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Abstract We provide a tridiagonal matrix model and compute the joint eigenvalue density
of a rank one non-Hermitian perturbation of a random matrix from the Gaussian or Laguerre
B-ensemble.
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1 Introduction

The energy Hamiltonian of a closed quantum system is usually modelled by a Hermitian
random matrix H. The Hamiltonian of this system after coupling it to the outer world via s
open channels is modelled by the so-called effective Hamiltonian'

Hepp = H +1iT, (1.1)

where I' > 0 is arank s positive semi-definite Hermitian matrix that is independent of H. The
eigenvalues of H, sy are the mathematical model for the resonances, which are the long-lived
decaying states of our open quantum system.

In this paper we are concerned with the exact joint distribution of these eigenvalues when
there is one open channel (s = 1), and H is a Gaussian or Laguerre (Wishart) orthog-
onal/unitary/symplectic random matrix. I’ may be deterministic or random with a given
distribution function. We obtain tridiagonal models (in the spirit of Dumitriu—Edelman [2])
and compute the joint eigenvalue distribution for any § > 0, not merely § = 1, 2, 4 (Theo-
rems 3 and 4).

The joint eigenvalue law for non-Hermitian perturbations of Laguerre ensembles has not
been addressed in the literature before (however, see [11] for a related topic), while the joint

! In the physics literature it is more common to take H — iI", which can be reduced to our case by a simple
symmetry.
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eigenvalue law for non-Hermitian perturbations of Gaussian ensembles has been studied
in the physics literature by numerous authors: Ullah [19] (for the case § = 1), Sokolov—
Zelevinsky [15] (B = 1), Stockmann—Seba [17] (B = 1,2), Fyodorov—Khoruzhenko [5]
(B = 2). The present paper provides a rigorous derivation of this law which works for any
B > 0and for any choice of '—deterministic or random. More importantly, our approach can
be applied to other models, e.g., perturbations of Laguerre S-ensembles (done in this paper);
of chiral Gaussian S-ensembles; multiplicative perturbations of Gaussian and Laguerre S-
ensembles (to be explored in a forthcoming paper). We also expect that the tridiagonal matrix
models proposed here will be useful for establishing asymptotic properties of these “weakly
non-Hermitian” ensembles. Finally, we note that our methods can provide matrix models
(namely, block Jacobi matrices with independent (matrix-valued) Jacobi coefficients) for
higher order perturbations s > 2 as well, which could prove to be useful for computing their
eigenvalue density (for the case B = 2, s > 2, Fyodorov—Khoruzhenko [5] provide another
approach). The solution to this matrix-valued eigenvalue problem is currently beyond our
reach. We leave this as a challenging open problem.

The asymptotic analysis of the weakly non-Hermitian ensembles are of high interest in
the mathematics and physics literature and have been studied in [3,4,6,14], see also [11,12].
The numerous physical applications of such random matrices can be found in the review
papers [6,7,10].

The important cornerstones of our proofs are the Dumitriu-Edelman Hermitian matrix
models [2], and the Arlinskii-Tsekanovskif result [1] on the spectral analysis of (determin-
istic) Jacobi matrices.

2 Preliminaries
2.1 Gaussian and Laguerre Ensembles

Definition 1 Denote by N (0, o), N(0, 01,), and N (0, ols) the real, complex, and quater-
nionic normal random variables (r.v.) with variance So2 (B = 1, 2, 4, respectively).

Denote by x7 (k > 0) areal r.v. with p.d.f. mxkﬂ_]e—xﬂ. Denote by x (k > 0)

a square root of a X,f r.v., and x; (k > 0) to be \%Xk-

Definition 2 Let Y be an n x n matrix with independent identically distributed (i.i.d.) entries
chosen from N (0, 1), N(0, I,), or N(0, I4). Then we say that X = %(Y + Y*) belongs to
the Gaussian orthogonal/unitary/symplectic ensemble, respectively. We denote it by GO E,,,
GUE,, GSE,, respectively.

Definition 3 Let Y be an m x n matrix with i.i.d. entries chosen from N (0, 1), N(0, I), or
N(0, I). Then we say that the n X n matrix X = Y*Y belongs to the Laguerre (Wishart)
orthogonal/unitary/symplectic ensemble, respectively. We denote itby L O E, ), LU E (3, ),
LSE . n), respectively.

2.2 Tridiagonalization of Hermitian Matrices

Let H be an n x n Hermitian matrix. Denote e; to be the j-th standard vector in C", that is,
having 1 in its j-th entry and O everywhere else. Let (X, y) := x*y, the usual inner product
in C". Let us apply the Gram—Schmidt orthogonalization procedure in C” to the sequence
of vectors ej, Heq, Hzel, A Hk_lel, where £k = dim span{Hjel : j > 0}. Note that
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1 < k < n. After normalization we obtain an orthonormal sequence of vectors vy, ..., Vi
in C". If k < n, then we choose an arbitrary unit vector vk in C* & span{vy, ..., v}
and repeat the procedure but with v instead of e;. By repeating this procedure finitely
many times more if necessary and combining all the resulting vectors together, we obtain an
orthonormal basis {V.,-};',=1 of C".

