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Received: 14 March 2013 / Accepted: 22 October 2013 / Published online: 7 November 2013
© The Author(s) 2013. This article is published with open access at Springerlink.com

Abstract The spectrum of both classical and relativistic Boltzmann operator for hard in-
teractions in a whole space is shown to be independent of p in Lp for 1 ≤ p < ∞. It con-
sists of a half-plane Reλ ≤ −ν0 and countably many branches in the strip −ν0 < Reλ ≤ 0.
Moreover the resolvent set is independent of p for all 1 ≤ p ≤ ∞ but in L∞ this operator
possesses in addition to the continuous also an uncountable set of point spectrum.

Keywords Boltzmann operator · Spectral theory · Hard interaction · Relativistic
Boltzmann operator

1 Introduction

Our aim in this paper is to present a complete spectral theory of the linearized Boltzmann
operator for hard, cut-off interaction both for classical [1, 2] and relativistic [3–5] cases.

The history of serious investigation of the spectral properties of the linearized Boltzmann
operator began with pioneering work of Grad [1] who showed that the linearized collision
operator L can be decomposed, with suitable assumption on the form of a cross-section, as
L = −ν(ξ)+K , where ν(ξ), called collision frequency, is a continuous function of velocity
ξ , and the operator K compact in L2(d3ξ). With these results and Schechter theorem [6]
he was able to locate an essential spectrum of the classical collision operator in L2(d3ξ).
Most of the following works were devoted to investigation of properties of the spectrum
in L2(d3ξ) improving results of Grad and establishing these properties of the semi-group
exp[tL] which were necessary for constructing various existence proofs for nonlinear Boltz-
mann equation for system close to the global equilibrium. We shall mention results of Ellis
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and Pinsky [7], Nishida and Imai [8] and important paper of Nikolaenko [9]. One of the
most interesting in this field was the work of Klaus [10] who considered the spectrum of
Boltzmann operator in Lp with p �= 2. His approach required additional smoothing prop-
erties of the operator K which one can quite easily prove for classical hard spheres model
but which are not always available for general form of interaction especially for relativistic
interactions. Palczewski [11, 12], using techniques developed in the neutron transport the-
ory, described the spectrum of the linearized Boltzmann operator with periodic boundary
conditions. These results were extended to the system with external potential in the work
of Tabota and Eshima [13] and in [14] for time dependent forces. An extensive review of
various developments in this field was given by Ukai and Yang [15] and Villani [16]. The
recent works on the parametric approach to the spectral problem of the Boltzmann operator
was presented by Mouhot and Strain [17]. The properties of the semi-group exp[Bt] solving
the Cauchy problem for the Boltzmann equation were presented in [15, 16, 18] for classical
equation and in [5, 19] for the relativistic case.

For hard interactions for classical and relativistic gases the main result is that the spec-
trum of the Boltzmann operator L = −ν + K in Lp(R3) is the same for all p, 1 ≤ p ≤ ∞.
This clearly shows that estimates obtained for the spectral properties of the Boltzmann op-
erator in L2(R3) hold in all Lp , as for example the spectral gap estimated by Baranger
and Mahout [20]. In particular we have shown that the eigenfunctions of the Boltzmann
operators decay at infinity faster than any power of ξn, similar to the behaviour of the eigen-
function for Maxwell molecules. For the family of Fourier transformed operators Bk defined
as L + ik̄ξ̄ we show that the spectrum is the same in all Lp(R3), 1 ≤ p ≤ ∞, and that the
operators Bk are sectorial for any k, |k| < ∞ but with angle defining the sector unfortunately
|k| dependent and as |k| → ∞ the angle tends to π . For a full integro-differential operator
Bp = ∇ξ + L0 in Lp(R3 × R3) we were able to prove the following Main Theorem:

Theorem 1.1 For all hard interactions operator Bp for 1 ≤ p < ∞ in L
p

x,ξ has spectrum
independent on p. This spectrum consists of half-plane Reλ ≤ −ν0 and in the strip −ν0 <

Reλ ≤ 0 of finite if [ν(ξ) − ν(0)]−1 ∈ Lr
loc(r > 1) or otherwise infinite number of branches

λ = λi(k), k ∈ [0, ki
max]. These are continuous functions of k and Reλi(k

i
max = −ν0). For

p = ∞ the continuous part of the spectrum also covers the half-plane Reλ < −ν0 but λi(k)

for |k| ∈ [0, ki
max] belong to uncountable point spectrum of the operator B∞. For all 1 ≤

p ≤ ∞ a half-plane Reλ > 0 lies entirely in the resolvent set of the operators Bp .

This paper is organized as follows: in Sect. 2 we introduce linearized Boltzmann operator
and prove an important theorem concerning compactness of the K operator in Lp , in Sect. 3
a detailed analysis of the spectrum of the collision operator in Lp(d3ξ) is given. In Sect. 4
we present similar analysis of the spectrum of the Fourier transformed Boltzmann operator
in Lp(d3ξ) and Sect. 5 contains the main theorem of this paper describing a spectrum of the
Boltzmann operator in Lp(R3 × R3) spaces for 1 ≤ p ≤ ∞.

