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Abstract We study regularity and finite time condensation of distributional solutions of the
space-homogeneous and velocity-isotropic Boltzmann equation for Bose—Einstein particles
for the hard sphere model. Global in time existence of distributional solutions had been
proven before. Here we prove that the equation is locally and can be globally (in time) well-
posed for the class of distributional solutions having finite moment of the negative order
—1/2, and solutions in this class with regular initial data are mild solutions in their regularity
time-intervals. By observing a necessary condition on the initial data for the absence of
condensation at some finite time, we also propose a sufficient condition on the initial data
for the occurrence of condensation at all large time, and then using a positivity of a partial
collision integral we prove further that the critical time of condensation can be strictly positive.

Keywords Boltzmann equation - Bose—Einstein particles - Regularity - Condensation -
Finite time

1 Introduction

It has been known that the time evolution of a dilute Bose gas and the formation of Bose—
Einstein condensation can be described by the Boltzmann equation for Bose—Einstein parti-
cles. Derivations of this important semiclassical model can be found in [3-5,17,19,24]. The
present paper is a continuation of our previous work [15] on the study of space-homogeneous
solutions of the equation for the hard sphere model:
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Here the solution f = f(v,#) > 0 is the number density of particles at time ¢ with the
velocity v; fu = f(vi, 1), f' = f(V, 1), fl = f(V,,1),and v, v, and V', v} are velocities
of two particles before and after their collision:

V=v—((V=vy) 0o, V.=Vi+((v=Vy) 0o, ocSs
which conserves the kinetic energy
V24 VP = VP v (1.2)

The main difficulty in investigating Eq.(1.1) comes from the cubic terms ff’ f/, f« f'f1,
etc., because their collision integrals (even with a strong cutoff on the collision kernel) over
R3 x R3 x 2 in the usual weak form (i.e. involving smooth test functions) are unbounded on a
set of non-isotropic functions in {0 < f € CSO(R3) [l w3y < 13 ([13]). So far the results
about global existence, convergence to equilibrium, singular behavior, kinetics of Bose—
Einstein condensation, numerical analysis, etc. of solutions of Eq.(1.1) and its modifications
have been mainly concerned with isotropic solutions, see e.g. [1,2,6-8,11,13,14,18,20-23].
Recent works [9,10,15] also considered blow up and condensation in finite time for such
solutions (see below).

By velocity translation one can assume that the mean velocity is zero so that the
isotropic solution f (v, t) can be written as f(|v|2/2, 1). Accordingly, let €, €, €', €/, stand
for [v|2/2, [v«|?/2, |V'[>/2, |V.|?/2 respectively. Then (1.2) implies that €, €, €, are inde-
pendent variables and €, = €’ + €/, — ¢, and this 3-degree of freedom is just enough for the
total integration of the cubic isotropic term ff’ f, over Ri. As in the previous work [15], we
are only interested in such solutions that have finite mass and energy, i.e.

/(1 + IVI2/2) F(vI2/2, Hdv = 471«@/(1 + &) f(e, )/eds < 0.
R3 R4

It will be more convenient to write €, €,, €, €. as x, X, y, z respectively. Then introducin
* y

min{y/x, VT, /7. v2)
> ,

wx,y,z) = x>0,y>0,z2>0, xy =@ +z—x)4

(1.3)

where (1) = max{u, 0}, and using the formula (see e.g. [15])

/ %@(wﬁ/z, VP2, v,/ /2) ded, :/w(x,y, DO (x, y, )dydz

R3 x 2 R%
(1.4)
for v e R3\{0}, x = |v|?/2, the equation (1.1) for isotropic solutions becomes
0
§f(x, 1) =Q(N)x, 1) (1.5)

where Q(f)(x,t) = Q(f(-, 1))(x) is the isotropic version of the collision integral in (1.1):

0(f)(x) = / W,y DU LA+ f 4+ ) — A+ £+ fldydz, (16)

8
f=f@), fi=f&), ff=f0. fi=[fQ. (L.7)
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The Boltzmann Equation for Bose—Einstein Particles 495

As usual, in order to study kinetic equations, the first step is to extend the concept of
classical solutions to that of mild solutions:

Definition 1.1 Let f(x,r) be a nonnegative measurable function on Ry x [0, To) (0 <
Too < 00). We say that f (-, t) is a mild solution of Eq.(1.5) on the time-interval [0, Tso) if
f satisfies

(@) supepo.ry J A +x)f(x,1)y/xdx <00 VO < T < T,
R

i

(ii) there is a null set Z C R4 (i.e. mes(Z) = 0) such that for all x € R;\Z and all
t € [0, Too), Jy dt fyz wix, y, DL A+ f + ) + fAA+ f+ f)]dydz < oo
and

t
fx, 1) = fo(x) +/ Q(f)(x, r)dr.
0

Here fy = f(-, 0) denotes the initial datum of f(-, t).

By definition, a mild solution describes only “regular” behavior of a Bose gas in a time-
interval in which there is no condensation. In order to cover the whole time of evolution,
in particular in order to describe the formation, nucleation, and growth of Bose—Einstein
condensation, the class of mild solutions has to be extended, and any extension should
include at least the low temperature equilibria d Fpe (x) = fpe (x)4/xdx + Nod(x)dx, where
fre(x) = @/ — 1)~k >0, Ny > 0, and §(x) is the Dirac delta function concentrating
at x = 0. Some authors extend mild solution f(-,¢) to the solution (f (-, ), n(t)) of an
equation system where n(t) > 0 is the coefficient of the delta function, i.e., n(¢) describes
the condensate, see e.g. [22,23] on the kinetics and structural analysis of (f (-, t), n(t))
including nucleation of the condensate. See also [1,2] for the global in time existence of such
solutions for the case of low temperature and 7(0) > 0. In this paper we (as before) extend
mild solutions to distributional solutions ([13,15]) and we will use the existence result of
distributional solutions to study both mild solutions and condensation.

Multiplying by a bounded smooth function ¢(x) to Eq. (1.5) and taking integration over
R with respect to the weighted Lebesgue measure /xdx, and then replacing the density
element f(x, t)/xdx with a measure element d F;(x), we obtain a weak form (1.8) of Eq.
(1.5) which leads to the definition of distributional solutions ([15]):

Definition 1.2 Let {F;};>0 C BT (R>0). We say that { F}};>0, or simply F;, is a distributional
solution of Eq. (1.5) on the time-interval [0, co) if

(i) sup,cjo.7] fR>o(1 +x)dF,(x) < ocoforall T € (0, 00),
(ii) forevery ¢ € C,"' (R=0), the function t > [, ¢(x)dF;(x) belongs to C'([0, 50)),
(iii) forevery ¢ € C;'' (Rx0),

% wszZ/J[wlszt+//C[¢]d3Fz Vi € [0, 00). (1.8)

2 3
R>o R%, R,
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Here d’F = d(F ® F) = dF(y)dF(z),d*F =d(F @ F ® F) = dF (x)dF (y)dF (z),

y+z

1
Jlel(y,2) = 3 / Klelx, y, 2)v/xdx, Klpl(x,y,2) = W(x, y, 2)Ap(x, y, 2),

0
Ap(x,y,2) = ¢(x) + 0(xx) —@(y) —9(2), xe=Q+2z—x)4,

VR, y.2) _ min[VX, JE 5 VE)

Wkx,v,z2) = if X, ,Z>0,
(*x.5.2) NG NG Y
1
W,y z) = if xyz =0, x, max{yz, xz, xy} > 0,
(e y2) max{,/yz, Xz, \/xy} Y » maxy 4
Wx,y,z) =0 others.

Remark 1.1 (a) The spaces of test functions and Borel measures appeared above are taken
as follows

d .
€)' ®20) = {9 € C'®=0)| ¢ € Ch(®s0). -9 € Ch(R=0) NLip(Es0) .

By (R>0) = [F € B(R>0) ‘ 1 F k= /(1 +x)d|F|(x) < OO],

Rxg

Bf (Rz0) = {F € BuRz0) | F2 0}, k=0 B*(Re0) i= B Re),

where Cp,(R>¢) is the class of bounded continuous on Rxg, Lip(R>p) is the class of
functions satisfying Lipschitz condition on Rx¢, and B(Rx>o) = By(Rx>0) is the class of
signed real Borel measures F on Rx( satisfying f]R>0 d|F|(x) < oo where | F| is the total
variation of F. -

(b) Distributional solutions can be also defined on finite time-intervals by replacing [0, co)
with [0, T'] or [0, To). But this is not very necessary because it is different from mild
solutions that the time-intervals of existence of distributional solutions can be always
[0, 00), see Theorem 1.1 below.

(c) Under the the condition (i) in Definition 1.2, the collision integrals ¢ — fRi . Tleld*F,,

t f]R30 K[(p]d3F, are well defined on [0, oo) for all ¢ € C;’I(Rzo) (see [15]), and
the Coro_llary of Lemma 4 in [13] insures that if 7 +— fR>0 @(x)dF;(x) is continuous on
[0, o0) for every ¢ € C;’I(Rzo), SO are [ > fRzo Tlpld?F,, t +— ngo Klgld®F, on
[0, 0o). Therefore under the condition (i), the conditions (ii)—(iii) in Definition 1.2 are
equivalent to the following (ii)'—(iii)’:

(ii) for every ¢ € C;’l(RZo), the function ¢ +— fR>o @(x)dF;(x) is continuous on
[0, 00); -

(iii)’ for every ¢ € C,' (R=0) and every 7 € [0, 00)

1

/ odF, = / odFo + / / Tl F, + / KlpldF, |dr.  (1.9)
0 \r2

Rxo R>o R3

>0 >0

Before introducing our main results and some recent relevant works, let us recall some
terminologies.
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1.1 Moments
Including negative orders, moments for a positive Borel measure F' on Rx( are defined by
My(F) = / xPdF(x), p € (=00, 00). (1.10)
R>o

Here for the case p < 0 we adopt the convention 07 = (07)? = oo, and we recall that
00 - 0 = 0. Then it should be noted that

My(F)<oo and p<0 = F{0})=0. (1.11)
Moments of orders 0, 1 correspond to the mass and energy and are particularly denoted as
N(F) = My(F), E(F)=M(F). (1.12)

Moments for a nonnegative measurable function f on R are defined in consistence with
the case of measures: M, (f) = M, (F) withdF(x) = f(x)/xdx, ie.

M,(f) = /xpf(x)ﬁdx, p € (—00, 00). (1.13)

Ry

We also denote N(f) = Mo(f), E(f) = M(f). And notice that M_,2(f) = f f(x)dx.
Ry

1.2 Weighted L' Spaces

We denote by L'(R,, o(x)dx) the space of measurable functions f on R, satisfying
fR+ | f(x)]o(x)dx < oo, where o(x) is a given nonnegative measurable function on R.

For the case o(x) = 1 we denote LI(R+) = L'(R,, dx).
1.3 Kinetic Temperature

Let N = N(Fy), E = E(Fp). If m is the mass of one particle, then min 2N, mdn2E
are total mass and kinetic energy of the particle system per unite space volume. The kinetic
temperature 7 and the critical temperature 7. are defined by (see e.g.[13] and references
therein)

2 mE T @n)'PrecG/pr?  E

T .Mt )
ke N T, 3¢(5/2) N3/

(1.14)

where kp is the Boltzmann constant, ¢ (-) is the Riemann zeta function.

1.4 Conservative Solutions

Fy is called a conservative distributional solution if it conserves both mass and energy, i.e.,
N(F;) = N(Fy), E(F;) = E(Fp) for all t € [0, o0). Similarly f is called conservative
mild solution on the time-interval [0, T) if N(f(t)) = N(fo), E(f(t)) = E(fo) for all
t € [0, Ts). Since, by definition of J[¢] and Kl¢], J[¢] = Kl¢] = 0 for ¢(x) = 1 and
¢(x) = x, and since the constant ¢(x) = 1 belongs to the test function space while the
function ¢(x) = x does not, it follows from Definition 1.2 that every distributional solution
automatically conserves the mass, but does not automatically conserve the energy. In general,
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for every distributional solution F}, the energy t +— E (F;) is non-decreasing on [0, co) ([13]).
On the other hand, in practice, most of distributional solutions obtained by weak convergence
of conservative approximate solutions satisfy the energy inequality E (F;) < E(Fp) (Yt > 0).
These two together imply that the conservation of energy actually holds for such solutions.
Throughout this paper we always assume that N(Fp) > 0, N(fo) > 0. We also assume
that E(Fp) > 0 when dealing with conservative distributional solutions. This is because if
E(Fp) = 0, then the conservation of mass and energy imply that F; = Fy is a Dirac mass
concentrating at x = 0, which is a trivial equilibrium. Basic result to be used in the paper on
the existence and conservation law of distributional solutions is the following

Theorem 1.1 ([13,15])

(a) Let Fy € BT(]RZ()). Then there exists a conservative distributional solution F; of Eq.
(1.5) on [0, 00) with the initial datum Fy, and F; has the moment production:

My(F) < Cp(1+1/1)*P™D vi>0, Vp=>1. (1.15)

Here 0 < Cp, = Cy g,p < 00 depends only on N = N (Fy), E = E(Fy) and p.

(b) For every distributional solution F; of Eq. (1.5) on [0, 00), the energy t +— E(F}) is
non-decreasing on [0, 00). Consequently if E(F;) < E(Fp) forallt > 0, then E(F;) =
E(Fp).

This theorem is in fact stated in Theorems 3—4 of [13] for distributional solutions F,
defined in [13, p. 1611], see also Definition 5.1 in [15]. It is proved in [15] that the two
definitions of distributional solutions are equivalent and the corresponding solutions F; and
F, determine to each other through the functional representation:

42 / P()dF; (x) = / @(r?/2)dF,(r) (1.16)
R>0 R>o

forallz > 0 and all ¢ € Cp(R>0). By monotone convergence theorem, (1.16) holds also
forallt > Oand all 0 < ¢ € C(Rxp). Correspondingly, N, E and N = fR>o dFo(r), E =
1 r2d Fy(r) have the relation N = 44/2 N, E = 4+/2 E. The conservative distributional
2 JR>o N _ _

solution F; obtained in [13] has the moment production: fp_ r2PdF,(r) < Cp(1+1/1)2P=D
forallz > 0, p > 1, where C_‘,, = é/\'/,E',p < oo depends only on N, E, and p. If we let

the i_nitial datum Fp of F; be defined by Fo through (1.16) for t = 0, and let F; be defined
by F; through (1.16), then F; is a conservative distributional sollltion of Eq. (1.5) on [0, c0)
with the initial datum Fy. Since M, (F;) = ﬁ fRzo (r2/2)”dF, (r), it follows that F; also
satisfies (1.15).

1.5 Regular-Singular Decomposition

Let F; be a distributional solution F; of Eq. (1.5) on [0, 00). According to measure theory,
F; at every time ¢ can be uniquely decomposed as the regular part f(-, ) € L'(R,, «/xdx)
and the singular part u; € Bfr (R>() with respect to the Lebesgue measure: there is a Borel
null set Z; C Rx¢ (i.e. mes(Z;) = 0) such that

dFi(x) = f(x, 0)3/xdx +dp;(x),  pu(R=0\Z;) = 0. (L.17)
We say that F; is regular at time ¢ if dF; (x) = f(x, t)/xdx, i.e. u; = 0. In this case, f(-, 1)

is called the density or density function of F; at time ¢. Similarly F; is called regular on a
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The Boltzmann Equation for Bose—Einstein Particles 499

time-interval [ if dF;(x) = f(x,t)s/xdx forallt € I,i.e. u, = O for all # € 1. We say that
F; has condensation at time ¢ if F;({0}) > 0. It is generally believed that if Fy € BT (R>0)
is regular, then there exists a conservative distributional solution F; of Eq. (1.5) on [0, c0)
with the initial datum Fy such that for any ¢ € [0, co) the singular part &, (if not zero) will
be only a condensate, i.e. dus(x) = n(#)§(x)dx, where n(t) = F,({0}) is the amount of
condensation as mentioned above. But this has not been proven yet. The main difficulty is
that while smooth test functions ¢ kill the singularity of the collision kernel W (x, y, z) so
that the collision integrals are convergent, they also suppress the singular behavior of F; near
the origin and thus the direct capture of condensation becomes difficult. We then have to
consider some indirect way: we carefully study regular behavior of F; (this part has its own
interests) and by assuming F; in some cases has certain regularity in a time-interval we hope
to find some contradiction so as to obtain some information about condensation.

1.6 Main Results

For convenience of statement, results introduced below are only concerned with conservative
solutions. Details and other results will be given in the following sections.

