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Abstract We prove tail triviality of determinantal point processes (4 on continuous spaces.
Tail triviality has been proved for such processes only on discrete spaces, and hence we have
generalized the result to continuous spaces. To do this, we construct tree representations,
that is, discrete approximations of determinantal point processes enjoying a determinan-
tal structure. There are many interesting examples of determinantal point processes on
continuous spaces such as zero points of the hyperbolic Gaussian analytic function with
Bergman kernel, and the thermodynamic limit of eigenvalues of Gaussian random matrices
for Sine,, Airy,, Bessely, and Ginibre point processes. Our main theorem proves all these
point processes are tail trivial.
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1 Introduction

Let S be a locally compact, complete, separable metric space with metric d(-, -). We assume
S is unbounded. We equip S with a Radon measure m such that m(Q) > 0 for any non-empty
open set O in S. Let S be the configuration space over S (see (2.1) for definition). S is a
Polish space equipped with the vague topology.

B Hirofumi Osada
osada@math.kyushu-u.ac.jp

Shota Osada
osada@Xkyudai.jp

Faculty of Mathematics, Kyushu University, Fukuoka 819-0395, Japan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10955-017-1928-2&domain=pdf
http://orcid.org/0000-0002-3321-0747

422 H. Osada, S. Osada

A determinantal point process p on S is a probability measure on (S, B(S)) for which the
m-point correlation function p” with respect to m is given by the determinant

o™ (x) :det[K(xi,xj)];f’jzl. (1.1)

Here K: S x § — C is a measurable kernel and x = (xq, ..., x;;). We refer to Sects. 2 and
e.g. [1,3,10] for the definition of correlation functions and related notions. u is said to be
associated with (K, m) and also a (K, m)-determinantal point process.

We set Kf(x) = fS K(x, y) f(y)m(dy). We regard K as an operator on L%(S, m)
and denote it by the same symbol. We say K is of locally trace class if Kqf(x) =
f 14(x0)K(x, y)14(y) f(y)m(dy) is a trace class operator on L%(S, m) for any compact
set A.

Throughout this paper, we assume that K satisfies:

(A1) K is bounded, Hermitian symmetric, of locally trace class, and Spec(K) C [0, 1].

From (A1) we deduce that the associated determinantal point process p = MK'm exists
and is unique [7,10,12].

In the last two decades, determinantal point processes have been extensively studied.
They contain many interesting examples; e.g., spanning trees and Schur measures on
discrete spaces, zero points of the hyperbolic Gaussian analytic function with Bergman
kernel, and thermodynamic limits of eigenvalues of Gaussian random matrices such as
Sine,, Airy,, Bessely, and Ginibre point processes on continuous spaces [1,5,10].

Determinantal point processes on discrete spaces have a well-behaved algebraic structure;
as a result, some important facts are only known for discrete determinantal point processes
[4,6-8,12]. One such example is tail triviality, which says that each event of a tail o-field
Tail(S) takes value 0 or 1. We refer to (2.3) for the definition of Tail(S).

The purpose of this paper is to prove that the tail o-field Tail(S) of S is trivial with respect
to w. If the space S is discrete, then tail triviality has been proved by Shirai-Takahashi [11]
for Spec(K) C (0, 1), and by Russell Lyons [7] for Spec(K) C [0, 1]. If the space S is
continuous, the problem remained open [8].

To prove tail triviality we introduce a discrete approximation for determinantal point
processes, called the tree representation. This representation has a determinantal structure,
and so belongs to determinantal point processes on discrete spaces.

A m-partition A = {A4;};e; of S is a countable collection of disjoint relatively compact,
measurable subsets of S such that U; 4; = § and that m(A;) > 0 for all i € I. For two
partitions A = {A;}je; and I" = {B}};cy, we write A < I" if for each j € J there exists
i € I suchthat B; C A;. We assume:

(A2) There exists a sequence of m-partitions {A(€)}¢en satisfying (1.2)—(1.4).

Al) < Al +1) foralll e N, (1.2)

o [U ﬂ} = B(S), (1.3)
LeN

#{j; Aer1,j C Agi} =2foralli € I(€)and £ € N, (1.4)

where we set A(L) = {Ay;}icrq) and Fy := Fawp) = o[Ae,i; i € I1(£)]. Furthermore, #{-}
denotes the cardinality of {-}.