2 The linearized Boltzmann operator

I denote as L
p

x,ξ the space of measurable functions of two independent variables x ∈ R3

and ξ ∈ R3, which are integrable with p-th power 1 ≤ p < ∞. The norm in these spaces is
defined as:

‖φ‖L
p
x,ξ

=
[∫

d3xd3ξ
∣∣φ(x, ξ)

∣∣p]1/p

, (2.1)
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and for p = ∞ we denote as L∞
x,ξ the space of essentially bounded measurable functions

with a norm:

‖φ‖L∞
x,ξ

= ess sup
x∈R3,ξ∈R3

∣∣φ(x, ξ)
∣∣. (2.2)

A pairing between different Lp spaces is provided by scalar product defined for φ ∈ L
p

x,ξ

and ψ ∈ L
q

x,ξ with p−1 + q−1 = 1 as:

(φ,ψ) =
∫

d3xd3ξ φ̄(x, ξ)ψ(x, ξ). (2.3)

I denote as L
p
x (respectively L

p

ξ ) the space of functions of x ∈ R3 (ξ ∈ R3) integrable with
p-th power with a norm:

‖f ‖L
p
x

=
[∫

d3x
∣∣f (x)

∣∣p]1/p

, (2.4)

for 1 ≤ p < ∞ and for p = ∞ with a sup norm

‖f ‖L∞
x

= ess sup
x∈R3

∣∣f (x)
∣∣. (2.5)

In the following we will make use of a partial Fourier transform in x of the functions from
L

p

x,ξ ; 1 ≤ p < ∞ defined for all k ∈ R3 as

φ(k, ξ) =
∫

d3xe−ikxφ(x, ξ). (2.6)

My aim is to consider spectral properties of the operator B defined for φ ∈ L
p

x,ξ as:

Bφ(x, ξ) = −η(ξ)∇φ(x, ξ) + L[φ](x, ξ), (2.7)

where:

η · ∇φ(x, ξ) =
3∑

i=1

∂

∂xi

φ(x, ξ)ηi, (2.8)

η(ξ) =
{

ξ for classical Boltzmann operator
ξ/(1 + ξ 2)1/2 for relativistic operator

(2.9)

and the integral operator L is a Boltzmann collision operator linearized around global equi-
librium state (global Maxwellian, denoted as M in classical or Jütner function [4], denoted
as J in the relativistic case) and is given by following integrals:

(i) for non-relativistic case,

L[φ](x, ξ) = M1/2
∫

d3ξ1dΩ|ξ − ξ1|σ
(|ξ − ξ1|, θ

)
M

[
φ
(
x, ξ ′

1

)
M

′−1/2
1

+ φ
(
x, ξ ′)M ′−1/2 − φ(x, ξ1)M

−1/2
1 + φ(x, ξ)M−1/2

]
(2.10a)

(ii) for relativistic case,

L[φ](x, ξ) = J 1/2

2ξ0

∫
d3ξ1dΩ

gs1/2

ξ10
σ(g, θ)
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× J
[
φ
(
x, ξ ′

1

)
J

′−1/2
1 + φ

(
x, ξ ′−1/2

)
J ′−1/2 − φ(x, ξ1)J

−1/2
1 − φ(x, ξ)J−1/2

]
(2.10b)

where ξ0 = (1 + ξ 2)1/2, ξ, ξ1 are momenta before and ξ ′, ξ ′
1 after the collision and σ(g, θ)

is the scattering cross-section. We have denoted as ξμ = (ξ0, ξ) a vector in a flat Minkowski
space with signature (+,−,−,−). Variables g, s can be expressed with the help of these
four-momenta as:

s = [(
ξμ + ξ

μ

1

)
(ξμ + ξ1μ)

]1/2
,

2g = [(
ξμ − ξ

μ

1

)
(ξμ − ξ1μ)

]1/2
.

I have assumed that both velocity of light and the rest mass of particles are equal to 1.
Properties of the operator L depend on the form of the cross-section σ(g, θ) which is the

only place in the Boltzmann operator where the detailed form of interactions of the system
enters. In the following we will concentrate on the spectral properties of the Boltzmann
operator for a class of cross-sections corresponding to the hard, repulsive cut-off interactions
i.e. for cross-sections fulfilling following conditions:

(i) for classical case [1, 2],

σ
(|ξ − ξ1|, θ

) ≤ B|ξ − ξ1|β(sin θ)α, (2.11a)

σ
(|ξ − ξ1|, θ

)
> B ′ |ξ − ξ1|ε

1 + |ξ + ξ1| , (2.11b)

with β > −2, α > −1 and some constants B,B ′ and ε > 0;
(ii) for relativistic operator [4, 21],

σ(g, θ) ≤ (
Bgβ + B ′g−α

)
(sin θ)γ , (2.12a)

with: γ > −2, α > 4,0 ≤ β ≤ γ + 2,

σ(g, θ) ≥ B̂
gβ ′+1

c0 + g
(sin θ)γ ′

, (2.12b)

with: γ ′ > −2, a > 4,0 ≤ β ′ ≤ γ ′ + 2.