1.6.1 Strong Solutions and Regularity

The definition of strong solutions will be given in Sect. 3. We observe that an important
condition that implies the existence of strong solutions and regularity is M_,2(Fp) < oo.
Recall that if F; is regular and f (-, t) is its density, then M_1 > (F;) = f f(x, t)dx. In view
Ry
of the structure of Q(f)(x) and L>°-bounds 0 < w(x, y, z) < 1, the integrability f(-,7) €
L! (R4 ) is easily produced from a closed form of Ll—inequalities. For the case M_12(Fp) =
oo and Fj is regular, if (for instance) the density fj of Fy satisfies fy (x)~const.x? 32 (x —
0+) with 0 < o < 1/2, then the solution F; cannot be regular on any time-interval I C
(0, o0) (see below), but for the critical case o = 1/2, forinstance if fo(x) < const.x ™' (Vx >
0), then F; can be regular on a time-interval. Main results on strong solutions and regularity
are as follows:

e Let F; be a conservative distributional solution on [0, 00) with the initial datum Fy
satisfying M_1,2(Fy) < 00. Then there exists the largest 0 < Tyax < 00 such that
M_1,5(F;) < oo forallt € [0, Tmax), and F; is a unique strong solutions of Eq. (1.5) on
[0, Tinax). Furthermore if M_1 2 (Fo) is small enough as compared with [N (Fo) E (Fp)] 174,
for instance M_1,>(Fp) < i[N(Fo)E(Fo)]I/A', then Tyax = o0. In particular if Fy
is regular and fo is its density, then F; is also regular on [0, Tynax) and its density
f(,t) is the unique conservative mild solution of Eq. (1.5) on [0, Tynax) satisfying
f € C(0, Tmax); L'(Ry)) and f(-,0) = fo. Finally if in addition fy € L®(Ry),
then f(-,t) € L®(Ry) forall t € [0, Tmax) including the case Tyax = 00.

o Let Fy € BT(RzO) be regular with density fo satisfying fo(x) < Kx 1 (vx > 0)
for some K > 0. Then there exist an explicit constant Tx > 0 and a conservative
distributional solution F; of Eq. (1.5) on [0, co) with the initial datum Fy such that F; is
a regular strong solution on [0, Tx | and its density f (x, t) satisfies f(x,t) < 5Kx~! for
all (x,t) € Ry x [0, Tk].

As one will see in Sect. 3 that the relative smallness M_j 2 (Fy) < 8—10[N(F())E(Fo)]1/4
belongs to the case of very high temperature, T/T. >> 1. For the case of low temperature,
T/T. < 1, we do not know whether the intervals of ¢ satisfying M_1,2(F;) < oo (or
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f(G, 1) e L (R4)) are only finite, but Escobedo and Veldzquez proved in [9,10] that this is
the case for mild solutions with initial data fy € L (R4, (1 4+ x)¥)(y > 3) if the blow up
is taken in the L°°(R) norm, see Theorem 1.2 below for details.

1.6.2 Condensation in Finite Time

The main result is based on the propagation of condensation

t
JILy(Fo)—M) j2(Fy)ldT
Fr({0}) = Fs({0per VO<s <t<o00 (1.18)

(see [15], where t +— L, (F;) is a positive function) and the consideration for Lebesgue

derivatives D, (Fo), Dy (Fp) of the initial data Fp at the origin x = 0, where

&(F)zliminf@, Do) — tim sup F10ED

e—071 e 0t o

a>0 (1.19)

and in case D, (F) = Dy (F) we define Dy (F) = D, (F) = Dy (F). Notice that if initially
Fo({0}) > 0, then (1.18) implies F;({0}) > O for all + > 0. Thus the most interesting case
for the occurrence of condensation is Fp({0}) = 0 as satisfied by all regular initial data.

For the case 0 < o < 1/2, we have proved in [15] that if D (Fp) > 0, then F;({0}) > 0
for all t > 0. A typical example is the regular measure d Fy(x) = f(x)+/xdx whose density
fo satisfies fo(x) ~ const.x®*3/2 (x — 0+). This example shows also that F; is not regular
for every t > 0.

For the case o > 1/2, it is easily seen that the bigness of D, (Fp) does not destroy the
smallness of M_1,2(Fy); we will show in Example 7.1 that there is a large class of regular
initial data Fy satisfying Dy (Fo) = oo such that F; are regular for all 7 € [0, oo) hence there
are no condensation at all.

For the critical case @ = 1/2, an important referential example is the equilibrium F; = Fpe
at the critical temperature, i.e., Fpe is regular with density fpe(x) = (e — H1 ~
kx~ 1 (x = 04) hence D, /2(Fpe) = 2k > 0. Of course there is no condensation. How-
ever by computing we find Dy 2 (Fpe) = 1.403. .. [N(Fbe)E(Fbe)]l/4 which indicates that
D12 (Fye) is not large as compared with [N (Fve) E (Fie)]'/4. This motives us to establish
the following theorem:

e LetN = N(Fy), E = E(F0)~If[Ql/z(Fo)ﬁl/z(Fo)]l/Z is sufficiently large as compared
with (NE)'/*, then the condensation still occurs in finite time. For instance if
@1/2(%)51/2(170)]1/2 > 213(NE)'/* (1.20)
then F,({0}) > O forall 1 > 3(NE)~!/2.

Notice that since D, /Z(Fo), D, ,2(Fp) are determined only by local behavior of Fy near
the origin, they have almost no influence on macroscopic quantities such as mass, energy
and temperature; we will give a large class of initial data Fyp which satisfy (1.20) so that
condensation occurs in finite time, but the corresponding temperature can be arbitrarily
high/low (see Example 7.2).

1.6.3 Critical Time of Condensation

Suppose a distributional solution F; has condensation in finite time and let . = inf{r >
0] F;({0}) > 0}. It is easily seen from the condensate propagation (1.18) that the time-sets
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of non-condensation and condensation are separated by the single point 7, i.e.
F,{0h) =0 Vre[0,7); F({0}) >0 Vt e (t,00). (1.21)

We call 7. the critical time of condensation of F;. Notice that the case 7. = 0 is possible even if
Fp({0}) = 0 as shown above. For that case, (1.21) is understood as just the second inequality
t

appears. From (1.18) one sees also that the function ¢ +— F;({0}) exp{f My p(Fr)dr} s

monotone non-decreasing on [0, 0o), which implies that t +— F;({0}) has (l))oth left and right
limits atevery ¢t € (0, co). We also provedin [15] that# +— F; ({0}) is at least right-continuous
on [0, 0o). In particular it holds lim;_,; 4 F;({0}) = F;.({0}) which means that the phase
transition is at least right-continuous, i.e. there is no jump starting from ¢, in the forward
direction. Our second result on condensation is about the strict positivity of #., which should
be studied since in general the condensation of a dilute Bose gas takes place only after a
shorter or longer time.

e [fa regular measure Fy € BT(RZO) satisfies (1.20) (with N = N (Fy), E = E(Fyp)) and
its density satisfies fo(x) < K xLvx >0 for some constant K > 0, then there exist
an explicit constant 0 < Tg < %(N E)~Y2 and a conservative distributional solution F,

of Eq. (1.5) on [0, 00) with the initial datum Fo, such that t. € [T, 3(NE)~'/2].

In Example 7.3 we will show that the regular data Fp in the above result exist extensively.

We emphasize that the inequality (1.20) and similar ones given in Theorem 6.1 are only
sufficient conditions for the occurrence of condensation in finite time. For the case where
Fp does not satisfy (1.20), in particular for the case where Fp is regular and its density fy is
bounded (which implies D ,2(Fp) = 0), one has to consider different methods, see Theorem
1.2 below.

1.7 Recent Progress

Escobedo and Velazquez recently obtained important results on the blow up and condensation
in finite time ([9, 10]). We summarize them as follows using our notations and the definition
of critical time 7. in (1.21).

Theorem 1.2 ([9,10])

(I) (Local Well Posedness [9]) For any y > 3 and any 0 < fy € LRy, (1 +x)¥) :=
{g € L®(Ry)|ess supyer, [g(0)[(1 + x)Y < oo}, there exist 0 < Tpax < 00 and
a unique conservative mild solution f € L{y ([0, Tmax); LRy, (1 + x)7)) of Eq.
(1.5), with the initial datum fo. And Tnax is the maximal existence time in the sense
that

Thax <00 = ||f(t)||L°°(R+) — 00 as t /" Thax- (1.22)

(Il) (For Arbitrary Temperature [9]) There exists a universal constant 0, > 0 such that for
all N > 0,E > 0,v > 0, there exist pg = po(N, E,v) >0, K* = K*(N, E,v) >
0, Ty = To(N, E, v) > Odepending onlyon N, E, v such that the following properties
hold:
(IL1) If0 < fo € LRy, (1 + x)¥) with y > 3 satisfies N(fo) = N, E(fo) = E and

sup min { inf /fg(x)fdx

0<p=po 0<e=p ve/?

rorn /fo(x>fdx > 1, (123)
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then the maximal existence time Tyax of f obtained in part (1) must be finite: Tax < To,
hence f satisfies the L°°- blow up (1.22).
(11.2) If the initial datum Fy of F; satisfies N(Fo) = N, E(Fy) = E, and

inf Fo([0,e])  Fo([0, p]) -1
O<e<p ved/2 K*,OG* -

sup min (1.24)

O<p=po
then F; has condensation in finite time and t. € [0, Ty]. Furthermore if in addition F
is regular with density fo € LRy, (1 +x)Y)(y > 3), then t; € [Tmax, To]. [Note:
it is pointed out in [9] that the first condition in (1.24) does not imply the second since
0, might be small. ]

(1I1) (For Low Temperature [10]). Let N, E be the mass and energy of the conservative
solutions appeared below and let T, T . be the kinetic temperature and critical tem-
perature defined in (1.14). Then under only the low temperature condition T /T < 1,
if ty in the time-interval of existence is large enough, then the conditions (1.23), (1.24)
are satisfied for fo(x) = f(x, 1) and IFO = F,, respectively and thus one has:

(IIL.1) If f obtained in part (1) satisfies T/T. < 1, then Tmax < 00 and f satisfies the
L®-blow up (1.22).

(I1.2) If Fy satisfies T/T. < 1, then F; has condensation in finite time and there exists
To = To(N, E) > Odepending only on N, E such that t. € [0, Ty]. Furthermore if Fy
is also regular with density fo € L* (R4, (1 +x)7)) (y > 3), then t. € [Tmax, Tol-

Part (II1.2) of the theorem is a fundamental result in low temperature kinetic theory; it
demonstrates that the occurrence of condensation in finite time does not depend on any local
information of a conservative solution if the temperature is low enough. An application of
part (II1.2) will be given in Example 7.4 for dealing with a class of initial data Fp which do
not satisfy (1.20). Part (I.2) of Theorem 1.2 is the key result and is more closer to practical
cases since it includes certain regular measures whose densities are bounded. Initial data
satisfying all conditions of part (Il.1) hence part (I.2) have been constructed in [9]. As
for comparison between part (I1.2) and our result, the main difference is that our condition
(1.20) is purely local (near the origin) while (1.24) is not; and there is no implication relation
between (1.20) and (1.24) except the subtle case 6, = 1/2. In fact, on the one hand, it is
obvious that the condition (1.24) dose not imply (1.20) because the latter excludes all such
regular measures whose densities are bounded near the origin. On the other hand, we will
show in Example 7.5 that 6, < 1/2, and if 6, < 1/2, then the condition (1.20) does not
imply (1.24); if 0, = 1/2 and K* > 214(N E)!/*, the non-implication still holds. We stress
however that both part (I.2) and our results on condensation in finite time are proved for
arbitrary temperature, which may be helpful for the study of Bose—Einstein condensation at
room temperature. Finally we note as pointed out at the end of Remark 2.2 of [15] that the
practical lifetime of condensation F; ({0}) > 0 is “finite” since lim;_, o, F;({0}) = O for high
temperature 7 /T > 1, but it remains unclear whether lim inf;_, o, F;({0}) > 0 holds true
for low temperature T /T, < 1.

The rest of the paper is organized as follows. In Sect. 2 we collect and prove some basic
properties of collision integrals and propose suitable approximate solutions which will be
used here to prove some special properties of solutions. In Sect. 3 we prove the local and
global existence of strong solutions and establish stability estimates. In Sect. 4 we prove
the regularity of distributional solutions and the global existence of mild solutions. Section
5 is devoted to the proof of regularity of certain distributional solutions whose initial data
are regular measures with densities satisfying fo(x) < Kx~!. In Sect. 6 we study the
condensation in finite time. By observing a necessary condition on the initial datum for the
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absence of condensation at some finite time, we propose some sufficient conditions as (1.20)
for the occurrence of condensation in finite time, and this together with the result of Sect. 5
enables us to prove the existence and the strict positivity of the critical time ¢, for a class of
solutions. The examples mentioned above are given in Sect. 7.

Throughout this paper, Ry stands for either R>o := [0, 00) or R.¢ := (0, 00) and they
are only used to denote domains of x in order to distinguish intervals of 7.

2 Basic Properties of Collision Integrals and Approximate Solutions

First of all we note that the space B(R” ) of finite Borel measures on R can be treated as a
subspace of B(R") by zero-extension: jt(E) = /L(]R’;O N E) for all Borel sets E C R”. Thus
many properties that hold for B(R") also hold for B(RZ ).

Basic properties of collision integrals of measures proved below will be used in Sect.
3 to study strong solutions. Roughly speaking, “strong” means that the smooth test func-
tions can be replaced by bounded Borel functions, i.e., there is no need of the cancelation
effect resulted from the symmetric difference Ag(x, y, z) of smooth functions (see also (3.6)
below). Thus we have to establish integrability conditions with respect to each single term
in the decompositions

Tlpl = Tt el — T lel, Klel = KTl — K [gl,

where
I y+z )
Tt el(y.2) = 3 / K pl(x, y, 2)v/xdx, T [el(y,2) = MJ*U](%ZL
0

K lplx, y,2) = Wx, y, Dlp) + o(x)], KT [@lx, y,2) = W(x, y, Do) + ¢(2)]
and ¢ is a locally bounded Borel function on Rx¢. To do this we consider measure spaces
By 1(Rx0) = {F € Bi(Rx0) | Mp(IF|) < 00}, By (R=0) = By 1(R=0) N B (Rx0).
It is easily seen that
p<qg<0 = Bpi1(R>0) C By1(Rx0), B,J,r,l(Rzo) - B;,l(Rzo)-
Let us define
Mpg(IF|) = Mp(|F]) + Mg(|F]), —00 < p,q < o0.

As usual the notation F1 ® F> ® - - - ® F, stands for the product measure of Fi, Fa, ..., F,.
In this paper we denote by Li°(Rx0) the set of bounded Borel functions on Rx¢. In general,
for any k > 0, we denote by L™ (Rx) the set of Borel functions ¢ on R satisfying

lellz = sup lp)|(1+x)"* < oc.

xE]Rz()

Lemma 2.1 (a) Let F,G € Bry12(R>0) with k € [0, 1]. Then for any ¢ € L% (Rxo)
satisfying ||¢||Lgok < 1 we have

/ |TE @I FI ® |G]) < [IF llk+1/201G llit1/2- 2.1

2
Rzo
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(b) Let F,G, H € B_13,1(Rx0). Then for any ¢ € L (Rxo) satisfying lollge = 1 we
have

/ IK*[@lld(IF| ® |Gl ® [H|) < 2M_1;3(1FDM_13(1GDM_13(H]).  (2.2)

R
In general, for any ¢ € L™, (Rxo) satisfying ||§0||L3°k < lwithk € [0, 1], we have
/ IKE[@d(IF| ® |G| ® |H|) < 2M ;3|1 FDM—1/3,56-13(GDM -1 /3 5—1/3(1H|)

3
R,

(2.3)
and if assuming further that F, G, H € B_1,2,1(Rx0), then
/ IK*[]ld(IF| ® |G| ® |H|) < 2a(F, G, H)ymin{||F |, |Gl | Hllt}  (24)
Rl
where
a(F, G, H) := [M_12,12(IF|) + M_12,12(1G]) + M_1,2,12(|HDT*. (2.5)

Proof By definition of W (x, y, z) we compute

y+z
YAZ
TG, 2) = / W(x,y, 2)v/xdx = =——1{yvz=0) + /¥ V 2. (2.6)
3./yVz
5 y

Here a Ab = min{a, b}, aVv b = max{a, b}; 14>p) = 1ifa > b;1{4~p) = 0if a < b. From
(2.6) we have

TG, 2) <y + V72 <1+ yV/T+z

In general, using x + x, = y 4+ z for W(x, y,z) >0andusing l +y+z < (1 4+ y)(1 +2)
we see that if k € [0, 1] and |@(x)| < (1 +x)F (¥ x € Rx), then

ITE @)y, 2] < (1+ 2 4 k12 Q2.7)

IKE[@1(x, y, 2] < 2(1 + yF + YW (x, y, 2). 2.8)

The inequality (2.1) follows from (2.7).
Next we note that F, G, H € B_1/3,1(R=o) implies (|F| ® |G| ® |[H)(RL,\R2 ;) = 0

so that fR30 {---Jd(FI®IG|I®|H|) = fR30{' --}d(|F| ® |G| ® |H|). And by definition of
W(x,y,z5 we have

1 1 1 1

’

(xy)'37 vz Jxz

W(xv y!Z) Smln’ ] V(X,y, Z) ER:’;(). (29)

3
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From this and elementary calculations we deduce

/ Wx,y, d(F| Q|G| @ H|) = M_13(IFDM-1,3(1GHM_1/3(lH]), (2.10)

3
R,

/(1+yk+zk)Wd<|F| RIGI®|H))<M_1/3(|F)M_1/31-1/3(G)M-1/34—1/3(HI),
R,

(2.11)
and, assuming further that ', G, H € B_1,2,1(R>0),

/(1 +yF +HYWA(FI® |G| ® |H]) < a(F, G, H)ymin{|F ||, |Gk, | H ).
RY,
(2.12)
Thus (2.2) follows from (2.10), while (2.3), (2.4) follow from (2.8) and (2.11)—(2.12). m]

According to Lemma 2.1 we can define Borel measures QéE(F ,G) € Bi(Rxp) for F, G €
Biy12(R=0) (k € [0,1]) and QF (F, G, H) € Bi(Rso) for F,G,H € B_1;31(Rx0)
through Riesz representation theorem by

/ p(0)dQE(F, G)(x) = / TElA(F ® G), 2.13)
R>o Rzzo

/ (p(x)ngt(F, G,H)(x) = / ICi[(p]d(F ®G®H) (2.14)
R>o ]R;O

forallgp € Cp(R0). Itis obvious that (F, G) > QF (F, G)and (F, G, H) > Qf (F, G, H)
are bounded bilinear and trilinear operators from [Bj41 /Z(RZQ)]2 to Bx(R>o) (k € [0, 1])
and from [3—1/3,1(R20)]3 to B1(Rxo) respectively, and

195 (F, G ik < IFlks1/21Gllks1/2, (2.15)
IQF(F, G, H)llo < 2M_13(|FDM_13(1G)M_13(IH]), (2.16)
195 (F, G, H)llx < 2M_1;3(I1FDM_1/34-1,3(1GDM_1/3 513 H]),  (2.17)
195 (F, G, H)llx < 2a(F, G, H)min{||Fli. |Gl | H|l}- (2.18)

Here in the third inequality (2.18) we assume further that ', G, H € B_1,2,1(R>0) so that
a(F, G, H) < oo. Notice that the equalities (2.13), (2.14) hold also for all ¢ € L§°(Rxp).
In connecting with the equation Eq. (1.8) we define

QF (F) = Q5 (F, F), Q(F) = Qf (F)— Q; (F),
Q7 (F) = Q5 (F, F,F), Q3(F) = Qf (F) — Q; (F),
Q(F) = Qu(F) + Q3(F).

