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Abstract Recently, the scaling limit of cluster sizes for critical inhomogeneous random
graphs of rank-1 type having finite variance but infinite third moment degrees was obtained
in Bhamidi et al. (Ann Probab 40:2299-2361,2012). It was proved that when the degrees obey
a power law with exponent T € (3, 4), the sequence of clusters ordered in decreasing size
and multiplied through by n~(*=2/(t=1 converges as n — oo to a sequence of decreasing
non-degenerate random variables. Here, we study the tails of the limit of the rescaled largest
cluster, i.e., the probability that the scaling limit of the largest cluster takes a large value u, as
a function of u. This extends a related result of Pittel (J Combin Theory Ser B 82(2):237-269,
2001) for the Erd6s—Rényi random graph to the setting of rank-1 inhomogeneous random
graphs with infinite third moment degrees. We make use of delicate large deviations and
weak convergence arguments.
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1 Introduction

The Erd6s—Rényi random graph G (n, p) on the vertex set [n] := {1, ..., n} is constructed
by including each of the ('2') possible edges with probability p, independently of all other
edges. Erd6s and Rényi discovered the double-jump phenomenon: The size of the largest
component was shown to be, in probability, of order log n, n*/3, or n, depending on whether
the average vertex degree was less than, close to, or more than one. In 1984 Bollobas [10]
and subsequently Luczak [28] showed for the scaling window p = (1 + An~1/3)/n, that the
largest component is of the order n>/3. Since then, the critical, or near-critical behavior of
random graphs has received tremendous attention (see [2,4,9,18,27]). Let (C;))i>1 denote
the connected components of G(n, p), ordered in size, i.e., |Cmax| = [Ca)| = |Co)| = -+
Aldous [2] proved the following result:

Theorem 1.1 (Aldous [2]). For p = (1 +An~13)/n, 1 € R fixed, and n — oo,

_ _ d
(ICo I3, 1Co)In ™23, .) == (W), (M), .. ), (1.1)

where y1(A) > y2(X) > - - - are the ordered excursions of the reflected version of the process
(Wt’\),zo = (W, + At — t2/2),20 with (W;)s>0 a standard Wiener process.

Theorem 1.1 says that the ordered connected components in the critical Erd6s—Rényi
random graph are described by the ordered excursions of the reflected version of (Wt)‘) 1>0-
The strict inequalities between the scaling limits of the ordered cluster follows from the
local limit theorem proved in [23], see also [25,29]. Pittel [31, Eq. (1.12)] derived an exact
formula for the distribution function of the limiting variable y (1) (of the largest component)
and various asymptotic results were obtained, including

Pyi(h) > u) = e 8207 (1 L o(1)), u — oo. (12)

1
O /8u3/?
As pointed out in [32,33], the constant /97 /8 was mistakenly reported in [31, Eq. (1.12)]
as +/27 due to a small oversight in the derivation. The result in (1.2) gives sharp asymptotics
for the largest component in the critical Erd6s—Rényi graph. It was rederived and extended
in [33] using the original approach in [31]. Another generalization of (1.2) was obtained in
[24] by studying the excursions of the scaling limit of the exploration process that is used
to describe the limits in Theorem 1.1. In this paper, we follow a similar path, but then for a
class of inhomogeneous random graphs and its scaling limit, and extend (1.2) to this setting.

Several recent works have studied inhomogeneity in random graphs and how it changes
the critical nature. In our model, the vertices have a weight associated to them, and the weight
of a vertex moderates its degree. Therefore, by choosing these weights appropriately, we can
generate random graphs with highly variable degrees. For our class of random graphs, it is
shown in [22, Theorem 1.1] that when the weights do not vary too much, the critical behavior
is similar to the one in the Erd6s—Rényi random graph. See in particular the recent works
[6,34], where it was shown that if the degrees have finite third moment, then the scaling limit
for the largest critical components in the critical window are essentially the same (up to a
trivial rescaling that we explain in more detail below) as for the Erd6s—Rényi random graph
in Theorem 1.1.

When the degrees have infinite third moment, instead, it was shown in [22, Theorem 1.2]
that the sizes of the largest critical clusters are quite different. In [7] scaling limits were
obtained for the sizes of the largest components at criticality for rank-1 inhomogeneous
random graphs with power-law degrees with power-law exponent 7 € (3,4). For t € (3, 4),
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40 R. van der Hofstad et al.

the degrees have finite variance but infinite third moment. It was shown that the sizes of
the largest components, rescaled by n~ =2/ =D converge to hitting times of a thinned
Lévy process. The latter is a special case of the general multiplicative coalescents studied by
Aldous and Limic in [2] and [3]. We next discuss these results in more detail.

1.1 Inhomogeneous Random Graphs

In our random graph model, vertices have weights, and the edges are independent, with edge
probabilities being approximately equal to the rescaled product of the weights of the two
end vertices of the edge. While there are many different versions of such random graphs
(see below), it will be convenient for us to work with the so-called Poissonian random
graph or Norros—Reittu model [30]. To define the model, we consider the vertex set [n] :=

{1,2,...,n}and suppose each vertex is assigned a weight, vertex i having weight w;. Now,
attach an edge between vertices i and j with probability
wiw;
p,-,-:l—exp(— i f), where £, = Y w. (1.3)
' En ien)

Different edges are independent. In this model, the average degree of vertex i is close to w;,
thus incorporating inhomogeneity in the model.

There are many adaptations of this model, for which equivalent results hold. Indeed,
the model considered here is a special case of the so-called rank-1 inhomogeneous random
graph introduced in great generality by Bollobds et al. [11]. It is asymptotically equivalent
with many related models, such as the random graph with prescribed expected degrees or
Chung-Lu model, where instead

pij = max(w;w; /Ly, 1), (1.4)

and which has been studied intensively by Chung and Lu (see [13—17]). A further adaptation
is the generalized random graph introduced by Britton et al. [12], for which
w;w Jj

plj_zn'i'wiwj. (1.5)
See Janson [26] for conditions under which these random graphs are asymptotically equiv-
alent, meaning that all events have asymptotically equal probabilities. As discussed in more
detail in [22, Sect. 1.3], these conditions apply in the setting to be studied in this paper.
Therefore, all results proved here also hold for these related rank-1 models. We refer the
interested reader to [22, Sect. 1.3] for more details.

Having specified the edge probabilities as functions of the vertex weights w = (w;)ie[n]
in (1.3), we now explain how we choose the vertex weights. Let the weight sequence w =
(w;)ie[n) be defined by

w; =[1— F17'/n), (1.6)

where F is a distribution function on [0, co) for which we assume that there existsat € (3, 4)
and 0 < ¢ < o0 such that

xlimmxffl[l — F(X)] = cr, (1.7

and where [1 — F]~ ! is the generalized inverse function of 1 — F defined, for u € (0, 1), by

[1— F1"'u) = inf{s: [1 — F1(s) < u}. (1.8)
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Cluster Tails for Critical Power-Law Inhomogeneous Random Graphs 41

By convention, we set [1 — F 175(1) = 0. Note that our inhomogeneity is chosen in such a
way that the vertex weights i — w; are decreasing, with w; being the largest vertex weight.

For the setting in (1.3) and (1.6), by [11, Theorem 3.13], the number of vertices with
degree k, which we denote by N, satisfies

P —-W Wk
Ne/n = E[e 7] k>0, (1.9)
where — denotes convergence in probability, and where W has distribution function F
appearing in (1.6). We recognize the limiting distribution as a so-called mixed Poisson distri-
bution with mixing distribution F, i.e., conditionally on W = w, the distribution is Poisson
with mean w. As discussed in more detail in [22], since a Poisson random variable with large
parameter w is closely concentrated around its mean w, the tail behavior of the degrees in
our random graph is close to that of the distribution F. As a result, when (1.7) holds, and
with D, the degree of a uniformly chosen vertex in [n], limsup,_, . E[Dj] < oo when
a <t —1and limsup,_,  E[D?] = oo when a > t — 1. In particular, the degree of a
uniformly chosen vertex in [z] has finite second, but infinite third moment when (1.7) holds
with 7 € (3, 4).
Under the key assumption in (1.7),

(1= F17 @) = (cr/u) "V +0(1), o0, (1.10)

and the third moment of the degrees tends to infinity, i.e., with W ~ F, we have E[W3] = co.
Define

v = E[W?]/E[W], (1.11)

so that, again by (1.7), v < oo. Then, by [11, Theorem 3.1] (see also [11, Sect. 16.4] for a
detailed discussion on rank-1 inhomogeneous random graphs, of which our random graph is
an example), when v > 1, there is one giant component of size proportional to n, while all
other components are of smaller size o(n), and when v < 1, the largest connected component
contains a proportion of vertices that converges to zero in probability. Thus, the critical value
of the model is v = 1. The main goal of this paper is to investigate what happens close to the
critical point, i.e., when v = 1.

With the definition of the weights in (1.6) and for F such that v = 1, we write g}} (w) for
the graph constructed with the probabilities in (1.3), while, for any fixed A € R, we write
g,} (w) when we use the weight sequence

w(h) = (1 4+ an~T/@ Dy, (1.12)

We shall assume that 7 is so large that 1 4 an~(@=3/=D > 0 5o that w; (A) > 0 for all
i € [n]. When t > 4, so that E[W3] < oo, it was shown in [6,22,34] that the scaling limit
of the random graphs studied here are (apart from a trivial rescaling of time and ) equal
to the scaling limit of the ordered connected components in the Erd6s—Rényi random graph
in Theorem 1.1. The rescaling of time and A is due to the variance of the step distribution
of the cluster exploration process being unequal to 1 (see Sect. 1.2 below for more details
on what we mean with ‘cluster exploration’). For the Erd6s—Rényi random graph the step
distribution has a Poisson distribution with parameter 1 minus one. When t € (3,4) the
situation is entirely different, as discussed next.

Throughout this paper, we make use of the following standard notation. We let LN

C e P . -
denote convergence in distribution, and —> convergence in probability. For a sequence
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of random variables (X,),>1, we write X, = op(b,) when |X,|/b, L 0asn — oo
For a non-negative function n +— g(n), we write f(n) = O(g(n)) when | f(n)|/g(n) is
uniformly bounded, and f(n) = o(g(n)) when lim,,_,», f(n)/g(n) = 0. Furthermore, we
write f(n) = O(g(n)) if f(n) = O(g(n)) and g(n) = O(f(n)). Finally, we abbreviate

a=1/c=1, p=>C=2/=-1D, n=(@=3)/(r-1D. (1.13)

1.2 The Scaling Limit for 7 € (3, 4)

We next recall two key results that we recently established in [7]:

Theorem 1.2 (Weak convergence of the ordered critical clusters for t € (3, 4) [7]) Fix the
Norros—Reittu random graph with weights w()) defined in (1.6) and (1.12). Assume that
v = 1 and that (1.7) holds. Then, for all » € R,

— _ d
(ICwln™. 1Co)In™",...) — (r1(W), 12 (M), .., (1.14)
in the product topology, for some non-degenerate limit (y;(A))i>1.

In order to further specify the scaling limit (y; (1));>1, we need to introduce a continuous-
time process (S;);>0, referred to as a thinned Lévy process, and defined as

o
b t
St:b—abt—kct—i—zi—a[Ii(t)—?—a], (1.15)
=2

where a, b, ¢ have been identified in [7, Theorem 2.4] as a = ¢$/E[W], b = ¢% and
c=60=A+ ¢ with

20 i
_ CF —2a _ 2« _
¢ = S ?Zl: [[_1 w2y — ] € (—00,0) (1.16)

the constant given in [7, (2.18)]1. The process (S;);>0 starts out positive. It can be positive
or negative, and we will be interested in the first hitting time of (S;);>¢ of zero.
Further, here we use the notation

Zi(t) = Ly <s)s (1.17)

where (7;);>> are independent exponential random variables with mean
E[T;] = i%/a. (1.18)

The term thinned Lévy process refers to the fact that Z; (f) can be interpreted as 1y, )>1},
where (N; (t));>1 are independent Poisson processes with rate a/i“. If we replace 1y, (1)>1)
by N; (¢) in this representation, then the corresponding process is a Lévy process. In (S;)s>0,
only the first point in these Poisson processes is counted, thus we can think about the Poisson
processes as being thinned. See below for more details on the interpretation of (S;);>0.

Let H;(0) denote the first hitting time of 0 of the process (S;)>0, i.e.,

Hi(0) =inf{r > 0: S; =0}, (1.19)

and C(1) the connected component to which vertex 1 (with the largest weight) belongs. We
recall from [7, Theorem 2.1 and Proposition 3.7] that also |C(1)|n~* converges in distribution:

I There is a typo in [7, Theorem 2.4], in which ¢ = 6 — ab shouldreadc =0 = 1 +¢.
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Theorem 1.3 (Weak convergence of the cluster of vertex 1 for T € (3, 4)). Fix the Norros—
Reittu random graph with weights w () defined in (1.6) and (1.12). Assume that v = 1 and
that (1.7) holds. Then, for all . € R,

nrle(h] -5 H{(0), (1.20)
with H{ (0) the hitting time of 0 of (S;)i>0 witha = ¢ /E[W], b = c§, c = 6.

Let us informally describe how the process (S;);>¢ arises through a cluster exploration,
and how it is linked to H{(0) in (1.20) as well as (y;(1));>1 in (1.14). In Theorem 1.3, we
explore the connected component of vertex 1 one vertex at a time in a breadth-first way, and
keep track of the number of active vertices, which are vertices that are found to be in C(1), but
whose neighbors have not yet been inspected whether they are in C(1). Let 8,2”) be the number
of active vertices after k steps, so that S(()") = 1. Obviously, |C(1)| = inf{k: S;(m = 0}, since
we are done with the exploration of a cluster when there are no unexplored vertices left, and
we explore one vertex at a time. By construction, S ;’” is the number of neighbors of vertex 1,
which can be seen to be close to w; &~ bn®. Thus, the exploration process can be expected
to be of order n%, and we will rescale Sf") by a factor n=¢.

As explained in more detail in [7] and for the edge-probabilities in (1.3), the exploration
can be performed rather effectively in terms of a marked branching process with mixed
Poisson offspring distribution. Here, an unexplored vertex in the branching process, v, first
draws a mark M, for which P(M, = i) = w; /{,, and after this, it draws a Poisson number of
children with mean wy, . The connection to the cluster exploration in the graph is obtained by
thinning all vertices whose mark has appeared earlier. Here, we can think of the mark M, =i
as indicating that the vertex v in the branching process is being mapped to vertex i in the graph.

The largest weights correspond to the small values of i € [r]. The amount of time it takes
us to draw a mark corresponding to vertex i is of the order £, /w;, which is of order n”a/i?,

which suggests that (n _“St(;;),) )r>0 converges in distribution to some process (S;);>0. Further,

the first time that i > 2 is chosen, 7,", satisfies n =" 7;" 4, T;, where T; is exponential
with rate a/i“. Further, vertex i has roughly w; ~ n“b/i% neighbors, so that S,i’” makes a
jump of order n*b/i* when i is found to be in C(1). This informally explains the process
(1.15)—(1.18), while (1.19) explains that when the exploration process hits zero, then the
cluster is fully explored. Turning this into a formal proof was one of the main steps in [7].

The above description does not yet describe the scaling limit (y; (A));>1 in (1.14). For this,
we note that after the exploration of C(1), we need to explore the clusters of the (high-weight)
vertices that are not part of C(1). We do this by taking the vertex with largest weight that is
not in C(1), which in the scaling limit corresponds to the smallest i for which Z; (H; (0)) = 0,
and start exploring the cluster of that vertex. This is again done by using processes similar
to (S;)r>0, but changes arise due to the depletion-of-points effect. Indeed, since C(1) is fully
explored, in later explorations those vertices cannot arise again. We refrain from describing
this in more detail, as it is not needed in this paper. We repeat this procedure, and explore
the connected components of unexplored vertices of the highest weights one by one. After
performing these explorations infinitely often, we obtain (y;(A));>1 as the ordered vector of
hitting times of zero of these cluster exploration processes. Some more details are given in
Sect. 2.4.

By scaling, H{'(0)/a for some a, b, c has the same distribution as the hitting time H;(0)
obtained by taking ¥’ = a’ = 1, and ¢’ = c¢/(ab) = (A + ¢)/(ab). We shall reparametrize
a’ =b' = 1andlet
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o0
Si=14pt+Y alit) —ctl, (1.21)
i=2
where we set
B=p—-1 with B =c =0/(@ab) = (»+¢)/(ab), (1.22)
have used the notation
i =iY, (1.23)

and where Z; (¢) is defined in (1.17)—(1.18) with a replaced by @’ = 1. This scaling is
convenient, as it reduces the clutter in our notation.