For cross-sections fulfilling conditions (2.11a) or (2.12a) it was shown in [1, 2] for clas-
sical and in [4] for relativistic Boltzmann operator that L can be written as:

L = −ν(ξ) + K,

ν(ξ) = ν
(|ξ |) (2.13)

and if in addition the cross-sections fulfill conditions (2.11b) or (2.12b), then there exist
constants C,C ′,D,D′, δ and δ′ such that

C
(
1 + |ξ |)δ ≤ ν(ξ) ≤ C ′(1 + |ξ |)δ

, (2.14a)

for classical case and corresponding bounds for relativistic collision frequency have the
following form:

D(ξ0)
δ′ ≤ ν(ξ) ≤ D′(ξ0)

δ′
. (2.14b)
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For all cross sections fulfilling conditions (2.11a), (2.11b) in classical case and in rela-
tivistic case for σ(g, θ) such that:

σ(g, θ) ≥ B̂gβ̂+1

c0 + g
(sin θ)γ̂ , (2.15)

where γ̂ > −1,0 ≤ β̂ ≤ γ̂ + 1. the operator K is α-smooth i.e. for φ ∈ L2
ξ Kφ ∈ L2−α

ξ with
some α > 0. This property for classical case was shown in Grad’s paper [1] and improved
in [22], whereas for the relativistic case it is a consequence of estimates given in [4, 5].

For the relativistic case the operator K has the following form:

K = K2 − K1 (2.16)

and

Ki

[
f (r,p, t)

] =
∫

d3p1ki(p,p1)f (r,p, t), i = 1,2 (2.17)

k1(p,p1) = gs
1
2

p0p10
exp

[
−τ + τ1

2

]∫ π

0
dΘ sinΘσ(g,Θ) (2.18a)

k2(p,p1) = 1

4

s
3
2

pp0p10

∫ ∞

0
exp

[
− (1 + x2)

1
2 (τ + τ1)

2

]

× σ

[
g

sin(ψ/2)
,ψ

]
1 + (1x2)1/2

(1 + x2)1/2
I0

[ |p ∧ p1|
2g

x

]
(2.18b)

v(p) =
∫

d3p1k1(p,p1) exp

[
τ − τ1

2

]
(2.19)

and

τ = uμpμ (2.20a)

τ1 = uμp1μ (2.20b)

sin(ψ/2) = 21/2g
[
g2 − M2 + (

g2 + M2
)(

1 + x2
)1/2]−1/2

(2.21)

pp1 is a vector product of p and p1, calculated in the rest frame of the gas [in this frame
uμ = (1,0,0,0)]; the explicit expression for |pp1| has the form

|pp1| =
[
4g

(
ττ1 − g2 − M2

) − M2(τ − τ1)
2
]1/2

(2.22)

while for the classical hard sphere model:

K = K2 − K1 (2.23)

and

K1

(
v,v′) = 1

8π
|v − v′| exp

[
−v2 + v′2

4

]
(2.24a)
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K2

(
v,v′) = 1

2π

1

|v − v′| exp

[
−1

8

(∣∣v − v′∣∣2 + (v2 − v′2)2

|v − v′|2
)]

(2.24b)

ν(v) = ν0 + b|v| (2.25)

For detailed analysis of ν and K operators see [1, 5] for the classical and [3–5, 21] for the
relativistic case. Note that for all cut off inverse power low potentials with n ≥ 4 leading to
hard interactions, our assumptions are fulfilled.

See [1, 5] for details for classical and [4] for relativistic K operator.
An important property of the operator K , considered as an operator from L

p

ξ into L
p

ξ ,
1 ≤ p ≤ ∞, that we will frequently use in this paper is provided by

Lemma 2.1 For cross-sections fulfilling conditions (2.11a) or (2.12a) the operator K is
a compact operator in Lp(d3ξ) for 1 < p < ∞ and it is weakly compact operator in L1

ξ

and L∞
ξ .

Proof For non-relativistic operator the compactness of K was proved in [1, 2] for p = 2,
and in [22] for other p. This last proof includes also weak compactness of K in L1

ξ and L∞
ξ .