We then deduce from

1 1
F®F—G®G=E(F—G)®(F+G)+§(F+G)®(F—G),

1 1
9y (F) - 95 (G) = Einuv ~G.F+G)+ 5Q§E<F +G,F-G),
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and (2.15) that for all F, G € Bk+1/2(R20) (with k € [0, 1])
195 (F) — Q5 (G)llk < IIF + Gllk+1/2I F = Gllet1/2- (2.19)
Similarly we deduce from

FRFOF-G®GRG=(F-G)®F®F+G®(F-G ®F+GRG® (F—G),
195 (F) — Q3 (G)llk < 1Q5(F — G, F, F)llx + 1Q5(G. F — G, F)|[x + 195 (G, G, F — G)||x

and (2.16), (2.18) that

195 (F) — Q5 (G)llo < 2IM_13(IF) + M_15(IGD*M_1/3(|[F — G|), (2.20)
193 (F) — Q5 (G)llk < b(F, G)|IF — Gk, k €[0, 1] (2.21)

where for the inequality (2.21) we assume that F, G € Bfl /2.1 (R>0) so that
b(F, G) :=36[M_12,12(IF) + M_12,12(IGD]* < oo. (2.22)

Now we turn to the original form of collision integrals, say the case of functions. The following
lemma collects some estimates for the study of mild solutions.

Lemma 2.2 Let w(x, y, z) be given by (1.3) and let f be a nonnegative measurable function
onRy. Then for any x > 0,y > 0,z > 0 we have

/ w(x, y, 2)dx < 237, (2.23)
Ry

dx
/ wr, v, 2 fe) 1 dy b < Moo, (224)

R dz

g
Mij(f) < / wix, v, 2) F(e)dydz < VEN(F) + My (f). (225)
w2

Consequently (with the notation (1.7))

/ wx, y, DL fL+ £+ f) + fr( + '+ fHldxdydz < 4My 2 (f)M_12(f)
R}
+4[M_1 ()PP (2.26)

Proof (2.23)1s obvious by definition of w(x, y, z) and x,, = (y+z—x)+. (2.24) follows from
the reflection and translation for the variable y 4+ z — x with respect to x, y, z respectively.
Similarly, to prove (2.25) we use translation to get

/ wix. y. ) f (e)dydz = / 1Ge.y) f()dy
RZ Ry

and the inner integral 7 (x, y) is calculated, with z, = (x +y — 2) 4,

Xty
I(x,y)= / min{/x, V. \/Z:’ﬁ}dzz L(%(x/\)))3/2-1-\/)6/\))(xVy))
0

VX Vx
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from which we have y < I(x,y) < ,/xy + y. This gives the lower and upper bound
estimates in (2.25). The inequality (2.26) follows from (2.23)-(2.25), 0 < w(x, y,z) < 1,
and [N(f)]* < M p(f)M_1,2(f). By the way, the lemma can be also proved by using
classical argument: for instance using (1.4) and x, = y +z — x, |V/|2 + |v;|2 |v|2 [V |2
with %|V|2 = X we compute

1
/ w(x, y,2) f(x)dydz = @ / [V = Vi, @) £ (Vi |?/2)dwdv,
R% R3xS?
[Vi — V] =+ |Ve + V|

ol 471)2 > FUval?/2)dvs >

(4 )2/|V*|f(|V*| /2)dv,

which is equal to My2(f). ]

We next observe a new positivity of the collision integrals, see Lemma 2.3 below, which
enables us to establish Theorem 5.1. In order to prove Theorem 5.1 we have to use suitable
approximate solutions {f"}>° ;. These are mild solutions of approximate equations of Eq.
(1.5) defined by replacing Q(f) with Q,(f),i.e.,foreachn > 1,

£ = folo) + / 0. (/") (x, Tydr, 227)
0
On(NHx) = / wa (X, y, DL fi(L+ [+ f) — ffe(L+ f/+ fD)]ldydz (2.28)
52
where w, (x, y, z) is given by /xw, (x, y,2) = S,(x, x4; y,2) and S, (-, -; -, -) is a well-

constructed cutoff for the original function \/xw(x, y, z) = min{y/x, \/%x, VAR A/}, satis-
fying the following properties (2.33)-(2.39). Two types of such cutoffs and the corresponding
cutoffs W, (x, v, z) of W(x, y, z) can be chosen as follows:

Sp(x, X4 ¥, 2) = min{y/X, /X, /Y, +/7} min {1, nmax{x A Xy, y A z}], (2.29)

Waw, 3, 2) = Wer, v, ymin {1, nmax{e A v, y A 2} (2.30)
S (X, Xy ¥, 2) = Min{/x, /X5 /7, /Z) min {1, nminx, xs, v, z}], 2.31)
W, y,2) = Wex, v, 2 min {1, nmin(e, x,, v, 2} . 2.32)

It is easily verified that both cutoffs (2.29)—(2.30) and (2.31)—(2.32) satisfy

Sn(x, X4; ¥, z) < nmin {«/xyz, NEBTANETR Jxx*z}, (x,y,2) € RSZO (2.33)

1\ 53— (min{x, x4, y, z})*
OSW(x,y,z)—Wn(x,y,z)s(n)2 ( {J&y D

., (r, 3,2 €RY,
(2.34)
(for 0 < o < 1/2) and preserve the collisional symmetries on Réo:

S(e,e; 6’ 6,) = Seq, 16", 6)) = S(e, &)y 64, 8) = S(e' el e,60),  (2.35)
Se,es €/ 8}) =0 if (e, 64 ¢, 6)) e RE\RL,. (2.36)
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From (2.33) we have forall 0 < f, g, h € LI(R+, (1 4+ x)4/xdx)

. F(x)g(h(z)
/Sn(x, X3 Y, 2) [ F () } dxdydz < nN(f)N(g)N(h), 2.37)
R}
/XSn(X, X ¥, 2) f(0)g(y)h(z)dxdydz < nE(f)N(g)N (h) (2.38)
R}

/xSn(x, X3 ¥, 2) f () g(Wh(z)dxdydz < nN(f)[E(g)N(h) + N(g)E(h)]
By

(2.39)

where the last inequality is due to x < y 4+ z when S, (x, xx; ¥, 2) # 0.

In order to prove the existence of conservative mild solutions f”, one also needs a further
cutoff, forinstance S, x (x, x4; ¥, 2) =S, (x, x5 ¥, 2) (1 +% max{/x, NEDRVAS \/E})’1 (k>
1), which is only used for dealing with the quadratic terms in (2.28) so as to prove the
finiteness and conservation of energy. Let w, x(x, y, z) be defined by /xw, x(x,y,2) =
Snk(x, x4y, z) andlet Q, « (f) correspond to the kernel wy, x (x, y, z). Then forevery n, k >
1, using the same argument as in [ 12] it is easily proved that the equation % f = Onx(f) with
the initial datum fp has a conservative mild solution f™*(x, r) on Ry x [0, c0). Then, for
every fixed n > 1, following the same argument in [12] (proving the L'-weak compactness
of the sequence { f nk (x, t)ﬁ},fil, etc.) we obtain a conservative mild solution f”(x, t) to
the equation d% f = 0,(f)onRy x [0, co) with the initial datum f. Another method for
proving the existence of f” is to go back to the vector version v — f”(|v|2/2, t) and use
the first or the second cutoffs:

By(V. Vi, ) = (4m)72|(v — i) - o[ min{l, n max{([V[*/2) A ([V4[*/2), (IV'|*/2) A
(IV,1>/2)}} or By(V, Vs, @) = (4m)72|(v = vy) - o min{1, n min{|v[?/2, [v.[>/2, [V'|*/2,
|vfk|2 /2}}. Thanks to the identities (1.2),(1.4), and the inequalities (2.37)—(2.39), the cutoff
kernels By, (v, V4, w) have all main properties presented in [12], and thus by just checking the
proofs in [12], one obtains a conservative mild isotropic solution f” (Iv|?/2, t) onR3 x [0, 00)
with the initial datum f0(|v|2 /2).

Now let Julgl, Kulpl, T El¢l, KElg] be defined as Jl¢l, Klgl, TE[pl, KE[p] by
replacing W(x, y, z) with W, (x, v, z). Then from (2.37)—(2.39) and the collisional sym-
metries (2.35)—(2.36) we see that all integrals appeared below are absolutely convergent
and thus the weak form (1.9) for the approximate mild solutions f”" is rigorously written
(denoting dF" (x) = f"(x, 1)4/xdx )

t t

/ @dF!" = / edFy + / dr / Tul@)d®FI' + / dr / Kalgld®dF"  (2.40)
R>0 R>o 0 Rr2, 0 R

forall# > O and all ¢ € L5°(Rxo). It should be noted that it is the first cutoff (2.29)—(2.30)

that can be used to prove the existence of distributional solutions for general initial data. This

is because the first cutoff (2.29)—(2.30) keeps the possibility of condensation at origin and

insures the pointwise convergence on the whole R3>0:

lim |W(x,y,2) — Wa(x,y,2)| =0 V(x,y,2) € R,. (2.41)
n—0o0 -
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And in fact we also have, for all ¢ € C g’l (R>0) (denoting D2go(x) = gi—‘é’(x)),

1Dl
Jn
which is enough for proving the existence of distributional solutions F; as did in [13].

The second cutoff (2.31)—(2.32) kills the possibility of condensation at the origin, and it
does not satisfy (2.41): for instance

IKlpl(x, y,2) — Kulel(x, y,2)| < max{\/y, vz}, V(x, y.2)€ Rio

lim [W(0,y,z) = Wy(0,y,2)| =W(0,y,2) #0 Vy>0,2>0.
n—o0o

However if the initial datum Fj is regular and its density fp has only weaker singularity at
the origin (for instance fp(x) < K x~1(x > 0)), the second cutoff (2.31)-(2.32) and the
corresponding approximate solutions f” are good ones for proving the existence of some
expected solutions on a finite time-interval [0, 7] (see the proof of Theorem 5.1). This is
because the second cutoff (2.31)—(2.32) as well as the original kernel has the following
positivity:

Lemma 2.3 Let w(x,y, z) be given by (1.3) and let w,(x,y, z) be the second cutoff of
w(x,y,z):

wy(x,y,2) = w(x,y, z)min {1, nmin{x, x4, y, z}]~

Then forany 0 < f € L' (R, /xdx) (i.e. N(f) < 00) we have

/w(x, VO (f O+ f(@) — f(f(DIdydz >0 Vx>0, (242)
B
/wn(x, YA G)(f )+ (@) — f()f(@]dydz>0 Vx>0 (243)
B2

Proof First we note that the above integrals make sense since (y, z) = w(x, y, 2) f () f(2)
is integrable, see Lemma 5.1 below. The proofs for (2.42) and (2.43) are the same. Let us

prove (2.43). Recall the second cutoff (2.31), w,(x,y,z) = ﬁSn (x, X4 v, 7) wWith x,, =
(y+2z—x)4. Using translation of variables y+z—x — z, y+z—x — y for the integrals of

Sn(x, x5y, 2) f () £ (), Sn(x, x5y, 2) f (xx) f(2) respectively, we compute for any x > 0
/ wu (X, y, D[ f () (f ) + f(2) — f() f(2)]dydz
R
1
=— /[Sn(x, 5 Y, Yi) + Sn (X, Y3 2, 26) — Su(x, x45 ¥, D1 f (v) f (2)dydz
Jx
R

where y, = (x + 2 — ¥)4,2+ = (x + y — 2)+. Now by definition of the second cutoff
Sp(-, -5 -, -)in (2.31) and by checking three cases 0 < x < yAz,y Az <x <y Vz, and
y V z < x, we obtain

Sn(x, 23y, ya) + Sn(x, ¥5 2, 25) — Sp(X, X45 ¥, 2)
> min{/y(1 A (ny)), z(1 A (n2)), /3 (1 A (ny5)), /2 (1 A (n24))} = 0.

This proves the lemma. O
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3 Strong Solutions and Stability

On the basis of existence of distributional solutions (Theorem 1.1), our strong solutions is
directly defined from the class of distributional solutions.

Definition 3.1 Let F; be a distributional solution of Eq. (1.5) on [0, 00). Let 0 < T < 00.
We say that F; is a strong solution of Eq. (1.5) on [0, T) if it satisfies the following (i)-(iii):

(i) 1+ F; belongs to C' ([0, Two); Bo(Rx0)),
(i) 1 > Q5 (F)), 1 = QF (F) belong to C([0, T); Bo(R=0)), and
(iii)

d
an =Q(F) in (Bo(R=0), Il -llo) V1 €[0,Too). (3.1

Besides, if F; also conserves the energy on [0, 7o), then F; is also called a conservative
strong solution of Eq. (1.5) on [0, Tso).

Strong solutions can be also defined on a finite closed time-interval by replacing [0, T)
with [0, T] for0 < T < oo.

Remark 3.1 (a) Since %Ft and f ab Q(Fy)dt as finite Borel measures are defined with the
norm || - |lo of Bo(R>o), this gives explicit representations (%Ft)(E) = %F,(E),
(fab Q(Fy)dt)(E) = fab Q(F;)(E)dt for all Borel sets E C Rxo. Here we recall that
lim,—  |[tn — mllo = 0 is equivalent to the uniform convergence lim,,_, s sup ECR-o

lun(E) — n(E)| = 0.
(b) Under the condition (ii), the conditions (i), (iii) are equivalent to the integral equation:

!
Fi=Fot [ oFoar Vreln.T) (32)

0
where the integral is taken as the Riemann integral defined with the norm || - ||o. This then

implies that, under the condition (ii), the integral equation (3.2) is equivalent to its dual form:

t
/<de, = / (de0+/dT / 0dQ(F;) Ve L¥R=) (3.3)

R0 R=>0 0 R=>0

forall # € [0, T). In fact, the equation in (3.3) holds for all ¢ € C;(Rxp) and thus it holds
forall ¢ € L5°(Rxo).

Systematic results on strong solutions can be obtained for the case M_1,2(Fp) < 0. A
special case of M_1,2(Fp) = 0o, M_13(Fp) < oo is considered in Sect. 5. We now begin

with the following

Lemma 3.1 Let F € BDZ(RZ()) andletQ) < ¢ € Cg’l (Rx0) be convex on R>q. Then

/j[(ﬂ]szZ—Ml/Z(F)/</)dF, //C[(p]d3FZO. (3.4

RZ, R>o RY,
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Proof The second inequality in (3.4) has been proven in [15]. To prove the first one, it suffices
to prove

1
Tlel(y, 2) = —E(w(y)ﬁ+ p()/y),  VYy,z=0. (3.5)

First, it is easily seen from the assumption on ¢ that ¢ is non-increasing on Rx¢. Next we
have

11
Ap(x,y,2) = (x — y)(x — Z)//(D2</’)(€s,z)d3dt (3.6)
00

forall x,y,z > O satisfyingx < y+zwhereé;; =y+z—x+sx —2z2)+t(x —Yy),
2

D*¢(x) = iT‘éj(x). Now given any y, z > 0. By symmetry J[¢](y, z) = Jl¢l(z, y) we may

assume y < z. The convexity of ¢ and (3.6) imply A¢(x, y,z) > Oforx € [0, y]U[z, y+z]

and so by definition of J[¢]

1 Z
Tlel(y, 2) = E/ﬁW(x,y,z)Aw(x,y,z)dm

From this and ¢ > 0 we see that to prove (3.5) we can assume y < z. By definition of

W (x, y, z) and the non-increase of ¢ we deduce for all x € (y, z) that W(x, y,z) = L

Jxz
and ¢(xx) > ¢(z) and so Ap(x, y, z) = —@(y). Thus
Z
Tl >>L/A< x> — ()~ 3) = —2p(IVE
wy,z_zﬁ o(x,y, 2)dx > zﬁwyz )z —590NVz
y
and so (3.5) holds true. ]

In order to estimate the moment M, (F) of negative order p < 0 for F € BT (R>() we
will often use a smooth approximation:

M (F) := / (e +x)PdF(x), £>0; lim MY (F) = M,(F) (3.7)
e—>0*1
R0
where the limit is due to the monotone convergence theorem.
A fact that will be frequently used for distributional solutions F; is that the function ¢ +—
M 2(F}) is continuous on [0, oo) and M 2 (F;) < «/N(F;) E(F;) forallt € [0, 0o). Another
fact to be used is the following “monotone non-decrease” of the moment ¢ — M, (F;) for
p <0.