1.3 Main Results

In this section we state our main results. Recall y;(}) from (1.14). Our Main Theorem
establishes a generalization of Pittel’s result in (1.2) to our rank-1 inhomogeneous random
graph with power-law exponents t € (3, 4):

Main Theorem (Tail behavior scaling limit for = € (3,4)). When u — oo, there exists
I > 0 independent of A and A = A(L), ki j = ki, j(A) such that

A

B S ST e A o —i(t=2)—j(t=3)
We Tu™ "+u Z,+/leﬂju (1+0(1)). (1.24)

P(y1(d) > au) =

The constants 7, A and «;; are specified in Sect. 2. By scaling, these constants only depend
ona, b through ¢’ = ¢/(ab) = (A + ¢)/(ab), any other dependence disappears since the law
of H;(0) only depends on ¢’. Since T € (3, 4), the sum over i, j such that i + j > 1 is in fact
finite, as we can ignore all terms for which7 — 1 —i(t —2) — j(r —3) < 0. We also see that
the Main Theorem connects up nicely with Pittel’s result in (1.2) that arises for t = 4, as for
example seen in the fact that the exponent of u in the exponential is equal to 3 for T = 4 and
the exponent in the power of u in the prefactor is equal to 3/2, as in (1.2). That these powers
depend sensitively on 7 is a manifestation of the importance of the inhomogeneity, which we
will see throughout this paper.

Aside from the Main Theorem, we prove two further theorems about the structure of the
largest connected component when it is large. The first theorem concerns the probability that
H{(0) > u for some u > 0 large, where H{ (0) is the weak limit of n=”|C(1)| identified
in Theorem 1.3. This is achieved by investigating the hitting time H;(0) of O of the process
(S)r=0in (1.21).

Theorem 1.4 (Tail behavior scalir~1g limit clusteIN‘ vertex 1 fgr T € (3,4)). When u — o0,
there exists I > 0 independent of B and A = A(B) and k;;(B) € R such that

P(H;(0) > u) = P(H{(0) > au)
A

= We—lurfu—ur—l Yitj=1 Kiju*i(172)*.f(ff3)(l +o(1)). (1.25)

The constants I, A and k;; are equal to those in the Main Theorem. Comparing the Main
Theorem and Theorem 1.4, we see that P(H1(0) > u) = P(y1(X) > au) - (1 + o(1)).

This has the interpretation that vertex 1, which is the vertex with the largest weight in
our rank-1 inhomogeneous random graph, is with overwhelming probability in the largest
connected component when this largest connected component is quite large.
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I_E(p) for tau=3.1 and theta*~18.49644165 I_E(p) for tau=3.5 and theta*~1.64226842 I_E(p) for tau=3.9 and theta*~0.60630427

I_E(p)

I_E(p)

-5

-2
2
-10

-3
3

0.0 05 10 15 0.0 05 10 15 0.0 0.5 1.0 15
p p p

Fig. 1 Numerical plots of p — Ig(p) for T = 3.1,3.5 and 3.9. In a first step, 6* was determined as the
unique 6 such that Ig (1) = Ig(1,0) =0

We can even go one step further and study the optimal trajectory the process ¢t — S; takes
in order to achieve the unlikely event that H;(0) > u when u is large. In order to describe
this trajectory, we need to introduce some further notation. In the proof, it will be crucial
to tilt the distribution, i.e., to investigate the measure P with Radon—-Nikodym derivative
e?4Su JE[e?"Su], for some appropriately chosen 6. The selection of an appropriate 6 for the
thinned Lévy process(S;);>0 is quite subtle, and has been the main topic of our paper [1].
The main results from paper [1] are reported in Sect. 2, and will play an important role in
the present analysis. We refer to below (2.13) for the definition of 6* that appears in the
description of the optimal trajectory that is identified in the following theorem (Fig. 1):

Theorem 1.5 (Optimal trajectory). For p € [0, 1], define

_ V(1 —emPY) dv
Ie(p) = (r — 1)[0 (e(,*u(1 e —pv) T (1.26)

with 6* as defined below (2.13). Then, for u — 0o and for any ¢ > 0,

]P’( sup |Spu — uT 2y (p)| < u"2e | Hy(0) > u) —1—o(). (1.27)
pelo,1]

Our Main Theorem follows by combining Theorems 1.4 and 1.5, and showing that, for u
large, the probability that 1 € C, is overwhelmingly large. This argument is performed in
detail in Sect. 2.4:

Brownian motion on a parabola Note that substituting ¢ = 4 into (1.24) yields
el Ha0Hn)u (1 4 o(1)), which agrees with the result of Pittel in (1.2). This
suggests a smooth transition from the case T € (3, 4) to the case T > 4. We next further
explore this relation.

Consider the process (Wt}‘),zo = (W; 4+ At — t2/2),20 with (W;);>0 a standard Wiener
process as mentioned in Theorem 1.1. We now apply the technique of exponential change
of measure to this process. First note that the moment generating function of W,j can be

computed as

log ¢ (u: 9) = log E[e"4 | = vu (ru — Ju? + Lou?) (1.28)
and let 6 be the solution of ;7 = arg miny log ¢ (u; ¥), which is given by
1 A
0f = - — —. 1.29
u 2 u ( )
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The main term is
du)=pu;65) =E [e93“W3] _ et 5 _ o—juw=207 (] 30)
Noting that
PG > ) <P (W > 0) <P (Vi > 1) <[], (1.31)

we see that this upper bound agrees to leading order with the result of Pittel in (1.2). In order
to derive the full asymtptotics in (1.2), one can define the measure

A

B(E) = o) 'E [ Vi1, |, (132)
rewrite
PG > 1) = p@E [ 16| (1.33)

and then deduce the asymptotics of the latter expectation in full detail. Our analysis will be
based on this intuition, now applied to a more involved, so-called thinned Lévy, stochastic
process.

2 Overview of the Proofs

In this section, we give the overview of the proofs of Theorems 1.4—1.3. The point of departure
for our proofs is the conjecture that P(H{(0) > u) ~ P(S, > 0) for large u. The event
{H1(0) > u} obviously implies {S,, > 0}, but because of the strong downward drift of the
process (S;):>0, it seems plausible that both events are roughly equivalent.

In [1] a detailed study was presented on the large deviations behavior of the process
(S:)r=0- Using exponential tilting of measure the following two theorems were proved.

Theorem 2.1 (Exact asymptotics tail S, [1, Theorem 1.1]). There exists I, D > 0 and
kij € R such that, as u — oo,

D

We—lur—u—m—l Zi+j21 Kiju*i(172)*/(173) (1 + o(1)). @)

P(S, > 0) =
Theorem 2.2 (Sample path large deviations [1, Theorem 1.2]). There exists a function p +—
I:(p) on [0, 1] such that, for any ¢ > 0 and p € [0, 1),

lim P(|Spu —u™ 2 Ix(p)] < eu™ 2| Sy > 0) = 1. (2.2)
u—0Q

In [1] it is explained that specific challenges arise in the identification of a tilted measure
due to the power-law nature of (S;);>¢. General principles prescribe that the tilt should follow
from a variational problem, but in the case of (S;);>0 this involves a Riemann sum that is
hard to control. In [1] this Riemann sum is approximated by its limiting integral, and it is
proved that the tilt that follows from the corresponding approximate variational problem is
sufficient to establish the large deviations results in Theorems 2.1 and 2.2. Details about this
tilted measure are presented in Sect. 2.1.

It is clear that Theorems 2.1 and 2.2 for the event {S, > 0} are the counterparts of
Theorems 1.4 and 1.5 for {H;(0) > u}. Let us now sketch how we make the conjecture that
P(H{(0) > u) =~ P(S, > 0) for large u formal. We show that P(H;(0) > u) has the same
asymptotic behavior as P(S, > 0) in (2.1), with the same constants except for the constant

@ Springer



Cluster Tails for Critical Power-Law Inhomogeneous Random Graphs 47

D. Despite the similarity of this result, the proof method we shall use is entirely different
from the exponential tilting in [1]. In order to establish the asymptotics for P(H;(0) > u),
we establish sample path large deviations, not conditioned on the event {S,, > 0}, but on the
event {H1(0) > u}. This is much harder, since we have to investigate the probability that
S; > Oforallt € [0, u]. However, this is also more important, as only the hitting times H; (0)
give us asymptotics of the limiting cluster sizes. In order to prove these strong sample-path
properties, we first prove that, under the tilted measure, S; is close to its expected value for a
finite, but large, number of ¢’s, followed by a proof that the path cannot deviate much in the
small time intervals between these times.

Now here is our strategy for the proofs. We extend the conjecture P(H;(0) > u) =
P(S, > 0) by a conjectured sample path behavior that says that, under the tilted measure, the
typical sample path of (S;);>0 that leads to the event {S,, > 0} remains positive and hence
implies {H(0) > u}. To be more specific, we divide up this likely sample path into three
parts: the early part, the middle part, and the end part. Our proof consists of treating each of
these parts separately. We shall prove consecutively that with high probability the process:

(i) Does not cross zero in the initial part of the trajectory (‘no early hits’);
(ii) Is high up in the state space in the middle part of the trajectory, while experiencing
small fluctuations, and therefore does not hit zero (‘no middle ground’);
(iii) Is forced to remain positive until the very end.

In the last step, we have to be very careful, and it is in this step that it will turn out that the
constant D arising in the asymptotics of P(S,, > 0) in (2.1) is different from the constant A
arising in the asymptotics of P(H;(0) > u) in (1.25). This is due to the fact that even when
S, > 0, the path could dip below zero right before time u and does so with non-vanishing
probability. The proof reveals that then it will do so in the time interval [u — Tu~ =2 u]
for some large T'.

We next summarize the technique of exponential tilting developed in [1] for the thinned
Lévy process (S;);>0 with T € (3, 4), which allows us to give more details about how we
shall establish the conjectured sample path behavior for each of the three parts described
above.

2.1 Tilting and Properties of the Tilted Process

All results presented in this subsection are proved in [1].

Exponential tilting Parts of this section are taken almost verbatim from [1]. We use the
notion of exponential tilting of measure in order to rewrite

P(Sy > 0) = ¢ (u; 9)Ey [e 7" 1s,-0] , (2.3)

where ¢ is chosen later on. For every event E, define the measure ]IN% with corresponding
expectation [y by means of the equality

Py(E) = o ﬂ)]Eﬁ [e"“Su1g], (2.4)
with normalizing constant ¢ (u; ) given by
¢(u; 0) = E[e”]. (2.5)
In terms of this notation, we are interested in
P(H (0) > u) = ¢ (u; DEg [e"*S I is0,-01] (2.6)
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where we write {S[p ,] > 0} = {S; > 0Vt € [0, u]}.
‘We now explain in more detail how to choose a good ©#. The independence of the indicators
(Zi (u))iz2 yields

[o.¢]
¢(u; 19) — E[eﬁusu] — eﬂu(l+/§u) l_[efﬁu%iz (efqu + ez?c;u(l _ efc[u))
i=2
= P+ Z, S /uT D) @7

with

o

fes) =log(1+e™ " " =) +9x7 — g2 (2.8)

The function x — f(x; ¢) is integrable at x = 0 and at x = o0, so the above sum can be
approximated by the integral

XN@MF%m=w*/mfmﬂMwwmmEM”mm+wwx 2.9)
0

i=2
for some error term u +— ey (1) given by
ep(u) = 0 {ulf (o) — 1] = u?[£20) — 11} + 0y (1), (2.10)

where @ = 1/(t — 1) and the Riemann zeta functions ¢ (-) defined as

N _
—5 Nl s 1 —5
dont - — N7}, Re(s)>—1,s #1, .11
1—ys 2

£ = im,

where Re(s) denotes the real part of s € C. Equation (2.11) follows from Euler—Maclaurin
summation [21, p. 333]. The error term in (2.10) converges to O uniformly for ¥ in compact
sets bounded away from zero. As a result,

Bz 9) = e ADFIUE @+ Qo+ Diytos (1), (2.12)
Let 0,F be the solution of
6; = argmin [A(z?) + 9T (@ (@) + (B — £ Qa) + l)u)]. (2.13)

Moreover, let 0* be the value of ¢ where ¥ +— A(¥) is minimal. It follows easily that
I = —A(P*) > 0and that 6* is unique. In [1, Lemma 3.6], we have seen that 6, = 0*+o(1).
Further, 6* > 0 by [1, Lemma 3.5]. Set ¢ (1) = ¢ (u; 6,;). The asymptotics of ¢ (u) are as
follows.

Proposition 2.3 (Asymptotics of main term [1, Proposition 2.1]). As u — oo, and with
I = —miny>g A(F) > 0, there exist k;j € R such that

o) =E [e%‘usu] — e T e IO Ly (214)
PrqurtiNes of the process under the tilted ‘measure In what follows, take ¥ = 6, and
let P = IPgx with corresponding expectation E = [Egy:. Abbreviate 6 = 6,;. Under this new

measure, the rare event of S, being positive becomes quite likely. To describe these results,
let us introduce some notation. Recall from (1.26) that, for p € [0, 1],

_ eV (1 —emPY) dv
mm—a—nﬁ Qma_f”+€,mﬂwq, (2.15)
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where we take ¥ = 0*, which turns out to be the limit of 6, as u — oo (see, e.g., [1,
Lemma 3.6]). The asymptotic mean of the process p — S, conditionally on S, > 0 can
be described with the help of the function p + I:(p), cf. Theorem 2.2. One easily checks
that

1:(0) =0, and /(1) =0, (2.16)
the latter by definition of 8*, as 0 = A’(0*) = I;(1). Finally,
Iz(p) > O forevery p € (0, 1), (2.17)
and
1.(0) > 0and 1,,(1) < 0. (2.18)

Lemma 2.4 (Expectation of S; [1, Lemma 2.2]). As u — oo,

(a) E[s,]—uf 2I:(t/u) + O(1 4+t +t10* — 6 |u™=3) uniformly in t € [0, ul.

(b) IE[St Sul=u"" 21E(z/u)+0(u—z+u*1+|0* 0 |u™=2) uniformly int € [u/2, u).
© E[S — Sl = u™ 3 1(1)(t = u)(1 + o(1)) + O(u™ 1) when 1 — t = o(u).

(d) uE[S,] = o(1) when u — oc.

We will also need some consequences of the asymptotic properties of IE[S;]. This is stated
in the following corollary:

Corollary 2.5 Asu — oo,

(a) IE[S,] > ctu™3 andE[St] < ctur 3 uniformly fort € (g, u/2], where0 < ¢ < ¢ < 00;

(b) IE[Su +—Sul > ctu’ andIE[Su =Syl <ctu™" %umformlyfort €|Tu" ~(-2) ,u/2],
where0<c<c<oo

(c) IE[St] [3,1](1 +o() fort € [t, ]l and t; € [e,u/2) and tr — 1) = O (= T=2);

(d) E[S,] = E[S,1(1 + or(1)) fort € [t1, 2] and 1y € [u/2, u — Tu~ 2], where o (1)
denotes a quantity c(T, u) such that imr_, o limsup,_, (T, u) =0andt) — ) =
Ou==2),

Proof Part(a)fort € [e, eu] fore > 0 sufficiently small follows from Lemma 2.4(a) together
with the facts that 1 (0) = 0, I;(0) > 0, and that 1 +7+¢|6* —0[u* > = o(tu™~3). The fact
that 7;,(0) > 0 also implies that ¢ can be taken to be strictly positive. For ¢ € [eu, u /2], Part
(a) follows from the fact that I (p) > Oforall p € [e, 1/2] and that 1 +7+¢|0* — 9;|u7’3 =
o).

Part (b) follows as Part (a), now using Lemma 2.4(b) together with the fact that I (1) = 0,
I.(1) <O0.

Part (c) follows from Lemma 2.4(a), by subtracting the two terms. Note that the error term
Ol +t; + 110" — 0} |u™3) is o(t;ju™3) since #; > &, while E[S,,] = @(#ju’~3) by Part
(a) of this corollary. Further, note that

Le(t/u) — It /w)] = O (uf‘z max [TL(p)|(t2 — n)) =0(), (219
which is o(DE[S,, ].
Part (d) follows again from Lemma 2.4(a) by subtracting the two terms. Note again that the

error term O (1 + 1) 41116 — 6*[u™=3) is o(11u™3), while E[S;,] = ©(t;u” ) by part (b)
of this corollary and Lemma 2.4(a). Further, note that

u' 21 (t/u) — Ip(t1/u)] = O <uf*2 max, [ (p)| (12 — t1)> = Or(l), (220)
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which is o (DE[S,, 1. o

The next lemma gives asymptotic properties of the variance of S;. Define, for p € [0, 1],

B el —ePY) e V(1 —ePY) dv
Iv(p) = (t - 1)/0 7 _e,v)ﬂ,v(l - F _WHW) @21

and
Jo(p) = 1)/ v(e pv _ e—v) (] ee*v(e—[)v _ e—v) ) dv 2.22)
T — - ) .
vip el V(] —eV) 4 eV e V(1 —e V) fev/ pT—2
00 20 v(l e—pv)(e—pv _ e—v) dv
Gy(p)=(t — l) 3 P (2.23)
(v —e V) +e V) Y
Again, it is not hard to check that
0 < Iy(p) < oo forevery p € (0, 1], while 7, (0) =0, (2.24)
and
0 < Jyv(p) < oo forevery p € [0, 1), while J, (1) =0. (2.25)

Lemma 2.6 (Covariance structure of S; [1, Lemma 2.3]). As u — o0,

(a) Var[S;] = u"31,(t/u) + O + 1|6* — 6 |u™*) uniformly int € [0, u].

