derivative with respect to y we use (5.6) to derive

1
1/2; ve) +
p(1/2; ve) [ F%Lﬂyc
_ 2 VB +28-B+8
VB +28+8 VB +28-8

dyp(1/2; ye) = 5

7Y
o

_—yc< \/ﬂZT )
, VB2 B2

iRl _p - P
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Repeating the argument of (5.7) for y instead of 8, Theorem 1.2 yields

2 o2
I ~Belogb(y - +p) = —| = [— T o
plim VB~ Belogbly - +6) =~ 2\ dpnta: )

T
B NI
lim /7 —yelogf(y - +8) ,/”2 A
1im — (¢} . = — [ —
yivap VY T V0BT 2\ 0, p(a*; ye)
b4 2% 1 T
= | 4 -=—-——_ O
2 BB g 12

B

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

Appendix: Proof of Mogulskii’s Theorem

This section is devoted to the proof of Theorem 2.10.

Proof The proof is an adaptation of the proof presented in [9]. We give a detailed proof of
the upper bound. The changes for the lower bound are similar.

LetN = L%’J andmy = k,, my = kr, for0 < k < N — 1. The Markov property implies
that

P,7)(En)
N i 5™ i
= Po.x) <ﬂ {gl (;) === (*) ViE(mkl,mk]ﬂN}>
k=1 n dp ky
N—1 . (n) .
=< ]_[ sup sup Po,7) (g1 (mk%ﬂ> < S +x<g (W;i'ﬂ) Vie [rn]> .
k=2 XG[&'I(’”ZT’])&(%)] €T " “n "

Since g; and g, are bounded, for every § > O there exists K € N such that
(&1 ("0, g2(MED)] € [—K8, (K — 1)8] = U 18, (j + 1)8]. Continuity of g; and
g> further guarantees the existence of A = A(§) > 0 such that .

sup lg1(®) — g1(s)| + |g2(t) — g2(s)| < 4. (A1)

. 2
O0<s,1<l: [s—t|<%

Let J; = ((lfl)ngz) + 1, Z(NAfz) + 11N N for j € [A]. We show that for sufficiently large
n,foralli € [r,] and [ € [A]

i+ myg_q l

<
ky Al

Z A ceey A

forallke{w—f-l, M—i—l}.
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Since "— — (N — 1) €[1, 2], we have

i+ mpy _ l+”n% _ 1—2
ky, - kn -
& A>k(—=2)—r,(I—1D(N—-1)

forall [ € [A]

=—k,+ - 1Dry (k—n — (N — 1)) forall [ € [A]

I'n

e A> —ky+ (A= Dr2.

Since lim,,—, o0 1,/ k, = 0, this is satisfied for large n. For the other direction, we use that
n < % to see that

kn
itme ke (IN=2) N T2 e Al
ky kn A kn A

o Ar—"§l+2—l(N—2);—”:l<1—(N—2)%>+2 forall I e [A]

ki‘l n n

e Al <o
oy =

The last inequality holds since = — 0. The small k-values are needed later for the proof of

the lower bound. For k € J, (A.nl) implies that for all x € [j§, (j + 1)d]

. (n) .
mg—1 +1i S; mg—1 iy,
sup P, r) (gl(ki) <—1—+4+x< gz<7) Vi € [rn]>
teT n dap kn
(n)

< sup o1 (5) = G428 = 2 < (L) = (G - Dovi € 1)) = arai)
_feT 0,7) A = a, - A n - 4qln .

Since JiL, /i = (1, N — 1] NN, we derive

A

[Ji]
P0,) (Ep) < E [‘/e[—nlge.ll)é)ﬂz qdi,n (])i| .

The assumed uniform convergence implies that for n — oo
. l ‘ l .
qin(i) = P(81(5) = G +28 = Vo2AW, = o) = (G = D8 Vi € [0, 11).

The right-hand side can be estimated by (see for example [11, p. 31] or [9, Eq. (5.4)])

exp _n%z (1=8A
2 () —gi(h) +3512 )

Since there are only finitely many (j,/) € [-K, K) NN x {1, ..., A}, the convergence and
the bound hold uniformly in (j, /). Moreover,

k
_ 1N — _ L )
JIN=2) d=DWV=2) o N=2 s ke 3
A A A aZAZ

> w

#J;
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Now we collected everything needed to derive

a2
lim su —lo P ) (E,) <limsu #7) 1o in(i)
S m; pn; g mn G
A 2
a n 3
< ) limsup 2 |~ — 2 1)1 _—
< l; P & <a3 A2 a > og _ max  in(j)
1 A 7202 (1—8)A

A2 (g —ath + 382

Since g1 and g; are continuous functions, taking A — oo yields

. a,%l Proi(Ey) < nlo? /1 (1-19)
1m sup — 1o —
s Ky 8 QTN =TT L T (0 — g1(x) + 361

Now we can take § — 0 to establish the claim.