For relativistic case the proof of compactness in L2
ξ was given in [4]. The proof given in

[22] can be easily applied to the relativistic operator in L
p

ξ spaces with 1 < p < ∞ implying
compactness of the relativistic operator K in these spaces. For p = 1 it is relatively easy to
check using results of [4] and the method from [22] that operators Kn defined as XnKXn

with Xn being the characteristic function of a set Ωn = An ∩ Bn where:

An =
{
(ξ̄ , ξ̄1) : |ξ − ξ1| ≥ 1

n

}
, (2.26a)

Bn = {
(ξ̄ , ξ̄1) : |ξ | ≤ n

}
, (2.26b)

are weakly compact operators in L∞(Ωn) as Kn generate for every n an equi-bounded and
equi-continuous mapping. We have shown in [4] for relativistic operator that limn→∞ ‖K −
XnKXn‖ = 0 in operator norm. This means that K is weakly compact in L∞

ξ and from the
Schauder theorem the operator K in L1

ξ is weakly compact as a dual operator of a weakly
compact one. �

Operator K is bounded as an operator from L
p

ξ to L∞
ξ for 3/2 < p ≤ ∞ (see [22] for

discussion of this property). In general Kφ behaves better than φ for φ ∈ L
p

ξ and we have
Kφ ∈ L∞

ξ for φ ∈ L2
ξ , (1 + |ξ |)r+1Kφ ∈ L∞

ξ if (1 + |ξ |)rφ ∈ L∞
ξ [1, 4, 5, 22]. Further

properties of operator K are given in Appendix.

3 Spectrum of the operator B0 in L
p

ξ for 1 ≤ p ≤ ∞

I denote as B
p

0 the operator L = −ν(ξ)+K considered as an operator from L
p

ξ into L
p

ξ with
1 ≤ p ≤ ∞. These operators are densely defined and closed in L

p

ξ for 1 ≤ p ≤ ∞.
I consider first the problem of locating the essential spectrum of these operators. For

1 < p < ∞ it is quite simple as the operator K is a compact operator in L
p

ξ for such p and
the Schechter theory of compact perturbation is applicable.

If p = 1 or p = ∞ operator K is only weakly compact, but in these cases application of
Voigt Theorem is possible. We use this theorem in the following formulation.
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Lemma 3.1 (Voigt theorem [30]) Let T be a closed operator in E and let Ω be a com-
ponent of ρess(T ). Let the operator B be a T -power compact on Ω ∩ ρ(T ), and let
I − (B(λ − T )−1)N be invertible in B(E) for some λ ∈ Ω ∩ ρ(T ) (N from the definition of
T -power compactness of B). Then Ω ⊂ ρess(T + B) and B is (T + B)-power compact on
Ω ∩ ρ(T + B).

See also Ribaric and Vidav [23] for more general presentation of this theorem.
The above Lemma and index theory [24] lead to the following:

Theorem 3.1 For 1 ≤ p ≤ ∞ σess(B
p

0 ) is independent of p and is equal to the set Γ = {λ ∈
R;λ = −ν(ξ) for some ξ ∈ R3}.

Proof As B
p

0 = −ν(ξ) + K with K being a compact operator in L
p

ξ for 1 < p < ∞ it
follows from the Schechter theory of compact perturbation [6] that σess(B

p

0 ) = σess(−ν(ξ))

and this last is equal to Γ for all 1 < p < ∞.
The problem of location of the essential spectrum of the operator B1

0 or B∞
0 is more

complicated. For p = 1 Lemma 3.1 provides a partial answer locating the essential resolvent
set ρess(B

1
0 ).

I set in Lemma 3.1. K = B , Tf = −νf and as ν(ξ) is a continuous function for cross-
sections fulfilling assumptions (2.11a) and (2.12a) the spectrum of T is continuous and equal
to Γ = Range(−ν), ξ ∈ R3. If Ω denotes the unbounded connected component of C/Γ , we
see that for λ ∈ C such that Reλ → ∞ or |Imλ| → ∞ lim‖K(λ − T )−1‖ = 0. This shows
that for such λ ∈ Ω operator I − K(λ − T )−1 is invertible. Moreover operator K(λ − T )−1

is compact in Lp , 1 < p < ∞, and power compact for p = 1 and from Lemma 3.1 follows
that Γ ⊂ ρess[−ν + K].

Thus it remains to show that Γ ⊂ σ(B1
0 ). To this end, we consider operator B∞

0 . As B∞
0 =

(B1
0 )′ and B1

0 is closed in L1(d3ξ), it follows that for λ /∈ σ(B1
0 ) ranges of both operators

B1
0 −λ and B∞

0 −λ are closed in L1
ξ and L∞

ξ respectively. Moreover, the following relations
are fulfilled:

nul
(
B∞

0 − λ
) = def

(
B1

0 − λ
)
, (3.1a)

nul′
(
B∞

0 − λ
) = def′

(
B1

0 − λ
)
, (3.1b)

def
(
B∞

0 − λ
) = nul

(
B1

0 − λ
)
, (3.2a)

def′
(
B∞

0 − λ
) = nul′

(
B1

0 − λ
)
, (3.2b)

where nul(B) and def(B) denote the nullity and deficiency of the operator B and nul′(B)

and def′(B) the approximate nullity and deficiency respectively. From Eqs. (3.1a), (3.1b)
and (3.2a), (3.2b) follows that for such λ ind(B1