Condition (1.4) is just for simplicity. This condition implies that the sequence {A(£)}sen
has a binary tree-like structure. We remark that (A2) is a mild assumption and, indeed,
satisfied if S is an open set in R? and m has positive density with respect to the Lebesgue
measure. We now state one of our main theorems:
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Theorem 1 Assume (Al) and (A2). Let |1 be the (K, m)-determinantal point process. Then
W has a trivial tail. That is, w(A) € {0, 1} for all A € Tail(S).

Many interesting determinantal point processes arise from random matrices such as
Siney, Airy,, and Bessel, point processes in R and the Ginibre point process in R%. Apply-
ing Theorem 1 to these examples we obtain that all have trivial tails. We shall present these
examples in Sect. 6.

We now explain the idea of the proof. We have two candidates for the discrete approxi-
mations of u. One is the approximation of the kernel K. Let K¢ (x, y) be the discrete kernel
on / (£) such that

1
D) = G MA) Lapeaen A

where Ay (x) is such that x € A¢(x) € A(£). Then Ky can be regarded as a discrete kernel on
1(¢).If Ky satisfies (A1), then K, generates determinantal point field 11, . Indeed, Spec(Ky) C
[0, 1] follows from Spec(K) C [0, 1] and the Fubini theorem. One can expect the convergence
of the kernel K, to K, and as a result, the weak convergence of g , to 1, atleast for continuous
K. Because /i, is a determinantal point process on the discrete space, its tail o-field is trivial.
Such weak convergence, however, does not suffice for the convergence of the values on the
tail o-field Tail(S).

Taking the above into account, we consider the second approximation given by 1 (-|Gy)
below. Let Gy be the sub-o-field of B(S) given by

Ge=o[{s€S;s(Ag;) =n};i € I(£),n € N]. (1.5)
Combining (1.2) and (1.3) with (1.5), we obtain
Ge C Ger1,  olGe; £ € N = B(S). (1.6)

Let 1(-|Ge) be the regular conditional probability of u with respect to G,. Using (1.6), we
shall prove in Lemma 6 that for all U € B(S)

elim w(U|Ge)(s) = 1y(s) for p-as. s. (1.7)

We see that the convergence in (1.7) is stronger than the weak convergence. In particular, the
convergence in (1.7) is valid for all U € Tail(S) because Tail(S) C B(S).

We can naturally regard A(f) = { Ay ;}icr(e) as a discrete, countable set with the inter-
pretation that each element 4, ; is a point. Thus, u(-|G¢) can be regarded as a point process
on the discrete set A({).

If 1(-|G¢) were a determinantal point process for each ¢, then Theorem 1 would follow
from (1.7) immediately because determinantal point processes on discrete spaces always
have trivial tails, and as discussed above, (-|G¢) is naturally regarded as a determinantal
point process on the discrete space A(€). This is clearly not the case because determinantal
point processes are supported on single configurations and

n({s; s(Agi) = 2}Ge) > 0. (1.8)

Hence we introduce a sequence of fiber bundle-like sets 1(£) (£ € N) in Sect. 2 with base
space A({) with fiber consisting of a set of binary trees. We further expand I(€) to §2(£)
in (2.27), which has a fiber whose element is a product of a tree i and a component By ; of
partitions. See notation after Theorem 2.

Let u|g, denote the restriction of p on G¢. By construction ulg,(A) = w(A|G,) for all
A € Gy. In Theorems 2 and 3, we construct a lift vr¢) © My of i|g, on the fiber bundle
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£2(£), and prove tail triviality of the lift vg(¢) © M) in Theorem 5, which establishes tail
triviality of u|g, in Theorem 6. Combining Theorem 6 with the martingale convergence
theorem in Lemma 6, we obtain Theorem 1.

The key point of the construction of the lift vp(s) © M) is that we construct a consistent
family of orthonormal bases F(£) = {f¢,i}ici(e) in (2.15) and (2.16), and that we introduce
the kernel Kg(¢y on I[(€) in (2.21) such that

Kw)(i,j)Z/S SK(x,y)fe.i(X)fe,j(y)m(dX)m(dy)~ 2.21)

We shall prove in Lemma 2 that K is a determinantal kernel on I(¢), and present vg) as
the associated determinantal point process on I(£). To some extent, v(g) is isometric to ji|g,
through the orthonormal basis F(£) = { f¢,; }ic1(¢)- We shall indeed prove in Theorem 2 that
their correlation functions pg, and pp,, satisfy the identity:

/I;pgz (x)m™ (dx) = Z :O]i«‘n([) i, (2.26)

i€l (A)

which is a key to construct the lift vp(e) © Mp(p).