Sketch of the lower bound: Choose a continuous function g: [0, 1] — R suchthat g;(t) <
g(t) < go(¢) for all r € [0, 1]. Since it suffices to prove the lower bound for b small, we
can assume that g(1) > g>(1) — b. Then, let § > 0 be such that g(t) — g1(t) > 36 and
g2(t) — g(t) > 96 for all ¢ € [0, 1]. Moreover, A is chosen large enough that

sup (Igl(t) — g1+ [g(@®) — g(s)| + |g2(t) — gz(S)I) <$é

O<s<t<l:t—s<2
Choose N = 42|, my = ky and my = kr, for 0 < k < N — 1. Writing yx = g(%) for
1 <k < N, the Markov property implies

N

Porg(En) = p1a©0,70) x [] inf  inf pea(y, o),

lk 2\6[\k 1, Vk—1+68] 1T

where for 1 <k < N,yeR,andt € 7

n

i+ mg_q I+ mg_y
Aikn =81\ —F—— Bikn == &2 — )
n n

Now the choice of parameters implies that for n sufficiently large

(n)
Pen(y, T) = P(O,r) (ai,k,n = Cll +y < Bikn Vi € [mg —my_1]; yr < S;r’zl;( —my_1 +68>

S

3

) kn/1(Aaz—1)A]
P,y (En) > mln{P/lv,ns p12V n 1_[ (mln{ql n 4l n})
=1

where lev,n is the infimum over all T € T of py ,(yk—1, T) where B; n , is replaced by

Bi. N .n—38 and the same for Pzzv,n witho; v , replaced by ; n , —38 and B; v » by Bi N.n —66.
Moreover,
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= 1n — ) — J—
Un = 227 7O\ 81 L) ~ 8 =4
< (l) (l) S5V € ], 8 < O <25
—)—gl—=) - ielrl],éd< < ,
=& N 8 A n ay
(n)
@ . l [ S;
Gn = 127 PO\ 81 1) ~ 84 =,
! ! S
< —)—gl—)—8Vi , =20 < — <=6
_gz(A> g(A) i € [ral =5 =
The claim now follows with the same arguments as in [9] because of the assumed convergence
of the probabilities. o
References

1. Bérard,J., Gouéré, J.-B.: Survival probability of the branching random walk killed below a linear boundary.
Electron. J. Probab. 16(14), 396418 (2011)

2. Billingsley, P.: Convergence of Probability Measures. Wiley Series in Probability and Statistics: Proba-
bility and Statistics, 2nd edn. Wiley, New York (1999)

3. Bollobds, B., Riordan, O.: Slow emergence of the giant component in the growing m-out graph. Rand.
Struct. Algorithms 27(1), 1-24 (2005)

4. Bollobds, B., Janson, S., Riordan, O.: The phase transition in the uniformly grown random graph has
infinite order. Rand. Struct. Algorithms 26(1-2), 1-36 (2005)

5. Cohen, R., ben-Avraham, D., Havlin, S.: Percolation critical exponents in scale-free networks. Phys. Rev.
E 66, 036113 (2002)

6. Dereich, S., Morters, P.: Random networks with sublinear preferential attachment: degree evolutions.
Electron. J. Probab. 14, 1222-1267 (2009)

7. Dereich, S., Morters, P.: Random networks with sublinear preferential attachment: the giant component.
Ann. Probab. 41(1), 329-384 (2013)

8. Durrett, R.: Probability: Theory and Examples. Wadsworth, Pacific Grove (1991)

9. Gantert, N., Hu, Y., Shi, Z.: Asymptotics for the survival probability in a killed branching random walk.
Ann. Inst. Henri Poincaré Probab. Stat. 47(1), 111-129 (2011)

10. Hu, Y., Shi, Z.: Minimal position and critical martingale convergence in branching random walks, and
directed polymers on disordered trees. Ann. Probab. 37(2), 742-789 (2009)

11. It6, K., McKean Jr., H.P.: Diffusion Processes and Their Sample Paths. Springer, Berlin (1974)

12. Kato, T.: Perturbation Theory for Linear Operators. Classics in Mathematics. Springer, Berlin (1995)

13. Last, G., Penrose, M.: Lectures on the Poisson Process. IMS Textbook. Cambridge University Press,
Cambridge (2017)

14. Lyons, R.: A simple path to Biggins’ martingale convergence for branching random walk. In: Classical
and Modern Branching Processes. The IMA Volumes in Mathematics and its Applications, vol. 84, pp.
217-221. Springer, New York (1997)

15. Mogulskii, A.A.: Small deviations in the space of trajectories. Theory Probab. Appl. 19, 726-736 (1974)

16. Pinsky, R.G.: Positive Harmonic Functions and Diffusion. Cambridge Studies in Advanced Mathematics,
vol. 45. Cambridge University Press, Cambridge (1995)

17. Riordan, O.: The small giant component in scale-free random graphs. Comb. Probab. Comput. 14(5-6),
897-938 (2005)

18. Roberts, M.L.: Spine changes of measure and branching diffusions. PhD thesis, University of Bath (2009).
http://people.bath.ac.uk/mir20/research.html

@ Springer


http://people.bath.ac.uk/mir20/research.html

	Near Critical Preferential Attachment Networks  have Small Giant Components
	Abstract
	1 Introduction and Main Results
	1.1 Introduction
	1.2 Statement of Results

	2 Proofs: General Preparations
	2.1 The Approximating Branching Process
	2.2 The Many-to-One Lemma
	2.3 Asymptotic Moment Estimates
	2.4 Mogulskii's Theorem

	3 Proofs: Upper Bound
	4 Proofs: Lower Bound
	4.1 Galton–Watson Lemmas
	4.2 The Lower Bound

	5 Proofs in the Linear Case
	Appendix: Proof of Mogulskii's Theorem
	References