Standard arguments (see, e.g., [ 16, Sect 1.3]) show that the matrix of H in the basis {v; }’}: 1
is tridiagonal. In other words, if we form unitary matrix S with {v j};f: | as its columns, then

S*HS = J, where

by a; 0O
a; by ar
J=S8S"HS = 0 ay by == 0 , a;>0,b, €R. 2.1)
. . an—1
0 an—1 bn

We call matrices of the form (2.1) Jacobi, and the coefficients {a;, b;}—their Jacobi coeffi-
cients. For a future reference, observe that

Se; = S*e; = ¢ 2.2)

since v; = e in the Gram—Schmidt procedure. Note that in the tridiagonalization procedure
above, if dimspan{H’e| : j > 0} =k < n,thena; > 0forl < j <k—1l,anda; =0,
i.e., J becomes a direct sum of Jacobi matrices of smaller sizes.

2.3 Matrix Models for Gaussian and Laguerre Ensembles

Now let us apply the tridiagonalization procedure from the previous section to a random
matrix from a Gaussian or a Laguerre ensemble. This is the idea of Dumitriu—Edelman [2]
(see also Trotter’s [18]).

If H is from GOE,, GUE,, or GSE,, then e; is a cyclic vector for H with probability
1. Therefore we obtain (2.1) witha; > Oforall 1 < j <n — 1.

The same is true for a random matrix H from LOE,, p), LU E (3 py, or LSE, ), but
only if m > n. If m < n, then with probability 1, dim span{Hjel 1j=>0=m+1<n,
and C" & span{H Jey : j = 0} € ker H, so that the resulting Jacobi matrix (2.1) that we
obtain has ;11 = -+ = a,—1 =0, b2 = --- = b, = 0. In other words, we have that ;7
is the direct sum of an (m + 1) x (m + 1) Jacobi matrix andthe (n —m — 1) x (n —m — 1)
zero matrix. The proof of this case can be done by following the Dumitriu—Edelman [2]
arguments.

Lemma 1 (Dumitriu—Edelman [2]) Let H be a random matrix taken from GOE,, GUE,,
or GSE, ensemble. There exists a (random) unitary matrix S satisfying (2.2) such that
SHS* = J is tridiagonal (2.1), where

aj ~ Xpm—j» l<j<n-—1,

bj ~ N(0, 1), 1<j<n,
where p = 1,2,4 for GOE,, GUE,, GSE,, respectively.
Lemma 2 (Dumitriu-Edelman [2]) Let H be a random matrix taken from LO E, ),

LUE @ ), or LSE, ny ensemble. There exists a (random) unitary matrix S satisfying (2.2)
such that SHS* = J = B*B is tridiagonal (2.1), where
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xry1 O
0 x2 y
B=1002x - 0o |- with (2.3)
.ot © Yn—1
0 0 x,
@) Ifm > n:
Xj ™~ XBm—j+1) 1<j=<n,
Yj ™~ XBn—j)» I<j<n-1

() Ifm<n—1:

o~ N KB, L= =m,
! 0, fm+1=<j<n,

Vi~ XBm—j, Y1=j=<m,
o, ifm+1<j<n-—1;

where B =1,2,4 for LOE( ny, LUE (4 ny, LSE (.0, respectively.

Remarks 1. For GSE, and LSE, ») every entry is quaternionic, so all the instances of C
in the arguments above should be replaced with the algebra of quaternions. The resulting
coefficients a;, b, x;, y; in Lemmas 1 and 2 are quaternionic too, but with the i, j, and
K parts equal to zero.

2. Itis worth reminding the reader that the random matrix S in Lemmas 1 and 2 is statistically
independent of 7.

2.4 B-Ensembles

The tridiagonal matrix ensembles from Lemmas 1 and 2 make sense for any 8 > 0, not
merely for B = 1,2, 4. They are called the Gaussian S-ensemble GBE, and the Laguerre
B-ensemble LB E ), respectively.

2.5 Spectral Measures of Gaussian and Laguerre 8-Ensembles

By the Riesz representation theorem, for any Hermitian matrix H there exists a probability
measure u (called the spectral measure) satisfying

(e1, HXey) :/xkdpc(x), forall & > 0. (2.4)
R

In fact, any Hermitian can be unitarily diagonalized, so that we can write H = UDU™*,
where D is the diagonal matrix with eigenvalues A1, ..., A, of H on the diagonal, and the
columns uy, ..., u, of U are the corresponding orthonormal eigenvectors of H. This easily
implies (2.4) with

n

nix) = ij(S)\j, where w; = |(e1,uj)|2. 2.5)
j=1

Here §, is the Dirac measure at A. The support of p consists of < n points.
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96 R. Kozhan

As our matrix H is random, its spectral measure is random too. The joint law of w;’s and
Aj’sin (2.5) will be referred to as the law of the spectral measure of H.

Because of (2.2), the laws of the spectral measures of H and of its Jacobi form .7 coincide,
that is, H and J have identically distributed eigenvalues A ;’s and eigenweights w;’s. In
particular, laws of the spectral measures of GO E,, and GBE,, with § = 1 coincide; laws of
the spectral measures of GUE,, and GBE, with B = 2 coincide; laws of the quaternion-
valued spectral measures of GSE,, and GBE,, with 8 = 4 (viewed as a matrix with purely-real
quaternion entries) coincide. The analogous statements hold true for the Laguerre case.

Laws of the spectral measures for GBE,, and LBE, ) with m > n have been computed
in [2], see Lemmas 3 and 4 below. We also need the spectral measure of LBE(,, ,) when
m < n, which we compute in Proposition 1 below.