Lemma 3.2 Let F; be a distributional solution of Eq. (1.5) on [0, 00). Then for any p < 0,
t
the function t +— Mp(Ft)efO My (F)AT i monotone non-decreasing on [0, 00), i.e.,

T
| My (Frydr
My(F) < My(Fr)e! VO<t<T <0 (3.8)

including the possible case M, (F;) = oo for some (or all) t € [0, c0).
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Proof Let Ml(f)(F,) be defined in (3.7). Applying Eq. (1.8) and Lemma 3.1 to the smooth
convex function x > ¢.(x) = (¢ + x)? (¢ > 0) we have

iM<€>(F)> Tleeld’F, > =My p(FOMY(F), t>0
ar V= Ve = 1200) M, "), = V.

B
t
This implies that ¢ +—> M,(,E)(F,)efo Mija(Fde §6 monotone non-decreasing on [0, 00), i.e.

T
J My (Frydr

MI(;E)(F!) < Ml(,s)(FT)e’ VO<t<T < .
Letting ¢ — 0T and using the limit (3.7) we obtain (3.8). m]

Lemma 3.3 Let F; be a distributional solution of Eq. (1.5) on [0, 00) and let Mfl)/z(F,) be
defined in (3.7) with p = —1/2. Then
d (&)

—M

o MU (F) < 2N = Mip(FOMY) )y (F) + IME) ,(F)F - Vi €10,00). (3.9)

Proof Let p(x) = (¢ +x)~1/2 (¢ > 0). Applying the differential equation (1.8) we see that
to prove (3.9) it suffices to prove that for any x, y,z > 0

1
Jlel(y,z) <2 — 5[<p(y) +o@IVyVvz, Klplix,y, 2) < e@)e()e(z). (3.10)

By definition of ji[q)](y, z) and (2.6) it is easily deduced JT[¢](y,z) < 2 and
T lel(y, 2) = %[go(y) + ¢(2)1/y V z. This gives the first inequality in (3.10). To prove the
second one in (3.10) we can assume that K[¢](x, y, z) > O for the given x, y, z > 0. In this
case we have x, = y+z —x > 0 and (y — x)(z — x) > O, the latter is due to the convexity
of ¢ and (3.6). Let us denote a = /e + x,b = /e + xx,c = /e + y,d = /e + z. Then

1 1 1
Ap(x,y,z) = - + - - i ) e(x)e()e()(a + b)ed — (c + d)ab]

and ¢?d? —a?b? = (y —x)(z —x) > Oi.e. cd > ab which together with a® + b? = ¢ + d>
implies a + b < ¢ +d and cd + ab < a*> + b*. Thus, by computing derivative with respect
to €, we conclude that the function € — (a + b)cd — (¢ 4+ d)ab is decreasing on [0, co) and
$O

Ap(x,y,2) < p()Px)P(MP@DIWX + VXIVIVZ = (VY + VOVESX .

Then it is easily deduced from definition of W (x, y, z) that

W(x, y, 29 @)l(Wx + VXD VIVZ = (VY + VDVES/x ] < 1.

This gives the second inequality in (3.10) by definition of K [¢](x, y, z). O

Lemma 3.4 Let F; be a distributional solution of Eq. (1.5) on [0, 00) with the initial datum
Fy satisfying M_12(Fy) < oo and let

Tr max = sup{r € [0,00) | M_12(F;) < oo} (G.1D)
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Then
1 _

Tr.max = TRy == 5[N2/3 +M_15(Fo)]™> >0, N :=N(Fy), (3.12)
T
| My (Frdr

sup M_12(F,) < M_y/2(Fr)ebd <00 VT € (0, Tk max), (3.13)
OEIST
N2 4+ M_1 1 (F
M_ip(F) < 200 \ois gy e (0, Ty, (3.14)

JT—1/Tg,

if to:=Tp max <00, then tli)g)l_ M_1p(Fy) =M_12(Fy) =00.  (3.15)

Proof Let M") 12(Fy) be defined in (3.7) with & € (0, N*/%). By writing 1 = (¢ +x)"/*(e +

x)~ /% and using Cauchy-Schwarz inequality we have N?% < (VeN + Ml/z(Ft))Mfl)/z(F,)
so that

AN? — Myjp(F)M ) ) (Fo) + M), (F)P <IN+ MY, (F)P.

If we define u, (1) = N*/3 + Mfl)/z(F,), then we deduce from (3.9) that
d 3
aus(l) < [ue@®)]°, t=0.

This gives (e (1)) ™2 > (us(0))~2 — 2¢ for all ¢ > 0. Since u;(0) < N*3 + M_;2(Fp), it
follows from definition of T, that

N3 + M_y 2 (Fo)
J1—1/Tg,

Letting ¢ — 0" we conclude from the limit (3.7) that F, € Btl/z,l(Rzo) forallt € [0, TR,)
and (3.14) holds true. This also proves (3.12).

Next let 7(F.) = {t € [0,00)|M_12(F;) < oo}. We will prove that 7(F.) =
[0, TF max)- First, it is easily seen from the monotone inequality (3.8) and Tr max =
sup 7 (F.) that 7 (F.) is an interval and [0, Tr max) C 7 (F.) which also implies (3.13) by
(3.8). Next we prove Tr. max € 7 (F.). Suppose to the contrary that t) := Tr max € 7 (F.).
Then fy < oo and M_1,3(F;,) < oo and so applying the above result to the distributional
solution 7 +— F, = Fiq4 of Eq. (1.5) on [0, 0c0) with the initial datum Fo = F;, we
conclude that Tfo > 0 and [0, TFO) - T(F.) So M_12(Fi14y) = M,l/g(F,) < oo for all
t €10, Tﬁo),i.e. M_y,2(F;) < ooforallt € [1, to—l—T;O).This implies [0, to—i-TﬁO) CT(F)
hence 19 + Tﬁo < sup7(F.) = ty which contradicts TFO > (. Thus we must have
Tr max € 7 (F.). Since Tr max = sup7 (F.), it follows that 7(F.) C [0, TF max) and
thus 7(F.) = [0, TF. max)-

To prove the blow up (3.15) we denote again ty := Tr max < 00. We have proved that
to € T(F.), i.e. M_1,2(Fy)) = 00. Using the continuity of ¢ > Mf])/z(F,) on [0, c0) we
have

M) (F) < SN Vie[0,Tr).

M(‘s) 12 (Fip) = hmme 2(Ft) = hmme 12(F1) Ve >0.

Lettinge — 07 we conclude from the limit (3.7) that M_ /2 (Fy)) < liminf;_,,— M_1/2(F;)
and so (3.15) holds true since M_2(Fy,) = oo. O
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Proposition 3.1 Let F; be a distributional solution of Eq. (1.5) on [0, co) with the initial
datum Fy satisfying M_ 2 (Fo) < oo. Then Fy is a strong solution of Eq. (1.5) on [0, TF. max)-

Proof Take any T € (0, TF max). Using the estimates (2.15), (2.18) for k = 1/2 we have
||Q§(F;)|I1/2, ||Q3i(F,)||1/2 < Cr forall t € [0, T], where Cr < oo depends only on
sup;ero,71 M-1/2(Fr) and sup; ¢ 71 | F1 1. From this and the integral equation (1.9) which
also reads

t
/ Qd(F, — Fy) = / dr / 9dQ(F;) Yo e Cp'(Rxg) (3.16)

R>o R>o

we obtain || F; — Fyllo < Cr|t — s| for all t,5 € [0, T]. Since ||F; — Fylli2 < IIF; —
F ||}/ 2||Ft — F ||(1)/ 2 by Cauchy-Schwarz inequality, it follows that t +> F; also belongs
to C([0, TF max); B1/2(R>0)) and thus we conclude from (2.19)—(2.21) with k = 0 that
1> QF (F),t > QF (F;) hence r > Q(F;) all belong to C ([0, T max); Bo(R>0)). Next
for any T € (0, TFr max), using smooth approximation it is easily deduced that (3.16) with
s = 0andt € [0, T] holds for all bounded Borel functions ¢ on Rx¢, in particular it holds
for all characteristic functions ¢(x) = 1g(x) of Borel sets E C Rx>(. Therefore F; satisfies
the integral equation (3.2) and so, according to the equivalent definition of strong solutions
discussed in Remark 3.1, F; is a strong solutions of Eq. (1.5) on [0, TF. max)- m]

Now we are going to establish the stability estimate for conservative strong solutions.
The method is similar to those for the space homogeneous measure-valued solutions of the
classical Boltzmann equation (see e.g. [16]). Since we have here the cubic term Q3 (F};) which
determines the Bose—Einstein model, we would like to present a complete proof.

Let F, G, H € B(RY). Recall that the inequality F < G means F(E) < G(E) for all
Borel sets £ C R’;O. Let h(x) be the sign function of H, i.e., & is a real Borel function
satisfying [h()]? = 1 and dH (x) = h(x)d|H|(x), which is equivalent to h(x)dH (x) =
d|H|(x). If we define x(x) = (1 + h(x)) and H" = L(H + |H|), then HT > 0 and
k(x)dH (x) = dH(x).

Lemma 3.5 Let F € BY, ) | (R=0) N B3,(R=0), G € BY, , |(R=0) and H = F — G. Let
Kk : Rso > {0, 1} be the Borel function such that k (-\)dH = dH ™. Then for alln > 1

/(1 +x Ak @)d(QF) — Q(G)) < NIF 12l Fll32 + 211 Fll3/211 H llo

2
RZ,

+ 2\ FllillHll1j2 +2b(F, GIIH|l1, (3.17)

lim sup /(1 +x An)i(x)d(Q(F) — Q(G)) < 2[IFllsp2llHllo + 21 Fll I H |12
n—oo RZZO
+2b(F, G)IIHI (3.18)
where b(F, G) is given in (2.22).

Proof Let ¢,(x) = (1 + x A n)k(x). Since x — ¢, (x) is bounded, there is no problem of
integrability in the proof. We have

/ 0ad(Q(F) — Q(G)) < 93, — Q;, +2b(F, G)| H|1, (3.19)

2
R
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o, :=/J+[wn1d(F®F—G®G), 9, 3:/<Pn(Y)j+[1]d(F®F—G®G)

2 2
Rzo Rzo

where we have used (2.21) for k = 1 to get ||Q3(F) — Q3(G)||1 < 2b(F, G)||H||1. Recall
that W(x, y, z) > Oimplies x +x, = y+zsothat @, (x) + ¢, (xx) <2+x+x =24+y+z.
This gives 7 [, 1(y, 2) < (1 + 2327 H[1](y, 2) and so

QLS/ THead(F® F — G ® Gt

2
]Rzo

5/ (1 + Yy +z)j+[1](y,z)d(F Q®F—-G®G)"

2
RZ,
=/(1 DTG DAF® F — G ® Gt (3.20)
]RZZO

where the last equality is due to the symmetry 7 [1](y, z) = J T [1](z, y) and the equality
/ V(. )d(F®F-G®G)" = / Y NAFRF-G®G)"
]Rzzo RZEO

which holds at least for all bounded Borel functions ¢ on Rzzo (see e.g. Lemma 5.2 of [16])
and thus it holds for all nonnegative Borel functions on Rzzo by monotone convergence. Since

(FRF-G®G)T " <FQH +H"®G,
1+y=(—-n)++1+yAn,and
/(y 3 JTNdF®F -GG <||Fllip /(y — )4/ 1+ ydF(y) =i ey
RQEO R=0
it follows from (3.20) that
Q, <ent / (I+yAn)JT1d(F @ HY) + /(1 +y AT TAHT ® G).

2 2
R RS,

(3.21)
For the negative part Q; ,, recalling ¢, (y) = (14 y A n)k(y) we have
ou(MAFQF —GR®G) =¢,(»A(F @ H)+ (1 +y And(H' ® G),
Qn= / ea(NITA(F ® H) + /(1 +yAnITIAHT ® G).  (3.22)
R, L

The common terms in the right hand sides of (3.21)—(3.22) cancel each other in Qz n= Qz "
and thus using Ty, 2) < Y+ /7 we obtain

Q) — Qo < en +20F 320l Hllo + 20 F Il I H i jo- (3.23)
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Finally by definition of ¢, and the assumption on F we have ¢, < [[F|lip2lFll3/2,n =

1,2,3,...; and lim,— ¢, = 0 by dominated convergence theorem. The lemma then fol-
lows from these and (3.19), (3.23). O

For any given Fy € Bfr (R>p) we define a function W, (¢) on [0, o) by
o

Up, () = ¢+ \/E—i—/xdFo(x), e>0; Wg(0)=0. (3.24)

O
/e

o0 N
Here [ % can be understood as either f( # 00) OF f[ oo

Theorem 3.1 Let F;, G; be conservative distributional solutions to Eq. (1.5) on [0, 0o) with
their initial data Fy, G satisfying M_1,2(Fo) < 00, M_1,2(Go) < 00. Let Tf max, 1G.,max
be defined in (3.11) for F;, G, respectively. Then for any T € (0, Tr. max N TG, max)

IF: = Gilli < C¥R,(I1Fo — Golle” Vi €[0,T] (3.25)

where Vg, () is defined in (3.24) and C = Cr,c = cr are finite positive constants
depending only on N(Fp), E(Fo), supg<,<y M—1,2(F;), and supy, .7 M—1,2(G,) with
T e (0, TF.,max A TG.,max)~

In particular if Fy = Go, then Tr max = TG ,max = Tmax and F; = G; for all t €
[07 Tmax)-

Proof The proof is divided into five steps. First of all, according to Proposition 3.1, F;, G;
are strong solutions on [0, Tr max) and [0, TG max) respectively. In Steps 1-3 we assume that
one of the two solutions, e.g. F;, has the moment production (1.15) for all # € (0, Tr. max)-
The existence of such F; is assured by Theorem 1.1. Let us denote

Ht :Ft_Gt~

By conservation of mass wehave || F; G, ||1 < || Folli+|Goll1 forallt > 0.Soif |Hpll1 > 1,

then ||H;|l1 < 2||Foll1 + | Holli < Q|| Foll1 + DI Holl1 for all t > 0. Therefore to prove

(3.25) we can assume || Hp|l1 < 1. Givenany T € (0, TF max A TG.,max) and s € (0, T).
Step 1: We prove that

t
| Hllo < Il Hollo + C/ [ Hellidz, ¢ €[0,T], (3.26)
0

t t
1 H:llv < | H Iy +Co/(1 + 1/ He [lodT +C/ [Helhde, tels, T]. (3.27)
N N

Here and below the constant 0 < Cop < oo depends only on N (Fy) and E(Fp), while
the constants 0 < C,c < oo depend only on N(Fy), E(Fp), supg<,<7 M—1,2(F;), and
supg<,<7 M-1,2(G;). And Cp, C may have different value in differer_lt_places. Also recall
that || Foll1 = N(Fo) + E(Fp).

The inequality (3.26) follows from H; = Hy + fot [Q(F;) — Q(G¢)]dt and the estimates
(2.19), (2.21) for k = 0. To prove (3.27) we first use |H;| = G; — F; + 2(H,)™ and the
conservation of mass and energy to write

Il = 1Gslly = I Fs I+ 20 (HD) T, 1= 5. (3.28)
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Let x — «,(x) € {0, 1} be the Borel function on R>¢ such that x,dH, = d(H;)". Since
t = Q(F;) — Q(G;) belongs to C ([0, Tr max A TG. .max); Bo(R>0)), applying Lemma 5.1 of
[16] to the measure equation H; = H, + f;(Q(FT) —Q(Gy))dr, t €[5, TF, max A TG max)»
we have

1
/¢(x)d(Ht)+:/§0(x)d(l"ls)+/df/@(X)Kr(x)d(Q(Fr)_Q(Gr))

R>o R0 R0

forallt € [s, T]and all ¢ € LG (R>0). In particular we have

t
/(1 +x Amd(H)T < I(H) L +/dT /(1 +x Ak (0)d(Q(Fr) — Q(Gr)).
s =0

R>o

Next applying (1.15) with p = 3/2 we see that the function ¢ — || F;|l32 < Co(1 + 1/1)
is integrable on [s, 7'] and thus we deduce from Lemma 3.5 and the reverse Fatou’s Lemma
that

t

lim sup/dr / (1 4+ x An)kr (x)d(Q2(Fr) — Q2(Go))(x)

n—oo
s Rso

t t
=< Co/(l + 1/0)||He Jlodz +C/ | Hell1dz.
A s

Here the second constant C is obtained by using the conservation of mass and energy which
gives upper bounds M2 (F;) + M1,2(G;) < %IIF()II] + %IIGolll < | Foll1 + %, etc. Letting
n — oo we conclude

t t

ICHD) I < ICH) T 1y +C0/(1 + 1/0) [ Hz [lodz +C/ [ He|l1dz.
N

N

This together with (3.28) and |G |l1 — || Fsll1 + 2[(H) V|1 = || Hs |1 gives (3.27).
Step 2: We prove that for any R > 1

lHellt <SR Holli + CRt + 2 / xdFp(x), te€l0,T] (3.29)
x>R
In fact using |H,| = G, — F; + 2(H,;)" and conservation of mass and energy we have
1 H:llh < 1Holl1 + 4RI Hello + 2 / xdFy(x) (3.30)
x>R

and applying (3.3) to the bounded function ¥ (x) = 1x<g)x we deduce
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t

/xdFt=E(F0)—/1{x5R}xdF,= /xdFo—/d‘L’/l{st}de(Ff)

x>R R>o x>R 0 Rx>o

t
< / xdFo + R / 1Q(F)lodz
x>R 0

< / xdFp + CRz.

x>R

This together with (3.30) and || H; ||o < ||Hollo + Ct (by (3.26)) yields (3.29).
Step 3: If T < ||Hp||1, we take R = ”1{10”1 and use (3.29) to get

iy < c(Vithl+ [ xdRw) < ContID. 1el0.TI

x> 1

Holy
Suppose now ||Hpll1 < T and let ¢ > O satisfy ||Hpll; <& < T A 1. Taking R = is and
using (3.29) we have
|Hilli < Cye +2 / xdFyp(x) < CWEg (), Vrel0, el (3.31)
x>