(b) Var[S, — Su] = u"3Jy(t/u) + O — Hu~" + u — 1)|6* — 6|u™*) uniformly in
t €0, ul

(©) CoVIS,. Su—Si1= —u 3Gy (t/u)+ O((u—u~" + (u—1)|6* — 6 [u"*) uniformly
int € [0, ul.

The next result bounds the Laplace transform of the couple (S;, Sy):
Proposition 2.7 (Joint moment generating function of (S, Sy,) [1, Proposition 2.4]). (a) As

u — oQ,

5 —St —EIS]

]’E[e W] = ed¥H0, (2.26)

where |®| < 0,(1) as u — oo uniformly int € [u/2, u] and A in a compact set.
(b) Fix ¢ > 0 small. As u — o0, for any A1, Ay € R,

Py S;—B1S1 iy Su=81-ElSu—5i1 (/)
E[e NI NI ] ei)‘ 1tz )‘2 )Ll)‘zlv(t/u)lv(t/u)—"_G (2.27)

where |©] < o0,(1) + O(3G~1/2) uniformly int € [e,u — w3 and Ay, ha in a
compact set.

Combine Proposition 2.7 and u]]TZ[S,,] = o(1) (see [1, Lemma 4.1]) to show that

u—-3/2g, converges to a normal distribution with mean 0 and variance [y (1). Moreover,
as we see below, the density of S,, close to zero behaves like (2711‘/(1))_1/2 u— =372,
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Proposition~2.8 (Density of S, near zero [ 1, Proposition 2.5]) Uniformly ins = o(u(T=3/2),
the density fs, of Sy satisfies

fs,(s) = Bu="I2(1 + 0(1)), (2.28)

with B = Q2w Iv(l))fl/2 and Iy (p) definedin (2.21). Moreover, fgt (s) is uniformly bounded
by a constant times u=""3/2 for all s, u and t € [u/2, u).

There are three more results from [1] that will be used in this paper. The firstis a description
of the distribution of the indicator processes (Z;(t));>o under the measure . Since our
indicator processes (Z; (t));>0 are independent, this property also holds under the measure P:

Lemma 2.9 (Indicator processes under the tilted measure [1, Lemma 4.2]) Under the mea-
sure P, the distribution of the indicator processes (Z;(t));>0 is that of independent indicator
processes. More precisely,

Zi(1) = Lr<n), (2.29)
where (T;);>2 are independent random variables with distribution

e@a'i u ( 1 7e—c,~t)
eHc,'u (] —e’ri”)-l,-e’”i u
eHc,'u (] —e’”i”)-ﬂ,—(e’ci“ —eCi
chi u (lfe_bl' u)Jre—L‘,- u

fort <u;

BT <1) = (2.30)

) fort > u.

The second lemma describes what happens to the variances for small p or for p close to
1:

Lemma 2.10 (Asymptotic variance near extremities [1, Lemma 4.3(b)]). As p — 1,

Jv(p) = —(1 = p)J, (1)1 + o(1)) with J),(1) < O, while, as p — 0,

d
Ii(p)=p T, +0(), with TI,=(t— 1)/ (1—-eV)e™—. (2.31)
Y
Consequently, there exist 0 < ¢ < ¢ < 00 such that, for every p € [0,¢e] with e > 0
sufficiently small,
ep < Iv(p) sept (2.32)

We finally rely on the following corollary that allows us to compute sums that we will
encounter frequently:

Corollary 2.11 (Replacing sums by integrals in general [1, Corollary 3.3]). For every a €
R,a > 1t — 1and b > 0, there exists a constant c(a, b) such that

an bt = c(a, byu" (1 + o(1)). (2.33)

2.2 No Early Hits and Middle Ground

In this section, we prove that the tilted process is unlikely to hit O until a time that is very
close to u. We start by investigating the early hits.

No early hits In this step, we prove that it is unlikely that the process hits zero early on, i.e.,
in the first time interval [0, €] for some ¢ > 0 sufficiently small. In its statement, we write
0 € Sjo,s for the event that {S; = 0} for some s € [0, 7], so that P(H;(0) > u) = P(0 ¢
S10,u1)-
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Lemma 2.12 (No early hits). For every u € [0, 00), as ¢ | 0,
PO € Sj.e], Su > 0) = 0, ()P(S, > 0), (2.34)
where o¢ (1) denotes a function that converges to zero as ¢ | 0, uniformly in u.
The proof of Lemma 2.12 follows from a straightforward application of the FKG-
inequality for independent random variables (see [19], or [20, Theorem 2.4, p. 34]). The
standard versions of the FKG-inequality hold for independent indicator random variables,

and in our case we need it for independent exponentials. It is not hard to prove that the
FKG-inequality we need holds by an approximation argument.

Proof We note that the process (S;);>0 is a deterministic function of the exponential random
variables (7;);>2 (recall (1.15), (1.17) and (1.18)). Now, the event {0 € Sjo ¢} is increasing in
terms of the random variables (7;);>2 (use that S; only has positive jumps). Here we say that
an event A is increasing when, if A occurs for a realization (#;);>2 of (7});>2, and if (ti/ )i>2 18
coordinatewise larger than (#;);>2, then A also occurs for (tl.’ )i>2. Clearly, the event {S,, > 0}
is decreasing (for a definition, change the role of #; and #/ in the definition of an increasing
event), so that the FKG-inequality implies that these events are negatively correlated:

PO € Sjo,¢], Su > 0) < P(0 € Sjp,¢)P(S, > 0). (2.35)

We conclude the proof by noting that P(0 € Sjo ¢) = 0¢(1) independently of u. O

The key to our proof of Theorem 1.4 will be to show that P(H;(0) > u) = O(P(S, > 0)),
so that Lemma 2.12 and the known asymptotics of P(S,, > 0) imply that it is unlikely to
have an early hit of zero.

No middle ground By (2.4) (recall that ¢ (1) = ¢(u; 0) with § = 6), Lemma 2.12 and
Theorem 2.1,

P(H (0) > u) = p()E [e 7" 15 ,1-0]
= pWE [e S 15, =0 + ¢ @u~ TV 20,(1). (2.36)
For M > 0 arbitrarily fixed, we split

P(H{(0) > u) = ¢ (w)E [679“8“]l{s[g,upo,sue[o,M/u]}]
+oE[e S s, 20,8, m/u)] + @u~ TV 20,(1). 2.37)

By Proposition 2.8, we can bound
o0
Ele "% 1is>0.5,>mm] < E[e™ S Lig,ompm] < f e " fs, (w)dv
M/u

S O(M—(T—3)/2) * e—@uvdv — O(M—(T—l)/Z)e—GM.

M/u
(2.38)
As a result, we arrive at
P(H1(0) > u) = ¢ E [e "5 Us,, 1 ~0.8,10.m/u1}]
+¢u= TV 20, (1) + ¢ yu "V 20,(1), (2.39)

where o), (1) denotes a quantity c(M, u) such that lim sup,,_, . limsup,_, ., c(M, u) = 0.
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We continue to prove that the dominant contribution to the expectation of the right-hand
side of (2.39) originates from paths that remain positive until time u — ¢ for t = Tu="~2),
with T > 0 arbitrarily fixed.

Proposition 2.13 (No middle ground). Fix e > 0. Foreveryu € [0, 00) and ¢, M > 0 fixed,
B(0 € Sy y_gu-tv-7s Su € [0, M/u]) < o (Hu~ =D/, (2.40)

where we recall that oy (1) denotes a quantity c(T,u) such that limy_, o lim sup,_, o,
c(T,u)=0.

We prove Proposition 2.13 in Sect. 3.
By (2.39) and Proposition 2.13,

P(H(0) > u) = ¢ (w)E [6_0”8“Jl{s[u_ru,(,,2>‘u]>0}]
+¢u= T2 [0.(1) + 04 (1) + 07 (D)]. (2.41)

Since ¢, M and T are arbitrary, it now suffices to identify the asymptotics of the expectation
appearing on the right-hand side of (2.41).

2.3 Remaining Positive Near the End

To prove Theorem 1.4, by Proposition 2.3 and Eq. (2.41), it suffices to prove that, with
y =@ —-1D/2,

B e ~0.s,ct0m/a) | = (A + 0 (1) +or (™ (1 +0(),  (242)

[u—Tu*(T*Z) Ju]

where 7' > 0 fixed. In the above expectation, we see two terms. The term e~uSu forces S, to

be small, more precisely, S, = ©(1/u) for u large, while the term l{slu—Tu’(rf2),uJ>O} forces
the path to remain positive until time . We now study these two effects.

We start by highlighting the ideas behind the analysis of the process (S¢);c(y—ry—-2 -
Comparing Theorem 1.4 to Theorem 2.1, we see that they are identical, except for the precise
constant, which is A in Theorem 1.4 and D > A in Theorem 2.1. This difference is due to
the fact that, conditionally on S,, > 0, the process has a probability of not hitting zero in the
interval [u — Tu~ =2 u] that is strictly positive and bounded away from zero. In order to
analyse this probability, we identify the scaling limit of the process (uS,_;,~«-2 — uS,)i>0
as u — oo conditionally on uS, = v, and relate it to a certain Lévy process. The parameter
A/D is closely related to the probability that this limiting process is bounded below by —v,
integrated over v. Let us now give the details.

In order to investigate the probability that Sp, _7,,-«-2) ;1 > 0, we proceed as follows. Let

Jw) ={j:Zjw) =1} (2.43)

denote the set of indices for which T; < u. We condition on the set J (u). Note that S, is
measurable with respect to 7 (u). We now rewrite S,,_; in a convenient form. For this, recall
(1.21) and write

rou—t > u—t
Suct=—F+—8+ Y ci|Tilu—1) — —T;()
u u i u
o0
t u-—t t
== Su=Y ¢ [ﬂmew_,,un -7 (u)} : (2.44)
i=2
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Thus, with

[e.¢]
Qut) =uSu—1 —t — (=08 =— Y _ cilulge—ruy — tZiw)], (2.45)
i=2

we have that S,_; > 0 precisely when Q,(t) > —t — (u — 1)S,,. We rewrite

Qut) =— Y cilulirew—ruy — 1 (2.46)
ieJ (u)

Note that, for any t = o(u),

1

o0
Ele " 1(s,,_, =01 = - / e " P(Su—r.u) > 0 | uSy = v) fs, (v/u)dv
0

1 [ ~
= 7/‘ e_GUIP’(Qu(s) >—v—s+sv/uVs €[0,7] | uS, = v)
0

u
fs,(w/wydv. 2.47)
We aim to use dominated convergence on the above integral, and we start by proving pointwise
convergence. By Proposition 2.8, fs, (v/u) = Bu~T=3/2(1 4+ 0(1)) pointwise in v (in fact,
even when v = o(u""1/2)). This leads us to study, for all v > 0,
gu:(v) = ﬁ(Qu(s) >—v—s+sv/uVs €[0,1] | uS, = v). (2.48)
We split
Qu(t) = Ay(1) — By(1), (2.49)
where
By(t) =u Z ¢i [L(r ew—t.uy BT >u—1|T < w],
i€ (u)
A== [uP(T >u—1| T <u)—1]. (2.50)
i€J (u)

Thus, (A, (£))re[0,u] is deterministic given J (1), while (B, (t))c[0,u] 1S random given J (u).
The main result for the near-end regime is the following proposition, which proves that g, (v)
converges pointwise.

Proposition 2.14 (Weak conditional convergence of time-reversed process). (a) As u — 00,
conditionally on uS, = v,

(At ")) 20 -5 (k1)s20, 2.51)

where k € (0, 00) is given by

—a

00 er*“efx _a
K = / XY — —[e* —1—x"%]dx. (2.52)
0 efx (] —e—X ) +ex

(b) As u — oo, conditionally on uS, = v,

(Bu(tu="2))20 -5 (Ly)i=0. (2.53)

where (—L;);>0 is a Lévy process with no positive jumps and with Laplace transform

Elet] = Po-l-an@d 4 > g, (2.54)
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and characteristic measure
(_Z)—(T—l)e—(ﬁz
— ¢
e 02(1 —e?) +¢?
Proposition 2.14 is proved in Sect. 5, and determines the precise constant A from (1.25),
as we now explain in more detail.
We proceed by investigating some properties of the supremum of the Lévy process from
(2.53) that we need later on. Note in particular that the distribution of Lg in (2.54) does not

depend on v. With a slight abuse of notation, also the probability law describing the limiting
process (Lg)s>0 shall be denoted by P.

Mdz) =( -1 “dz. (2.55)

Lemma 2.15 (Supremum of the Lévy process). Let I, = inf;>0(—L; + «t). Then
P(loe = —v) = W(v)/W(00), (2.56)
where W: [0, 00) — [0, 00) is the unique continuous increasing function that has Laplace

transform

> —ax _ 1
/0 e “W)dx = 71//(51)’ a > v (0), (2.57)

where the Laplace exponent r is given by E[e?®!=L0] = V(@ and is computed in (2.58)
below, while W (0) is the largest solution of the equation ¥ (a) = 0, and W(oo) = 1/¢/(0) =
1/k is a constant.

Proof We rewrite (2.54) to see that Xy = — L + ks is a Lévy process with no positive jumps
and Laplace exponent

V(a) = ka + / (e =1 —az) M(dz)

(—00,0)
—Bla +/ (e — 1 —azl - 1)) M(dz) (2.58)
(—00,0)
with
B =+ / (=0 e=_1yTI(d2) > 0 (2.59)
(—00,0)

as defined in [5, Sect. VIL1]. Indeed, recall from [5, Sect. VIL.1] that E[e?Xs] = eSV(@
and note that our 8’ corresponds to a in [5]. Also note from (2.52) that k > 0. Thus
¥/ (04+) = « > 0 and [5, Corollary 2(ii) in Sect. VIL.1] yields that Xy drifts to oo (for
a definition, see [5, Theorem 12(ii) in Sect. VI.3]). This in turn implies (see [5, Proof of The-
orem &, in Sect. VIL.2])

P(Ieo = —v) = W(v)/W(00), (2.60)

where W is given in the statement of [5, Theorem 8, in Sect. VII.2]. For the definition of W
see before [5, Theorem 1 of Sect. VII.1]. Also note from the second equation of the proof of
[5, Proof of Theorem 8, in Sect. VIL.2] that W(oco) > 0. To see that W(oo) = 1/¢(0), note
thatifa | 0O,

© W)
fo e “Wh)dx = el tol) (2.61)
Now, ¥ (0) = 0,sothat 1/v(a) = 1/(ay’(0))(14+0(1)) asa | 0, which identifies W(c0) =
1/9/(0) = 1/k. O
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By Proposition 2.14 and the continuity of V in Lemma 2.15, with M7 = supy—,<7 (Ls —
ks) foreach v > O and forr = Tu~"=2 foru — oo,

gu.i(v) = gr(v) = P(Mr <v). (2.62)
Further, as T — oo,
gr(v) | gv) =P (021500(& —Ks) < v) = V);V((:s) (2.63)

Now we are ready to complete the proofs of our main results.

2.4 Completion of the Proofs

Completion of the Proof of Theorem 1.4 We start by completing the proof of Theorem 1.4.
Recall that it remains to prove (2.42) with y = (t — 1)/2. By (2.47) and (2.48), we need to
compute

~ 1 M 30
Ele™"% 15, _, . 1=0,5uel0.M/uny] = W/o e " g (W) [u fs, (w/u)]dv,

(2.64)

where t = Tu="=2_ A similar problem was encountered in [1, Proof of Theorem 1.1],
which is restated here as Theorem 2.1, apart from the fact that there the function g, ;(v) was
absent.