Lemma 3 (Dumitriu—Edelman [2]) For any B > 0, the spectral measure of a random matrix
from the GBE,,-ensemble is (2.5) with the joint distribution

n

32 2—1
gﬂ%]_[e%/z [T 1% —mlPdns .. dknx—]_[wﬂ/ dwi ...dw,_i, (2.6)

j=1 1<j<k<n j=1
where
ijzl; w; >0, 1<j<n; i;eR, 2.7
j=1
r'ad+gj/2) (/2"
27)/2 n= — 2.
=@ H Fa+p/2° " Tipn/2) @8

Lemma 4 (Dumitriu—Edelman [2]) For any m > n and > 0, the spectral measure of a
random matrix from the LBE , )-ensemble is (2.5) with the joint distribution

n
2 .
= [ e TT g = mlPdra .. do,

j=1 1<j<k<n
n B
xT(Bn/2) [ | r'/ Sydwi - dwy, (2.9)
JATBD

wherea =m —n+1—2/8 and

n
ij=1; w; >0, 1<j=<n i;>0, (2.10)

— n(@B/2+14(1—-1)B/2) ]—[ LA+ Bj/2T+ Ba/2+ B(j —1)/2)

hpna T'(1 +8/2)

, (2.11)
j=1

Proposition 1 Ifm < n — 1 and B > 0, the spectral measure of a random matrix from the
LBE g n) is

m
wx) = wodo + ) w;d,. 2.12)
j=1
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with the joint distribution

2_
hﬁmankﬁ“/ MECTT g = mlPdha . di,

j=1 1<j<k<m
,s(n m)/2—1 m ﬂ/2 1
- x I'(Bn/2) dwy ...dwy,, (2.13)
F(ﬂ(n /2) H ' (B/2)
wherea =n—m~+1—2/B; hgpmqisasin (2.11); and
Y wi=1 w;>0, 0<j<m x>0 (2.14)
j=0

Let us denote the normalization constant for w;’s as

L(B(n—m)/2)I(B/2)"

d = . 2.15

prmn T(Bn/2) @19

Proof Let us first deal with 8 = 1 case. The distribution of the eigenvalues of a matrix H
from L O E,; ») is well-known. Let its eigenvaluesbe Ay > -+ > 4, >0=0=---=0
(n — m zeros). Now choose an orthonormal system of (real) eigenvectors uy, ..., u, of H

corresponding to these eigenvalues, respectively. We pick each u; at random uniformly from
the set of all possible choices. Since for any n x n orthogonal matrix O, the matrix 0T HO
also belongs to L O E;, ), we can see that: uy is uniformly distributed on the unit sphere
{u e R" : |Ju|| = 1}; and for any 1 < j < n, the vector u; conditionally onuy, ..., u;_
is uniformly distributed on the subset of this unit sphere orthogonal to uy, ..., u;_1. So the
matrix consisting of uy, ..., u, as its columns is a Haar distributed orthogonal matrix (see,
e.g., [9, Prop. 2.2(a)]). Then its first row (vy, ..., v,) is distributed uniformly on the unit
sphere {u € R" : ||u]| = 1} Now recalling (2. 5) we obtain that w; = v ,1 < j <m,

and wy = vi gttt v”. Now one can apply arguments from the proof of [8, Cor. A.2]

(note that dw; = 2w]1/2

to (n m— 2)/21—[ " w —l/2dw1 dw,,.

ThlS allows us to Compute the Jacobian for the change of variables from {x;, y; };” 1in(2.3)
to{A;, w ]} "_1- Why is this change of variables bijective? By Favard’s theorem (see, e.g., [ 16,
Thms. 1.3.2—1.3.3]), there is 1-to-1 correspondence between all (m + 1) x (m + 1) Jacobi
matrices (2.1) witha; > 0 (1 < j < m) and all probability measures supported on m + 1
distinct points. This means there is 1-to-1 correspondence between all positive semi-definite
(m+1) x (m+ 1) Jacobi matrices 7 witha; > 0 (1 < j < m),det J = 0 and all probability
measures supported on m + 1 points of the form (2.12), (2.14). By semi-definiteness, any
such J can be Cholesky factorized 7 = B*B with B upper-triangular with non-negative
entries on the diagonal. Since J is tridiagonal, this (m + 1) x (m + 1) matrix B must be
two-diagonal as in (2.3) with x; > 0, 1 < j < m + 1. Since det 7 = 0, we must have that
xj = 0 for at least one 1 < j < m + 1. But since all a; > 0, we obtain that x,, 11 = 0,
xj>0forl <j<m,andy; >0,1 < j <m.Conversely, any (m + 1) x (m + 1) matrix
B (23) withx; > 0,y; > Ofor1 < j < m and x;;,41 = 0 leads to a positive semi-definite
(m + 1) x (m + 1) Jacobi matrix J withdet 7 = 0anda; > 0(1 < j < m).

Using the matrix model in Lemma 2 (case m < n) and the distribution (2.13) that we
proved for § = 1, we obtain that the Jacobian is proportional (let us ignore the normalizing
constants for now) to

dvj) to see that the joint distribution of wy, ..., wy, is proportional

@ Springer



98 R. Kozhan

m

OXT,y ey Xy Y1y v s L4 _ 2
det (x1 ms V1 Ym) - ij m+j X /Zny n+j+1 oV /2
ALy ey Ay WEs e e s Wiy) i 1
J= j=
n—m m 1 m n—m— )»j
IS 1 75 | (O QAR
j=1 j=1 1<j<k<m
Now taking the specified in Lemma 2(ii) joint distribution of {x1, ..., X, ¥1, ..., ym} for