0 − λ) =ind(B∞
0 − λ) = 0. We see then that

the resolvent set of B∞
0 is identical to the resolvent set of the operator B1

0 . Assume now that
Γ �⊂ σ(B1

0 ). This means that there exists λ ∈ Γ such that λ /∈ ρ(B1
0 ) and λ /∈ ρ(B∞

0 ) and this
means in fact that both operators (B1

0 − λ)−1 and (B∞
0 − λ)−1 are bounded operators in L1

ξ

and L∞
ξ respectively. Application of the interpolation theorem of Riesz-Thorin [25] leads

now to the conclusion that also operators (B
p

0 − λ)−1 are bounded in L
p

ξ for all p such that
1 < p < ∞ but this is in contradiction with our result that Γ ⊂ σess(B

p

0 ). Thus we see that
Γ ⊂ σ(B1

0 ) and in fact combining this with the previous result Γ ⊃ σ(B1
0 ) we obtain finally

that σ(B1
0 ) = σ(B∞

0 ) = Γ . �
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I consider now the more difficult problem of the point spectrum of the operators B
p

0 .
From the general theory of closed operators [26] it follows that for p−1 + q−1 = 1 we have
relations:

σpp

(
B

p

0

) = σpp

(
B

q

0

)
. (3.3)

Since for 1 ≤ p ≤ r ≤ 2 from the fact that f ∈ Lp ∩ Lz follows that f ∈ Lr and we have
also following inclusions:

σpp

(
B1

0

) ⊂ σpp

(
B

p

0

) ⊂ σpp

(
Br

0

) ⊂ σpp

(
B2

0

)
. (3.4)

The main problem is to show opposite inclusions. To this end we need additional properties
of the operators B

p

0 . In general we can appeal to the smoothing properties of the operator
ν−1K .

We note here that in the following we need the smoothing properties of the operator ν−1K

rather than K alone, which is easier to prove. For example for hard interactions resulting in
essentially unbounded ν(ξ) at infinity for which ν(ξ) behaves like C|ξ |α , α > 0 for |ξ | → ∞
we see that ν−1K is α-smooth for any bounded operator K . Taking this into account we see
that for all interactions fulfilling (2.11a), (2.11b), (2.12a) and (2.15) ν−1K is α-smooth with
α > 0. If α > 1, it means that ν−1Kφ decay sufficiently fast at infinity to be in L1

ξ and in
such case we put α = 1.

Theorem 3.2 For any σ fulfilling conditions (2.11a), (2.11b), (2.12a) and (2.15) for 1 ≤
p ≤ r ≤ 2, the point spectrum σpp(B2

0 ) ⊂ σpp(B
p

0 ) ⊂ σpp(Br
0) ⊂ σpp(B1

0 )

Proof Let λ and φ ∈ L2
ξ be an eigenvalue and corresponding eigenfunction of the operator

B2
0 i.e. solution of the following equation:

[−ν + K]φ = λφ; φ ∈ D
(
B2

0

)
. (3.5)

I assume first that λ > −ν0. In this case Eq. (3.5) is equivalent to the following:

φ = (ν + λ)−1Kφ; φ ∈ L2
ξ . (3.6)

It follows from the α-smoothing of (ν + λ)−1K that (ν + λ)−1Kφ ∈ L2−α
ξ thus φ ∈ L2−α

ξ .
Iterating this we obtain φ ∈ L

p

ξ with p ∈ [1,2].
Now we consider the more complicated case of eigenvalues embedded in the continuum

λ < −ν0. In this case the operator (ν + λ)−1 is unbounded and we introduce a projector
operator P (ξ, δ) defined for φ ∈ L2

ξ as:

[
P (ξ1, δ)φ

]
(ξ) =

{
φ(ξ) if ξ ∈ B(ξ, δ)

0 otherwise
(3.7)

where B(ξ1, δ) is a ball of radius δ with a centre at ξ1 in R3. The operator Q(ξ1, δ) =
I − P (ξ1, δ).

If λ ∈ Range(−ν) then the (ν + λ)−1 can become unbounded for some ξ1 such that
ν(ξ) + λ → 0 as ξ → ξ1. In this case the operator Q(ν + λ)Q is invertible, the inverse
in bounded and P (ν + λ)P has compact support and can be treated separately. In case
there exist more ξi such that ν(ξ) + λ → 0 as ξ → ξi , i = 1, . . . ,N , we introduce operator
P = ∑N

i=1 P (ξi, δi) and Q = 1 − P and the rest of the proof is the same.
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With these operators Eq. (3.5) can be rewritten as:

−P (ξ1, δ)
[
ν(ξ) + λ1

]
P (ξ1, δ)φi(ξ) + P (ξ1, δ)Kφi(ξ) = 0, (3.8a)

−Q(ξ1, δ)
[
ν(ξ) + λ1

]
Q(ξ1, δ)φi(ξ) + Q(ξ1, δ)Kφi(ξ) = 0. (3.8b)

For any ξ1 and δ > 0 it is easy to see that P (ξ1, δ)φ ∈ L2
ξ,loc thus it is also in L

p

ξ,loc for
1 ≤ p ≤ 2.