In particular this inequality holds for = ¢. Thus using (3.27) for s = ¢ gives
t t
11 =CUry )+ Co [ 1+ 1/ Hellode+C [ dr, teleT ATl 632
& &

Next, using (3.26) and ||Hpllo < e <t <1,

t t T
1
/ (14 1/7)]| Hy [lodr <26 log(1/6) + 2C / ! / | ol duds
& & 0

t
§2JE+ZC/ IHyll1|logu|du, te€le, T A1]. (3.33)
0
This together with (3.32) and (3.31) gives

t
[H:llh = CWry(e) + C/(l + [log T He ll1dz, £ € [0, T A 1] (3.34)
0

By Gronwall lemma we then obtain

t
IH, |} < CWr,(e) exp (C/(l n |logr|)dt) < CWp(e), 1€[0.T ALl (3.35)
0

Now if T < 1, then (3.25) follows from (3.35). Suppose T > 1. Then (3.35) holds for all
t € [0, 1]. In particular ||H; || < CWg,(¢). On the other hand from (3.27) with s = 1 we
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< | Hyl1ec D <

t
have [|H;ll1 < |Hillt + ¢ [ |Hel1d7 forall # € [1, 7] and so | Hyll1
1

CWp,(e)e for all + € [1,T] by Gronwall Lemma. This together with the estimate for
t € [0, 1] leads to

IHll1 < C¥R,(e)e, 1 €[0,T]. (3.36)

Finally if ||Hp|l1 > O then taking ¢ = ||Hpl|; in (3.36) gives (3.25). If ||Hp|l1 = O, then
in (3.36) letting ¢ — 01 we conclude ||H;|; = O for all ¢+ € [0, T'] and thus (3.25) still
holds true. This proves (3.25) for the case where F; has the moment production (1.15) for all
re (0’ TF.,max)«

Step 4: We prove that if any two conservative distributional solutions F;, G, stated in the
theorem satisfy F; = G, forall t € [0, TF max A TG.,max), then T max = TG., max-

Suppose this is not true and let for instance 79 := Tr max < 7G.,max. Thenty < oo and, by
Lemma 3.5, M_j2(Fy,) = 0o but M_1/3(Gyy) < 00.Let M) ) (F), M) ,(G,) be defined
in (3.7). By the assumption F; = G, forall ¢ € [0, t9) we have M) ,(F;) = M" ,(G))
forall ¢ € [0, #p). Since t — M(_El)/Z(F,), t Mfl)/z(G,) are continuous on [0, 00), letting

t /1ty gives Mﬁsl)/z(F,O) = Mﬁsl)/z(G,O), and then letting ¢ — 07 and using the limit (3.7)
leads to M_12(Fy) = M_12(Gy) < oo which contradicts M_,2(Fy,) = oo. Thus we
must have Tr max = 76, max-

Step 5: Let G; be any conservative distributional solution of Eq. (1.5) on [0, 00) having the
same initial datum G = Fj of F; where F; is used in Steps 1-3. Using (3.25) we conclude
G; = Fyforallt € [0, T max N TG..max) and thus Step 4 insures that Tr max = 7G. max ‘=
Tmax hence G; = F; for all ¢t € [0, Thax)- In particular G, also has the moment production
(1.15) for all ¢+ € (0, Timax)- This proves that the moment condition added on F; in Steps
1-3 is indeed satisfied for every conservative distributional solution satisfying the condition
in the theorem and thus the stability estimate (3.25) holds true for any two conservative
distributional solutions F;, G, stated in the theorem.

Finally let F;, G, be given in the theorem and suppose Fop = Go. Then (3.25) implies that
F, = G, forallt € [0, Tr, max A TG.,max) and Step 4 insures that Tr max = 7G. max := Tmax
hence F; = G, for all ¢ € [0, Tnax). This finishes the proof of the theorem. o

Now we are going to prove the global existence of strong solutions for a class of initial
data. We will use the Holder inequality of moments for F € B+ (Rx¢) (with F(R~¢) > 0)

r=p

M,(F)§[MP(F)]%[M4(F)]<I*P, —0<p<r<g<oo 3.37)

and the following lemma:

Lemma 3.6 Let F; be a conservative distributional solution of Eq. (1.5) on [0, 00) satisfying
the moment production (1.15), and let N = N (Fy), E = E(Fp). Then forallt > 0

NE

1
Mip(F) > — [1 —exp(— (WNE + N3/E)t ] e (3.38)
i = P O] JRE T niE
Proof By conservation of energy and (3.37) we have E < [M1/2(F,)]2/3 [Ma2(F)]'/3, ie.
3/2
Mip(F) > ———— Vi >0. (3.39)
P = Uy
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Thus to prove (3.38) we need only to prove that M5 (F;) has the corresponding upper bound.
To do this we must use the differential equation

%Mz(Ft>= / Tlpld®F; + / Klpld®F,  Vt>0 (3.40)

2 3
Rzo Rzo

where ¢ (x) = x2. Of course this ¢ does not belong to the test function space C!*!(Rx), but
thanks to the moment production (1.15) we are able to prove that (3.40) does hold rigourously.
First, from the moment production (1.15) we have sup,..; | F;||, < oo for all s > 0 and
p > 1 and thus using Corollary of Lemma 4 in [13] to {F,_}lz s we conclude that the collision
integrals ¢ fRio J[(p]sz,, t — fRio IC[(p]d3 F; are continuous on [s, 00) (Vs > 0).
Also we note that the measure ¢ — F;, is a distributional solution of Eq. (1.5) on [0, c0)
with the initial datum F; and thus it satisfies the integral equation (1.9). Next in order to
use our test functions in C bl’l (R>0) we consider smooth truncations ¢, (x) = xZe=x/n We
compute sup, . > |D2<pn (x)| <4 and, using (3.6),

sup [Klgal(x, v, 2)| < 41+ ) (1 +2), sup|T@al(y, D] < 2(1 + y)>/2(1 + 2)°/%,
n>1 n>1

lim Klga(x, 3.0 = Klgl, v, 9. lim_ Tlgal(y,9) = T1917. 2)

for all x,y,z > 0. Since sup,~ [ F;lls2 < oo, it follows from dominated convergence
theorem that the integral equation (1.9) of the solution ¢ — F;_ holds also for the function
ox) = x2. Since s > 0 is arbitrary, this proves that the function ¢t — M5 (F;) belongs to
C1((0, o)) and satisfies the differential equation (3.40).

Now let us compute J[¢](y, z). By definition of J[¢] we have J[¢](y, 2) = Jlel(z, y)
and J[¢](0,0) = 0. Suppose for instance 0 < y < z and z > 0. By considering

Tl 0 = [ +J5 + 2% we compute
5/2

B 1 8 y_ 13 y 2 3/2 Z
J[w](y,z)—(fr = 7(*))% + 3

1 2 2
15 2z 210\ PR

Since 1 + %6 — 4302 < 102 < 1 forall 0 < 6 < 1, it follows that

1 1
Tlel(y, 2) < 222 vy 2z + g(yS/2 vy — E(y2 +2HVyVzZ  ¥y,z20.
From this we obtain
1
/ J@ld*F; < 2EM30(F;) — SN Msa(F).
RZ
>0

Using the Holder inequality (3.37) and the conservation of mass and energy Mo(F;) =
N, Mi(F,) = E we have E < ~/N/Ma(F), M32(F;) < v EV/Ma(Fy) and Msja(Fy) >
(M2 (F)1?/?/V/E. Thus
N
/ JT@ld*F; < 2/ NEMy(F) — —=[My(F)1"?. (3.41)
3WVE

2
Rzo

Next we estimate the cubic term. Recalling that W (x, y, z) > O impliesx, = y+z—x >0
and so Ap(x, y,z) = x> + xf — y2 — 22 = 2(yz — xxy), it follows that

’C[(p](xa Yy, Z) = 2W(X, Y, Z)(yZ _X.X*) < ZW(-X’ Yy, Z)yZ < 2\/))72
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for all x, y, z > 0 hence
N3
/ Klpld®F; < 2N[Mi;(F)]* < 2N?E < 2 Ma(Fy). (3.42)
R3,

Here we used Ml/z(Ft)2 < NE and E2 < NM,(F)). Combining (3.41) and (3.42) with
(3.40) we obtain

%MQ(F,) < AM>(F,) — BIMy(F)1P?, t>0 (3.43)
where
A:2(«/NT£+ %3) B:%. (3.44)
By solving the differential inequality (3.43) we conclude
Ma(F) < (A/B)2(1 — e 24072 1 >0 (3.45)
Therefore the inequality (3.38) follows from (3.39), (3.45) and (3.44). ]

Theorem 3.2 Let Fy € B”_Ll 2.1 (Rx0) and suppose

1
M_1)2(Fo) < %[NGO)E(FO)]”“. (3.46)

Then there exists a unique conservative distributional solution F; of Eq. (1.5) on [0, 0o) with
the initial datum Fy. Moreover F; is also a strong solution on [0, 00) and satisfies

1
sup M_i2(F,) < Z[N(FO)E(FO)]1/4~ (3.47)

>0

In particular F; has no condensation for all t € [0, 00).

Proof Denote N = N(Fy), E = E(Fp) and let F; be a conservative distributional solution
of Eq. (1.5) on [0, co) obtained by Theorem 1.1 with the initial datum Fy, in particular F; has
the moment production (1.15). Then, by Lemma 3.6, F; satisfies (3.38). To prove the theorem,
we need only to prove that T max = 00 and F; satisfies (3.47). In fact if T max = oo holds
true, then we conclude from Proposition 3.1 and Theorem 3.1 that this F; is a strong solution
on [0, co) and F; is the unique one in the class of conservative distributional solutions of Eq.
(1.5) on [0, co) having the same initial datum Fp.
Let us introduce two numbers which will play important roles:

NE E

h= [M_12(Fo)I*’ V=N (3.48)

Using Holder inequality (3.37) we have N < (M,1/2(F0))2/3E1/3 ie.

M_1)2(Fo) =/ N3/E. (3.49)
From (3.48), (3.49) we deduce

/B = N"23M_yp(Fy), v = B3
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Then, by Lemma 3.4,

1 1/4
Mok < NA(LEYD T ) v cpo. 1) (3.50)
J1—t/ TF()
where T, is given in (3.12) which can be also rewritten in terms of (y/ B/ as
1

Tr, = .
P TN+ (/)T

According to the differential inequality (3.9), in order to obtain an upper bound of M_,2(F;)

on [y, 00) for some 0 < #y < Tg,, we need to have a lower bound for M, (F;) on [#y, 00).

The condition (3.46) which now reads 8 > (80)* is just designed for this popups. Numerical

computation suggests that a good choice for #( is given by

36 . log(37)
1 —exp(—(WNE + N*/E)tg) = — ie. fp= ———". 3.51
p(—( /Eyo) = & AT NE (351
We need to prove that this #( satisfies
1 _ VNE + N3/E
to < ETFO ie. 4log(37) < N+ (BT (3.52)
To prove (3.52) we use y = E/N>/3 to write
VNE +N3/E =N*3(/y+y~") (3.53)
so that the inequality (3.52) is equivalent to
—1
Yty (3.54)

410g(37) < — Y~ .
(1+ (r/B)1/*4)?
Using y > B!/3 and omitting y~! we see that the right hand side of (3.54) is larger than
(Y40 + (y/ﬁ)l/“))2 > Yo (1+ ﬁ—l/ﬁ)’z > 4log(37) where the last inequality is
because 81/¢ > (80)%/3. Thus (3.54) holds true. By the way, from y > B'/3 we also have

1

E
A=Y (80)*°. (3.55)
Now applying (3.38) with (3.51), (3.53) and E = N5/3y we obtain

6 NE
Mip(F) > — « ————— =3M? Vi>1 (3.56)
37 VNE+N3JE
where
27 1/2
M, =N (—"~" ) 3.57
' (37(1 T y—3/2>) 627

Inserting (3.56) into the differential inequality (3.9) leads to

d
G MO (F) <2N? = 3MIME) 5 (F) + IME) 5 ()Y Yizn (358)

from which we see that in order to get a global upper bound of (¢, €) — M SEI) 12 (F1), it needs
only to prove the following inequalities (the reason will be clear later):

N2 < M2, M_ip(F) <M, Yt el0,15] (3.59)
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The first inequality in (3.59) is equivalent to WL}:*/Z > 37/2 which is exactly satisfied since
y > (80)*/3. To prove the second one in (3.59) we first use (3.50) and #p < %Tp0 to get

M_ipp(F) < NP (V2 4+ /B = 1) Vi€ (0.n).

Then, by definition of M, and y_3/ 2 < (80)_2, we see that a sufficient condition for the
second inequality in (3.59) to hold is

2J7 )1/2
37(1+@80)~2)/
But this inequality does hold true because g!/4 > 80 and y'/* > (80)!/3.

Now from (3.58), N2> < M2, 2M}—-3M2?M +M? = (M — M,)*(M +2M.,,), and denoting
M, (1) = M) ) (F;) we obtain

V21 + /B —1< (

%Me(z) < (M(t) — M)*(Me(1) +2My) V1> 1.

Since M, (to) < M_1,2(F,) < M, it follows that
I3
(Mg (1) — My)4 < /[(Ms(f) — M) (M (v) +2M)dt, 1 € [tg, 00).

fo

Thus we conclude from Gronwall Lemma that (M.(t) — M,)+ = 0, i.e. Mfl)/z(F,) =
M, (t) < M, forallt > 19 and all ¢ > 0. Letting ¢ — 0T leads to M_;2(F;) < M, for all
t > tp. Combining this with the second inequality in (3.59) we conclude that

M,I/Q(F,) < M, Vit e [0, 00). (3.60)

This implies that Tr max = 0o by definition of Tr max. Finally since N 2/ 3)/1/ 4= (NE )1/ 4
it follows from (3.57) that M, < (NE)'/4/2/37 < L(NE)'/* and thus we obtain (3.47)

from (3.60). This completes the proof. O

There are many Fy that satisfy the condition (3.46). For instance for any Gy €
Bfl/Qﬁl(Rzo) with M_1,2(Go) > 0, define Fy = pGg with a constant p > 0. Then

M_1,2(Fp) —p M_1,2(Go)
[N(Fo)E(Fo)'/* p [N(Go)E(Gp)]'/*

and so Fy satisfies (3.46) when p is small enough.

We have proved that the condition (3.46) implies (3.55) i.e. % > (80)*/3, from which

and (1.14) one sees that the condition (3.46) belongs to the case of high temperature: T /T . >
783.

(3.61)

4 Regularity and Mild Solutions
In this section we use the above results to study regularity of distributional solutions and

prove the existence and stability of mild solutions. Without risk of confusion we use short
notations for the norms of L' (R) and L®(R).:

Ifler = 0wy, Il = 1 flleem,)-
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As usual we denote f(7) = f (-, t) when the x-variable has been taken certain integration or
norm, for instance N(f(t)) = N(fC, ), | f @Ol = I1fC, )1, etc. From Lemma 2.2
and the following propositions one will see that just as M_1,2(F;) plays the important role
in the existence of strong solutions, || f(#)[|,1 = M—_1,2(f(¢)) also controls everything for
the existence and stability of local and global (bounded or unbounded) mild solutions.