LBE(n ny, m < n, applying the the above Jacobian, and using the identities from Lemma 5
below, one obtains (2.13), up to a normalization. Finally, note that hg ;, . is the right nor-
malization constant for the eigenvalues in (2.13) by Lemma 4. The normalization constant
dg m.n can be computed by evaluating the Dirichlet integral, see, e.g., [8, Cor. A.4]. O

Lemma 5 The following identities hold:

m m
me j+1 m—j+1 _ l_[ w}/2 l_[ Ihj — Akl l_[)\j, (2.16)
j=1

j=0 I<j<k<m
m m
[[vi=wo]]n (2.17)
j=1 j=1

Proof (2.16) follows immediately by noting that x;y; = a;, 1 < j < m, and then
applying [2, Lemma 2.7]. Note the clash of notations: their n is our m + 1, their
b1, ... byoih {hts ..o Ad, and {g?, ..., g2} are ours {ap, ..., ai}, {1, ..., Am, O}, and
{wy, ..., wy, we}, respectively. To prove (2.17), we use theory of orthogonal polynomials,
see, e.g., [16]. By combining [16, Prop. 3.2.8] and [16, Prop. 2.3.12] we get

— _Ti _ | 1 2Gm+1(2) — gm+1(0)
wo =~ lim{er, 2(7 —2)er) = im % 206 = @

where p;’s and g ’s are the orthonormal polynomials associated to 7 of the first and second
kind, respectively (in order to define p,,+1 and g,+1 we need a,,+; which we take to be
an arbitrary positive number). By [16, Thm. 1.2.4], p,,4+1(2) = (]_[;"Jrl1 a; )det(z —-J),
50 p,,11(0) = (=D" ]_[;'H'll a;! ]_[j 1 Aj. Using the Wronskian relation [16, Prop. 3.2.3]
and p;;4+1(0) = 0 (since 0 is an elgenvalue of J), we obtain ¢+1(0) = 1/(an+1pm(0)).
Finally, p,,(2) = (]_[ j=14; )det(z Tmxm)s where T xm is the m x m top left corner
of J. Recall that 7 = B*B. It is easy to see that Jyuxm = By Bmxm, Where By
is the m x m top left corner of B. Therefore p,,(0) = (]_[ a_l) det(=B; wu Bnxm) =
(— 1)’”(]_[] 14; )]_[ lx Combining this all together with a; = x;y;, 1 < j < m, we
obtain (2.17). O

3 Rank One Perturbations: Location of the Eigenvalues

Let us discuss all attainable configurations of eigenvalues of rank one perturbations of (deter-
ministic) Hermitian matrices. Part (i) of the following statement is certainly well-known (see,
e.g., [1,11]), but (ii) and (iii) seem to be new.

For the rest of the paper let C; := {z € C: Imz > 0}.

Theorem 1 Let Hepy be as in (1.1), where H = H*, ' > 0, rankI" = 1. Choose any
w e RanT', w # 0, and let k = dim span{H’w : j > 0}. Then:
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(i) Hefr has k complex eigenvalues in C,. and n — k real eigenvalues (counted with their
algebraic multiplicities).
(ii) If H > 0, then the k complex eigenvalues {zj}]]‘.:l of Heyy belong to the set {(zj)]]‘.:1 €
(CHk - Zﬁ':l Argzj < %}, and every such a configuration may occur.
(iii) If H > 0 and det H = 0, then the k complex eigenvalues {zj}l;zl of Hefy belong to the
set {(zj)/;:1 e (CpFk: Z];ZI Argz; < %}, and every such a configuration may occur.

Remark Using similar ideas one can prove the analogue for the case when H is not positive
semi-definite, but has s negative eigenvalues. The k complex eigenvalues (the other n—k being
real) of H,ry then belong to {(zj)’;.=l € (CHF: THm@s—1)< 21;:1 Argz; < % +7Ts},
and every such a configuration may occur.

The proof relies on the following uniqueness+existence result for Jacobi matrices. We use
nin (i) and m + 1 in (i1) as the size of our matrices in order to be consistent with what follows
later.

Proposition 2 Forl > 0, let
T =T +illix, 3.1

where 111 is the matrix with (1, 1)-entry equal to 1 and O everywhere else.

(i) Let J beannxn positive definite (real) Jacobi matrix (2.1)witha; > 0, j =1,...,n—1.
Eigenvalues of J;, counting algebraic multiplicities, belong to

(Zj);:] e (CH*: ZArgzj <3t (3.2)
j=1

Moreover, for every configuration of n points from (3.2) there exists a unique matrix Jj
of the form above with such a system of eigenvalues.

(i) Let J be an (m + 1) x (m + 1) positive semi-definite (real) Jacobi matrix (2.1) with
aj >0, j =1,...,m, satisfying det 7 = 0. Eigenvalues of J;, counting with their
algebraic multiplicities, belong to

m-1
1
@)t e @™ Y Argz =35t (3.3)
j=1
Moreover, for every configuration of m + 1 points from (3.3) there exists a unique matrix
i of the form above with such a system of eigenvalues.

We will prove Proposition 2 in Sect. 5.2.