It remains to examine the Q(ξ1, δ)φ. It is a solution of the following equation:

Q(ξ1, δ)φ = [
Q(ξ1, δ)(ν + λ)

]−1
Q(ξ1, δ)Kφ. (3.9)

The operator [Q(ξ1, δ)(ν +λ)]−1Q(ξ1, δ)K has the same smoothing properties as the opera-
tor ν−1K and [Q(ξ1, δ)(ν +λ)]−1 is bounded for a chosen λ. The same arguments as before
lead to the following results:

Q(ξ1, δ)φ ∈ L
p

ξ ; 1 ≤ p ≤ 2. (3.10)

As φ = P (ξ1, δ)φ + Q(ξ1, δ)φ, we see that φ ∈ L
p

ξ for 1 ≤ p ≤ 2 and we have in fact, for
1 ≤ r ≤ p ≤ 2, the following:

σpp

(
B2

0

) ⊂ σpp

(
B

p

0

) ⊂ σpp

(
Br

0

) ⊂ σpp

(
B

p

0

)
(3.11)

�

From the Theorem 3.1 using duality and recalling the fact that the residual spectrum of
the operator B2

0 is empty [5, 9], we obtain:

Corollary 3.1 The spectrum of the operator B0 in L
p

ξ is independent on p for 1 ≤ p ≤ ∞.

It is well known from the theory of compact perturbation that an accumulation point
of the spectrum may occur only on the boundary of the continuous part of the spectrum.
In a case of the operator B0 this means that the accumulation point can be located at −ν0

only. That such situation can occur for the Boltzmann operator, is shown by solution for the
classical Maxwell potential. Nikolaenko [9] claimed similar property of the spectrum of the
Boltzmann operator for hard spheres gas. His proof was criticized by Klaus [9] who shows
that with respect to perturbation ikξ the point −ν0 is by no means exceptional rising doubts
if there may be an accumulation point of the spectrum for such models. In fact when the
spectrum is not too much concentrated at ν(ξ = 0), meaning that ∃r > 1 such that [ν(ξ) −
ν(0)]−1 ∈ Lr

loc , then the accumulation point does not occur. A following theorem settles this
problem for a wide class of hard interactions including also the classical hard sphere gas
model with agreement with Klaus observation:

Theorem 3.3 For such ν(ξ) that |ν(ξ) − ν(0)|−1 ∈ Lr
ξ,loc , with some r > 1, there is no

accumulation point of the spectrum nor eigenvalue with infinite multiplicity in the spectrum
of the operator B

p

0 for 1 ≤ p ≤ ∞.

Proof As the spectrum of the operator B0 is independent of p, we consider operator B2
0 in

L2
ξ . We assume that there is an accumulation point of the spectrum at ν0 = ν(|ξ | = 0). This

means that we can find {λi}∞
i=1 ∈ C and {φi}∞

i=1 ∈ L2 such that

‖φi‖L2 = 1
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and

[−ν + κ]φi = λiφi, (3.12)

and

lim
i→∞

λi = −ν0. (3.13)

As ν0 = ν(0), and introducing operators P (0, δ) and Q(0, δ) with δ > 0, we can rewrite
Eq. (3.19) as:

P (0, δ)(ν + λi)P (0, δ)φi = P (0, δ)Kφi, (3.14a)

Q(0, δ)(ν + λi)Q(0, δ)φi = Q(0, δ)Kφi. (3.14b)

As the K operator is a compact operator in Lp , 1 < p < ∞, the following strong limit
exists:

s − lim
i→∞

P (0, δ)(ν + λi)P (0, δ)φi = g ∈ L2. (3.15)

As |ν − ν0|−1 ∈ Lr
loc , then for |ξ | < δ the following estimate holds for Hölder inequality:

∥∥P (0, δ)φi

∥∥
L1 =

∫
B(0,δ)

∣∣φi(ξ)
∣∣dξ =

∫
B(0,δ)

(
ν(ξ) + λi

)(
ν(ξ) + λi

)−1∣∣φi(ξ)
∣∣dξ

≤
(∫

B(0,δ)

[(
ν(ξ) + λi

)−1]r
dξ

)1/r(∫
B(0,δ)

[(
ν(ξ) + λi

)∣∣φi(ξ)
∣∣]q

dξ

)1/q

=
(∫

B(0,δ)

[(
ν(ξ) + λi

)−1]r
dξ

)1/r∥∥P (0, δ)(ν + λi)P (0, δ)φi

∥∥
Lq (3.16)

and, at the limit as i → ∞, we get:

∥∥P (0, δ)φi

∥∥
L1 ≤ ∥∥P (0, δ)|ν − ν0|−1

∥∥
Lr ‖g‖Lq (3.17)

with 1/r + 1/q = 1.
We see that the set of functions of common compact support {P (0, δ)φi}∞

i=1 is a uniformly
bounded set in L1

ξ . For any set A ⊂ R3 with μ(A) < δ we have:

∫
A

∣∣P (0, δ)φi

∣∣dξ ≤ μ(A)

[∫
A

∣∣P (0, δ)φi

∣∣qdξ

]1/q

≤ μ(A) · ‖g‖Lq ≤ δ · ‖g‖Lq . (3.18)

Thus according to the Dunford-Pettis Lemma the sequence {P (0, δ)φi}∞
i=1 are elements

of a weakly compact set in L1
ξ and we can choose subsequence converging weakly in L1

ξ .
We denote this limit as ψ i.e.