While preparing the manuscript, we have heard that Professor A. Bufetov has proved inde-
pendently tail triviality of determinantal point processes on continuous spaces independently
of us (a seminar talk at Kyushu University in October 2015). His method is completely dif-
ferent from ours and requires a restriction on an integrability condition of the determinantal
kernel K(x, y). An improved version of the work is now available in [2].

The organization of the paper is as follows. In Sect. 2, we introduce definitions and
concepts and state the main theorems (Theorems 2-6). We give tree representations of .
In Sect. 3, we prove Theorem 2. In Sect. 4, we prove Theorems 3—6. In Sect. 5, we prove
Theorem 1. In Sect. 6, we present motivational examples such as Sine;, Airy,, and Bessely,
and Ginibre point processes.

2 Set Up and Main Results

In this section, we recall various essentials and present the main theorems (Theorems 2-6)
other than Theorem 1.
A configuration space S over S is a set consisting of configurations on S such that

S= {S; S = Z(Sfi’ {si} C S, s(K) < oo for any compact K | , 2.1)
i

where &, denotes the delta measure at s;. A probability measure 1 on (S, B(S)) is called a

point process, also called random point field. A symmetric function p™ on S§™ is called the

m-point correlation function of a point process © with respect to a Radon measure m if it
satisfies

1 X

/1—[ S(A})! ds _/ —— -
sy — k4 = | ds? ®m" (dx). 22)

Here Ay, ..., Aj € B(S) are disjoint and ki, ...,k; € Nsuch thatky +--- +k; = m. If
S(A;) — ki <0, wesets(A;)!/(s(A;) — k) =0.
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We fix apoint o € S as the origin, and set S, = {x € S; d(o, x) < r}. Each S, is assumed
to be relatively compact, and thus S(S;) < oo for all s € S and r € N. In this sense, each
element s of S is a locally finite configuration. We note that this notion depends on the choice
of metric d on S.

For a Borel set A we set w4 :S— S by m4(8)(-) = s(-N A). We set e : S— S such that
7se(8) = s(- N S;). We denote by Tail(S) the tail o-field such that

o0

Tail(S) = () olms . 2.3)

r=1

If we replace S, by any increasing sequence {O;} of relatively compact open sets such that
U2, Or = S, then Tail(S) defines the same o -field. Thus Tail(S) is independent of the choice
of {Oy}.

Let A(€) = {A¢,i}ier(e) be asin (A2), where £ € N. We set A = {A;};¢s such that

A=A, A=A, I=1Q).

In consequence of (1.4), we assume without loss of generality that each element i of the
parameter set I (£) is of the form

1(0) =1 x {0, 1}¢71. (2.4)

That is, each i € I(£) is of the form i = (ji,..., jo) € I x {0, 1}¥~!. We take a label
i € U, 1(¢) in such a way that, for £ < ¢/,i € I(£),and i’ € I(¢'),

AZ,i DAZ/,,‘/ <:>i:(j1,...,jg) andi’:(jl,...,jg,...,jg/).

We denote by T the set of all such parameters:
I=Jrw=Jrx 1" (2.5)

We can regard?f as a collection of binary trees and [ is the set of their roots.

Example 1 (Binary partitions of R) Typically we can take S = R, m(dx) = dx,and I = Z.

Fori = (ji,..., je) € I(£), we set J1; = ji and, for £ > 2,
-1 i
Jei=h+) 5 (2.6)
n=1

We take Ap; = [Jei, Jei + 2+,

Fori = (ji,..., je) eif, we set rank (i) = €. For i with rank(i) = ¢, we set
Ay =1,
B =" (2.7)
Ag1,i- €22,
where i™ = (ji, ..., je_1) fori = (ji, ..., jo) € 1(€). LetI C T such that
o0
H=IU{U{ieI(€);j@=O}}, (2.8)
=2

where i = (1, ..., jo) € 1(£).
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Let F = { fi}ic1 be an orthonormal basis of L2(S, m) satisfying

olfi;i €l, rank(i) = €] = Fy foreach £ € N, 2.9)
supp(fi) = B; for eachi €1, (2.10)
filx) =14,(x)/vm(A;) for rank (i) = 1. (2.11)

For a given sequence of m-partitions satisfying (A2), such an orthonormal basis exists. We
present here an example.