Proof of Theorem 1 Since I' > 0, we can diagonalize I' = U (lI}x1)U*, where [ > 0 and
U is unitary. We may assume w = Uey. Then Hopp = UU*HU + ill11)U*. Apply-
ing the tridiagonalization procedure from Sect. 2.2, we can reduce U*HU to the Jacobi
form (2.1): U*HU = SJS* with S unitary. Note that k = dimspan{H/w : j > 0} =
dimspan{(U*HU)jel :j>=0},s0a; >0forl < j <k—1,a = 0 (see Sect. 2.2).
Therefore J is a direct sum of a k x k Jacobi matrix with positive a;’s and some other
(n — k) x (n — k) Jacobi matrix. Because of (2.2), S*I1«1S = I« and therefore

Hypp = US(J +ill1x1)S* U™, (3.4)
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100 R. Kozhan

Part (i) now follows from [1]. Part (ii) follows from Proposition 2(i). For the case (iii),
det 7 = 0, but it might happen that the zero eigenvalue of 7 is an eigenvalue either of the
k x kor (n— k) x (n — k) submatrix of 7. Thus either Proposition 2(i) or (ii) applies and
finishes the proof. O

4 Rank One Perturbations: Tridiagonal Matrix Models

Let H be an n x n matrix from one of the six ensembles GOE,,, LOE,,«,, (8 = 1); GUE,,
LUE;;xn (B=2); GSE,, LSEy;xn (B =4).Let Hypp beasin (1.1), where I' = (ij);l',kzl
is an n x n positive definite (deterministic or random) matrix with real (if 8 = 1), complex
(if B = 2), or quaternionic (if § = 4) entries. We assume that I" is independent of H and has
rank 1 (for the case B = 4, the (right) rank is viewed over quaternions, see, e.g., [13]).

Since I' > 0, we can write I' = U(I11x1)U™*, where U is orthogonal, unitary, or unitary
symplectic for § = 1, 2, 4, respectively (for quaternion diagonalization, see, e.g., [13, Thm.
5.3.6]). Since thel I;Iilbert—Schmidt norm should be preserved, we see that [ = ||I'||gs =
(X4t I0P) "

Then Hopp = U(U*HU +ill1x1)U*, where U is independent of H. From Definitions 2
and 3, it is clear that U* HU belongs to the same ensemble as H. Therefore we can apply
the tridiagonalization procedure from Sect. 2.2 to reduce U*HU to the Dumitriu—-Edelman
form: U*HU = SJS* with 7 asin Lemma 1 or 2, and S unitary satisfying S*11x1S = 1«1
(by 2.2), so (3.4) holds. We proved

Theorem 2 (Matrix model for rank one non-Hermitian perturbations of Gaussian and
Laguerre ensembles) Let H be taken from one of the six ensembles GOE,, GUE,, GSE,,
LOE; «n, LUE, «xn, LSE; xn. Suppose the (deterministic or random) matrix I is inde-
pendent of H and I' > 0, rankI' = 1. Then H.ry = H + il is unitarily equivalent to

J +illix1 4.1)

where J is as in Lemma 1 or 2, respectively, and | = ||I'||gs = (Zikzl |ij|2)1/2 is
independent of J .

Remark This tridiagonal matrix ensemble (4.1) makes sense for any g > 0.

5 Rank One Perturbations: Joint Eigenvalue Distribution
5.1 Perturbations of Gaussian -Ensembles

Theorem 3 Fix a deterministicl > 0, and for any B > 0 let J be from GBE, ensemble.
Then the eigenvalues of Jj, (4.1), are distributed on {(zj) € (C)" : Z?:l Imz; =1}
according to
Ly 2 u B_
hﬂ%e 2 g Re@) o l_[ lzj — 2kl 2 : 1_[ |z —
jk=1 <k
B2 g 2

xI7 2 e 2dzy...d zp—1d(Re z,), 5.1

where d*z stands for the 2-dimensional Lebesgue measure on C; and

hgn=2"F"Dgg cpp, (5.2)
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where gg , and cg , are as in (2.8).

Remarks 1. In view of Theorem 2, distribution (5.1) with 8 = 1, 2,4 is the eigenvalue
distribution of rank one perturbations of GOE,, GUE,, GSE,, respectively.

2. If we suppose that [ > 0 is random (independent of 7;) with a distribution y, then the
expression in (5.1) should be viewed as the conditional distribution of z;’s given /. The
joint distribution of z;’s and / is therefore equal to the product of (5.1) and dy (I). In the
special case when y is absolutely continuous dy (I) = F(l)dl, we get that the eigenvalues
of 7 are distributed on {(z;) € (C)" : Z’}:l Imz; € supp(F)} according to

1 M Re(z) ) 2
¢ T X ]_[ |Z]_Zk|2 1_[|Z]_Zk|

J.k=1 Jj<k
B2 2 2
X1 2" e 2FW)dzy...dz,, (5.3)
where [ = 37_; Imz;.
Proof By Theorem 1(i), each of the eigenvalues zi, ..., z, lies in C,. Moreover, by the
result of Arlinskii-Tsekanovskil [1, Thm. 5.1], the mapping
Vil by = 210z
(0,00)" 1 x R" — (CL)" (5.4)
is one-to-one and onto the set {(z;) € (C4)" : Z;Zl Imz; = I} (see 5.17 below). Then so
is the mapping {)\j};?zl, {wj};;} — 21, ..., Zn, Where u (2.5) is the spectral measure of 7.
Let us compute the Jacobian of this transformation.
Lemma 6
d(Rezp,...,Rez,, T U | _ —A
det (Re z; ezn, Imz) mz,—1) _ 11—[ kl2 (5.5)
A1y ees Ay WEy e e, Wy) ik |Z/—Zk|

Proof Let m(z) = (e1, (J — z)_lel) = Z =1 »\-—z Denote the characteristic polynomial

as ijo kjz/ = det(z — ) = ]_['}zl(z z;), where k, = 1. Let us first compute the
Jacobian of the transformation of Re ko, ..., Rex,—_1, Imko, ..., Imk,_» with respect to
AlsvosAp, Wi, ..., Wy—1. Note that Imk,,_; = —Z?Zl Imz; = —1 is fixed.