We wish to use bounded convergence. For this, we note that u™=372 ﬁgu (v/u) - B
by Proposition 2.8 for each v (in fact, for all v = o(u)), while, by (2.62)—(2.63),
gut(v) — gr(v), which, in turn, converges to g(v) as T — oo. Further, since
8u:(v) < land u(t=3)/2 f:su (v/u) is uniformly bounded (see Proposition 2.8), the integrand
e_"“gu,,(v) [u(f_3)/2ﬁgu (v/u)] is uniformly bounded by a constant. Thus, by the Bounded
Convergence Theorem,

~ B M
—0uS, _ —0v
E[e 0 ]l{S[M_,_,,]>O,S,,E[O,M/u]}] = 7}4@_])/2/(; e " gr)dv(l + o(1))
B M
= —Z-n2 e " e)dv(1 +o(1) + 0r(1))
u@072 | TR
(2.65)
This identifies (recall (2.42), (2.56), (2.57) and (2.62))
o0 o0 B B / 0
A:B/ e "g(v)dv = B/ e ""P(M < v)dv = —E[e*M] = VO 66
0 0 0 v(0)

Recall that D is the constant appearing in Theorem 2.1. Since D = B/6 by [1, (7.4)] and
IP’(M < v) < 1 for every v, we also immediately obtain that A € (0, D). and completes the
proof of Theorem 1.4. O

Path properties: Proof of Theorem 1.5 We bound, using that { H;(0) > u} C {S, > 0},

]P’( SUp [Spu — "2 (p)| > eu™ 2 | Hy(0) > u)
pelo 1]

P(S, > 0
) (Su > 0) (2.67)

T2 T2
51@( sup [Spu —u" (P > eu” S, > 0) e

pelo,1]
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By Theorems 2.1 and 1.4, the ratio of probabilities converges to D/A € (0, co), while, by
Theorem 2.2, the conditional probability converges to 0. This completes the proof of Theorem
1.5. O

Completion of the Proof of the Main Theorem We finally complete the proof of the scaling
of the critical clusters in the Main Theorem using Theorem 1.4 and recalling (1.22). For this,
we go back to the random graph setting. Let us start by giving some introduction.

The process (S;);>0 in (1.21) arises when exploring a cluster in the Norros—Reittu random
graph with weights w(A) defined in (1.6) and (1.12), as described informally in Sect. 1.2.
Recall Theorem 1.3. Here S; denotes the scaling limit of n~!/ =1 = 4~ times the number
of vertices found at time rn(* =2/~ = spP.

The key idea is that each time that a vertex, say j € [n], is being explored, we have
a chance (1 + An==3/@=Dyy, ), /¢, that the edge to the vertex i with the ith largest
weight is present. As it turns out (see e.g., [6, Lemma 1.3]), the vertices are found in a
size-biased reordered way, meaning that the kth vertex found is v, where (here the factor
(1 + an~T=3/@=D)y cancels)

P(vgy = j | vy -5 V) = (2.68)
Zl§é{v(1) ----- Vik—1)} wi
Thus, the average weight of the kth vertex found is
2 2
(=) /(r— wi E[W~]
E[wyg, (1 4+ An~ T3y 1y v ] & L~ =v=1, (2.69
[ v(k)( ) | Q)] (k l)] En E[W] ( )

which informally corresponds to the graph being close to critical (as made more precise in
[7]). By (2.68), the probability that at the kth exploration we find the vertex i with the ith
largest weight is close to w; /¢,. By (1.10) and (1.6),

w; ~ (cpn/ i), (2.70)

so the probability of finding i is close to (cp/i)1/(’_1)n(2_7)/(7_1)/IE[D] ~ ai " V@—Dp=r
by the definitions below (1.15) and (1.13). If this occurs, then the number of vertices added
to the exploration process is close to w; (1 + An~C=H/T=Dy ~ (¢, /i)1/E=Dyl/E=D =
bi~V/=Dpe Further, the probability that vertex i is not found in the time interval [0, ¢]n”
is close to e—fai Y — P(Z;(t) = 0). It is not hard to see that these events are weakly
dependent, so that the scaling limits of the times that the high-weight vertices are found are
close to independent exponential random variables with rate ai '/~ This explains the
random variables arising in (1.21). The restriction to i > 2 in (1.21) arises since we explore
the cluster of vertex 1. The cluster is fully explored when there are no more active vertices
waiting to be explored. This corresponds to S; = 0 for the first time, which is H{ (0) and
explains the result in Theorem 1.3. Recall the informal description in Sect. 1.2 here as well.

Next, we claim that when a particularly large cluster is found, then, since the weight wy is
the largest of all weights, the maximal cluster is whp the cluster of vertex 1. This explains why
the asymptotics in the Main Theorem for the maximal cluster is identical to the asymptotics
in Theorem 1.4 for the cluster of vertex 1. To make this heuristic precise, we show, in this
section, that indeed it is unlikely for an unusually large cluster to be found that does not
contain 1. We next make the ideas in this heuristic precise, by introducing the exploration
process of the cluster of vertex i for a general i > 1.
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Denote
oo
S =ci+pit+ Y ¢lIj0)—cjtl, (2.71)
j=l j#i
where B; = (A +¢)/(ab) — cl.2 (see [7, Remark 3.9] and recall a’, b, ¢’ from above (1.21)).
The intuition for the above formula is that

A
+g“t

— + ) ¢iIZi(0) = ¢ tl, (2.72)

j=1

(i) _
S =

where we slightly abuse notation to now set Z; (0) = 1 for the process (S;” )¢=0 since vertex
i is almost surely in the cluster of vertex i. Since (S,“)),Zo describes the scaling limit of
the exploration process of the cluster of vertex i > 1, while Z;(¢) has the interpretation as
the indicator that vertex j is found in the exploration before time ¢, it is reasonable to set
Z;(0) = 1 for (S”) tz().z Again recall the informal description of the exploration process in
Sect. 1.2.

We continue to show that it is highly unlikely that the cluster of vertex i is large, while
vertex 1 is not in it. For this, we define

H?(0) =inf {r > 0: S =0}. (2.73)
Then, H;(0) = H"(0) and H®(0) denotes (an appropriate multiple of) the scaling limit
of the cluster of vertex i, i.e., n=|C(i)| 4, uH @(0), where C(i) denotes the connected
component to which vertex i belongs to. Further, let C_(i) be the set C(i) if none of the
vertices j € [i — 1] = {1,...,i — 1} belongs to C(i), and the empty set & otherwise. We
know from [7, (3.78)] and the scaling explained around (1.21) that n = |C ()| A a HO (0)
foreachi > 1 with p = (r —2)/(r — 1) (cf. (1.13)). Finally, denote

0 if3j < i suchthat Z;(H®(0)) = 1;

H;(0) = .
10 H®(0) otherwise.

(2.74)

Then, by [7, (3.79)], n=°|C-(i)| i) a - H; (0). This provides us with the appropriate back-
ground to complete the proof of the Main Theorem.

We start with the lower bound. By construction, y;(A) > a - H;(0) (see [7, Theo-
rems 1.1 and 2.1] and recall that C;, denotes the i th-largest connected component). Therefore,

P(y1(A) > au) = P(H{(0) > u), (2.75)

and thus the lower bound follows from Theorem 1.4.
For the upper bound, we use that (cf. [7, Theorems 1.1])

P(y1(A) > au) = lim P (3i: n=P|C_(i)| > au)
n—00
= lim lim P(3i € [K]: n™P|C-(i)| = au)
K—o0n—o0 -
< lim lim P(n~P|C-()| = au), (2.76)

K—ocon—>o0
i€[K]

2 We take this opportunity to correct some typos in [7]. In [7, (3.76)], the term —abti~% = —abtc; should be
replaced by —abti 2o — —abtciz. This corresponds to the choice of 8; = (A +¢)/(ab) — Ci2 here. Further,
in [7, (3.79)], the product over j € [i — 1] should be over ¢ € [i — 1].
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Here we have used the fact that there are with high probability only finitely many clusters
that are larger than en” (as proved in [7, Theorem 1.6]).

By the weak convergence of n=?|C-(i)|, it holds that lim,_, o P(n=°|C-(i)| > au) =
P(H;(0) > u) for alli > 1, so that we arrive at

P(y1(A) > au) <P(H1(0) > u) + ZP(H,- ©0) > u). 2.77)

i>2

The first term is the main term, and we prove that Zizz P(H; (0) > u) = o(P(H1(0) > u))
now.
For this, we note that

P(H;(0) > u) = P (Ij(u) =0V eli — 115, > 0)

=P(Zj(u) =0Vj € [i — 1P (s{;’;yuj > 01Z;(u)=0Vj eli— 1]) .
(2.78)
We can rewrite, on the event {Z;(u) = 0V € [i — 1]}, and using that ¢; > ¢; for every

i>1,

i
S =M Y (@) —eit) +ei - Zc?t

j=i+1
<HE 4+ Y @) —cit) o1 — Zc r. 2.79)
j=i+1 j=1

Therefore,

P(Sl%),uj >01Zjw)=0Vjeli— 1])

i
<P+ ) @) —city+e1— Y it >0Vt €[0,u]
jzi+l j=1
=P(Sjp > 01Zjw) =0Vj e [i]\{1}), (2.80)

where in the last equality, we use that, conditionally on Z;(u) = 0 forall j € [i] \ {1}, the
equality

i
SV = )‘Ht-l- Z cj@j@) —cjt) +c1— Zc?t
=1

j=i+1

holds.

The event {I i(u) =0Vj e [i] \ {1}} is decreasing (recall the notions used in the proof

of Lemma 2.12) in the random variables (7;);>>, while the event {S %) u > 0} is increasing.

Thus, by the FKG-inequality,
P(Sio > 01Zj) =0Vj € i1\ {1}) < P8, > 0) = P(H1(0) > u). (2.81)

We can identify

P(Zj(u) = OV € [i — 1]) = e~ 21 4%, (2.82)
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Combining (2.77), (2.81)—(2.82) we arrive at

PO (k) > au) < P(H;(0) > u)[l +3 e by ,] (2.83)

i>2

Since ¢; = j = witha € (1/3,1/2), Y2\ ¢j = (i = Dei—y = (i — 1)!7*. Therefore,

i—1
Y e L= = o(1). (2.84)
i>2
This completes the proof of the Main Theorem. O

3 No Middle Ground: Proof of Proposition 2.13

In this section, we show that the probability to hit zero in the time interval [e, u — Tu_(f_z)],
where T is a constant, becomes negligible as 7 — oo.

The strategy of proof is as follows. We start in Proposition 3.2 by investigating the value
of S; at some discrete times (fx)«>1 in [0, #] and show that with high probability S; does not
deviate far from its mean. Next, in Proposition 3.3, we show that it is unlikely for the process
(S:)r>0 to make a substantial deviation in the interval [#, fx41] from its value in #;.

We start with a preparatory lemma that will allow us to give bounds on the asymptotic
parameters appearing in the upcoming proofs:

Lemma 3.1 (Asymptotics of parameters). There exists K > 1 such that

o0
P (Z ATi(u) > Kuf—3> <Ccu™ D, 3.1)
i=2
and, for all || < du with § > 0 sufficiently small, there exists K > 0 such that
o0
P (Z cill = Zi(u/2)1(e™ — 1 = rci) > K/\zuf“) <Cu b, 3.2)
i=2
Proof We use the second moment method. With Lemma 2.9 we compute that
- oo o0
E [Z 2 (u)i| <Y Fc@)(1—e ). (3.3)
i=2 i=2

Split the sum into i with c;u < 1 and c;u > 1. For the first, we bound 1 —e™" < O(1)c;u,
for the latter, we bound 1 — e~ % < 1, to obtain

E |:Zci21,~(u):| <o) Y cutom > d=00uA+o(1), 34)

i=2 i:ciu<l i:ciu>1

the latter by an explicit computation using that ¢; = i /=D,
Further, with Corollary 2.11

Var (Zc?ﬂ(u)) <Y ¢t =BT <u)

i=2 i=2

<C®) Zc?e_c"" =0Mu">(1 + o(1)). (3.5)
=2
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The Chebychev inequality now proves (3.1).
For (3.2), we again compute

E [Z cill = Tiu/2)](e* — 1 — Ac;)i|

i=2

@]
<CO))Y cie [ — 1 = ;]
i=2

o
=CO) ) cie %M (he;)? /2. (3.6)
i=2

Thus, for |A| < éu and again using Corollary 2.11, we obtain

o0
E {Z cill = Tiu/2))(* — 1 — m)} =0 u™™H). 3.7)
i=2
Further,
[e.¢]
Var(Zci[l — T /2] (e — 1 — Aci))
i=2
< C(Q)Zcz 7clu/2 Ac[ — 1= )LC,‘)Z
<Cc@* Zc6 —au/22Mei — o (A1 *u" 7). (3.8)
i=2
Again the claim follows from the Chebychev inequality. O

We continue to show that the probability for S; to deviate far from its mean at some
discrete times in the time interval [, u — Tu~("~?] is small when T is large enough:

Proposition 3.2 (Probability to deviate far from mean at discrete times). Let n > 0 and
8u =u"""2 Foranye > 0and M > 0,

limsupu*"V/?P (3k € N s.1. k8, € [e,u — T8, ]:

U—>00

|Sks, — ElSks, 1] > nE[Sks, 1. Su € [0, M/u]) = 07 (1), (3.9)

where we recall the definition of or (1) from Proposition 2.13.

Proof The proof is split between the cases t € [e, u/2],t € [u/2,u —¢elandt € [u —¢&,u —
u= ("2 where r = k8, and & > 0 is some arbitrary constant.

Proof for ¢ € [¢, u/2]. We start by proving the proposition for ¢ € [e, u/2], for which we
use Proposition 2.7 with A} = £1 and A, = 0 to see that, for any x > 0,

~ — &8,
P : 3.10
<| Iy (1 /uyut=3 =) = 10
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where we note that the ¢® error term can be put inside the constant ¢ since |®| < 0, (1) +
033y andt > ¢ is strictly positive. By (2.32) in Lemma 2.10, Iy (p) < cp™3 for all
p €10, 1/2]. Applying this to p = t/u yields

B (|5, AT cxt<f*3>/2) <ce 3.11)
By Corollary 2.5(a), we have IE[S,]/(tuT_3) € [c,c] for t € [e,u/2] and some constants
¢, ¢ > 0. Therefore, taking x = ant%(s’f)zﬂ’3 for some a > 0 chosen appropriately,
I
B (s, — ELS1 > nBS,]) < cemam? v (3.12)

We take t = k3§, for k8, € [e, u/2], so that there are at most u /3, = u”lpossible values of
k. Thus,

B (3 € le.u/21: |8, — BLS, 1l > nEIS,]) < c@u™ e 3.13)
This proves the proposition for k6, € [e, u/2].

Proof for € [u/2, u — ¢]. We continue by proving the proposition for ¢ € [u/2, u — €], for
which we again use Proposition 2.7 with A; = 1 and A, = 0 to see that, for any x > O,

ﬁ(| S — IE[Sr]
Iyt /u)ut3

By Lemma 2.10 and the fact that I, (p) > 0 for every p € (0, 1), we obtain that there exists
a constant ¢ > 0 such that Iy (p) > c for all p € [1/2,1 — ¢]. Applying this to p = t/u
yields

| > x> <ce (3.14)

i (|St —FS > cxu(f*”/z) <ce . (3.15)

By Lemma 2.4(d) and Corollary 2.5(b), we have E[S; Ju "2 € [, ¢] forallt € [u/2, u—¢]
and some constants ¢ = c(g), ¢ = ¢(¢) > 0. Therefore, taking x = anu™=Y/2 for some
a > 0 chosen appropriately,

—anuTH/2

P (S, — E[S/11 > nE[S]) < ce (3.16)

We take t = 1 = k, for k6, € [u/2, u — €], so that there are at most u /5, = ut! possible
values of k. Thus,

P (3 € u/2.u —el: 1S, — ELS,11 > nLS,1) < c@u™'e= " 3.17)

This proves the proposition for k6, € [u/2, u — €].

Proof for 7 € [u — ¢, u — Tu~"=2]: Rewrite The proof fort € [u — e, u — Tu 2] is
the hardest, and is split into three steps. We start by rewriting the event of interest. We define
s = u — t and investigate S,,_; in what follows, so that now s € [Tu= "2 ¢].