Example 2 (Haar functions) We make the same assumptions as in Example 1. Let i =
(J1s---,Je) € 1. Wesetfor, £ = 1 and i = (),

Jix) = 1, ji+1(x)
and, for ¢ > 2andi = (ji,..., je) €1,
fitx) =270y, Jendei2-en () = 1y ot g, a2y (0}

We can easily see that { f; }ic1 is an orthonormal basis of L*(R, dx). We remark that Jje=0
because i = (ji,..., je¢) € [ as we setin (2.8).

We next introduce the ¢-shift of above objects such as I, B;, and F = { f; };cr1. LetTf(l) =T
and, for £ > 2,

o0

T = J 1@ x 0.1y, (2.12)

r=1

where 1(¢) = I x {0, 1}*""is as in (2.4). For £, r € N, we set 6,1, : 1 — 1(¢) such that
0o, =1id (¢ = 1) and, for £ > 2,

Ot (1o s Jerr—0) = Ges eats o Jerr—) € 1@ x (0,117, (2.13)
where jo = (j1,..., je) € [(£). For £ =1, we set [(1) = I. For £ > 2, we set
o0
1) =1()U :U 95_1!,»@)} . (2.14)
r=2

We setrank (i) = r fori € I(£)x{0, 1Y ~!. By construction rank (i) = r fori € 9/5_1,,(714).
Let F(€) = { fe,i}ic1(e) such that, for r = rank(i),

fri() = La,, (x)/y/m(Ae) forr = 1, (2.15)
Jei(x) = fy-1 (%) forr =2, (2.16)
—1,r
where A(€) = {Ag,i}ici) is given in (A2). Then F(£) = { f¢.i }icl(¢) is an orthonormal basis
of L2(S, m). This follows from assumptions (2.15) and (2.16) and the fact that F = { f;};c1

is an orthonormal basis.

Remark 1 (1) We note that f; ; € F(£) is a newly defined function if rank (i) = 1, whereas
fe.i € F(£) is an element of IF if rank (i) > 2. In particular, we see that

{fe.itience), ranki)=2 C {filiel rank(i)=2- (2.17)
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) Letj =1, jowr—1) € Landi = (¢, jot1s---» Je+r—1) € L(£). Then
J=0.,0).

Furthermore, f;; € F(¢) and f; € F satisfy f;; = f; for r = rank(i) > 2.
(3) By construction, we see that

olfei; i € 1(€), rank(i) =r] = Fo—14+ foreach ¢,r € N, (2.18)
supp(fe,i) = Be.i foralli € I(¥), (2.19)

where we set, for j = 9[_1” (i) such that rank(i) = r,
Bei = Bj. (2.20)

Using the orthonormal basis F(€) = { f¢ i }icn(r), we set Kg() on I(€) by

KF(Z)(isj):/; SK(x»Y)fli,i(x)fi,j()’)m(dx)m(d)’)~ 2.21)

Let Ag(e) be the counting measure on I(¢). We shall prove in Lemma 2 that (Kg), A1e))
satisfies (A1). Hence we obtain the associated determinantal point process vg(ey on I(£) from
general theory [10,12].

Fori € I(£), let my, , (dx) be the probability measure on § such that

My, , (dx) = | fe.i (0)*m(dx). (2.22)
Fori= (i), € I(O)™ and x = (x,))_,, where m € N U {oo}, we set
m
My, (@) = [ ] 1fei, Co)Pmdx,). (2.23)
n=1

By (2.16) my, ; is a probability measure on §. By (2.19), we have

m
my,; (]‘[ 13,3,,-"> =1. (2.24)

n=1

Let G¢ be the sub-o-field as in (1.5). Let vg() be the (Kg(e), Aie))-determinantal point
process as before. Let pg’é and pﬁ?(@ be the m-point correlation functions of u|g, and vy
with respect to m and Ay), respectively. We now state one of our main theorems:

Theorem 2 LetIy(A) = {i e I(£); Be; C A}. For A= A1 x --- x Ay, we set
Te(A) =T (Ap) x -+ x T(An). (2.25)
Assume that A, € AL) foralln =1, ..., m. Then
[ o omman = 3 i . 226)
A i€l (A)