Proposition 4.1 Let F; be a distributional solution of Eq. (1.5) on [0, 0c0) whose initial
datum Fy is regular and satisfies M_1 2 (Fp) < oo, and let T, max be defined in (3.11). Then
F; is regular for all t € [0, Tk max) and its density f(-,t) is a mild solution of Eq. (1.5)
on [0, Tr max) satisfying f € C([0, TF. max); LI(R+)) and f(-,0) = fo, where fy is the
density of Fo. In particular if F; is conservative, so is f(-,t) on [0, Tr max)-

Proof Denote Tmax = TF max- By Proposition 3.1, F; is a strong distributional solution on
[0, Thmax), and from the relation (1.11) we have F;({0}) = O for all t € [0, Tiax), Which
means that the origin x = 0 has no contribution with respect to the measure F; and thus the
integration domain Rx( can be replaced by R, = R. . Let

1
VZ(E)=/7dFt(X)» Vi) = sup v(U), 0=t < Tmax
ﬁ mes(U)<é

where E C Ry is any Borel set, U is chosen from all open sets in R, and mes(-) denotes the
Lebeague measure. We are going to establish Gronwall inequality for V;(§) on ¢ € [0, Trax)-

Givenany T € (0, Tmax) and take any openset U C Ry satisfying mes(U) < §. Applying
the integral equation (3.3) to a monotone sequence 0 < ¢, € C,(Rx>() satisfying

1
en(x) /Yy (x) = —=1y(x) (n—>o00) VxeRy

Jx

(for instance one may take ¢, (x) = (x+ %)’1/2 (1 —exp(—ndist(x, U¢))) where U¢ = R\U)
and then omitting negative parts, we deduce from monotone convergence that

t t
v (U) < vo(U) + / dr / I Yyld*Fr + / de / K [yyld* Fr.
2 0 3

0

Next we compute for all x, y,z > 0

T Wul(y.2) < 7m€S(U) = —
U Nz «F
1
Kflullx, y.2) < \/TW[IU(X) +1ly(y +z—x)]
Since Ry N (U + x — z) is open and mes(R+ N (U + x — z)) < mes(U) < §, this gives

1 1
1y(y+z —x)—dF.(y) = / —dF,(y) < V:(8).
/ v(y+z x)ﬁ ) e ) (%)

R, R N(U+x—2)

It follows that

1 1

v (U) < Vo(s) + / [M_1 /2 (Fo)Pdr 5 42 / [M_1 2 (FO) Ve (8)dr.
0 0
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Taking sup ey <s leads to

t

Vi(8) < Vo(8) +2 / [M_l/z(Fa]z(g + vt<8))dr, 0<t<T
0

and so, by Gronwall Lemma,

8v5<5v5 2tM F)]2d 0<t<T
S+ t(>_(5+ 0(®) exp ( /[ ip(FoPdT), 0<i<T.
0

By assumption on Fp we have lims_, g+ Vo(8) = 0 and thus lims_ o+ V;(8) = 0 for all
t € [0,T]. Since T € (0, Tnax) is arbitrary, this proves that v; is absolutely continuous
with respect to the Lebesgue measure for every ¢t € [0, Tax), and thus there is a unique

0< f(,1) e L! (R>0) such that %dF,(x) = dv;(x) = f(x, t)dx. That is, we have proved

that F; is regular for all ¢+ € [0, Tmax) and its density f(-,¢) belongs to LI(RJr) for all
t e [07 Tmax)~

Since || f()|I 1 = M_12(F;) < ooforallt € [0, Tiyax), it follows from (2.26) and (3.13)
that

s / Wy, DL LI+ f + )+ ff(+ F + f)ldedydz
<t<

3
R+

<4 sup (M2 ONFOlL +1FO13) <00 VT € O, Tna). (4.1)

0<t<

From this and that F; is a strong solution of Eq. (1.5) on [0, Thax) We conclude that the
equation

/ 0 (£ = folo) = / O(f)(, 7)d7) V¥ dx
0

R>o

t
= / w(X)d(Fz — Fy— / Q(Ff)dr)dx =0
0

Rxo

holds for all ¢ € [0, Thax) and all p € LSO(RZ()). Thus for any ¢ € [0, Tax), there is a null
set Z; C Rx¢ such that

t
Fet) = folx) + / 0N .t Vx € Rag\Z:.
0

~ t
Now we consider the nonnegative measurable function f(x, t) := | fo(x)+ f O(f)(x, r)dr|

0
on Ry x [0, Tax). We have f(x, 0) = fo(x) and, by nonnegativity of f, f(x, t)= f(x,1)
for all t € [0, Thmax) and all x € R;\Z;. But the advantage of f is that there is a null set
Z which is independent of ¢ such that for every x € R;\Z the function ¢t — f (x,1) is
continuous on [0, Tiax). Thus it follows from Fubini theorem that f (-, t) is a mild solution
of Eq. (1.5) on [0, Tax). Again, since f(x, t) = f(x,t) for all + € [0, Thax) and all
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x € Ry\Z,, it follows that f(-, t) is also the same density of F; for ¢ € [0, Thax). Thus by
rewriting f(-, t) as f (-, t) we conclude that the density f (-, #) of F; is a mild solution of Eq.
(1.5) on [0, TF. max)-

Finally for any T € (0, Tmax), let C7 be the left hand side of (4.1). Then we deduce
from (4.1) and the definition of mild solutions that || f(t) — f(#)[|;1 < 2Cr|s — t] for all
s, t € [0, T]. Therefore f € C([0, Tr. max); LI(R+)). m]

Proposition 4.2 Let 0 < fy € L'(Ry) have finite mass and energy and let T(fy) =
{0 < T < ool Eq. (1.5) has a conservative mild solution f(-,t) on [0, T) satisfying f €
C([0, T); L"(Ry)) and f(-,0) = fo}, Tfy.max = sup T (fo). Then

(a) T(fo) is non-empty, Tg max € 7 (fo), and there exists a unique conservative mild
solution f (-, t) of Eq.(1.5) on [0, Ty max) satisfying f € C([0, Tty max); LI(R+)) and
f(,0) = fo. Besides, if Tfy max < o0 then || f()|lp1 — o0 ast /" Tgy max-

(b) Let Fy € Bfl 21 (R>0) be regular with the density fo. Then there exists a conservative
distributional solution F; of Eq. (1.5) on [0, 00) such that Tf, max = Tfy,max and Fy is
regular on [0, Ty max) with the density f(-,t) obtained in part (a). And such an Fy is
unique on [0, T max)-

(c) Let 0 < go € L'(Ry) have finite mass and energy and let g(-,t) be conservative
mild solutions of Eq. (1.5) on [0, Tg) max) satisfying g € C([0, Tgy max); L! (R4)) and
g(0,-) = go. Then for any T € (0, Ty, max N Tgy,max)

If@) —g®l = C¥g (I fo - golle”, Viel0,T] (4.2)

where

Al = /(1 )l /Edr,
Ry

W (&) := Vg, (e) is defined by (3.24) with Fy defined by dFy(x) = fo(x)s/xdx, and
C = Cr, ¢ = cr arefinite positive constants depending only on N (fo), E(fo), Supg<,<7
If @1, and supg<; <7 I8l 1

(d) Suppose Tfy max = 00 and let f(-,t) be the unique conservative mild solution of Eq.
(1.5) on [0, co) satisfying f € C([0, o0); Ll(R_,_)) and f(-,0) = fo obtained in part
(a). Let Fy, F; € Bfr (Rx0) be regular measures with densities fo, f (-, t) respectively.
Then F; is the unique conservative strong solution of Eq. (1.5) on [0, co) with the initial
datum Fy.

Proof (a)—(b): Let Fy € B”_Ll /2,1(R20) be regular with the density fy, let F; be a con-
servative distributional solution of Eq. (1.5) on [0, co) with the initial datum Fp, and
let Tr max be defined in (3.11). By Proposition 4.1, F; is regular on [0, TF max) and
its density f(-,¢) is a conservative mild solution of Eq. (1.5) on [0, TF max) satisfying
f € C(0, T max); LI(R+)) and f(-,0) = fo. This implies Tr max € 7 (fo). We claim
Tr max = Tfy,max- Otherwise, Tr max < Tfymax, then there exists T* € 7 (fp) such that
T* > Tr max and Eq. (1.5) has a conservative mild solution f*(-, #) of Eq. (1.5) on [0, T*)
satisfying f*(-,0) = fp and f* € C([0, T*); L'(Ry)). Take g € (TF,max, T*) and let F}*
be defined by dFj*(x) = f*(x,1)y/xdx, t € [0, fo]. Applying Theorem 1.1 to the initial
datum F7, there exists a conservative distributional solution F;** of Eq. (1.5) on [#9, o0) with
the initial datum th* = F,:. Let 1?, = F} fort € [0, o], 1?, = F/* fort € [tp, 00). Then F,
satisfies (i), (ii)’, (iii) in the equivalent definition of distributional solutions Eq. (1.5) proved
in Remark 1.1. So F} is a conservative distributional solution of Eq. (1.5) on [0, co) with the
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initial datum Fo = Fy. By Theorem 3.1 we conclude TF max = TF max- On the other hand,
from M_y 5 (Fy) = M_l/z(th) = || f*(to) |1 < oo we have T% max = t0 > TF. max. This
contradiction proves Tr, max = T fy,max-

Next let f(-, 1) be another conservative mild solution of Eq. (1.5) on [0, T'fy max) satisfying
FC0) = foand f € C(0, Tfy.max); L' (R1)). Take any T € (0, Ty max) and let £ be
defined by dF(T) x) = f(x 1) /xdx, t € [0, T]. As shown above, F(T) can be extended
as a conservative distributional solution F, of Eq. (1.5) on [0, co) with the initial datum
F() = Fpy. By Theorem 3.1 we conclude TF max = TF.max = Tfy,max and F, = F; for all
t € [0, T, max)- In particular, F,( ) = ft = F; forall t € [0, T] and so f( ) = f(,1)
forall t+ € [0, T]. Since T is arbitrary in (0, 7, max), We conclude f(-, t) = f(-,t) for all
t € [0, Ty ,max)- Thus f(-, ¢) is the unique conservative mild solution f(-, #) of Eq. (1.5) on
[0, Ty, max) satisfying f(-,0) = foand f € C([0, Ty max); L! (R4+)). The uniqueness of F;
on [0, Tf, max) follows from Theorem 3.1.

Now assume 7'y max < 00. Then using Proposition 3.1 and Tz max = Tfy,max < 00 We
have [| £ ()l 1 = M—1/2(F,) — 00 ast /7 Tfy max.

(c) Let G; be the conservative distributional solutions of Eq. (1.5) on [0, 0co) obtained in
part (b) corresponding to g(-, t), i.e. G, is regular on [0, Tg, max) With the density g(-, t) for
all ¢ € [0, Tgo,max)~ Since TF, max = Tf(),maXs T6. ,max = Tgo,maXs IfOIllp = M*l/Z(Ft) for
all ¢ € [0, Tfo,rnax)7 gl = M—1/2(Gt) forall ¢ € [0, Tgo,max)’ and || f(1) — g1 =
| Fy—G |1 forallt € [0, Ty max A Tgy,max), the stability estimate (4.2) follows from Theorem
3.1.

(d) From dF;(x) = f(x,1)y/xdx and f € C([0, c0); L'(R})), it is easily seen that
t = Q5 (F),t > Qi (F;) belong to C([0, 00); By(R=0)) and F; satisfies the integral
equation (3.3) for all + > 0 and thus F; is a conservative distributional solution with the
initial datum Fp. The conclusion of part (d) then follows from the equivalent definition of
strong solutions (see Remark 3.1) and the uniqueness theorem (Theorem 3.1). O

As did for the classical Boltzmann equation, the collision integral Q( f) can be decom-
posed as positive and negative parts:

Q(f)(x) =0T (NHx) — Q™ (/Hx), (4.3)
0 (NHx) = / w(x, y,2) f(¥) f(@)(A + f(x)dydz, (4.4)
R%
0~ (Hx) = f)L(Hx), 4.5)
L(f)(x) = / wx, y, DDA+ fO) + f(@) — f(Wf(]dydz.  (4.6)
RL

Notice that, according to Lemma 2.2 and Lemma 2.3, forany 0 < f € L! (R4, 4/xdx), the
function x — L(f)(x) is well-defined, nonnegative on R, and satisfies

Mip(f) < L)) < VAN + Mip(f) +2IM_1 o (1 4.7

The following proposition gives an exponential-positive representation (i.e. Duhamel’s for-
mula) for a class of mild solutions.

Proposition4.3 Let 0 < fy € LY(Ry) have finite mass and energy and let f €
C([0, Ty, max); LI(R+)) be the unique conservative mild solution of Eq. (1.5) on [0, T, max)
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satisfying f(-,0) = fo. Then there is a null set Z C Ry such that for all x € Ry\Z and all
t € [0, Tfo,max)

S JLheade L sds
F ) = folx)e 0 4 / 0*(f)x.1)e * @)
0

where QV(f), L(f) are defined in (4.4)—(4.6).

Proof By definition of mild solutions and Q(f) = Q7 (f) — fL(f) there is a null set
Z C Ry which is independent of ¢ such that for every x € Ry\Z

a
gf(x, N =07, 1) = fE,DL(f)x,1) ae. t €0, T max) (4.9)

Notice that for every x > 0 the nonnegative function t — L(f)(x, t) is locally integrable
on [0, T, max)- In fact applying (4.7) and f € C([0, T, max); L' (R4+)) we have

sup L(f)(x,1) < sup (VEN(F(®) + Mip(f(0) +2f0]7) <00 (4.10)
1€[0,T} 1€[0,T}

for all T € (0, Ty max) and all x > 0. Therefore, for every x € Ry\Z, the function

JL(H(x,v)dT ) )
t— f(x,t)ed is also absolutely continuous on [0, T'] forall T € (0, Ty max) and

thus the Duhamel’s formula (4.8) follows from the differential equation (4.9). O
For bounded mild solutions we have the following

Proposition4.4 Let 0 < fy € L'(Ry) have finite mass and energy and let f €
C([0, Tfy,max); L (R1)) be the unique conservative mild solution of Eq. (1.5) on [0, T f; max)
satisfying f(-,0) = fo. Suppose in addition fo € L (Ry). Then f(-,t) € L*(Ry) for all
t € [0, T, max) and there hold two estimates: for all t € [0, T max),

t
I1Lf @)l ro<max {1, || foll .} exp | 2 / 1F @I, de |, @.11)
0

t
1LF @l <l foll L exp / @13, = My (f()ldr
0

t

t
+[ir@iew  [1roR - Mpgomes|a @
0

T

Besides, if Ty max < 00 then || f(t)||pe — o0 ast /' Tfy max- O
Proof Let A(t) be the right hand side of (4.11) i.e.

t
2 [a(r)dr

A(t) := max{1, || follL}e 0 ca®) = fON7. €10, Thyman)-

By definition of mild solutions and f(x,0) = fo(x) < A(0) for all x € R4\ Z (here and
below Z C R4 denotes any null set which is independent of time variable) we have for all
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t € [0, Ty max)
t
(f(x. 1) —A@)+ = /(Q(f)(xy 7) = 2A()a() 1 f(x,0)>Am))dT.
0

Taking integration with respect to x € R4 and omitting the negative part Q (f) > 0 gives

t

/(f(x,t)—A(t))erx < /df/ O () x, D1 f(x,0)> A dx
Ry 0 Ry
t

—/dt/2A(r)a(r)l{f(x,r)>A(f)}dx.

0 Ry

Next for the integrand of Q7 (f)(x, T), we have

FODfED)A+ f(xe, 1) < fL, D@ D(f(x, T) =A@+ +2A0) fF(y, T) f(z, 7)

where we used 1 < A(t). Then applying the first inequality in (2.24) to (f (xx, T) — A(7))+

and recalling a(t) = || f(7) ||i, we deduce

t t
/ dr / OF ()0 DL fx.oroaceyde < / a(t)dr / (f(x.7) — A(D)4dx
0 B 0 R
t

-|—/ d‘L’/2A(‘L’)cl(‘[)l{f(xyf)>A(T)}dx.

0 Ry

Notice that the common terms f(; dr fR+ 2A(t)a(t)1{ f(x,r)>A(r))dx in the right hand sides
of the above successive inequalities cancel each other. It follows that for all 7 € [0, Tinax)

t

/ (f(x, 1) = A@D)+dx < / a(v)dr / (f(x,7) — A(D)) +dx.

Ry 0 R,
By Gronwall Lemma we conclude f (f(x,t) — A(t))+dx = O for all t € [0, Trnax)- This

Ry
implies f(-,¢) € L°(Ry) and || f(#)]|po < A(¢) forall ¢ € [0, Tax), i.e. (4.11) holds true.
To prove (4.12) we denote b(t) = My ,2(f(¢)) and use the first inequality in (2.25) to get

L(f)(x,t) = b(t) for all x > 0. Then we deduce from Duhamel’s formula (4.8) that

—jlb(f)df p —j‘b(s)ds
i fe o+ [a@ i f@lme o dr
0
forallx e Ry\Z and all t € [0, Ty max)- This gives
.fbﬁ)df ' fb(s)ds
If(@)lLoe® = follL= +/a(t)(1 + 1/ (@)Le)e® dr
0

forall t € [0, Ty, max) and thus (4.12) follows from Gronwall Lemma.
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Finally by the conservation of mass we have || £(1)||.1 < 2[N (fo)I*/3[Il £ (t)||L1"/ for
all t € [0, Ty max) and so the L°°-blow up follows from the L!-blow up in part (a) of
Proposition 4.2. O

Now we turn to the global mild solutions. As explained at the end of Sect. 3, the following
result belongs to the case of high temperature.

Theorem 4.1 Let 0 < fy € L'(R,) have finite mass and energy and suppose

1
I follr = g INUOECfo)T ™. 4.13)
Then there exists a unique conservative mild solution f (-, t) of Eq. (1.5) on [0, 00) satisfying
f e C([0, 00); L' Ry)) and f(-,0) = fo. Moreover we have

1
sup IF Ol < Z[N(.fo)E(fo)]”“. (4.14)
>

Besides, if in addition fo € L°(Ry), then f(-,t) € L*°(Ry) forallt > 0 and

sup || f ()l < 2max{l, || folle}. (4.15)

t>0

Proof Let Fy be defined by dFy(x) = fo(x)+/xdx. Then (4.13) says that Fy satisfies the
condition (3.46) in Theorem 3.2 which insures that there exists a unique conservative dis-
tributional solution F; of Eq. (1.5) on [0, co) with the initial datum Fjy. Since F; is also a
strong solution on [0, 00), and TF max = 00, by Proposition 4.1 and Proposition 4.2 we
conclude that F; is regular on [0, 0o) and its density f (-, t) is the unique conservative mild
solution of Eq. (1.5) on [0, co) satistying f(-,0) = fp and f € C([0, 00); LI(R+)). Since
| fOllpr = M_1,2(F), N(Fo) = N(fo), E(Fo) = E(fo), the estimate (4.14) follows from
(3.46).

Letus denote N = N(fo), E = E(fp). By Theorem 1.1 and the uniqueness of F;, F; has
the moment production (1.15). Thus from Lemma 3.6 and M 2(f (¢)) = M;,2(F;) we have
forallz > 0

1 X NE
Mip(F@) = ¢ [1 —exp(— (WNE+N /E)t)] NI (4.16)

Now assume further that fy € L°(R.). Then, from inequalities (4.14), (4.11) and T'f, max =
oo we have forall t > 0

1
If @l < TeVNE =a, [If®l~ = max{l, I foll Los Y™ 4.17)

Let us choose 1y satistying

1 —exp(— (vVNE + N*/E)ty) = g ie. ty= m.
Then we deduce from (4.16) that
Mip(f(1) = E-L: b, Yt=>t. (4.18)
7 JNE+N3/E
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Applying (4.12) to the mild solution ¢ — f (-, t +1g) on [0, oo) with the initial datum f(-, #p)
and using the first inequality in(4.17) and (4.18) we have

t
ILf @l < 11 (o) | poce =P +a/e(“_b)(’_”dr, 1= . (4.19)
fo

This gives

"b—a
provided b > a. But this is true because b > 2a. In fact by definition of a, b in (4.17), (4.18),
it is easily checked that b > 2a is equivalent to % > 7, and the latter is obvious since the

assumption M_2(Fo) = [l foll 1 < g5(NE)"/* implies (3.55) and so £57 > (80)% > 7.