Recall the definition of Q, (s) in (2.45),

00
Qu(s) =uSy—s —s — (u— )8 = — Zci[uﬂme(u—s,u]} —sZi(u)], (3.18)
i=2

so that |Sy—_s — E[Su_s1| > nE[S,_;] precisely when
104 () — E[Qu()] + (u — 5)(Su — E[Su])| > nuE[S,—]. (3.19)
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When S, € [0, M/u] and using that MIE[S,,] = o(1) by Lemma 2.4(d), we therefore obtain
that if (3.19) holds, then

10u(s) — E[Qu()]] > nuE[S,—s] — M + o(1). (3.20)

By Lemma 2.i(d) and Corollary 2.5(b), we have that IE[S,,,S] > csu™ 3 for some ¢ > 0.
Therefore, nuE[S,—s] > ¢nT, so that, by taking 7 = T (M) sufficiently large, we obtain
that

ﬁ(ask e [Tu=2 e]: [ Sy — RIS 1| > nELSu_y 1, Su € [0, M/u])
= B30 e Tu™2, e1: 10u(s0) — BIQu (sl > nesu™2, S, € [0, M/ul).
(3.21)

We condition on 7 (1) from (2.43), and note that S,, is measurable w.r.t .7 (1) to obtain

B(3s e (T2 612 10u(sw) — BLQu(s01| > nesiu™ 2, S, € 10, M/ul)

= B[ 15, ct0.mu P @5k € (T2 612 1050 = BLQu (01l > nesir™ 2 | T @) .
(3.22)

This is the starting point of our analysis. We split, writing ' = /2,
P(3sk € [Tu= "2, e]: | Qulst) — E[Qu(s01l > nesgu™ 2 | T (u))
<P3sk € [Tu="2, e]: |Qulsk) — ELQu(si) | Tl > neseu™ 2 | T ()
F LagelTu- -2 6] (B0, (5017 @)1—-FlQu (51l > esgur=2) (3:23)
We conclude using the union bound that

Iﬁ(ask € [Tu="2 ] |Qulsk) — ELQu(s1)]l > nesgu™2, S, € [0, M/u])

= Y E[F(1e00 - Elouo | Tl > nesa ™ | Tw)

k:spe[Tu=(=2 ¢]
ﬂ{sue[o,M/uJ}]

+ B3 € [Tum 2,1 [BLOu(s0) | T )] — BLQu (501l > nfesia™?).
(3.24)

We will bound both contributions separately, and start by setting the stage. We compute that

0u(s) = EIQu(s) | T)] = = > cit[ Lireu-s.uny — B(T; € (u = 5,u] | T(w))]
i=2

00
== Zciu[l{l}e(u—s,u]} - Pi,u(s)]v (3.25)
=2

where we abbreviate
piu(®) =BT € u—s.ul | Tw) =P(Ti € w—s.ul|i € Tw).  (3.26)
It turns out that both contributions in (3.24) can be expressed in terms of p; ,(s), and we

continue our analysis by studying this quantity in more detail.
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Proof for t € [u — &, u — Tu~"=2]: Analysis of Diu(s). We next analyse the conditional
probability p; , (s). We compute (recall (1.23), (2.29) and (2.43))

~ ﬁ 7_; _s,
Prals) = BT € (w—s,ul |i € T(w) = e W= 51D

P(T; < u)
P(T; < u)

Using the distribution of 7; formulated in Lemma 2.9, we obtain, for any s € [0, u],

- e@c,-u (1 _ e—ci(u—s))

P(T, <u-—s)= e (1 —ocn) + o—ciu’ (3.28)
so that

chiu (1 _ e—c,'u) _ e@c,'u (1 _ e—ci(u—s)) eCilt (ecis _ ]) elis — 1
Piu(s) = ofciu (1 — e—t‘iu) = 1 —e—ciu = ecit —1°
(3.29)

We start by bounding p; , (s), for s € [0, €], by
Piu(s) < O(s/w), and  piu(s) < O(cis)e ™ (ciu A1) (3.30)
Moreover, for u sufficiently large,
lupiu(s) —s| < s(ciu A 1). (3.31)

Proof for 1 € [u — &, u — Tu~"=2]: Completion first term (3.24). For the first term in
(3.24), we use Markov’s inequality in the form P(|X — E[X]| > a) < a YE[(X — E[XDY
to obtain

P(1Qu(s) — ELQu(s) | Tl > n'esu™ 2 | Tw)) < (y'esu™ )~
E[(Qu(s) — E[Qu(s) | T@)D* | Tw)], (3.32)

and recall from (3.25) that

0u(s) = E[Qu(s) | T@)] = = ciu[Lireusauny — B(T; € (w —s.u] | T(u))]
i=2

o0
=— Zciu[l{l}e(ufs,u]} — piu(s)]. (3.33)
i=2

The summands are conditionally independent given .7 («) and identically O when Z; (u) = O,
so that

E[(Qu(s) — E[Qu(s) | T D* | Tw)]
<Y cfut piu($)Ti(w)

i>2

+ Y GEut piu) U = piuNL @ pju )1 — pju()Ziw).  (3.34)
i,j=2: 0]
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By the second bound in (3.30) and Corollary 2.11, the first term is at most
O(ysu* Y " cle ™ (cu 1)~ < O()su
i>2

Do e M+ (u) ' 1= 0(su™?). (3.35)

i>2

By (3.1) in Lemma 3.1, we may assume that Z?iz CZ.ZI,- (u) < Ku™3, since the complement
has a probability that is o(u=T=D/2) Then, in a similar way, using the first bound in (3.30),
the second term is at most

(Y puezw) < om(s Y duniw) = o(u™>). (36
i>2 i>2
As a result,
E[(Qu(s) —E[Qu(s) | Ta)D* | Tw)] < OGu™ ) + O((su™ ). (3.37)
Since s > Tu~"=2) this can be simplified to
E[(Qu(s) — E[Qu(s) | T)D* | Tw)] < O((su™)?). (3.38)
We conclude using (3.32) that, on the event that {} 72, ¢7Z; (u) < Ku™ 3},

> = ’ -2 (CSMT—Z)Z
P(1Qu(s) — E[Qu(s) | Tl > n'csu™ | T(w)) < Wesut2F
=0 su™)7, (339)

so that, also using that @(S,, € [0, M/u]) = O~ (t=b/2) by Proposition 2.8,

M(r_l)/zﬁ[ﬁ(lQu(Sk) —E[Qu(sx) | T > n'eseu™2 | J(u))]l{s,,e[o,M/u]}]
< 0~ *su™HuTVREES, € [0, M/ul) = O *(su™H7?). (340

This bound is true for any s € [Tu~"=2, ¢]. Taking s = sx = ku~"~% and summing out
over k > T leads to

u(=D/2 Z
k:spe[Tu==2 ¢]
E[P(10us0 — BLQu (0 | Tl > wes™ | 7@ Lis, cto.mzun |
<0 ™HY kr=00"YT) =o0r(1), (3.41)
k>T
when we take T = T () sufficiently large, as required.

Proof fort € [u —s,u — Tu""27: Completion second term (3.24). For the second term
in (3.24), we need to bound

B30 € (Tu "2, e1: [BLQu (o) | )] = BLQu (01l > nleseu™ ). (3.42)

We compute using (3.18)

E[Qu($)] ==Y ci[uP(T; € (u—s,ul) — sP(i € Tw))]. (3.43)

i=2
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while

E[Qu(s) | T ==Y aTi[uP(T; € u—s.ul [i € Tw) —s].  (3.44)

i=2

As aresult, using (3.26),
E[Qu(s) | T @)] — E[Qu(s)]

==Y ai[Ziw) =Pl € T@)]lupiu(s) — s =X + Y (s), (3.45)

=2
where with (3.29)
X ==Y a[Tiw -Ba e J(u»]L__fm,
i=2
- —1
Y(s)=—ud e|Tiw) — B e j(u))]ei_ls. (3.46)
i=2

As aresult,
B30 € (1w, el [B10u(50) | Tw)] = BIQu ()1l > n'esiu”2)
<B(X| = n'cur2)2) +]I~D(E|sk e [Tu= "2 ¢]: Y (s)| > n’cskuf—2/2>. (3.47)

For both terms, we use the Chebychev inequality.
For X, as E[X] = 0, this leads to

> /T2
We use Lemma 2.9 to see that F(i e J)) = #;:umm’ so that

Pl € T@)BG ¢ Tw) = P(Ti (w) = DEE; () = 0)
(1 _ efc[u) efc,'u(H»G) enu(148)
= < O()cjue™ci" , (3.49)
(] —e—cit 4 efciu(l+9))2

since 1 —e™* 4+ ¢ *U+9 i5 uniformly bounded from below away from O for all x > 0. We
use this together with Corollary 2.11 to compute that

i=2
< O0(u 203 —au(146) 0 (173, .

Therefore,
P(IX| = n'cu™2/2) < 0() () 2u™ 2" DVar(X) = 0() () 2u~ Y
=o(u~ "7/, (3.51)

as required below.
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For the term involving Y (s), we start by using the union bound to obtain
@(ask e [Tu="2 &]: |Y (s0)| = n’cskuf—z/z) <eut?

max B(Y (sp)l = n'esiu™2)2). (3.52)

k:spe[Tu=(=2 g]

Then, by the Chebychev inequality and as INE[Y(sk)] =0,

B(1Y (s0)] = n'esgu™2/2) <

= WVar(Y(Sk)), (3.53)

where, using (3.49), e“* — 1 — ¢;js = 0(s2ci2) and e“* — 1 > cju,

e’ — 1 —cis\2
ecit — 1 )

Var(Y () =u> Y 7B € Ta) B ¢ 7@

i=2
o0
< 0(sh Zc;‘e—ff”<1+9> =0GHow ™), (3.54)
i=2

where we used Corollary 2.11 in the last equality. Substituting this into (3.52) and (3.53), we
arrive at

ﬁ(ask e [Tu= "2 ¢]: |Y(s0)| > n/cskuffz/z)

<eut? max OGPu™>u==2) ()2
k: spe[Tu=T=2 ¢g]
=0 /) =ow TV, (3.55)
since 7 € (3, 4). Combining (3.51) and (3.55) in (3.47) completes the proof. ]

We now know that with high probability the process does not deviate much from its mean
when observed at the discrete times k6, € [&, u —T§,]. We continue to show that this actually
holds with high probability on the whole interval [e, u — T'§,,]. We complete the preparations
for the proof of Proposition 2.13 by proving that it is unlikely for the process to deviate far
from the mean for all times ¢ € [¢, u — T§,] simultaneously:

Proposition 3.3 (Probability to deviate far from mean at some time). For every n > 0 and
M >0,

lim SUpy, 00 u(r_l)/zﬁ(at S [8, u — T(SM]: |St — IE[SI”
> 109R[S,], S, € [0, M/ul) = or(1). (3.56)
Proof Fix T > 0 and recall that 8, = u~"2?. Let
Ey = {|Sts, — ElSks, 1| < nE[Sks, ] VK s.t. k8, € [e,u — T8,]}
© o0
N X el =T/ — 1 —har) < K22 0 { 30T < ka7,
i=2 i=2
(3.57)

where we take A~= du with § > 0 sufficiently small and K > 1 as in Lemma 3.1. We first
give a bound on P(E; N {S, € [0, M/u]}). We apply (3.1) in Lemma 3.1 to obtain that

P (Z Ti(u) > Kuf—3> =0 ") = o2, (3.58)

i=2
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which is contained in the error term in (3.56). Further, by (3.2) in Lemma 3.1

P (Z ¢ill = Ziw/21(e* — 1 — Aci) = Kﬁuf“)

i=2
= 0w Dy = o= D/2y, (3.59)

Combined with Proposition 3.2, this ensures that

lim sup u "~ V/2P (ES N (S, € [0, M/ul}) = or(1). (3.60)
U—>00
As aresult, we are left to control the fluctuations of the process on any interval I = [k, (k+
1)4,]. We use Boole’s inequality to bound

P(E., 31 € [e,u—T8,1: S, — E[S]| = 10E[S,])
< > P(Eu, 31 € Ic: IS — EIS,11 = 104E[S,]). (3.61)

k: kdy€le,u—T3s,]

Let tp = kdy, so that Iy = [ty, ty+1]- We s;llit the analygis into four cases, depending on
whether #; < u/2 ornot, and on whether S; —E[S;] > 10nE[S;] or S; —E[S;] < —10nE[S/],

which we refer to as ‘large upper’ and ‘large lower’ deviations, respectively.
In all of the four cases, we take advantage of the following observations concerning the
law of our indicator processes under P. By (1.21),

o0
Sute =Sy =Pt + Yl Tilt + 1) — Tit) — cit]
i=2

o0 o0
=B+ all =L@t + 1) = Ti(t) —citl =1 Y i Ti(kr). (3.62)

i=2 =2
For k respectively # fixed and ¢ > 0, let Af.‘(t) =Zi(t + 1) —Zi(tr) = [1 = Z; () Z; (¢ +

1) — Zi(t)] € {0, 1}. By (2.30),
B(akn=1) =F@+1) = 1500 =0 =Pt < T, <1 +1)
e*Citk
— 1— —cjt ,
1 —e—ciu (1 _ e—f)c,-u) ( © )

(3.63)

and

e Cilk _ g=Ciu (1 — e—ec,-u
( ) < gman, (3.64)

P(Zi (1) = 0) = I —ean (1 —obam) =

As a result,
e—ci Ik

e—Cilk — g—cill (] _ 6700,'14)

B(af) =11Tiw) =0) = (1 - ety = 1 — eat.
(3.65)

Let (7;"),-22 be a sequence of independent exponential random variables with mean
1/c; (under P) that are independent of F;,, the o-algebra generated by (S;)se(o,4]- Let
(Bf(t))ostsgu = (B{‘(t; ti, u))o<t<s, be a sequence of processes that are independent in
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i (and also independent of all randomness so far), non-decreasing, taking values in {0, 1} and
with success probability at time ¢ € [0, §,] of

efc,tk
(o ——1)E =1
e—Cilk — eciu(l — e—ec,'u)
e Cilt (1 _ e—Ociu)

- e—Cilk — g—Cill (1 — e—Ociu

B(Bf(t) = 1)

] (e“" —1). (3.66)
Thus, conditionally on Z; (#;) = 0,
d
(AFO)rero.0,1 = (I{TikSl} +d- ]l{T,-kSt})Bik(t))zelo,auJ' (3.67)

We can therefore without loss of generality assume that under F the sequence of processes
(Zi(t) : t = 0);>2 in (3.62) is constructed inductively as follows. Recall that tx+1 = % + .
Conditional on (Z; (t))i=2, for 0 <t < §,,

Ti(t+ 1) = Tit) + [1 = Tt Lz <y + (1= Lizi o) BE()). (3.68)
For lower deviations (see Part 2 and 4 below), we will use as a lower bound in (3.62)
[ =TT+ 1) = i) = [1 = T AL () = [1 = T iy (369)

For upper deviations (see Part 1 and 3 below), we require an upper bound instead. In a first
step, we replace A;‘(t) by 17, and show that the resulting error is sufficiently small in

case fy < u/2 (see Part 1). Indeed, let
ED = 11 = TaoONIZ6 + 1) ~ T — Lizizy)
=11 = %1 (1= 1i7eey ) BEO, (3.70)
and define, for t € I = [0, §,],
oo
Bre=12 T,  Bf,=> all =T (1= 1z2) B0, BT
[ = i>2
Then, we obtain that
o0
Sutt =Sy = Bt + 3 aill = T(1)] (1{Tik5,} —ait) = By, + Bl (3.72)
i=2

By Lemma 3.1 and for ¢t < §,, the term B,; ; 1s, with probability at least 1 — C u=(=D
bounded by 8, Ku™~ 3= = K /u, which is o(E[Stk]) for t; € [, u/2] respectively or(E[Stk])
fort, € [u/2,u — Tu= =2 by Corollary 2.5(a), (b) and Lemma 2.4(d). Further, in Part 5
below, we will prove that

B(Ea 3 e le.u—Tu 201 <8, B, = Tl 1) = 0= 7V). 3.73)
We first complete the proof subject to (3.73). In Part 5 we will prove (3.73). There, we will

rely on the sharp bounds obtained on the middle term in (3.72), which will be obtained in
what follows by careful domination arguments in terms of Lévy processes.
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Part 1: The case 7y < u/2 and alarge upper deviation We start by bounding the probability
that glere eXlSLS at € Iy = [tx, tkr1], € < tx < u/2 such that S; — E[S,] > IOn}E[S,] Using
that E[S;] = E[S;, I(1 + o(1)) for any ¢ € I} by Corollary 2.5(c), we bound

P(E, 31 €l S —E[S] = 10nE[S,]) < P (31 < 84t Syetr — Sy = 8nE[S,]) .
(3.74)

By (3.72),
o
Susr =Sy <P+ e [11{#5[} - c,-t] + B, (3.75)
=

which can be stochastically dominated by the process fr + R, + B,k, with R, =
le ¢i[N;(t) — c;t], where (N;(?));>0 is a Poisson process with rate ¢;. As a result, with
(3.73),

P (Ey 3t <84t Syar — Sy = SHELS, ). B, < THE[S,))

<P(Er=s:frar = 5IE[S,k]) . (3.76)

Since (R;):>0 is a finite-variance Lévy process, it is well-concentrated. In more detail, for
A € R, we define the exponential martingale

o0
M) =TT 10W - where  ¢(L) = log]E [e*71] Zc, —1—ciA].
i=2
3.77)
Then, for every A > 0, using that ¢ (A) > 0 and by Doob’s inequality,

PA@s<t:fs+Ry=x) <P (Hs <t: M) > ex’\_"’“’\)_"ﬁ'k)

< e 2xA—1g ()~ 1BINE [M ) ] 7[2x)\7t¢(2k)72t|/§|)h].
(3.78)

We apply this inequality to x = %IE[S,,(], t = 6, and A = 1, and Corollary 2.5(a) implies
that E[S;, ] > chut 3 = ck/u for ty = kb, € (e, u/2]. Therefore (using tx = k)

B(Eu,3t <847 Sys — Sy = 80818, 1. B, < LS, 1) < (1 + o(1))e o™
(3.79)

which is small even when summed out over k as above.