Let 1(¢) be the single configuration space over 1(¢). We write i € iif i({i}) = 1. Each
i =D ;cidi € l(€) can be regarded as a subset of I(£) by the correspondence of i to {i};e;.
Let

20 = [J i} x Bui. (2.27)

iel(t)
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Let £2(¢) be the single configuration space over £2(¢). Then by definition each element
w € £2(£) is of the form w = Y, i 8(i.s;) such that s; € By ;. Hence

i€i

20) C {a) = Sy i=) 8 €l(0), si € Buiy. (2.28)
i€l i€l
Let my,, be as in (2.22). We set
M) = 1_[ My My = Hmfu' (2.29)
iel(e) i€i

Remark 2 Leti= (i1,...,im) andi=Y_)" | 8, = Y ;8. By definition my, , in (2.29) is
a product measure on the product space [ [;; B¢,; with (unordered) parameter i € i, whereas

My, ; in (2.23) is a product measure on the product space B;; x --- x B;, with (ordered)
parameter i = (i1, ..., ipy)-
We set t¢ : 2(€) — 1(£) such that tp(w) = i, and k¢ : $2(€) — [[;c Be,i such that

K[’i(a)) = (Si)iei’ where w = Ziei 3(,',5,.), i = Ziei Si,and s; € Bg’,'.
Let vp(¢) © Mp(e) be the probability measure on £2(£) given by
(Vo) © Miqe)) 0 1 (di) = vree) (di), (2.30)
VFR(g) © ME(e) (kg i(@) € dslig(w) = 1) = My, (ds), s= (si)ici- (2.31)
Remark 3 (1) We can naturally regard the probability measures in (2.31) as a point process
on[];; Be,i supported on the set of configurations with exactly one particle configuration
S =85 on [ ;¢ Be,i, thatis, s = (s;);j is such that s; € By ; for eachi € i.
(2) We can regard vp(¢) © Mp(e) as a marked point process as follows: The configuration i is

distributed according to vg (¢, while the marks are independent and for each i the mark
s is distributed according to My, ;. Thus the space of marks depends on i.

Theorem 3 Let u;:2(€) — S be such that ug(w) = Y ;i 8s;, where w =), i 8(i.s;)- Then
1lg, = ey © MEey) oy ' Ig, (2.32)

Remarli 4 Theorem 3 implies that vr(e) © Mp(e) is a lift of w|g, onto £2(£). We can naturally
regard [(£) as binary trees. Hence we call vp(¢) © Mp(¢) a tree representation of 1 of level £.

We present a decomposition of pi|g,, which follows from Theorem 3 immediately. Let
m}‘.“ =my, o uzll where ug i : [[;; Be,i — S is the unlabel map such that uy j((s;);ei) =

i S5

i€l “si

Theorem 4 For each A € Gy,

i€i

n(A) = /I o (di) m%, (A). (2.33)

LetI(¢), = {i € I(); r < p, [j1l = p}, where i = (¢, jet1, .-+, jewr—1), 7 = rank (i),

and jo = (ji. j2, - -, je). Let (i) = i(- N I(€)5). Then we set Tail(I(€)) = N72 o[} ].

From this we can define the tail o-field Tail(£2(£)) of £2(£) because £2(£) is a subset of
I(e) x S.
Theorem 5 vp(e) © My is trivial on Tail(£2(£)) N uzl (Ge). That is,

Vreey © Mpey (A) € {0, 1} for all A € Tail(2(£)) N u;l(gg). (2.34)
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We remark that 11|g, is not a determinantal point process. Hence we exploit vg(g) © Mr()
instead of pt|g,. As we have seen in Theorem 3, vr(¢) © Mp(y) is a lift of u|g, in the sense
of (2.32), from which we can deduce nice properties of w|g,. Indeed, an application of
Theorem 3 combined with Theorem 5 is tail triviality of ulg,:

Theorem 6 i|g, is tail trivial. That is,
wlg,(B) € {0, 1} for all B € Tail(S) N G,. (2.35)

We shall apply Theorem 6 to prove Theorem 1 in Sect. 5.

3 Proof of Theorem 2

The purpose of this section is to prove Theorem 2. In Lemma 1, we present the identity of
kernels K and Kp(¢) using the orthonormal basis F(¢£), where Kr(y) is the kernel given by (2.21)
and F(¢) is as in (2.15) and (2.16). In Lemma 2, we prove (Kg(), A1(¢)) is a determinantal
kernel and the associated determinantal point process V() exists. We will lift the the identity
between K and K to that of correlation functions of u|g, and vr() in Theorem 2.