Thus (4.20) holds true. From (4.20), the second inequality in (4.17) and a/(b — a) < 1 we
obtain

||f(t)||L°°Smaxlllf(fo)llLoc L] 1> 10 (4.20)

I @)l < 20 max(1, | follL<), t>0.

Finally by definition of 7y and a we have ¢2*0 < 7% < 2. This proves (4.15) and completes
the proof of the theorem. O

5 Regularity for Solutions with fo(x) < Kx~!

In this section we study regularity of such a distributional solution F; whose initial datum
Fp is regular with density fo satisfying fop(x) < K x~ L (vx > 0). It seems very difficult to
prove any expected regularity without using suitable approximate solutions. This is why we
introduced the second cutoff (2.31)—(2.32) and constructed approximate solutions. Theorem
5.1 below is based on the new positivity in Lemma 2.3 and the following two relevant lemmas.

Lemma 5.1 Let f be a nonnegative measurable function on R satisfying N (f) < oco. Then

/w(x, v, 2) f() f(@dydz < 2V2[N(H)IPx~" Vx> 0. (5.1)
R
Proof Since w(x, y, z) is symmetric with respect to (y, z) and that w(x, y, z) > 0 implies
vy + z > x, it follows that

/ w(x. v, 2) FO) f(@dydz < 2 / VY () F@)dydz
N

A

R2. O<y<z,z>x/2

2v2 242
TI / ﬁﬁf@)f(z)dydstf[N(fnz.

O<y<z,z>x/2

[m}

Lemma 5.2 Let 5/6 < o < 5/4. Then, for all x > 0 we have

Io(x) := /w(x, ¥, 2)x, %y %z %dydz = I, (1)x* 3% < o0. (5.2)

2
R+
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In particular for o« = 1 we have I1(1) < 19 and
/w(x, v, x by Tz dydz = [ ()x (5.3)
’

Proof Fix x > 0. The equality (5.2) follows by changing variables y = xu, z = xv which
gives the constant

min{l,m,ﬁ,ﬁ}d d
udv.

Io(1) =2
o) (4 v — D%u®v

u>v>0,u+v>1
To prove I, (1) < co weuse min{l, v/u +v — 1, Ju, /v} < (u+v— DY/4yl/4 and change
variables (, v) = (r2cos20, r2sin?0) (r > 1,0 < 0 < 7 /4) to get

00 /4
L) <8 dr do
D{( ) = (r2 _ l)a—l/4r4a—7/2 COSZa—] (0) Sin2a73/2(0)
1 0

The two integrals are finite when 5/6 < o < 5/4. For@ = 1, by direct and careful calculation
/2

we have I1(1) =8 [ 6sin(@)(1 + cos®(9))~"/2d0 + 772 /6 < 19. O
0

The following simple lemma is also useful for proving Theorem 5.1.

Lemma 5.3 Let fi, g €[0,00),i =1,2,...,n(n > 2). Then

[Tr=Tlrra+>2( TI £)0i—sow (5:4)
i=1 i=1

i=1 1<j<n,j#i

Proof Consider[/_, fi—[1'=, firgianduseO < fing; < fiand fi— fingi = (fi—&i)+-
The inequality follows easily by induction on the number 7. O

Theorem 5.1 Let Fy € Bfr (Rx0) be a regular measure with density fy satisfying
folx) < Kx™' vxe Ry

for some 0 < K < oo. Let Ty = (6IN(Fo)1PK Y + 40K?)~L. Then there exists a conser-
vative distributional solution F; of Eq. (1.5) on [0, 00) with the initial datum Fy such that
Filj0,14] 1s a regular strong solution on [0, Tg ]| and its density f(x,t) satisfies

F, ) <5Kx~' V(x,1) e Ry x [0, Tx]. (5.5)
In particular F; has no condensation for all t € [0, Tk ].

Proof Step 1: Let f" with f"|,—0 = fo be conservative mild solutions of the approximate
equations constructed in Sect. 2 (see (2.27) (2.28)) with w, (x, y,z) = ﬁSn (x, X3 Y, 2)s

where S, (x, xx; y, z) are taken as the second cutoff (2.31). Let C; = I;(1) be given in
Lemma 5.2 and let Co = 24/2[N (Fp)]%, . = CoK ' + C1 K2, and

O(x,t) = (1 =2x)""2kx", te]o0, Tk].

In this step we prove that " (x, ) < ®(x, ) forall (x,t) € Ry x [0, Tx]and alln > 1.
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First of all by computing differences of coefficients 6 — 42,40 — 21, (1) (> 2) etc., we
have 2ATx < 1 and (1 — 2ATx)~'/2 < 5. This implies @ (x, 1) < 5Kx ! forallx > 0,7 ¢
[0, Tk ]. Next using the absolute continuity of t — f"(x, ) and f"(x,0) = fo(x) < ®(x,0)
we have, for almost every x € R, and for all 7 € [0, Tk],

t
(", 1) = @(x,0), = /(Qn(f”)(x, 7) = 0: P(x, D pr(x, 0>, mydr. (5.6
0

Now consider decomposition O, (f) = Q,‘:‘( f)— fL,(f) as given in (4.3)—(4.6) by replac-
ing w(x, y, z) with w,(x, y, z). Thanks to Lemma 2.3 we have L,(f")(x,t) > 0 hence
On(fM)(x, 1) < OF (f™)(x, 7). Multiplying +/x to both sides of (5.6) and taking integra-
tion over R we deduce

13

N((f" (@) — @(1)4) < /df / VEQF (M), T) = 0P (x, D)L pn(rm) > d(x,r))dX
Ry

0
forallt € [0, Tk ]. Notice that there is no problem of integrability because, forall r € [0, Tk],
{®(x, 1) = A(l —2a0) 32K x7 1,
Kx " pan=own < @0 O men=awn < f1(, 1),

and (1 — 2a1)73/2 < (1 — 2ATk) /% < 53. For convenience of derivation, let us use the

notation (1.7), ie. f" = f"(x, 1), fI' = f"(eu, ) [ = [, 0) [ = (2. 0), ete.
For the quadratic term of Q,J[(f”)(x, 7) we use Lemma 5.1 and w, (x, y, 7) < w(x, y, z) to
get

/wn(x, v, 2) f" f¥dydz < Cox~!
R}

where we have used the conservation of mass and N (fp) = N (Fp). For the cubic term of
O (f")(x, 7) we use Lemma 5.3 to get

/wn(x,y,z)f"’ " fidydz < /wn(x,y,z)d>’q>;d>*dydz

2 2
R} R

+ /wn(x,y,z)[_ e - @),
2

+ S = @)+ Y (= i) ]dydz

and using Lemma 5.2 with o = 1 we have (since w, (x, y,z) < w(x, y, 2))

/wn(x, y,2)®' @, d,dydz < (1 — ) 32K3Cx7!, x> 0.

2
R+
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Combining these with the inequalities (2.37) for cubic terms we deduce
/ VEQF (M, 1) — 3P, T (e, 1)> 0 (x, 1)) X
Ry
< /Sn(x,x*; VU FLC™ = @)+ £ R =@+ L (f] = Py 4 ]dxdydz
B

+/ VE[Cox M+ Cr(1 = 200) K37 — A1 = 200) PR T L ooy s 0oy A
R+
<a,N((f"(r) — ®(1))4) + b(7)

where a, = 3n[N (Fy)]?,

b(r) = / VXICoK ™ — (= CIE) (1 = 200) 21K x ™ U pr e 1y 0, 1y d
Ry

Now by our choice for A we have
CoK'—O —CiKHA =220) 32 =Cok ™' = Cok 11 = 200) 3% <0

and so b(t) < Oforall t € [0, Tk]. Thus
t
N((f" (@) = @()4) < an/N((f"(T) —®(r)p)dr Vrel0, Tk].
0

By Gronwall Lemma we conclude N((f"(t) — ®(¢))+) = 0 for all t+ € [0, Tg]. Thus
f"(x,t) < P(x,r)forall t € [0, Tg] and for a.e. x € R and so the function f” A ® is the
same (up to a null set in R ) mild solution restricted on Ry x [0, Tk ] with the initial datum
fo. If we rewrite ™ A @ as f", then the mild solution f” satisfies f* < ® on R4 x [0, Tk].
In particular we have

e ) <5Kx~! V(1) eRy x [0, Tg], Vn>1. (5.7)

Step 2: In this step we prove that a subsequence of { f"}°° | (restricted on Ry x [0, Tg])
converges in L !-weak topology to a density of a strong solution F; on [0, Tk | with the initial
datum Fp. To shorten notations we define F;" € BT (R>0) by

dF'(x) = f"(x, 0)3/xdx, 1 €0, T]
and recall that d Fy(x) = fo(x)+/xdx. By conservation of mass and energy we have
/(1 + x)dF'(x) = N(Fp) + E(Fp), t [0, Tx], n>1. (5.8)
Ry

From (5.7) and [, x~'/2dx < fomes(E)x_]/zdx = 2./mes(E) for every measurable set
E C R4, we have

sup /dFt”(x) < 10K /mes(E) — 0 as mes(E) — 0. (5.9)
n>1,t€[0,Tx]
E
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Also we have forall 0 <o < 1/2

1
sup /x*“dF;’(x) < SK/x”/Z*“dx + N(Fp) < 0.

n>1,1€[0,Tk]
Ry 0

Taking &« = 1/3 and using W, (x, y,z) < W(x, y, z) and

/ﬁW(x,y,z)dx <y +7Z, Wx,y, 2 < oy (5.10)

R>o

we obtain for all y € L (Rxq)

s ([1EneE + [ IEIER) s clvles G
n>1,t€[0,Tk]

R2 R3
here and below C denotes any constant that depends only on N (Fp), E(Fp) and K. Next
using the weak formula (2.40) we have, forall0 <s <t < Tg and all ¥ € L*°(R,),

t t
/1//d(F," — F" :/dr/Jn[lp]sz," +/dr/icn[¢f]d3F;' (5.12)
Ry R}

s R%_ K
which together with (5.11) gives the uniform strong continuity on [0, Tk ]:

sup [|[F" — F"'llo < Clt —s| Vt.s € [0, Tg]. (5.13)
n>1

From (5.8), (5.9), (5.13) and the criterion of L' -weakly relative compactness we conclude
that there exist a subsequence of {F/'}72 , still denote it as {F;'}°° |, and a positive regular

Borel measure F; € C([0, Tx]; Bo(R.)) such that for all t € [0, Tx]

n— oo

lim [ ydF! :/wdF, Yy € L°[Ry). (5.14)
Ry Ry

Let f(-, t) be the density of F;. From (5.14), (5.7) we have f(x,t) < ®(x,¢) forallt €
[0, Tk] and for a.e. x € R4. Let f(x,t) be replaced by f(x,t) A ®(x, ) which we still
denote as f(x, t). Then f (-, t) is the same density of F; forall 7 € [0, Tk ] and satisfies (5.5).
From (5.14) and the conservation of mass and energy for F;* we also have

N(F;) = N(Fo), E(F) =< E(Fy), 1€l0, Tkl (5.15)

From these and f" (x, 1)/x < 5Kx~12, f(x,1)/x < 5Kx~ 2 onR x [0, Tx ] and (5.14)
we see that the convergence (5.14) can be extended as follows: for all # € [0, Tx] and all
¥ € L®(Ry)

,11111;0/W(X)(l+«/)?)dF,”(X)=/W(X)(1+ﬁ)sz(X), (5.16)
Ry Ry

lim Y ()xPAdE (x) =/w(x)x_1/3dFt(x). (5.17)
Ry Ry
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Also from the pointwise convergence (2.34) and (5.10) we have for all (x, y, z) € Rio

Jim TEWI, 2 = TG0, lim KT v, 2) = KA, 3, 2;
up 1T V10 DI ITF V0. D S 1V e (VW + V),

sup ICEW1Cx, v, D1 IKEW G, v, 2] < 2019l (xyz) ~3.

Thus we deduce from elementary convergence properties of integrals with product measures
(see e.g. Lemma 4 in [12] and its application in the same paper) that

lim_ / T W1 F) = / TEWIEF, lim / KE[WIPF) = / KE[y1d3F,
R? R2 R}

3
R+

forallr € [0, Tk ]. From these and the bound (5.11) which also holds for fRz . IJi [v] |d2 Fi+
f |ICi[1//]|d3F, we conclude that for all r € [0, Tk ] and all ¢ € LOO(IR;)

3
RZo

t

t
/wdF,: / wdF0+/dz / j[w]szf+/dr/IC[1p]d3FT. (5.18)

R>o R>o 0 R%, 0 R3,

Thus as shown above we have ||F; — Fi|lo < C|t — s| for all t,s € [0, Tkx]. And since

x~ 1B f(x, 1)/x < 5Kx73/0, it follows that SUp; (0.7 M—1/3(F;) < oo and

M_i5(F — F)) < CIlF, = Flly”™ < Cle =51, 5,1 €10, Tx]

from which and the basic estimates of collision integrals (2.19) (with k = 0) and (2.20)
we see that £ > Q7 (F;),t > QF (F,) belong to C([0, Tk 1); Bo(R=0)). These together
with (5.18) imply that the dual form (3.3) holds true. Thus we conclude from the equivalent
definition of strong solutions showed in Remark 3.1 that F; is a strong solution of Eq. (1.5)
on [0, Tk].

Step 3 (extension): Taking Fr, as an initial datum, according to Theorem 1.1, there exists
a conservative distributional F; of Eq. (1.5) on [Tk, 00) such that F;|;—7, = Fr, . Asbefore,
it is easily seen that the measure F; defined for all € [0, co) in that way is a distributional
solution of Eq. (1.5) on [0, 00). And from (5.15) we have E(F;) < E(Fp) forall ¢ € [0, 00)
and so it follows from Theorem 1.1(b) that F; conserves also the energy. Thus F; is a desired
solution claimed in the theorem. O

6 Condensation in Finite Time

As mentioned in the Introduction, our strategy for investigating the problem of condensation
in finite time is to assume to the contrary that the distributional solution under consideration
has no condensation at a finite time, then derive some necessary condition on the initial
datum.

Let D, (F), Dy (F) be defined in (1.19) for F € BT (Rxg). As did in [15], in order to
connect Eq. (1.8), we use a smooth version of D, (F), Dy(F).For F € Bt (R>0), ¢ > 0,
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and ¢ > 0, let

1 X\ 2
Na(F.e) = —No(F.e),  No(F.e) = / (1 - g) dF (x),

[0,€]
N, (F,e) = inf Ny(F,9), Na(F, €)= sup Ny (F,$),
O<d=e 0<é<e

N (F) = lim N (F,e), No(F)= lim N,(F,e),
e—0t e—01

Aa<F,s>=8ia / (g)zdm).

[0,¢]

It is easily seen that N, (F), Ny (F) are equivalent to D, (F), Dy (F) respectively. For
instance for the most interesting case @ = 1/2 we have

Dy ;y(F) = (5/4*V5N, ,(F), Dipa(F) < (5/4*V5Nija(F). 6.1)

In fact for any » > 1 and any ¢ > 0

1 X2 1 1\2 F([0, ¢])
Nijp(F,re) = \/75[0/81 (1 - ;) dF(x) > ﬁ(l - ;) —

Choosing r = 5 gives the best constant in (6.1).

Notice that the integrand @; (x) = [(1 —x/)+]*> = (1 —x/&)*1[9.¢(x) defining Ny (F, ¢)
is convex and belongs to C''!(Rx(). In the following, ¢, always stands for this special
function.

Lemma 6.1 ([15]) Let F € B""(Rzo), >0, >0. Then

N (F o)A (F. o) < / Klg ) F for 0=a <172 6.2)

3
R,

Also we have
1
F{0) =0 = /N4(F, 8)5/9“/2—1\//4&(12 €0) do. (6.3)
0

Note To check (6.3) with [15] one may replace the closed interval [0, €] by (0, ] and define
Ng(F,e) = S% J a- x/€)*>dF (x) as used in [15]. Then F({0}) = 0 => Ny (F,¢) =
(0,¢]
NZ(F,¢).
The following proposition provides a necessary condition on the initial data for the absence
of condensation at a finite time.

Proposition 6.1 Let F; be a distributional solution of Eq. (1.5) with the initial datum Fy and
suppose there is T € (0, 00) such that Fr({0}) = 0. Then

— 504/5 2
D1 (F)D1 (o) = i (SYNEEFDT). (6:4)
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Proof Applying (6.1) to F = Fp we see that to prove (6.4) it suffices to prove

- 2
\/ﬂl/z(Fo)Nl/z(Fo)_fexp( N(FO)E(FT)T). (6.5)

Define fort > 0,0 > 0and e > 0
m(e) = exp ( / Myja(Fo)dr)), NE(t, &) =m()Ng (Fy, &),

ﬂl(t,s)=m(t)ﬂa(Ft,£)=0<ir§f<8N;(t,8), No(t,6) =m(t)Ng(Fr,e) = sup N, ).