Observe that

Y kjz! =det(z = D) det( — (z = )~ lillia) = (L+ilm@) [ = 2)).  (5.6)

j=0 j=1

By taking the real parts for z € R, and then using analytic continuation, we obtain

n n n "
lle—zp+3[le-2p = Rexpz/ = [Je—2p. 5.7)
j=1 Jj=1 j=0 j=1
9(Reky,....Reky—1)

This implies that the Jacobian submatrix
matrix, while

I is equal to the n x (n — 1) zero

d (Reko, .. ReK,, 1)
a(r,..

= [T =l (5.8)

‘det
j<k
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Thus we just need to evaluate | det %wl regarding A ;’s as constants.

The imaginary parts of (5.6) for z € R give

n—1

Z(Imx)zf —lm(z)l_[(z—)»,)— lZw, [] @=0

1<k<n
k#j
n—1
ijx =) ] G=m —ll_[(z—kk) (5.9)
I<k<n-—1
k#j

Denote the polynomial in the square brackets as s(z) = Z" 25 j z/. Then by (5.9),

d (Imkg, ..., Imx,_2)
0 (805 -+ -5 87-2)

det = (=" (5.10)

Now note that s(z) can be rewritten as

n—1

~ —A
o=y [ F75
j=1 -

1<k<n—1
k)
where
Wy =wj—r) ] %= (5.11)
I<k<n—1
k#j
One can now recognize that s(z) is the interpolating polynomial s(A;) = wy for k =
1,...,n — 1. This implies
(Wi, ..., Wy_
det LWL e Wn) | [T 1=l (5.12)
0 (50, .-+, 81-2) I<j<k<n—I
Finally, from (5.11),
(@ Wuo1) T
det L STy =) [ 1y — ml® (5.13)
a(wla"'vwnfl) i=1 1 . _
j= <j<k=n-1

Combining (5.10), (5.12), (5.13), we get

ad sy Imig,— -
‘det (Im kg mky,—2) —n 1 1_[ |)‘j — Akl (5.14)
a(U)],...,wn—l) I<j<k<n
Using (5.8), we get
9 (Rekp, ..., Rexy—1,Imko, ..., Imk, )

=" [T mi—ml Ga9)

1<j<k<n

‘ det

a()“]v'-'v)“l‘lswlv'-'vwn—l)
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Finally, observe that if we have to restriction on «;’s and z’s, then

1—[ |Zj —Zk|2 — |det d (Rel(o, ...,Reanl,ImKo,...,ImKn,I)
i d(Rezy,...,Rez,, Imzy, ..., Imz,)
— |det d (Re/co, ...,Reanl,ImKo, ...,Imanl)
d(Rezy,...,Rez,,Imzy,...,Imz,—1, Imk,_1)
— lqet d (Rekg,...,Rex,—1,Imkg,...,Imk,_2)
d(Rezy,...,Rez,, Imzy, ..., Imz,_1)

The first equality is the standard fact; second equality comes from the change of variables

Imk,—1 = — Z?:l Im z; the last equality comes from Laplace expansion for the determi-
nants (under the condition Im «,,_; = const).
Combining the last Jacobian with (5.15), we obtain the statement of the lemma. O

The joint distribution of {)Lj};le, {wj};’.;i is

n n

1 ) B —A2/2 B/2—1

g,e,ncﬂ,nl_["\/_“' l_[le j l_[le dhi ... dhgdw; ... .dw,_.
J= J=

Jj<k

Using this and Lemma 6, we obtain that the distribution of z;’s is

n n
—(n— - —22)2 2—1
D Ty = P2 [Te ™2 [Twf 7 [T 1y — Pz d(Rezy).

j<k j=1 j=1 j<k
(5.16)
Note that
n

I=—Imk, 1 =) Imz;, (5.17)

j=1

n n

S =Y Rez, (5.18)

j=1 j=1
D hjmke =) Re(z;n). (5.19)

j#k j#k

The first equation comes from (5.9), while the latter two follow from (5.7). Then
2
n n n
ZA? = ZRezj - ZRC(ZjZk) = X:(Rezj)2 + Z(Iij)(ImZk)
j=1 Jj=1 J#k j=1 J#k
n
=Y Re(z;)’ + 12 (5.20)
j=1
Finally, from (5.6),
n
—ilw; = il Res m(z) = Res t=n _ e — 20 (5.21)
=Aj

=hltz=he o Tl (g =20
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SO

ﬁ w; = () [T =2 = iyl [k —20) _ 1 [ 12 — 2
J 7 T - .~ 0 — \7 b T P I = T
=1 : Hj<k % = Ml? v l_[j<k A= hal? @0 l_[j<k A — dal?