By definition F(£) = { fo,i}ici(e) satisfies

/ |fg,,-(x)|2m(dx) =1 foralli e I(£), 3.1
N

/fg_,'(x)fg,j(x)m(dx) =0 foralli # j e l(¥). (3.2)
S

Lemma 1 (1) Let P(x) =) ; (i) fo,i(x) and Q(y) = Z./ n(j) fe,j (y). Suppose that the
supports of & and n are finite sets. Then

fs K PEEMMEIM@) = 3 Ke G DEDIG). ()

iJ

(2) We have an expansion of K in L120C(S X S, m x m) such that
K. y) = D Krw . ) fei@)fejO)- (34)
i,jel(e)

Proof From (2.21) we deduce that

s K(x, y) P(x) Q(y)m(dx)m(dy)

S LC0) SEGYAE) SV NEL LT
X i ]

= Z/S SK(X,)’)fe,i(x)fé,j(y)m(dx)m(dy)%n(j)
ij x

=Y Krw i, NEON(). (3.5)

i,j
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This yields (3.3). We have thus proved (1). By a direct calculation, we have

/SP(X)fz,i(X)m(dX) =/SZé(p)fz,p(X)fz,i(X)m(dX) =£(@0),
)

/SQ(}’)fZ,j(y)m(d)’) =/SZn(q)fz,q(y)fz,j(y)m(dy) =n0))- (3.6)
q

Combining (3.5) and (3.6) yields

fs S Kx, y)P(x) Q(y)m(dx)m(dy) =

./; S D Kewy (i, ) fei () fo. ;)P (X)) Q(y)m(dx)m(dy).
X l,_]

This implies (3.4). O

Let Ajy be the counting measure on I(£) as before. We can regard Ky, as an operator
on LZ(I(0), Miey) such that Ky &(i) = Zjew) Kre) (i, j)E(j). We now prove that the
(Kr(e). A1(e))-determinantal point vg() process exists.

Lemma 2 Let Spec(Kp(y)) be the spectrum of Kggy. Then
Spec(Krey) C [0, 1]. (3.7)

In particular, there exists a unique, determinantal point process vy gy on 1(£) associated with
(Kro), Arce))-

Proof Recall that F(€) = {fei}iciey is an orthonormal basis of L%(S,m). Let U :
L2(S,m) — L2(I(¢), Ax)) be the unitary operator such that U(fr;) = eq;, where
{eg,i}ien(e) is the canonical orthonormal basis of L2(I(0), Al(e))- Then by Lemma 1 we see
that Kppy = UKU —1 Hence Kr( and K have the same spectrum. We thus obtain (3.7).
Because Kp(y) is Hermitian symmetric, the second claim is clear from (3.7), (A1), and general
theory [10-12]. ]

Lemma 3 Let By ; = supp(fi.i) be as in (2.19). Then, fori, j € 1(£) and A € Fy,

(3.8)

0 (otherwise)

1 (=, B
/Afz,i(x)fz,j(x)m(dx):[ (i =J, B, CA).

Proof We recall that By ; is the support of f; ; by (2.19). Suppose i = j and By; C A. Then
from (3.1)

Afz,i(X)fz,,/(X)m(dX) = /sz,i(X)fz,i(X)m(dX) =1 (3.9)

Suppose that i = j and that B,; ¢ .A. Then, using A € F, (2.7), and (2.20), we deduce
that B, ; N A = (. Because By,; = supp( fe,;), we obtain

/ Sei(x) fe.j(x)m(dx) = 0. (3.10)
A
Finally, suppose i # j. Because A € Fy, we see that By ; C A or By; N.A = . The same

also holds for By ;. In any case, we obtain (3.10) from (3.2). From (3.9) and (3.10), we obtain
(3.8). O
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Proof of Theorem 2 Let A = A;x---x A, € A,asinTheorem 2. Then, because A, € A({)
foralln =1, ..., m, we deduce from (1.1) and (3.4) that

/%wwm)
A
= / " (x)m”™ (dx)
A
m
= / det Z Kry (i, J) fei(xp) fe,j(xg) m™ (dx), (3.11)
A i,jel(0) =1
where X = (x1, ..., X;,). From a straightforward calculation and Lemma 1, we obtain
m
/ det Z Kreey (0, j) fe.i(xp) fe,j(xq) m™ (dx)
A .
i,jel() pg=1

fA dYosa@) [T DD Kewips dp) fri, Gep) frjy Gop) | M™ (dx)

eSS, p=1 \ip.jpel(t)