Part 2: The case 7; < u/2 and a large lower deviation We continue with bounding the
probablllty that there exists at < §, and ¢ < # < u/2 such that S,Ht E[S;+:] <
— 1OnIE[S,L+,], which is slightly more involved. Here we can use that B,k ; > 0. Again using
that E[Stk+z] = E[S;k](l + o(1)) for any ¢t < §, by Corollary 2.5(c), we bound
P (Eu.3t < 6u: Sytr — E[Sy14] < —100E[S; 1))
<P (Ht <but Syt — Sy < —SnIE[S,k]) . (3.80)
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Further, using (3.62) and (3.69), as well as the realization that ﬂ{zkst} = Linv;)=1), wWe
obtain

o0
S+t — Sy = /§t + Zci
i=2

[1 =Z; @)][N; (1) — cit] — Zci[l —Li(m)IINi (1) — Liv, =131 — By,

=2
> Bt +R, — D — B, (3.81)
where we set
o
Ri = il = Ti@)lINi (1) = cif] (3.82)
i=2
and
oo
Dy =Y el = Ti)IINi (1) — Ly, =1y]- (3.83)
i=2

Thus, conditionally on (Z; (x));>2, the process (R});>0 is a Lévy process similar to the Lévy
process investigated in Part 1 above and D; is the contribution due to i for which N; (¢) > 2.
We deal with the two terms one by one (recalling that we have already dealt with B, , above
(3.73)), starting with (R});>0. As in the previous part, we show that

B (Els <8, Bs+R, < —4;71E[5,k]) (3.84)

is small enough even when summed out over k such that #; € [e, u/2]. This again follows by
Doob’s inequality and the bound that for any A > 0, and with F;, the o-algebra generated
by (SHref0,41

B(as<t:fs+R, < —x|7)
< ﬁ(as <t M;(_)\) > exk—t¢’(—k)—l‘5|)u | ‘7:fk)

e—[zxx—W(—x)—tlﬁ\kLE M= | 7] = e_[zxx—t(/)/(—zx)—znﬁlxl (3.85)

IA

where
M) = RPN with @) = logE [em’l | }',k]. (3.86)
We compute that

o
&) = ZlogE[elcz‘[I—Ii(lk)][Ni(l)—Ci] | Fil
i=2

=Y all = L)) — 1= ici). (3.87)
i=2

Now follow the same steps as in Part 1, using that 0 < ¢’(—2) < const. We continue to
bound D; by bounding

P (31 < 8,: D = 2EIS, 1) = P(Ds, = 29E[S,,]). (3.88)
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since the process ¢ — D; is non-decreasing. By the Markov inequality,
[e.¢]
P(D; > x) < x 'E[D;] < x7! ZCiE[Ni(I) — Livoy=13]
i=2

o0
<ex™') cileit)? < ct?/x. (3.89)
i=2

ing thisto x = 77~ 1] Wit E ] > ctru " andt =0, =u" " ields
Applying thi 2nE[S;, ] with E[S,] 3 andt = § ) yield
P31 <8,: Dy = 20BIS,]) < cu T2 an) w7 = ek tum I (3.90)

When summing this out over k such that tz = k6, € [e,u/2] we obtain a bound
cogw)u=%=3 = ou=D/2) since 2t — 5) > (r — 1)/2 precisely when 7 > 3.
This proves that

Y Ps, = 2EIS,]) = o V), (3.91)
k: ké,€le,u/2]

as required. Collecting terms completes Part 2.

Part 3: The case 7z > 1/2 and a large upper deviation This proof is more subtle. We fix k
such that# € [u/2, u —T3§,] and condition on F;, , which is the o-field generated by (S;);<y,
to write (recall (3.57))

P(Eu, Su €10, M/ul, 31 € Ix: S, — E[S,] = 10nE[S,])
= E[ﬂ{w,k LS <01, 1.2, eil1-Ti /)1 —1—her) <K 32ut =4}

x BEr = 80 Spre = BlSy] 2 100E(S,10 | 7 | (3.92)

First observe that on {|S; — IE[S,,(]| < nﬁ[é‘,k]}, we have

PRt <84 Syps — BISy 401 = 100ELS, 111 | )
=< IPJ(EI[ =< Su: ‘Stk-H - Stk = SnE[SIk] | -7:tk) (393)

by using that IE[S,k+,] = IE[S,k](l +o7(1)) for any t < §, by Corollary 2.5(d). Using (3.72)
similarly to (3.81), we bound

o0
St =Sy < Bt+Y_cill = Li)IINi (1) — cit]l + B, = pr + R + B . (3.94)
i=2

where we note that R; is as in Part 2, (3.81). Conditionally on F;,, the process (R;);>0 is a
Lévy process, and we use

B(3s=r:fps+R = x| 7)
<P <3s <t: ML) = e 19 -tIBIx fzk)

e—z[x)\—m”(x)—tlﬁ\l]ﬁ [M;(A)z | ]_-tk] _ e—2xk+t¢”(2k)+2t\5|k7 (3.95)

IA
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where we recall Eqs. (3.86) and (3.87). Since e*“/ — 1 — A¢; > 0 for every A € IR, and since
1 —Zi(tx) <1 —17;(u/2) for every t; > u/2, a.s.

¢' () =Y all = Ziw/2)](e —1— hey). (3.96)

i=2

Ontheevent {52, ¢i[1—Z; (u/2)](e* — 1 —Ac;) < KA*u™*} (recall (3.92)), we have that
¢'(A) < K2.2u™*, so that we can further bound, choosing A = du and t = §,, = u= =2,

ﬁ(ﬂs <t 55 YR >x|Fy) < e—2x)h+tl(4k2u”4+2t|5|)n

< 672x6u+K452+2u_(’_3> |,§|a. (3.97)

We take x = %E[Stk] and note that Corollary 2.5(b) and Lemma 2.4(d) yield that IE[S,,(] >
c(u —t)u""3 forty € [u/2, u — T$,]. Then,

B@s <t:fs+ R, >x | Fp) < ce ™, (3.98)

Sumgling over k with ty = k§, € [u/2,u — Té,] and §, = u" 2, using Proposition 2.8
and E[S;, ] < c(u — fut 3 by Corollary 2.5(b) and Lemma 2.4(d) yields as an upper bound
(recall also (3.92) and the definition of E,, from (3.57))

Y P(EunSu €10, M/u), 31 < 84 Syyy — ELSy 141 = 10nE[S, 441,
k:trelu/2,u—Ts,]

B, < TnE[S,])

<c Y Bs, —Eis,l < nBls pem et
k:txelu/2,u—T565,]

<c Z WIE[SZk ] ( sup f:gxk (w))e_C(S(u_kSu)uT_z
k:teelu/2.u—T8,) w

< cu— T2 Z Clu — k8, )ut3e—cdu—ksu™
k:trelu/2,u—Ts,]
< cu—@D/2 Z Clu— ksu)urfzefcswfkau)uffz
k: teelu/2.u—T5,]
< cu” 27O = o, (Hu= D2, (3.99)

as required.

Part 4: The case #; > 1/2 and a large lower deviation We again start from (3.81), and note
that B;; .+ = Oand that the bound on D; proved in Part 2 and that on 33,_, proved around (3.73)
still apply, now using that by Corollary 2.5(b) and Lemma 2.4(d) IE[S,k] > c(u — tp)u" 3
forty € [u/2, u — T6,] with §,, = u~ ™2 below (3.89). The exponential martingale bound
for R performed in Part 3 can easily be adapted to deal with a large lower deviation as well.
We omit further details. ]
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Part 5: The error term B;]t’,. Recall the definition of B;;’, in (3.71), and the bound that we
need to prove in (3.73). Write

Bf, =Y all = T (1 - 1{Tikst}) BX(n)
i>2
= all = Lw)IBf () = Y aill - T (011 7k <y B (1) = B! Bt (3.100)
i>2 i>2

We first use the first moment method to obtain the estimate

B(Eu 30 € le.u—To,0,1 €10,8,1: BT > nBlS, 1) = o™ V7). 3.101)
Indeed, note that sup, .5, B;::,z = B;kr :azu by the fact that t — Bf () is non-decreasing. By the

independence of Z; () € {0, 1}, ZF and BX(t) € {0, 1} (cf. below (3.65)),
D [B,jju] =Y @) = 0B(TF < 5,)F (B{‘ (50) = 1) . (3.102)
i>2

Use (3.64) and (3.66) to bound this from above by
e—ciu (1 _ 6700,'14)

D e (1 =) ey (e (50 — 1)

i>2

<CO)) clore ™ < COUT =COWT, (3.103)

i>2
using Corollary 2.11. As a result, using Markov’s inequality,

~

IF’(EL,, IS, € [e,u — T8,1,¢ € [0,8,]: B2 > n]E[SW])
_ 1

<C@Ou" —

K kSuelom—T8q] TE[Sn+]

ce) _, 1 1
= u Z -3 + Z (Lt _ tk)uf73
1

fxu
n k: ksyele,u/2] % k: kSu€lu/2,u—T5,

—_

< COu~ "V (logus, ' /2) —log (8, A T))

Ol D D

k: k8, €lenTd,,u/2]
< COu " Vlogu) = o™ T2, (3.104)

as required.
. . 1 .
We continue with B;: '; » which we bound as

sup B} =B (3.105)

1 ,0u’
1<y

again by the fact that ¢ — B;‘ (#) is non-decreasing. Thus, we can write, using (3.72),

o0
B, = Suts, = Su = Bou = D cill = Tl (Lgacy,) — idu) + By, + B3,
=2

o0
< Su = Sy — 2ol = T (Lgpas,) — i) + By s, +Bia, (3.106)
i=2
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Using that B[S, ] = E[S,,1(1 + o(1)) by Corollary 2.5(c), we can bound this by

Bls <18, — EISy, 11 + 1S, — EIS, 11 + nELS, ]

’Zc,[l—l’(tk)](]l ey — 0|+ By, +BS . (3.107)
=2

We write

F, = {Eltk € [e,u—T8,): By 5 < nBIS, 1. B2 < nELS, ],

| E2all =TI 7 oy, — i8)

< nE[Stk]]. (3.108)

By the analysis in Parts 1-4, as well as (3.101), we know that (with a possibly different value
for n for the last term)

P(E.NFS) = or(u D72, (3.109)

Indeed, for the bound on Btz 5,0 See the argument below (3.72). The last term is bounded
in terms of Lévy processes in each of the different parts. We conclude that it suffices to
investigate B;; :alu on the event £, N F,.

On Ey, |Sy,, — ElSy 1l < nE[Sy,, ] < 2nE[S, ] and |S, — E[S, ]| < nE[Sy 1. On F,
the last three terms in (3.107) are bounded by nE[S;, ] as well. Thus, we obtain, on E, N F,
with probability at least 1 — oy (u~T~1D/2),

B,H < TnE[S, V1 € [e,u — T8,], (3.110)

as required. O

Proof of Proposition 2.13 The proof follows by Proposition 3.3. Indeed, choose n = 1/12
and observe that IE[S,] > Qon [e, u — T4§,], using that IE[S,] > ctu" 3 fort € [e, u/2] and
E[S/] = c(u — t)u"3 forallt € [u/2,u — Té,] by Corollary 2.5(a),(b) and Lemma 2.4(d).

O

4 Conditional Expectations Given uS, = v

A major difficulty in the proof of Proposition 2.14 is the fact that, while the summands in
the definition of Q, () in (2.45) are independent, this property is lost due to the fact that we
condition on S,,. The following lemma allows us to deal with such expectations:

Lemma 4.1 (Conditional expectations given a continuous random variable). Let G ((Ss)s>0)
be a functional of the process (Ss)s>0 such that G((Ss)s=0) = 0 P- a.s., and 0 <
IE[G((S )s>0)] < 00. Then, for every w € R,

E[G((S0)520) | Sy =w] = e

+oo . dk
/ e ME[G((Sy)sz0)e* ] =, (4.1
oo - 2
where 1 denotes the imaginary unit.
For G((Ss)s=0) = 1, (4.1)isjust the usual Fourier inversion theorem applied to the (contin-

uous) random variable S,. The expectation IE[G((S );>0)elk3"] factorizes when G ((Ss)s>0)
is of product form in the underlying random variables (Z;(s))s>0. In our applications,
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IE[G((SS)SEO) | Sy = w] will be close to constant in w. Then, in order to compute its
asymptotics, it suffices to check that the computation in the proof of Proposition 2.8 is hardly
affected by the presence of G ((Sy)s>0).

Proof Define the measure Ppo by

PY(E) = —%
) E[G((Ss)szo)]

4.2)

Under the measure ITPG, the random variable S, is again continuous, since 0 < IE[G((SS)SZ())]
< oo.Let f gu denote the density of S, under the measure IP°. Then, we obtain, by the Fourier

inversion theorem applied to ﬁc, that

+00 ~ .
f’TSGu (w) = /;OO e_ikwEG[elkS"]%- 4.3)
Now, by (4.2),
- E[G((8)s=0) | Su =] ~
_ \ , 4.4
fs,(w) E[G((Sy)s20)] Ja () o
while

Fo[oks) = E[G((8))5200¢*"]
E[G((SS)SZO)] '

4.5)

Therefore, substituting both sides in (4.3) and multiplying through by IE[G ((Sy) 520)] proves
the claim. o

Let ﬁv denote P conditionally on S, = v, so that Lemma 4.1 implies that

E,[G((Sy)s=0)] = L / o e ME[G((Sy) _oyeksi 2k (4.6)
v S)5= fsu (U/I,{) oo s)85=> 27_[ . .

In many cases, it shall prove to be convenient to rewrite the above using
B[G((S)s=0)e"] = B[*SE[G((S)s20) | T@)]], @.7)

since the random variables (7;);c 7 () are, conditionally on 7 (), independent with

- 1— efc,-(uft)
Pl <u—t|Tisu)y=————. (4.8)
1 —e—cit

In the following lemma, we investigate the effect on P(i € 7 (u)) of conditioningon S, = w:

Lemma 4.2 (The set 7 (u) conditionally on S, = w). There exists a constant d > 0 such
that for any i and w = o ™=3/2),

P(jeJw) |8 =w)—P(j e Tw)| < de;P(j € T)P( ¢ Tw))u= T3/,
(4.9)
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Proof By Lemma 4.1 (for the second term use G = 1)

PG e Tw) | Sy =w) —B(j € Tw))|

U s = s, dk
() V_oo B | (1w -G 67(“)))6}{&’]7‘

J?Su 2
B 1
- u(r—3)/2fsu (w)
400
k= TI2 ~ o —(1=3)/2 dk
‘/ eiku v [(n{jej(u)}—IP(J e J(w))) ek S]E‘ (4.10)
—0Q

Recall Lemma 2.9. Under the measure ﬁ, the distributipn of the indicator processes (Z; (t));>0
is that of independent indicator processes. Define SV =8, — ¢j(Zj(u) — cju). By (1.21)
and (2.43), the random variables 7 ; (1) and SV are independent under IP. This yields

B(j e T | Su=w) —P(j € Tw))|
1 M ™ ; iku==I2¢ (T (u)—cju
: mﬁw E[(ewn - BG € Tan) e |

’]E I:eikuf(r%)/zslgj)]‘ ﬁ
2

1 00
- ‘u(1_3)/2ﬁgu(w) /;oo

’ﬁ [eiku*"”)/zsﬁj)]‘ ﬁ @11
2

P(j ¢ Tw)P(j € Tw))

eiku*(ff3)/zcj' _ l‘

Next we claim that there exist constants C1, C» such that for all j > 2
~ 1, —(T— ) T—
'E [e‘k" s ] ‘ < Cre Gl (4.12)

Indeed, for S’ replaced by S, the result was derived in the proof of Proposition 2.8 in [1].
To prove the same for Sy’ with j > 2 arbitrary, and following the approach in [1], we obtain
for 2= u~("=3/2=1 < 1/8 the bound

)

S _Cu4—‘[k2 Z C? f _C0|k|‘L’—2 +Cu4_rk2C§]l{cj<1/u}
i>2:wci<l/ui#j
< —colk" 7 eu TR < —olkT + e, 4.13)

while for y; = 8%,47&—3)/2 -

e (B[ )

—colk|" % + cu4_fk2c‘;]l{cj<1/yk} < —colk|"2 + cu4_rk2ykf3

—colkl" 2+ cu* TuT I = —clk|T? + . (4.14)

IA

A
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Substituting (4.12) in (4.11) yields

B e T@) | Sy =w) —P(j € Tw)]
—cok2 4k
2’
(4.15)

P S / B ¢ 7B € Twy e 1] cye
T U2 w) ) ‘

We further have

o 172
e1ku ( q)/Zc]- _ 1’ — (2(1 _ COS(ku_(T_3)/2Cj))) < \/§|k|u_(r_3)/26j, (4.16)

which yields
P(j e Tw) | Su=w) —B(j € Tw)|

=< C’;%/ﬁ-w ﬁ(l ¢ j(u))ﬁ(l c j(u))ku_(T_3)/2c»e_C2|k|Fzﬁ

- u(f—3)/2f5u(w) oo j o

= C3PG ¢ T@)BG € Tw)u /2 '%/Mk —cylure2 dk

= 30 u l u))u Cj u(f_3)/2fsu (w) - € . .
(4.17)

For w = o(u™~/2) and by Proposition 2.8, u"=3/2 fs (w) = B(1 + o(1)) uniformly in
w and the claim in (i) follows. ]

Corollary 4.3 There exists a constant C > 0 such that for any i and w = o(u*=3/?),
PGl e Tw) | Sy = w) < C(1 Acju). (4.18)
Proof The bound by 1 is obvious. The bound by Cc;u follows once we recall (2.30) and

observe that for ¢; < 1/u, B(T; < u) = P(j € J(u)) < C(v)cju. Now use Lemma 4.2(i).
O

5 The Near-End Ground: Proof of Proposition 2.14

In this section, we prove Proposition 2.14. The proof is divided into several key parts. In
Sect. 5.1, we show convergence of the mean process A, in Proposition 2.14(a). In Sect. 5.2,
we prove the convergence of B, in Proposition 2.14(b).