(5.22)
where we used (5.7) withz = zx, k = 1, ..., n. Combining (5.17), (5.20), (5.22) with (5.16),
we obtain (5.1). O

Example

Since I" in Theorem 2 has rank 1, we can decompose it as ' = L*L, where L = (I; j)’%zl
is an 1 x n matrix. Assuming the entries /;; of L are independent and normal N (0, olp),
then [ = Z'}Zl |11j|2 ~ ozxén, that is [ is distributed on (0, co) according to F(I)dl with

_ 1
FO = Tomramm
distributed on (C4)" according to

16n/2=1,=1/20%) 1n this special case, eigenvalues {z1, ..., z,} are

n
1 v 2 B
1 -7 2= Re(@)) = 51 2
e J J Zj — k|2 Zj—2
(\/E(T)ﬁ”r(ﬂn/z)cﬂ.ngﬁ,n 1_[ | J k| l_[ | J k|
J, k=1 j<k

21

xe 7 2d%zy...d%z,. (5.23)
5.2 Perturbations of Laguerre -Ensembles

Proof of Proposition 2 We use the same notation as in the previous section: let z;’s be the
eigenvalues of 7;; let A;’s and w;’s be the eigenvalues and eigenweights of the spectral
measure of 7 (which is of the form (2.5) with (2.10) for the case (i) and (2.12) with (2.14)
for the case (ii)). By [1], z; € C4 forevery j.

Consider now case (i). Equations (5.7) and (5.9) imply

Resi(zt, ..., zn) = sk(Aty .o Ap), k=1,2,...,n; (5.24)
n

Imsp(zr, ..o z) =1y wisioi(adig), k=1,2,....n, (5.25)
j=1

where 5o := 1, and s (k > 1) is the k-th elementary symmetric polynomial

k(@ 2n) = > Zjy 2y (5.26)

1<ji<jpp<..<jk<n

Since for each j, A; > 0, w; > 0,/ > 0, we obtain that zy, ..., z, must belong to

[@riie o s e k=1.2...n}, (5.27)

where Q1 := {z : 0 < Argz < m/2}. Conversely, take a collection of points from (5.27).
Since it belongs to (C;)", we know from [1, Thm. 5.1] that there exists a unique matrix
of the form J + ill{x; with! > Oanda; > 0, j = 1,...,n — 1. Equation (5.7) along
with the positivity of (5.24) implies that A, ..., A, are the real roots of the polynomial
]_[;le (z — A;) with alternating signs of the coefficients. By Descartes’ rule of signs, such a
polynomial cannot have negative zeros. This means that all A ;’s are positive. Therefore (5.27)
is precisely the space of all possible eigenvalue configurations of H,y. Let us now show that
it coincides with (3.2).
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It is elementary that (3.2) is a subset of (5.27). To see the converse, take any sequence
from (5.27). Since s, (21, ..., 2n) = 2122 ...2n € Q1, we must have that

0+ 2km < Argzy + Argzy + - - - + Argz, < /2 + 2km (5.28)

for some integer k > 0. We already know that these zy, . . ., z, are the eigenvalues of 7 +il 1,
where 7 is positive definite. Let us now fix 7 and view z1, ..., g, as functions of / > 0
only. Each of these functions is continuous and never passes through 0. For any 0 </ < oo,
we have (5.28) for some k. But when / = 0 the sum of the arguments is zero. By continuity
k =0foranyl,i.e., (5.27)=(3.2).

To deal with the case (ii), we use similar arguments with m 4 1 instead of »n and
A, ...y Am, 0 as the eigenvalues (with A; > 0, j = 1, ..., m). Then Egs. (5.24) and (5.25)

imply that the eigenvalues z1, ..., Zu+1 of J + ill1x belong to
{(Zj);'»’:ll € (C)™M spi1ls ey Zme1) € iR
k@1, zme) € Q1 k=1,2,...,m}, (5.29)

where Ry = {z € R : z > 0}. Conversely, by [1, Thm. 5.1], any configuration
of point from (5.29) coincides with eigenvalues of some J + illix;, I > 0. The
eigenvalues A, ..., Ay41 of J satisfy sg(Ay, ..., Auy1) > 0 for k = 1,...,m and
Sm+1(A1, .« .y A1) = 0. This implies A; > 0 for all j except for one zero eigenvalue.
Finally, let us show that (5.29) coincides with (3.3). The inclusion (3.3)C(5.29) is easy.
Conversely, take any configuration {z; }';‘:11 from (5.29). By the above, these points are the
eigenvalues of some J + ill1x with [ > 0, where J has eigenvalues {0, A1, ..., A} with

Aj > 0for1 < j < m.Since sy,+1 € iR in (5.29), we have
Argzi +Argzo + ...+ Arg gy = /2 + 2km (5.30)

for some integer k > 0. After reordering, we can assume that z; — A;, 1 < j < m, and
Zm+1 — 0 when [ — 0 (while J is fixed). Therefore Argz; — Oas/ — Ofor1 < j <m,
while 0 < Arg z,,4+1 < /2 for any /. This proves that k = 0, and so (5.29) € (3.3), finishing
the proof. O

In the next theorem we compute the joint distribution of eigenvalues of rank one pertur-
bations of the Laguerre -ensembles.

Theorem 4 Fix a deterministic | > 0, and for any B > 0 and any integer m,n > 0, let T
be the n x n matrix from LBE, ) ensemble.