3 sen@) [ TT{ 30 Kol i) i (o) o, G | )
p=1

eSSy, = ip,jp€l(l)

> sento) Jim /A Tl X Kewp o) frs, Gp) Feg, Gatp) | m" ()

ceBy, p=1 \ip.jpel(t;R)

m
Z Sgn(G)RImeA N Z HK]F(Z)(ip’j}?)fé,ip(xp)fi,j,,(xa(p)) m”™ (dx),
oeS, i, jel(¢;R)™ p=1
(3.12)

where [(¢; R) = {i € [(£); rank(i) < R} and rank(7) is defined before (2.15). Furthermore,
i=(.im)d = (ts.oos jm) € 1(€)™. We note that U | A; is relatively compact.

Hence the fourth line in (3.12) follows from Lemma 1(2) and the Schwarz inequality. Using
Lemma 3 we obtain

/A S T Keip ip) friy Cp) Ty Gratp) | M7 ()

i, jel(¢; R)™ p=1

- /A S T Kew e o) fes, o) Fogy v Go) | M7 @)

i, jel(¢; Rym p=1

m

:A Z 1_[KF@)("P’irr(p))|fi,i,,(xp)|2 m™ (dx)

iel(¢; Ry p=1

_>/A Z ]_[Kw)(z‘p,io(,,))|f4,,-1,(xp)|2 m™(dx) as R — oo. (3.13)

icl(e)ym p=1
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The convergence in the last line follows from Lemma 1(2) and the Schwarz inequality again.
Multiplying sgn(o) and taking summation over o € &, in the last line, we deduce from
(2.22)—(2.24) that

Y sen(o) f > T KewGp iop) fei, Gp)I* | m™ (@dx)

ceGy, iel(eym p=1

/ > detlKeqoGip, ig)]r, 1{1‘[|fz iy ()P Jm™ (dx)

Ajereym

:/ Z Pg'l(g)(i)mfz,i(dx)

icl(em

> o . (3.14)

icely(A)
Combining (3.11)—(3.14) we deduce (2.26), which completes the proof.

4 Proof of Theorems 3—6

In this section, we prove Theorem 3—Theorem 6.

4.1 Proof of Theorem 3

Let o™ be the m-point correlation function of (Vg © My,) o uzl |, Then it suffices for
(2.32) to prove

g, (x) = 0" (x). 4.1)

From (1.5) and 7y = o[ Ay ;; i € 1(£)], we see that pg‘e and o™ are F;"-measurable. Let
m=my+---+mp.Let A=A x - x A" € A(O)"™ such that A, N A, = Dif p # q.

Leti= (1n) _ = (1, ...,ix) € [()" such thati, € I(£)"". From Theorem 2, we see that
/ PG, OM™(dx) = D o D 4.2)
A iel; (A)

By the definition of correlation functions, (2.30), and (2.31), we see that

PE D = / o | l_[ (Te(An) — mpt FO D

leﬂg (A)

An !
/]_[ o ) (F(l)omfz)oué 'lg, (ds)

A —
- /A 0" ()M (dx). (4.3)
Combining (4.2) and (4.3), we deduce that
[ s omman = ¥ i = [ o oma). (4.4)
A iel, (A) A
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From (4.4), we obtain (4.1). This completes the proof of Theorem 3. O

4.2 Proof of Theorem 4

Theorem 4 follows from Theorem 3 immediately. O

4.3 Proof of Theorem 5

It is known that determinantal point processes on discrete spaces are tail trivial [7,11]. Hence
VF(¢) is tail trivial by Lemma 2.

Let u; be as in Theorem 3. Let A € u[l(gg). Then there exists a B € B(I(£)) such that
A= LZI(B). From this we deduce that, for each A € Tail(£2(¢)) N ugl(g[), there exists a
B € Tail(l(£)) such that A = L;l (B). Hence from (2.30) we deduce

VR(e) © ME(e) (A) = vre) (B). “4.5)
From (4.5) and tail triviality of v,y we deduce that
VF(e) © MEce) (A) € {0, 1} (4.6)

for each A € Tail(£2(£)) N u;l (Ge). We easily see that uzl (Ge) C olte]. Hence
Tail(£2(£)) N u[l(gg) C Tail(£2(€)) No[ee]- 4.7
Combining (4.6) and (4.7) completes the proof of Theorem 5. ]

4.4 Proof of Theorem 6

Let B € Tail(S) N G,. Then we deduce that
uy ' (B) € Tail(2(0) Nuy ' (Go).
Hence from Theorems 3 and 5, we deduce that
1(B) = ulg,(B) = vy © Megp (u; ' (B)) € {0, 1}.