5.1 Convergence of the Mean Process A,

Recall the definition of A, from (2.50). By (4.8),

efcj-(uftu*(ffz)) —ecju
Au(tu= ) = — Z cj |:u —tu~ T2 (5.1)

1 —e "
JjeT (u)

We use that [e* — 1 — x| < er2/2 for0 < x < D withx = ij—(r—z)’ where for
0<t<T, cjtu’(f’z) < ru~ 2 < const., to obtain
-2 (t-2) e "
—(r— —(r—
Au(tu )=— Y cjtu [cjum - 1} + E, () (5.2)
JjeTJ W)
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with an error term E), () bounded by

2 2 e—Cth
|Eu(t)|§C Z (Cjtbl_(r_ )) Cjum
JET ()
<CT? 20y > dy Y A (5.3)
JET(W): cj>1/u JjeTw): cj<l/u

uniformly in ¢ < T. Since ijz c; < oo and u 2D+ = ;521 — (1), the first term
vanishes. Further, by Corollary 4.3 with w = v/u,

u 2R, Yoo G =uP Y SR eTw) <u’TT
JETW): c;j<1/u JETW): c;j<1/u
Z c} =o(l), (5.4)

JjeTw): cj<l/u

so that also the second term is oz, (1).

In the above proof, we see that it is useful to split a sum over j € J(u) into j € J(u)
such thatc; > 1/u and j € J(u) such that ¢; < 1/u. Then we use upper bounds similar to
the ones in Corollary 4.3 to bound the arising sums. We will follow this strategy often below.

We further rewrite (5.2) into

Aytu™ D) =1 3" qj) + E,(t)  with

JET (u)
ciu
) = =D e & L —cju

q;j(u) =u cje” " T 5.5)

Note that 0 < g;(u) < 1 for u big. Below, we will frequently rely on the bounds
q;jw) < C@u""He;(1 Acju) (5.6)

and, using (2.30) for t = u,
BT, <uw) <C@)A Acju), 1—B(T; <u)<e "0+, (5.7)
By (5.3), to prove the claim of Proposition 2.14(a), it is enough to show that
Py

=Y qi) =Y Tiuqju) —> . (5.8)

JeT (u) j=2

For this, we compute the Laplace transform of «,, under the measure P, using Lemma 4.1
and a change of variable. For a > 0,

By L / T gt gt 25 K s g
! w25, w/u) | A

By Proposition 2.8, for each v > 0, u(f‘3)/2f:gu (v/u) — B. We aim to use dominated
convergence on the integral appearing in (5.9), for which we have to prove (a) pointwise
convergence for each k € R; and (b) a uniform bound that is integrable. We start by proving
pointwise convergence:
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Lemma 5.1 (Pointwise convergence). For a > 0 arbitrary, v = o T=Y/2) and with «,, as

in (5.8),
e_ik”"f(rfl)/zﬁ[e_“"“eik’f“f})/zs"] — e~ e~ IVK/2 4 oy, (5.10)

Proof Trivially, e """ | pointwise when v = ou™1/2). To compute

IE[e’”"“eik"f(P})/ZS"], recall the definition of S, from (1.21) and recall that the indicator

processes Z;(f) = 1{r,<) are independent under the measure P (cf. Lemma 2.9), to see that
]E[e—a/(u eiku_(f—3)/28u] _ eiku—(r—3)/2+ﬁ"iku_(r_5)/2

x [Te ™7 (14 (eearti ™% _ )Fery < ). (5.11)
j22

The remainder of the proof proceeds in three steps.

Step 1: Asymptotic factorization We start by proving that
E[efa/cueiku‘("wzsu] _ efa]E[Ku]E[eiku_(’_3>/2$u] +o(1) (5.12)

To this end, we first use

[TTes = TT05| = X T tailias = 6511 TT tbial = 3" laj = 1

j=2 j=2 =2 ji<j 2>j j=2
if sup(ja;| v [b;]) < 1. (5.13)
J
to get (recall that g (u) > 0)

j=2 j=2

= ) ]_[ E[e~Z (u)Qj(M)+iku_(f—3)/2CjIj(u)]
j=2
— H e 4dj (“)TP;(TJSu)ﬁ[eiku—@—b/%ﬂj(u)] ‘
j=2
= Z ‘ﬁ[e*ﬂﬂu)qj (u)+iku*(f*3>/2cjl—j(u)]
jz2
— e*“%'(u)@(TjSM)IE[eikuftr—swzchj ] ’
=) _Aj(=aq;w), 54
j=2
where we abbreviate ¢ = —agq;(#) < 0 such that

Aj(g) = ‘E[ef.f<u>q+iku*<’*”/2cjzf<u>] - eqf"msu@[eiku*”*”“cﬂ.f<u)]‘ . (5.15)

iku_(r_3)/20_,~

To bound Aj(g), we write e = 1+ (&% "¢/ _ 1) and use the triangle

inequality to bound each summand by
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A] (q) = ‘(l — ﬁ(Tj < l/l) + eqeiku_(f—3)/2L,jﬁ(Tj < u))

_eqﬁ(iju) (1 _ ﬁ(T] < M) + eiku*(T*3)/2L‘j @(Tj < u))‘

< '1 — BTy < u) + 1B} < u) — e FT=0

ke 1| Bty < w. (5.16)

n ‘eq _ odP(Tj=u)

We can bound
1‘ < k=32, (5.17)

iku—T=3/2,.
qV0) and elku i _

— dFT=0] < g

e?

which gives a bound |q|e(‘1V0)|k|u_(f_3)/20j§(Tj < u) on the last line of (5.16).
To bound the first line of (5.16), we use the error bounds [e™* — 1 + x| < |x|? for all

x > 0 to all the exponential functions in it, to obtain

1= BTy < u) + 1 B(T; < u) — ePT=0| < Cg?B(T; < u). (5.18)
Together, this leads us to
Aj(—ag;w) = A;(q) = Clgle®” (Iq| + [klu="I/2c; )
(5.19)

=
= oj.

< C@q;@)(q;@ + klu=V2¢;) = &

To prove (5.12), by (5.14) and (5.19) it is enough to show that ijz E; = o(1). Consider

the sum over ¢; > 1/u first. By (5.6),

2

Jj=2:cj>1/u

g;<C Z u= "¢, (uf(rfz)cj- + cjlf(r%)/z)

Jj=2:cj>1/u
u—(r—Z)u—(r—3)/ZC? <C u—3(r—3)/2C§ =o(1),

<C
Jj=2:cj>1/u
(5.20)

Jj=2:cj>1/u

where we have used that > j c? < oo and t > 3 in the last equality. For ¢; < 1/u and by

(5.6), we similarly get

2

Jj=2:c¢j<1l/u

]

j<C Z u_(f_3)c?<u_(r_3)c§ + cju_(r_3)/2) <C
Jj=2:cj=<1l/u
uCI = o(1). (5.21)

Jj=2:¢cj<l/u
O

This completes the proof that =2 E; = o(1) and thus of the claim in (5.12).
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Step 2: The limit of IE[KM]. We proceed by showing that’lim,,_mo E[Ku] =k withk > 0 as
in (2.52). By definition of «, in (5.8), g (u) in (5.5) and P(T; < u) in (2.30),

lim Bl = lim > q;)B(T; < u)

Jj=2
ciu . Ocju _ a—cCjl
— Iim u_(T_I)ZC‘ue_Cjue] —1—cju e (1l —e ")
U 00 J 1 —e—cju eGCju (1 _ efcju) 4 et
Jj=2
ox:
_ a —a _ e/
= lim A X% I:CXJ -1 —Xj a] oxC —a
+ - - -
A=0 = e’ (l—exf )—I—e j
00 Ox~% ,—x¢
(& (& —a
— —a XY 4 -«
_fo T Ce f e [e I —x]dx, (5.22)

with A = =D and xj = jA, j > 2. Here we used that the integrand in the last line
of (5.22) is continuous and integrable over (0, 00). Set —x % = z to get the representation
(2.52) for k. O

Step 3: Completion of the proof By Proposition 2.7, we know that
B[R] L e, 6529

Therefore, Steps 1-2 and (5.23) complete the proof of pointwise convergence in Lemma 5.1.

]

To show that the dominated convergence theorem can be applied, it remains to show that
the integrand in (5.9) has an integrable dominating function:

Lemma 5.2 (Domination by an integrable function).
oo

/ sup

—00 UZU(

Proof By definition of S, from (1.21) and the independence in Lemma 2.9,

’INE I:e_“‘(u eikui(ri%)/zsu] ’2

E[efa/(u eiku_(’_3>/25u ]

dk < o0. (5.24)

~ e ~ 2
< [T [Py = weeaehe ™" 4 (1 — Bery <y
j=2

=[1[1+Pay sweu® +1)
Jj=2

+2§(Tj < u)cos (ku_(r_wzcj) e 99 (1 — IF’(T]- <u)) — 2@(Tj < u)] .
(5.25)
We can rewrite each factor as
1— 2@(Tj <u) [ﬁ(Tj <u) (1 — e_zaqf(”)) /2 + (l — cos (ku_(f_3)/2cj> e_“qf(”))
(1 = B(1; < up)}
< 1= 281y = w) (1 = cos (ku~ /2 ) om0 @) (1 — BTy < w), (5.26)
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since g (1) > 0. We then use log(1 + x) < x for x > —1 to obtain

log <‘IE[€7”K“ eiku_<f_3)/2$u:| ‘2>

< Y 2B < w)(cos(ku= T e W — 1)(1 = B(T; <w)).  (5.27)
j=2

The latter equals

> BTy < wy(costku™ T ey — (1 = P(T) < w) +ej(u), (5.28)
j=2

with an overall error term (using that sup; ¢ () is arbitrarily small for u big enough)

Y lej)] = Cl@) Y BTy < u)g;y( —B(T; < u)). (5.29)
j=2 Jj>2
Applying (5.7), we get
Ylegwl=sc@] Y W Peem 0 4 3 el < c,
j=2 Jj=2wcj>1/u Jj=2:icj<1/u
(5.30)

where we have used the bounds

Yo w T Veem et <y m N < C(n), (5.31)

ici>1/u ici<l/u

whose proof is straightforward.
Together with (5.27) and (5.28), we obtain

g ([E[e-ense 5]

<Y Py <w (cos(ku*“*ﬁ/%.,-) - 1) (1—P(T; <u) +Ca). (5.32)
Jj=2

As all summands are nonpositive we obtain together with (2.30)

g ([Efeenei25]))

sC Y cju(costku™T ) — 1) + CG@). (5.33)

Jj=2icj<1/u

Following the proof of [1, Proposition 2.5, (6.7)-(6.10)], we obtain

e

) <Cp = Cylk|"2 (5.34)

iku— (=

and integrability of |IE[e’“"“e 3)/25‘“]' against k uniformly in u follows. O

Completion of the proof of Proposition 2.14(a). By the dominated convergence theorem,
Lemmas 5.1 and 5.2 complete the proof of Proposition 2.14(a). O
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5.2 Convergence of the Process B,

In this section, we investigate the convergence of the B, process and prove Proposition
2.14(b). Since the limit is a random process, this part is more involved than the previous
section. We first note that

Bu(m_(t_z)) = Z ciu I:]I{T,-e(uftu*(r—ﬂ,u]} - P (Tz >u—tu "2 | T; < M)] )
ieJ (u)
(5.35)

and the processes (1 (1 e(u,mf(ffz),u]}),zo are, conditionally on 7 (u), independent. Thus,
(B, (tu— _2))),20 is, conditionally on 7 (#), a sum of (conditionally) independent processes
having zero mean. We make crucial use of this observation, as well as the technique in Lemma
4.1, to compute expectations of various functionals of the process (B, (tu—=Dy) 1>0-

In order to prove the stated convergence in distribution, we follow the usual path of first
proving weak convergence of the one-dimensional marginals, followed by the weak conver-
gence of all finite-dimensional distributions, and complete the proof by showing tightness.
We now discuss each of these steps in more detail.

5.2.1 Convergence of the One-Dimensional Marginal of B,

We start by computing the one-dimensional marginal of B, (tu= =) (recall (5.35)) and
show that it is consistent with the claimed Lévy process limit. We achieve this by computing
the Laplace transform

V(@) = By [emaBet D], (5.36)

and proving that it converges to the Laplace transform of the claimed Lévy process limit at
time . The main result in this section is the following proposition:

Proposition 5.3 (One-time marginal of B, (fu~ —2)). There exists a measure T1 such that,
for every v,a > 0 fixed and as u — oo,

wv’u(a) N et fooc(e_“z—l+az)l'l(dz), (537)

which is the Laplace transform of a Lévy process (Lg)s>0 with non-negative jumps and
characteristic measure T1
-0z

(dz) = €° (t — D(=z)" " Vaz. (5.38)

e 02(1 —e?) +e?
Therefore, the one-dimensional marginals of the process (B, (su —(T-2)y) >0 converge to those
of (Ls)s>0-

The remainder of this section is devoted to the proof of Proposition 5.3. As for A,, we
use Lemma 4.1 and a change of variables to rewrite

Youa) = Ev [e—aBM(;u—(r—z)):I

1 +00
= €
u(173)/2fsu (v/u) /,Oo

—ikvu~ (D255 [e—aBu(ru’(”z))eiku’(”3)/23u] dk
2
dk

7ikvu*(”l)/21~a[1//J (@)etk™ S, ] b (5.39)

1 +00
= e
u™=3/2fs, (v/u) f—oo

@ Springer



Cluster Tails for Critical Power-Law Inhomogeneous Random Graphs 85

where
Yol@) = BB | 7]

_ 1_[ eCi u@(Tj >u—tu~ DT <u)

JjeT u)
(1 (e — )BTy > u— D | T, < u))
_ 1—[ eac‘_iupf,<1 4 (emaein — l)p%), (5.40)
JeT ()
and where we abbreviate
_ ecj-tu’(r’z) _
P =B(1 2w N su) = S—mme 64D

by (4.8). We again wish to use dominated convergence on the integral in (5.39).

We proceed along the lines of the proof of the convergence of the mean process A,.
Basically, in the proof below, we replace —axk,, in (5.9) (recall the definition of «, and g (u)
from (5.8) and (5.5)) by Zjej(u) r}{t, where we define

ecitu™ T
it = (e — 1+ acju) pi, = (e7*" — 1+ acju) Wefcf"‘ (5.42)
In what follows, we frequently make use of the bounds
Pl < Ctu= " (cjue™ " A1) < Cru™ 7Y, (5.43)
and
ri, < Cla, Theju™ "2 (1 Acju). (5.44)

We again start by proving pointwise convergence:

Lemma 5.4 [Pointwise convergence revisited] Fora > 0 arbitrary, v = o(u(™=/2),
e,ikww—l)/zﬁ[wj(a)eikwf*wzsu] _ ezf?m(e“f—l—az)n(dz)e—lv(l>k2/2 +0(1). (5.45)

Proof The first factor on the left-hand side of (5.45) converges to 1. We identify the limit of
the expectation in the following steps that mimic the pointwise convergence proof in Lemma
5.1. It will be convenient to split the asymptotic factorization in Step 1 of that proof into two
parts, denoted by Steps 1(a) and 1(b). We start by showing that we can simplify ¥ 7 (a):

Step 1(a): Simplification of 1 ; (a) As a first step towards the identification of the pointwise
limit, we show that we can simplify the expectation in (5.45) as follows:

] = o(1). (5.46)
To prove (5.46), we denote the difference in (5.46) by

E[[virta) - eZiermn

Ea= [ i) TT (1+ @ —npt, )= ] 7], )
JET (u) JET () JET (u)

so that

8|y @ - S

|| = EiEon. (5.48)
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Using the first line of (5.13) and applying the error bound |e* — (1 +x)| < |x|? for |x| < 1
to the differences |a; — b;|, the error of the approximation can be bounded by

u 2
E«n<c [ e > ] (1+(e‘“”“—1)P§‘,z) [(e_“cf“—l)pj’,,]

jed u) jedJwyieJ (m),i<j
[T e« i (5.49)

ieJ(u),i>j
Next use that 1 — x < e~ for x > 0 to obtain as a further bound to the above

u —ac;u N u 2
C Z Q4Ciupry, l_[ e(e i"—14aciu)py, I:(e_aCju _ 1) p?,l] ) (5.50)
JET ) ieJ w)\{j}

Fort < T with T > 0 fixed, we further have by (5.43) that ¢““/"? i < C(a, T). Together
withe™ — 1 4+ x > 0 for x > 0, we obtain

—ac;u ) u R 2
Eun) = Ca,1) [T el treadric 3 [emoem 1) pr |7 (51
i€ (u) jed )
Thebounde™ — 1+ x < x2/2, Vx > 0 yields
02 w2 ol . 2
Eu(t) < C(a, T)e' T LiegwEmpi; Z [(e"“/” -1) P?,t] ) (5.52)
JjeT ()
We first bound the sum in (5.52). With 1 —e™ < x for x > 0 and by (5.43) we obtain

Z [(e—ac,'u - 1) p_‘;’t]2

JET (u)
2
= Y @w?(ph,) sCamu ey 3 G 6553)
jeJd ) JeT(u): cj<l/u

This yields as an upper bound for (5.46) (recall (5.48)),

~ ~ (12 u
]E[Eu (t)] < C(d, T)MiZ(T73)7l {E |:e7 Zie.](to(ci”)zpi,r]

Y ot ﬁ )2 plt ~ é ) ) 2 u
+ Z C?u IE[H[jej(u)}e 5 (cju) Pj_t]EI:e T ieTw\j) €iw) pu]}

Jjicj=l/u

~ az .. u
< Cla, Hu™23-1 )1 4 Z c*j- E [eT Zieﬂm(czu)zpu} , (5.54)
Jjici=<l/u
where we have used (5.7) in the last line.