0<é<e

Notice that since all NZ (t, €) are nonnegative, the following estimates involving these terms
make sense even if possibly Nz (t, &) = oo for large «.
Step 1: We prove that for any ¢ > 0 and any o > 0

t
1
Nj(t,e) > Ni(s, &) + —a/m(r)dr / Klg:ld3F,, 0<s <t. (6.6)
£
s R;O
Using Eq. (1.8), Lemma 3.1 and recalling wa wedF; = No(Fy, €) we have
ad
T o(Fr, &) = —M12(Ft)No(Fy, €) + / Klld*F,, ¥t >0

3
R,

and so by definition of m(t) and N{j(t, &) = m(t)No(F;, ),

d
5 NGt 8) = m() Klgeld3F,, V1 >0.
3

R,
Since N(t, &) = & Nj(t, ), this gives (6.6).
By the way, applying (6.6) to « = 0 and letting ¢ — 07T leads to a weak version of
(1.18): m(t) F; ({0}) > m(s)Fy({0}) for 0 < s < t. In particular we see that the assumption

Fr({0}) = 0 implies F;({0}) =0 forall ¢ € [0, T].
Step 2: To prove (6.5) we can assume ﬂl/Z(Fo) > (. Let us define for any A € (1/2, 1)

D, = )\ﬂl/z(FO) if ﬂl/z(FO) <o0; Dyp=1 if ﬂl/z(FO) =0

Here the case “MI/Z(FO) = 00” is just considered in logic; if (6.5) is true, we must have
ﬁl/z(FO) < 00. By definitions ofﬁlﬂ(Fo, e) and D;, there is €, > 0 such that

Nijp(Fo.e) > Dy Ve e (0,6l
We now prove that for any & > 0 and any ¢ € (0, ¢, ]
24 e

ct _
Niyas, e m(l—f-a) PN e VO<s<i<T. (67

where ¢ = /N (Fo)E(F7).
Applying (6.6) to = 1/2 and s = 0 we have Nl/z(t g) > Nl/z(O, ¢g) forall + > 0 and
o}

Nijp(t,e) = Nij(0,6) =Ny p(Fo,e) > D, ¥t >0, Ve e (0, (6.8)
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Givenany « > 0and 0 <s <t < T. Using (6.6) we have ( omitting N} (s, €) )
1 t
—a/m(r)dr / IC[(pg]d3FT < N}i(t,e) Vee(0,6]. (6.9)
&
s 3
While by Lemma 6.1 we have
Ny (Fe o)Ay (Fe, o)) < / Klpeld Fr. (6.10)

RY,
Multlplymg —zm(7) to both sides of (6.10) and recalling definition of N (¢, &) gives

Nl/z(t 8)[

Lo Fro)| <—m<r)/ [peld* Fr, 7 € [s. 11,
3

R7

Then taking integration f and using (6.9) and the lower bound (6.8) of N* /2(1' &) we obtain

1 *
/[A%+%(Fr, &)Pdr < ENa(t, e) Vee (0,6 (6.11)
s

On the other hand, using F;({0}) = 0 on [0, T'] and Lemma 6.1 we have

1
N o (Fee) < [ 05757 JAL L (Fe,e0)d0 ¥t els,1l.
it3 itz
0

Multiplying /m(7) to both sides and noticing that m(t) < m(t) we have

\/ ) <\/m(t)/9é+%_1 Al
4 2

o (Fre0)dd  Vrels,s. (6.12)
1 1773

By conservation of mass N(F;) = N(Fp) and the non-decrease of the energy t +— E(F7)
on [0, 00) we have M1 2(F;) < «/N(Fo)E(Fr) =: cforall r € [0, T] and so m(t) < e

By taking square of both sides of (6.12) and using Cauchy—Schwarz inequality twice together
with (6.11) we deduce

1

1 '
ecr o
/NT o (T,8)dT < /eéﬁ”m /[A
it3 Ly
8 0

s

2
1o (Fee0)] drdo
Fiab)

BIR

A
eCt

Vi s(é + %)72\/@(;, o) (6.13)

where we used inequalities N (¢, €6) < N* (t,e0) < N* (t,e) for all & € (0,1). On the
other hand using (6.6) we have NT (s g) < N¥

« (T, 8) for all T € [s, t]. This gives
i+%

IA

24 ect 1 S —
*
N0 < ;—s(§+“) JNi(te) Vee (0. el

(6.14)
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Since ¢ NZ (t, ) is non-decreasing, (6.7) follows from (6.14).
Step 3: We now use an iteration process supplied by the inequality (6.7) to deduce (6.5).
Let us fix any € € (0, ¢, ] and consider

11 1
== 5 tkz(l—z—k)T, n=1,23 ... k=012 ....

Applying (6.7)to o = ajy—, t = tg, s = tg—1 fork =1,2,...,n — 1; n > 2, and noticing
that a,——1) = % 4 Gk

St =1 2%( and fx — tg—1 = zlk we compute
Nt k/2,—5F 1 —2\/7
N oy tho1,8) < C2¥2e 5 (1 - 2H) N. (). (6.15)
24
DT

where C = T . For any fixed n > 2 let us denote

_ _cT 1 -2
Api= Ny, (o), Bei=C22e 3 (1= o) ) k=010 1.
Then (6.15) reads

Ak—1 S ByvAy, k=1,2,...,n—1. (6.16)

Since o; = 0 and the conservation of mass imply that A, = N; (th—1,8) <m(T)N (Fy),
it follows from (6.16) that A are finite (k = 1,2, ...,n — 1) and iterating (6.16) gives

n—1
Ao = ([T )47, (©.17)
k=1

Also since typ = 0 hence Ay = N:n (0, &), it follows from (6.17) and A,,_; < m(T)N (Fp)
that

_ 1

Ny, (0.8) < Pm(T)N(F)17" T, n=2,3,4,...

where

n—1 1
_cT 1\ 2\ k-1
P =] (czk/2e (1= 57) ) :
k=1

On the other hand by definition of N: (t,¢e) and o, = % — % we have

_ — 1
N, (0,) = No, (Fo. &) > N, (Fo. &) = 2" N1 2 (Fo, €)
and so
1
Nipp(Fo, e) < (1/‘9)2%Pn[m(T)N(Fo)]T'*1 , n=2,3,4,....

Letting n — oo and computing

—4

cT *_2 2 _ 2T
nan;oPn—ch‘HZZ*He 4k,,1;ngo,}1( ) = O

we obtain

u‘

[
3

Nip(Fo.e) < 2Ce T)2 = —— ¢t
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Since ¢ € (0, &,] is arbitrary, taking upper limit lim sup,_, ¢+ leads to
10

— 4
Nip(Fp) < 3¢l
1/2(Fp) < DATe

This implies N ,2(Fp) < 0o hence Ny, (Fo) < oo andso D;. = AN, ,(Fo). Thus
. 910,
Ny (Fo)N1j2(Fo) < ﬁ€§CT-
Since A € (1/2, 1) is arbitrary, letting .. — 1~ gives (6.5) and finishes the proof. O
As a consequence of Proposition 6.1 we obtain the following
Theorem 6.1 Let F; be a distributional solution of Eq. (1.5) with the initial datum Fy. Then
(a)
Ql/z(Fo)ﬁl/Q(Fo) =00 = F({0}) >0 for all t>0.

In general, if

504/5

N (% N(Fo)E(Fr) T) for some T € (0, 00)

/D12 (F)Dija(Fo) >
then
F,({0) >0 for all t>T.

(b) Suppose F; also conserves the energy and

D12 (FDja(Fo) > 213[N (Fo) E(Fo)l.
Then
3
F({0) >0 for all t> Z(N(FO)E(FO))_W.
Proof Part (a) follows directly from Proposition 6.1 and the propagation of condensa-
tion (1.18). Part (b) is a special case of part (a) with E(Fr) = E(Fp) and T =
%(N(FO)E(FO))—I/2 which is the minimizer of SOT*TG exp(%x/N(Fo)E(Fo) T) with respect
to T € (0, c0). The minimum is 50/20e/3 [N (Fo) E (Fp)]'/* and 213 > 50,/20e/3. 0O

As a corollary of Theorem 5.1 and Theorem 6.1 we have the following result concerning
the strict positivity of the critical time of condensation.

Theorem 6.2 Let Fy € BT (Rx0) be a regular measure with density fy satisfying

VD1 (Fo)DijaFo) > 28N EF), fo(x) < Kx~™' Vi € By

for some 0 < K < oc. Then for the positive number Tx = (6[N(Fo)?K~" 4+ 40K?)~!,
there exists a conservative distributional solution F; of Eq. (1.5) with the initial datum Fy,
such that Fy is regular for all t € [0, Tk ] and thus the critical time t. of condensation of F;
is strictly positive and t. € [Tk, %(N(FO)E(FO))_I/Z].

Proof By assumption we have 2K > Dy, (Fy) > \/Ql/z(FO)Bl/Z(FO) and so 4K?% >

(213)2[N (Fo) E(Fp)]"/? which apparently implies that Tx < 3[N(Fo)E(Fo)]~/2. The
conclusion of the theorem then follows from Theorem 5.1, Theorem 6.1, and the definition
of the critical time 7. (see (1.21)). O
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7 Some Examples

As applications of main results of the paper we present here several examples mentioned in
the Introduction.

Example 7.1 Here we show that if « > 1/2, then there exist extensively conserva-
tive distributional solutions F; of Eq. (1.5) on [0, oo) satisfying D, (F;) = oo for all
t € [0, 00), but F; have no condensation for all € [0, 00). Given any regular measure
Go € BT, /2.1 (R>0) satisfying M_12(Go) < 3 [N(Go)E(G)]"/*. For any o > 1/2, take
1/2 < B < aAland consideralocal surgery Fy to G near the origin: d Fo (x) = fo(x)+/xdx,
folx) = xﬁ_3/21{0<x5,7} + g0(x)1{x~py with n > 0, where go is the density of Go. We
have lim,_, o+ (M-1,2(Fo), N (Fo), E(Fp)) = (M-1,2(Go), N(Go), E(Gp)). Sowecanfix a
smalln > Osuchthat M_ 2 (Fo) < g5[N(Fo)E(Fo)1V*ie. [l foll ;1 < g5 [N (fo) E(fo)]'/*.
According to Theorem 3.2, Theorem 4.1 and part (d) of Proposition 4.2, there is a unique
conservative distributional solution F; of Eq. (1.5) on [0, co) with the initial datum Fj, and
F; is regular with density f(-, #) which is a unique conservative mild solution of Eq. (1.5)
on [0, co) satisfying f € C([0, 00); LI(R+)) and f(-,0) = fy. Of course F; has no con-
densation for all # > 0. On the other hand, using the Duhamel’s formula (4.8) and (4.10) we
deduce

fx,0) > fo(x)e ™" ae xeR, for all t>0

where c(x) = /XN (fo) + %«/N(fo)E(fo) (by (4.7), (4.14)). This implies Qﬁ(F,) > (0 and
s0 Dy (Fy) = oo for all ¢+ > 0 because o > . This shows also that the unboundedness of a
mild solution near the origin does not generally imply the condensation in finite time. O

Example 7.2 In this example we show that the condensation can happen for arbitrary tem-
perature. Given any Go € BT(RZ()). As did above we make a surgery to Go near the
origin: for any K > 1 we define Fy € B] (Rx0) by dFo(x) = K/4x "oy <1/x)+/xdx +
1(:-1/kydGo(x). We have || Fyp — Goll1 — 0 as K — oo and

2
Dipp(Fo) = 2K, N(Fo) < 2K~ + N(Go), E(Fo) = 3K+ E(Go). (7.1)

So forany T € (0, oo) we can choose K large enough such that

50+/5 2
N (f N (Fo)E(Fo) )

3
Let F;, G, be conservative distributional solutions of Eq. (1.5) on [0, co) with the ini-
tial data Fp, Go respectively. By Theorem 6.1, F;({0}) > O for all + > T. Notice that
Di2(Fy) > 0 implies M_1;2(Fp) = oo. So there is no contradiction to the stability
theorem (Theorem 3.1) even if we can assume that the original initial datum Gq satisfies
M_1,2(Go) < 81—0[N(G0)E(G0)]1/4 so that G; has no condensation for all + > 0. Notice
also that Fy satisfies Dy (Fp) = 0 for all 0 < o < 1/2 and so our previous result Theorem
2.1(b) of [15] cannot apply to F;. Finally we note that if K is large enough, then Fy has
almost the same temperature as G so that it can be arbitrarily high/low as that of Go. O

D1 (Fp) >

Example 7.3 We show that the initial data F{ satisfying the conditions in Theorem 6.2
exist extensively. Take any regular measure Go € BT(REO) and let go be its density. As
in Example 7.2, for any K > 1 we define Fy € BT(RZ()) by dFy(x) = fo(x)/xdx with
folx) = K1/4x_11{0<x51/1(} + 1{x>1/k) min{go(x), Kx_l}, x € Ry It is easily seen that
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Jolx) < Kx~!forall x e Ry and (7.1) holds for all K > 1. Thus for K > 1 large
enough, the condition Dy, (Fp) > 213[N(F0)E(F0)]1/4 is also satisfied. By Theorem 6.2,
this example shows also that the critical time of condensation can be strictly positive even
for a large class of initial data which are unbounded near the origin. O

Example 7.4 Consider a family of regular initial data Fy € Bfr (R>o), dFp(x) =
fo(x)4/xdx, given by fo(x) = a[x log(l/x)]_11[0<x§1/2] + bx 7V 1y 1,2y with constants
a > 0,b >0,y > 5/2. For such an Fy we have Dj/2(Fy) = 0 and M_1,2(Fp) = 00 so
that neither the condensation results in Sect. 6 nor the regularity results in Sect. 4 can be
used, but fy satisfies fo(x) < Kx 1 (Vx > 0) with K = max{a(log )1, bZV_l} and so
by Theorem 5.1 there exists a conservative distributional solution F; of Eq. (1.5) on [0, c0)
with the initial datum Fy such that F; is regular on [0, Tx]. To see whether F; has con-
densation in finite time, we now have no other method but to check the low temperature
condition. Let T, T, be the kinetic temperature and the critical temperature defined in (1.14)
with N = N(Fy), E = E(Fp). Then, for some explicit constants C» > C; > 0 depending
only on y, we have Cy(a vV b)"2/3 < T /T, < Cy(a Vv b)~?/3.If a v b is large enough such
that T/TC < 1, then according to part (II1.2) of Theorem 1.2, F; has condensation in finite
time with the critical time #. € [Tk, oo); while if a V b is so small that 7 /T > 1, we do
not know whether F; has condensation in finite time since as mentioned above the results
obtained so far do not work for this case of such Fj. O

Example 7.5 As the last example we discuss the size of the universal constant 6, and its
influence on the working area of the condensation condition (1.24).

We first show that 8, < 1/2. Assume 0, > 1/2.Let1/2 < 8 < 6, A 1 and let F; be the
conservative regular distributional solution of Eq. (1.5) on [0, 0o) constructed in Example
7.1. In the condition (1.24) let us choose N = N (Fy), E = E(Fp). From Dg(Fp) > 0 and
3/2 > B, 6, > B we have

Fo([0, &]) . Fo([0, p])

lim inf ——5— = D3,2(fp) =00, lim

= D@ F() =0
p—01 0<e=<p 83/2 p—0t pﬁ* *( )

and so Fy satisfies (1.24) sufficiently: the left hand side of (1.24) is co. But F; has no
condensation for all # > 0. This proves 6, < 1/2. Another example for proving 6, < 1/2 is
the regular equilibrium F; = Fye with density fpe(x) = (e/x — 1)~ L,

Next we show that if ,, < 1/2, then for any N > 0, E > 0, the condition (1.20) does not
imply (1.24), and the same holds also true for 6, = 1/2 if K* > 214(NE)!/4.

Fixy >3 andleta = 107(NE )1/4. Consider a conservative distributional solution F; of
Eq. (1.5) on [0, co) with the initial datum Fy € BT (R>0) given by

dFo(x) = (ax "Mgey<y) + bx " 1=r))/xdx

0 Voo (MY (3E) E
<n <no(N, E) := min )\, " 6N

and b > 0, R > 0 are determined by the given mass and energy: N (Fy) = N, E(Fp) = E,
ie.,

where

y—5/2 E,

b=(y—3/2)R"°N,, R= .
(r =3/2 n Y32 N,
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where N = N — 2an'/?, E, =E - %anyz. Notice that our restriction on n and y > 3
imply N;, > N/2, E, > E/2,and R > E/(6N) > 7. By construction, Fy satisfies (1.20):
D12 (Fp) = 2a > 213»(NE)1/4 and so F; has condensation in finite time. On the other hand,
letv >0, 00 =po(N, E,v) >0, K*=K*(N, E,v) > 0 be given in part (II) of Theorem
1.2, and suppose first that 0, < 1/2. In this case we take any 0 < § < 1 and let 1 be further

small:
1
0 o Looov. 0, (2 2CEN (8K*\ T
<n< — — —_—
=t £\, ) \en ) '\ 24

We show that Fy does not satisfy (1.24):

‘ Fo([0, €D  Fo([0, p]) ] s

inf s
O<e<p v83/2 K*pg*

sup min
O0<p=po

(7.2)

In fact, forany O < p < po,if p > R, then p > E/(6N) := g9 and so (since n < g9 < R)

Fo(l0.6) _ Fo(0.e0D)  2a ;.
O<e<p vg3/? = 32 - —a3plt < J;
- Ve, Ve
while if p < R, then
Fo([0, p]) 2a 2a 1_
6, ) A< —n27% <35,
K* pOs K* pb K

Thus for any 0 < p < pp, one of the two is less than §. This proves (7.2).
Finally suppose 6, = 1/2. In this case we assume that there is 0 < § < 1 such that
K* > 25#4(NE)1/4 = %‘l Then for 7 satisfying

0 . (N. E) Sv 2 E 3
<71 < min JE), | — —
U 2a) \6n

the same argument applies and so (7.2) with 6, = 1/2 holds also for such é. O
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