This completes the proof. O

5 Proof of Theorem 1

In this section, we complete the proof of Theorem 1.

Lemma 4 Let X be a Tail(S)-measurable and integrable random variable. Then E*[X|Ge]
is Tail(S) N Gy-measurable.

Proof Recall that A(€) = {Ag ;}ici). Let w7, be the projection with 7. such that
= J Au (5.1)
Ay iNSy #W;
iel(0)

Then X € L(S, ) is o [rr7e]-measurable because X € L'(S, p) is Tail(S)-measurable and
each Ay ; is relatively compact. Hence for each r € N

X(8) = X omre(S). (5.2)
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From this we deduce that
E"[X|Gel = EM[X o mre|Ge]. (5.3)

By construction S, C 7,. Then from this and (5.3) we see that E¥[X|G] is o[msc]-
measurable for each r € N. Hence E#[X|G/] is Tail(S)-measurable because Nreno[mse] =
Tail(S). By construction E*[X|Ge] is Nyeno [msc]-measurable. Combining these completes
the proof of Lemma 4 O

Lemma 5 Forall A € Tail(S)
w(A) = (A|Gp)(s) for p-as.s. 54

Proof From the definition of the conditional probability, we see that

M(A)=/SM(AIQU(S)/L(dS)- (5.5)

From Lemma 4, we deduce that i (A|Gr)(S) = E*[1a]G¢](S) is Tail(S) N Gg-measurable.
Hence from Theorem 6 we obtain that £ (A|G,)(S) is constant p-a.s.s. This combined with
(5.5) yields (5.4). O

Lemma 6 For each A € B(S)
lim w(A|Ge)(S) = 1a(s) for p-a.s.s. (5.6)
{—o00

Proof From (1.6), we apply the martingale convergence theorem to obtain the convergence

such that, for all A € B(S),

Zlglgo w(AlGe)(s) = elingo EM[1alGe](s) = EX[1A|B(S)I(s) = 1a(S) (5.7
for p-a.s. S. We have thus proved (5.6). m]

Proof of Theorem 1 From Lemmas 5 and 6 we deduce that
w(A) = n(AlGe)(S8) =00 La(S) for p-as.s. (5.3)

Hence we obtain 1 (A) € {0, 1}. O

6 Examples Related to Random Matrices

In this section, we give typical examples of determinantal point processes related to random
matrix theory [3,9]. All examples below are tail trivial because of Theorem 1.

All the kernels K(x, y) below are continuous. In Examples 3-5, we define the kernels
only off diagonal. On diagonal, they are defined by continuity.

Example 3 (sine point process) Let S = R and m(dx) = dx. Let

Kain (x, ) = % (x # )

be the sine kernel. The associated determinantal point process gy is called the sine; point
process.
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Example 4 (Airy point process) Let S = R and m(dx) = dx. Let

Ai(x)AI'(y) — AT’ (x)Ai(y)
Kai(x, y) = (x #y)
X=Yy
be the Airy kernel. Here Ai is the Airy function, and Ai’ is its derivative. The associated
determinantal point process pa; is called the Airy point process [3,9].

Example 5 (Bessel point process) Let S = [0, 0c0) and m(dx) = dx. Let 1 < o < oo. Let
Kge.« be the Bessel kernel such that

T (WDYSTIL) = VI DT ()
2(x —y)

Let je,« be the associated determinantal point process. (ipe,q 1S called the Bessel 5 o point
process.

KBe,a(xv)’): (x #y).

Example 6 (Ginibre point process) Let S = R? and m(dx) = (1/7)e " dx. Let Kgin :
R? x R?— C be the exponential kernel such that

Kgin(x, y) = e

Here we identify R? as C by the obvious correspondence R? 5 x = (x1,x2) — x| +
v—lx; € C,and y = y; — +/—1y; is the complex conjugate in this identification. The
associated determinantal point process [Lgin is called the Ginibre point process.
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