ψ = w − lim
i→∞

P (0, δ)φi . (3.19)

Taking sufficiently large δ and choosing a subsequence if necessary, we can replace
Eqs. (3.14a), (3.14b) by the following:

Q(0, δ)φi = [
Q(0, δ)(ν + λi) − Q(0, δ)kQ(0, δ)

]−1
KP(0, δ)φi . (3.20)
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{P (0, δ)φi}∞
i=1 are elements of a weakly compact set in L1(d3ξ) and K is a weakly com-

pact operator in this space thus we see that the set {P (0, δ)φi}∞
i=1 contains a strongly con-

verging in L1 subsequence. The operator −Q(0, δ)(ν + λi) + Q(0, δ)KQ(0, δ) has proper-
ties similar to the operator −ν +K i.e. QKQ is a compact in L2 operator and −Qν has con-
tinuous spectrum contained in a set ]−∞,−ν(δ)]. The accumulation point in the spectrum
of this operator can occur at λ = −ν(δ) < −ν0. Thus dropping to the subsequence if neces-
sary, we can select a sequence {KP(0, δ)φin} such that operators [Q(ν + λin) − QKQ]−1

are uniformly bounded on this sequence. As K is a weakly compact operator in L1, it fol-
lows that the corresponding sequence Q(0, δ)φin converges in L1(d3ξ) strongly. We call this
limit Q(0, δ)ψ .

From the fact that [P (0, δ)(ν + λi)]−1 ∈ L1(d3ξ) it follows that:

P (0, δ)φi = (
P (0, δ)ν + λi

)−1
P (0, δ)Kφi = wigi.

Moreover, we see that the following strong limits in L1 exist:

s − lim
i→∞

gi = g,

s − lim
i→∞

wi = w,

s − lim
i→∞

giwi = gw.

From the fact that P (0, δ)(ν − ν0)
−1 ∈ Lp , it follows that in L1 with a help of estimate:

∫ ∣∣P (0, δ)(ν + λi)
∣∣−1∣∣P (0, δ)kφi

∣∣ ≤ ∥∥P (0, δ)|ν + ν0|−1
∥∥

p
‖PKφi‖q (3.21)

we see that P (0, δ)φi → P (0, δ)ψ strongly in L1
ξ , and we finally obtain:

s − lim
i→∞

φi = ψ ∈ L1
ξ . (3.22)

Taking now the limit in Eq. (3.13) we obtain:

s − lim
i→∞

[−ν + λi]φi = [−ν + ν0]ψ (3.23)

This shows that −ν0 ∈ σpp(B
p

0 ) for 1 ≤ p ≤ ∞ with corresponding eigenfunction ψ

which we can normalize in L2
ξ . On the other hand, eigenfunctions belonging to different

eigenvalues are orthogonal in L2(d3ξ), thus for all i (φi,ψ)L2 = 0 but we have shown ψ =
w − limφi in L1 and as φi ∈ L1 ∩ L∞ we shall have (ψ,ψ)L2 = limi→∞(ψ,φi) = 0. This
contradicts the fact that ‖ψ‖L2 = 1, thus −ν0 cannot be an accumulation point. �

Remark The bound on |ν(ξ)− ν(0)|−1 used in Theorem 3.3 is probably not an optimal one,
but as it is well known from the exact solutions for classical Maxwell model or Lorentz
gas [27] if ν(ξ) = const there is an accumulation point of the spectrum or eigenvalues with
infinite multiplicity. These examples show that a bound of this kind is necessary for Theo-
rem 3.3 to be true. We want to mention that for cross-sections behaving like gβ with β > 0
in relativistic case and like |ξ − ξ1|γ ;γ > 0 in the classical case Theorem 3.3 shows absence
of both accumulation points or eigenvalues with infinite multiplicity in the spectrum of the
Boltzmann operator.
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4 Spectrum of the operators Bk in L
p

ξ for 1 ≤ p ≤ ∞, k ∈ R3

The analysis of Fourier transformed operator Bk in L2
ξ was first done in [7] with an ex-

cellent extension in [11] for the classical operator and in [5] for the relativistic one. For
the reader’s convenience we cite the main results of these papers in the beginning of this
section. Operators B

p

k = −ν(ξ) + K − ikη(ξ), considered as operators from L
p

ξ into L
p

ξ ,
are closed operators with a domain D(B

p

k ) = {f ∈ L
p

ξ : ‖(|ν| + |kη(ξ)|)f ‖L
p
ξ

< ∞}. For

the relativistic operator η(ξ) = ξ/(1 + ξ 2) and the domain is the same as for the operators
B

p

0 . In the classical case η(ξ) = ξ and for all interaction except hard spheres gas model
D(B

p

k ) ⊂ D(B
p

0 ).
I describe first the general properties of the spectrum of the operators B

p

k :

(i) Re(B2
k φ,φ) = (B2

0φ,φ). Therefore σ(2
k) lies in the left half-plane.