(1) If m > n, then the eigenvalues {z1, ..., zn} of J1 = J + ill1x1 are distributed on
n n
{(Zj);le e(C+)":ZArng<%,ZImzj:l} (5.31)
j=1 j=1

according to

n

B
1 s 151 2
qB.n.a,l 1_[ |Zj - Zk' 2 1_[ |Z] - Zk'

J.k=1 j<k

Ba
2

n
xe tjaRei [Re [Tz | ... dPzam1d(Rezy), (5.32)
j=1
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wherea =m —n+1—2/8 and

n 1
qB.n,a,l = 2n(ﬂ/27l)hﬁ,n,acﬂ,nl 277,

where hg , o and cg , are as in (2.11) and (2.8).
(i) Ifm < n—1, then the m + 1 nonzero eigenvalues of J1 = J +ill1 x| are distributed on

m+1 m+1
1 1
@) e @Y Argzy =5, ) Imzj =1 (5.33)
j=1 j=1
according to
m+1 8
1 = 5-1 2
A 2 R
18.mn,l l_[ |Z] Zk' 1_[ |Z] Zkl
J.k=1 1<j<k<m+1

—1
1 e+l mtl B( 1 "
 } "T'Rez; pn—m—1) 2 2
xe 2= R [T 1) 72— [Re [ ]2y | dPar...dPem.  (5.34)
j=1 j=I

where 5
n
tpmnt = (m+ 120 VE2 g dg 127 (5.35)

wherea =n—m+1—2/B, and hg o and dg ;. n are as in (2.11) and (2.15).

Remarks 1. Distributions (5.32) and (5.34) with 8 = 1, 2, 4 are the eigenvalue distribution
of rank one perturbations of LO E(;, ), LU E 1.y, LS E (., T€spectively.

2. In (i), Zjy+1 is determined from z1, .. ., z,, because of (5.33).

3. Similarly to the remark 2 after Theorem 3, we can also assume that / > 0 is random
(independent of 7;) with a distribution y. Then (5.32) and (5.34) are the conditional
distributions of z;’s given /. The joint distribution of z;’s and / is then equal to the
product with dy (/) and can be calculated as in the case of Gaussian ensembles above.

Proof (i) We can take the known joint distribution of the eigenvalues A ;’s and the eigen-
weights w;’s (see Lemma 4) and change the variables to z;’s (by Proposition 2(i) it is
one-to-one and onto (5.31), so the Jacobian (5.5) applies). Using (5.22), (5.17), (5.18),
(5.24) (with k = n), we obtain the resulting distribution (5.32).

(i1) By Proposition 2(ii), the map from the spectral measures of the form (2.12), (2.14) to the
eigenvalues of J +illix1: A1y« vyl Wiy ovoy, Wiy > 21, - - ., Zm+1 1S ONe-to-one and
onto (5.33) (if we impose some natural ordering on A ;’s and z;’s; we will remove it in
the end of the proof). Its Jacobian is different from (5.5) computed earlier. Similar to the

notation in the proof of Lemma 6, letm (z) = (e, (J—z2) " 'e1) = —%—}-Z'};l )\;”iz and

27:01 /cjzj =det(z — J)) = H;-":ll (z — zj), where k11 = 1. Because of det 7 = 0,
we obtain Re kg = 0. Following similar reasoning as in the proof of Lemma 6, we first
obtain the value of the Jacobian

d (Reky, ... ,Rek,, Imko, ..., Imk,_ -
det ¢ z]u 3 0 m—1) = a [T mw—w
(17-"7 mawla~~-7wm) =1 I<j<k<m
(5.36)
Since Re(z1 ...zmy1) = (=)™t Rexg = 0 and Im«k,, = —Z'}Lﬂl Imz; = —I,
we have that z,,11 is determined by z1, ..., z. Therefore we have a one-to-one map
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R¥" — R taking z1, ..., zm to Reky, ..., Reky,, Imko, ..., Im,_1. We need its
Jacobian on the manifold Re(z; .. zm+1) = 0 ZmH Imz; = l
If we have no restrictions on z;’s or k;’s, then

5 d (Re ko, Imkyg, ..., Reky,, Imk,,)
[T 1o —al=|de
1<) k<mtl 9 (Rezy,Imzy,...,Rezpmqr, Imzyq1)
' 0 (Rekg, Imky, ..., Rek,, Imk,,)
a(R621,Im21,...,RCZm,ImZm,RCKO,Ime)
dtB(Rezl,lmzl,...,Rezm,lmzm,ReKO,Ime)
x |de
d (Rezy,Imzy, ..., Rezmt1, Imzn41)

The last determinant is equal to | Re(z; ... z;)], sO

Tli<jckemir 12 — 2 3 (Re ko, Im ko, . . . , Re ke, T k)
|Re(zy ... 2m)l _’ d (Rezy,Imzy,...,Rez,, Imz,, Rekg, Imk,,)
_ ’det 9 (Reky,...,Reuy, Imkg, ..., Imi,_1) 7
d(Rezy,Imzy,...,Rezy, Imz,)

where in the last determinant we are assuming that Re ko = const and Im «;,, = const.
Combining this with (5.36), we get that on Rexop = 0, Im«,,, = —I,

2
d(Rezy,Imzy,...,Rezy, Imz m m ITi<; A=l
det ( 1 1 m m) =lm|ReHZj|1_[)»j 1<j<k<m .
OAlseeey A, WLy e v vy Wiy) il H1<j<k<m+1 |Z] %

(5.37)

Repeating the arguments from (5.21) and (5.22), we obtain

+1 +1 -
nm |21 l'[’,”k 112 — ]
and H w; =

W0 = ~——m
LT 141 1"12’”“ T 1 Ty 1 Tt 12— 2l

Finally, just as in (i), we still have Z;”:] Aj= Z'"H Rez;.

Now, starting from the joint distribution of A1, ..., A;;, w1, ..., Wy, (see Proposition 1),
applying the Jacobian (5.37), and using these substitutions (note that terms with ||
cancel out in the process), we arrive at the distribution (5.34). Note that the factor
(m +1) in (5.35) comes from removing the ordering of z;’s and A ;’s (there are (m + 1)!

m+1

of permutations for {z;}7}',

and only m! for {1 } L)
m}
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