~ (lz ,. u
The claim (5.46) follows once we show that E|e 2 Tiegw©@’pis| is bounded. To prove

this, consider first the sum over ¢; > 1/u only. By (5.43) and (5.31),

(ciu)’*p <C (ciu)’cituTPe it < C
> Pl
ieJW)ci>1/u ieJw)ci>1/u

Z "D < o(1). (5.55)

irci>1/u
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Using (5.43) once more, it remains to show the boundedness of

2

~ )2
E |:e(17 Zie](u):cifl/u (ciu) pry.ri|

< E I:ec(a) Zie](u):cigl/u (Ci”)zmi(rin:l

l—[ (IF(E < u)ec(axciu)zzuf(r—l) fa- ﬁ(Ti < u)))’ (5.56)

ci<l/u

which is equivalent to bounding

> tog (B(ry = weC @™y (1 Bty < wy)

ci<l/u

< Z ﬁ(ﬂ < l/t) (ec(a)(ciu)ztui(rfl) _ 1) (557)

ci<l/u

appropriately. Here we used that log(1 4+ x) < x for x > (. Next bound ﬁ’(Tl- <u) < Cciu
in the above to obtain that for ¢; < 1/u we have C(a)(cju)*tu~""D < C(a, T)u=""D <
log(2) for u big enough. Hence we can use that e — 1 < 2x for 0 < x < log(2) and thus
get as a further upper bound to (5.57)

C@.T) Y culcw)’u """ <Ca,T). (5.58)
ci<l/u
The last inequality follows from (5.31). This completes the proof of (5.46). O

Step 1(b): Asymptotic factorization We next show that
BleZieqw ik 280 = EY jeTw T[T TTES Loy, (5.59)

To prove (5.59), we note that, by the definition of r}{t in (5.42),

Eu ) = E[ezjej(u) Vj-‘,,eiku*(’*:”/zsu] _ eE[Z/‘eJ(u) ’;,L]H'::[eiktf(”3)/25u]

_ 1—[ E[ezj(u)r;t+iku*(r—3)/2cj1j(u)] o 1_[ er}'ﬁ(TjSu)ﬁ[eiku*(T*WijIj(")] . (5.60)
jz2 jz2

As in the calculations of the Laplace transform of A, in (5.14), we now apply (5.13). Note
that here we cannot apply the second bound of (5.13) as sup iajlv1bjl) is not bounded by
1 (recall that r;{ , = 0). Instead, we get

En<) T[] ‘E[ez"(")r?"’“k”fw/z”'I“(")]‘
Jj=22<ji<j-1

[l it T 0] o BT g Ty

< I1

2=j+l

o BTy su)IE[eiku*“*Wc;szz 04)]‘ ) (5.61)
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We proceed to prove that the first and the third product are bounded by constants. Indeed, we
can bound the third product using (5.7) by

1_[ [ /th(Tz u) < eCZPZV/f(CquI) (5'62)
J2=j+1

where, by (5.44) and (5.31),

> rcjunl) <C. (5.63)

j=2
For the first product in (5.61), we obtain as an upper bound
[TEE" 5] =] (ﬁ(T, <wye'i + (1 =B(T; < u)))
Jj=2 Jj=2

=[1(1+Ba o - 1) < eXr= B@ysE -1, (5.64)
j=2

Asrt i is uniformly bounded for u# big enough the above is again bounded by (5.63).
Hence, it suffices to bound the middle part of (5.61), that is, it remains to show that

Z ‘E[ezj(M)"_;",1+iku*(r—3)/2(‘j1—j(M)] _ er;{,F(Tj5u)I~E[eiku—<z4)/zchj(u)]‘
j=2
= A] (r;‘,1‘> = ()(1)7 (5.65)
where we recall the definition of A j(g) in (5.15). By (5.19),
N R e P G ) (5.66)

for u = u(k) big enough. The bound on r% i in (5.44) is equal to C(a, T) times the bounds
on g (u) in (5.6). The remaining calculations for A, in (5.19)—(5.21) therefore directly carry
over, so that (5.65) follows. O

Step 2: The limit of E[}_ ;. 7, ri 1. In this step, we identify the limit of EDjerw il
For this, we use that by definition of r# in (5.42), that of p;, in (5.41), and (2.30) with

Jit
t=u,
u— T2 Ociu —ciu
~ ecitu -1 it (1 —e~i")
I/f — 76{()/'” _ . 7(,'./‘14
E[ Z r/”] Z(e Iacju) l—ean © efein (1 —e¢it) + et
JE€T () Jj=2
(e—1) ec_,-utu’(f’l) -1
=tu T e_acju —1 aciu 76_01'”

2( + J ) tu—(—D

J=

eOCju

eGCju (1 _ e—Cju) ¢

oo
— 00 _ —a . . v
= t/ (e @ —1+ax O‘)x et
0

—a
e@x

efx™ (1 —e “) +e "

dx. (5.67)
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The convergence of the sum to the integral follows as in (5.22). Next set —x % = z to get
1~ 0
1 — ]ﬁl = az _ —
ulggo tE E i /_Oo(e 1 —az)ll(dz), (5.68)

JET (u)

with T1(dz) as in (5.38), respectively, (2.55). For IT to be the Lévy measure of a real-valued
Lévy process with no positive jumps as in [5, Sect. V.1], by the Lévy-Khintchine formula in
[5, Sect. 0.2 and Theorem 1 in Sect. I.1], we have to check that I'T is a measure on (—o0, 0) that
satisfies [ T1(dz)(1 A z%) < oo. Indeed, close to 0, z>T1(dz) behaves like (t — 1)z~ "3dz,
which is integrable at 0 and for z — oo, I1(dz) behaves like e *(t — Dz~ dz, whose
integral is finite for all n € N. O
Step 3: Completion of the proof The convergence of ]E[eik”_”_wz‘su] — e K Iv/2 jg
already proved in (5.23). Therefore, Steps 1(a)-1(b) and 2, together with (5.23), complete
the proof of pointwise convergence in Lemma 5.4. O

To show that the dominated convergence theorem can be applied, it again remains to show
that the integrand has an integrable dominating function:

Lemma 5.5 (Domination by an integrable function).

o0
/ sup
—00 U=UQ

Proof This follows in a similar way as in the proof of Lemma 5.2. We compute

B[y 7 (@)™ 8] | dk < oc. (5.69)

E ™ 2 [F[eiku up" . 2
‘E[‘/’J(a)elku ( 3>/23u] = ‘E[elk“ IS, 1_[ eacjupj.r(l + (e 4t — l)p;,t)]'
JET ()
- 1_[ ’1 ~ Py <w) + eiku™ % B(T; < )e I

j=2

(14 " = DpY,) ’

(5.70)

This is identical to the bound appearing in (5.25), apart from the fact that the term e~94; @)
in (5.25) is replaced with b, (u) = e““/"Pir (14 (e1" — 1)p3f’t) in the above. Proceeding
as in (5.25) to (5.28), we finally obtain

O

< Y 2B < u)[ﬁ(Tj < w)((bj. () — 1)/2+ (costku™ 3¢ )b 1 (u) — 1)
j=2

x (1 = B(T; < u)), (5.71)

where the additional first term in comparison to (5.27) arises because b ,(u) < 1 no longer
holds. Indeed, since e*”(1 + (e™ — 1)p) > 1 forx > 0 and p € [0, 1], we have that
bj,(u) > 1. Further,

by = L (1 4 (e — Dpt ) <o Ty — v (5,72
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The first part of the sum in (5.71) can, by (5.72) and since e* — 1 < 2x for0 < x < log(2),
be bounded by

S By <uy? (e”}’,r _ 1)
j=2
<C@. 1)) (1 Acju)ry,. (5.73)
jz2

Now we can apply (5.44) and (5.31) to get as a further bound

C(a,T) Z u D 4 Z cum Y < C. (5.74)

Jj=2wcj>1/u Jj=2:icj<1/u
For the second part of the sum (5.71), we proceed as in (5.27)—(5.34) to split it as

= > BTy < wP(T; < w)(1 — costku™ "I 2¢;)) (1 = P(T; < w))
=
+ Y P < uycostku "I )by w) — (A = B(T; < w)). (5.75)
j=2

By a second order Taylor expansion and the fact that r; ; (1) is bounded, there exists a constant
Csuchthatb;,(u) —1 < Cr;,(u). Now we can proceed as in (5.27)—(5.34), where we again
take advantage of being able to dominate the bounds on r}‘,t in (5.44) by the bounds on g ; ()

in (5.6). Integrability of [E[v, (@)eku™ T8 against k follows. ]

Proof of Proposition 5.3. The claim follows from Lemmas 5.4, 5.5 and the dominated
convergence theorem. O

5.2.2 Convergence of the Finite-Dimensional Distributions of B,

In this section, the convergence of the one-dimensional marginals of the process
(By (tu_(’_z)))tzo gets extended to convergence of its finite-dimensional distributions.
In the same way as above, it can be shown that, for 0 < #;--- < t,, the increments
(B, (tju=2) — B, (ti_lu’(f’z)));‘zl (where, by convention, fp = 0) converge in dis-
tribution, under @v, to independent Lévy random variables with the correct distribution.

In what follows, we only outline some minor changes in the proof. Instead of (5.40), we
fixneNae@®")'and0=1ty <1t <--- <t, <T and consider

V@) = Blem Dim Bl DB T) | 7 |

n
= ] & HrPinin (1 + Y (e — 1)P?,tk.,1k) (5.76)

jegw) k=1
with (the two-point analogue to (5.43))
Pl = P (Tj ew—tu "D u—sumI]| T < u)
ecj-tu’(”z) _ ecj-su’(f’z)

_ —ciu
=eC g (5.77)
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forO0 < s <t < T, using (4.8). Then, clearly, (5.43) is replaced with
P < Cu—su” TV 9 cunl). (5.78)

We follow Steps 1(a)—(b) to Step 3 in the proof of convergence of the one-time marginal.
Similarly to Step 1(a), one can show that

Wlvom- ]

JET (u)

—agcju . u
J _1+ak‘/”)pj.tk,],rk

] = o(1). (5.79)

We then continue to reason as from (5.39) onwards, where r;{ , in (5.42) gets replaced by

n

r}{t = Z (e_“’fcf“ -1+ akcju) p;f,tk_l.’,k. (5.80)
k=1

The remaining calculations are analogous to the one-dimensional case. The asymptotic fac-
torization in Step 1(b) is replaced with

eXreaw gk V8] < EX e IF [k TS L o) (5.81)
and we calculate the limit of E[Z jegw) r}?t] in a similar way as in Step 2 in the previous
subsection as

—(t-2 —(t-2
Cjliut 4 )_ec‘jtk_lu (=2

n
~ P €
E[ Z r}{t] = Zz(e W =1+ ageju) 1 —e ¢t

jeT ) j=2k=1
e "P(j € T(w))

oo I
— 00 _ —a . _ v
s f § €% 1+ g x4ty — e
0
k=1

e@x_“
d
efx@ (1 _ e—x*"‘) 4 e—x7¢ x
0o n
= f D (e =1 — az) (r — t-DTI(dz2). (5.82)

k=1

Finally, we note that
ﬁ u 0 n
lim e [ZIEJ‘“) rf"] = exp |: Z(e‘”‘z —1—arz)(tx — l‘k—l)n(dz)i|
u— 00 —00 k=1

—F [eZLl ap(—(Ly =Ly, >>] ’ (5.83)
where we have used that, by definition, Lévy processes have independent stationary

increments. This completes the convergence of the finite-dimensional distributions of
(Bu(”lf(rfz)))tzw O

5.2.3 Tightness of B,

We next turn to tightness of the process (B, (tu=T2y) t>0. For this, we use the following
tightness criterion:
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Proposition 5.6 (Tightness criterion [8, Theorem 15.6 and the comment following it]). The
sequence {X,} is tight in D([0, T, RY) if the limiting process X has a.s. no discontinuity at
t = T and there exist constants C > 0,r > 0anda > 1 such thatfor0 <t <trh <3 <T
and for all n,

E[1Xa(2) = Xa ()" 1X2(53) = Xa ()| ] < Clts = 1], (5.84)
Let

V@) = B,(tu~ ") = Z ciu []l{T,-e(ufzu*(f*”,u]}
ieJu)

BT > u—tu T T, < u)]. (5.85)
We show tightness of V®(¢) given uS, = v. In what follows, we therefore bound
B, [(Vr2) = Vo) (v i) - v @)’
=B[E[(v" @) - VO PV ) - VO )P Tw] luS, =v]. (536)
First observe that with
(s 1) = Y cuotu D y—su—-27) (5.87)

we have pl st = IE[I}’ (s,t) | T; < u] (recall (5.77)) and
IE I:(V(u)(tz) _ V(u)(tl))z (V(u)(tS) _ V(u)(tz))z | j(u)]

= INE[ 1_[ ( Z ciu [Z,.”(zn, thy1) — Pffzn,,w] )2 | J(u)]. (5.88)

ne{l,2} ieJu)

By the conditional independence of the processes conditional on J(u) (recall comment
preceding (4.8)), and as we subtract their respective expectations, we obtain

E[(VP(t2) — VO )2 (VW (53) — V(02)* | T ()]
~ 2
=8 3 @ [T (Tt = Pl ) 1 TW)]

ieJ (u) nefl,2}

B Y Y @wlem (@ - ply ) (I;f(rz,r3>—p;{,2,,3)2|J<u>]

i€ (u) jeT w\{i}
2B Y Y @wiew? [T (Tt = b))

ieJ ) jeT w\li) ne(l,2}
(I.’;(tnv tn+1) - p_L;,t,,,th)) | j(”)] (5.89)

We can bound this from above by

¢ Z (c,u) p, W, lzpl 0, f3+ l_[ ( Z (C’u) p, sIns ln+1> : (5.90)
ieJ (u) ne{l,2} ieJu)
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By (5.78),

B[V = Vo) (V) - VO @) | Tw)]

=Cl-m6-mf Y ' e a1y
ieJ (u)

+( 3 (e u T e A 1))2}. (5.91)
ieJ (u)

For the first sum, note that (¢ju)*u=2C—D = cfu’z(f’3), so that its sum is order o(1) as
> cl.3 < oo and t > 3. For the second sum in (5.91), we note that the sum over i such that
¢i > 1/u is clearly bounded, since it is bounded by

> (ciwum T, (5.92)

i:ci>1/u

which converges to a constant as ¥ — 00 since it is a Riemann approximation to a finite
integral. For the contributions due to ¢; < 1/u, we bound its expectation as

2[5 ]

ieJw): ¢i<l/u

< Yoo e wtu  Vauciu+ Y (cw)u2 T Deu
i#j.ci<l/u,ci<l/u ieJw): c;<l/u
2
5( > @ ) Y =, (5.93)
iici<l/u i:ci<l/u

by (5.31). Hence, we get with (5.86) and (5.91)—(5.93),

B [(V) = V)’ (v - v )’
<Cltr— 1)t — 1) < Ct3 —1)7, (5.94)

as required. O

5.2.4 Completion of the Proof of Proposition 2.14(b)

The convergence of the finite-dimensional distributions together with tightness yields
(Bu(tu="=2)),50 N (L¢);>0 by [8, Theorem 5.1].
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