(ii) σ(B2
k ) is symmetric with respect to the real axis, if ψ(ξ̄) is an eigenfunction belonging

to the eigenvalue λ of the operator B2
k then φ∗(−ξ̄ ) is an eigenfunction belonging to

the eigenvalue λ∗ of the operator B ′2
k = B2

−k .
(iii) σ(B2

k ) consists of the continuum Γk = −( ¯ikη̄(ξ̄ ) + ν(ξ̄ ); ξ̄ ∈ R3) and a discrete part
consisting of isolated eigenvalues with finite multiplicity. These can accumulate only
on the boundary of Γk .

(iv) The residual spectrum of the B2
k is empty.

These properties are also true for the operators B
p

k for p �= 2 and as |ν(ξ) + ikη(ξ)|−1 ≤
|ν(ξ)|−1 we see that the presence of ikη(ξ) can improve both the smoothing properties of
the operator [ν(ξ) + ikη(ξ)]−1K and change the spectral concentration of the continuous
part of the spectrum making it more uniform. This is more important for classical models
where lim|ξ |→∞ |ν(ξ) + ikξ |−1 = 0 a.e. and lim|k|→∞ |ν(ξ) + ikξ |−1 = 0 a.e. we see that
both for large k or ξ the operator becomes more regular than ν−1.

I formulate the theorems below with the slightly more general requirements for regularity
of operators Q(ν(ξ)+ ikη(ξ))−1QK and (ν(ξ)+ ikη(ξ)−λ)−1 with the understanding that
this assumptions are fulfilled by all scattering cross-sections defined as hard interactions
including hard sphere gas.

Theorem 4.1 For all cross-sections such that operator Q(ξ̄ ∗, δ)[ν(ξ̄ )+ ¯ikη̄(ξ̄ )]−1Q(ξ̄ ∗, δ)K
with some ξ ∗ and δ > 0 has smoothing properties with α > 0, the spectrum of the operators
B

p

0 in Lp(d3ξ) is independent of p for 1 ≤ p ≤ ∞.

Proof The proof follows exactly proofs of Theorems 3.1 and 3.3 with only changes that we
shall use the fact that (B

p

k )′ = B
q

−k with p−1 + q−1 = 1.
We note that in particular Theorem 4.1 shows that eigenfunctions of the operators Bk

φi
k ∈ L1

ξ ∩L∞
ξ for all k ∈ R3 and also that the residual spectrum of the operators B

p

k is empty
for all p and k. �

Theorem 4.2 Let us assume that there exists r > 1 such that |ν(ξ) + ikη(ξ) − ν(ξ1) −
ikη(ξ1)|−1 ∈ Lr

ξ,loc, then there is no accumulation point nor eigenvalue with infinite multi-
plicity at the spectral point λ = −ν(ξ1) + ikη(ξ1).

Proof The proof follows the proof of Theorem 3.3 with the only change that now instead
of orthogonality of eigenfunctions belonging to different eigenvalues we shall apply the
biorthogonality relations

(
ψi

−k, φ
j

k

) = δij for λi(k) �= λj (k) (4.1)
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valid for left and right eigenfunctions of the operators B
p

k . �

Theorems 4.1 and 4.2 describe the properties of the spectrum of operators Bk for a given
k ∈ R3. Now we consider the behaviour of the spectrum as a function of this parameter. For
k = 0, according to Theorem 3.3, operator B0 has point spectrum consisting of eigenvalues
of finite multiplicity. There may be finite or infinite number of eigenvalues and some of
them may lie in the continuous part of the spectrum. In general, if the perturbation ikη(ξ)

is turned on, some of these eigenvalues may disappear even for arbitrary small value of |k|.
Such situation cannot occur for the relativistic Boltzmann operator with discrete part of
the spectrum, as in this case the operator ikη(ξ) is bounded in Lp(d3ξ) for any k and Kato
theory of analytical perturbation [26] is applicable. Similar situation occurs for classical hard
spheres model where the perturbation ikξ is relatively bounded with respect to −ν + K and
the theory of relatively bounded perturbation [26] assures existence of eigenvalues of the
perturbed operator for sufficiently small values of |k|. However, if λ ∈ Γ it is not possible
to exclude such possibility and as we will show in the next section, it can occur for the
Boltzmann operator.

I first prove that λi(k) are continuous functions of k:

Theorem 4.3 Let λi(k) exist for |k| ∈]k1, k2[ and let λi(k) /∈ Γk and limk→kl
λi(k) /∈ Γk ,

l = 1,2. Then it exists for |k| ∈ [k1, k2] and limk→kl
λi(k) = λi(kl), l = 1,2. If in addition

the assumptions of Theorem 4.2 are fulfilled then the same is true also for λi(k) ∈ Γk .

Proof We consider first Reλi(k) /∈ Γk for |k| ∈]k1, k2[ and let limk→k1,2 λi(k) /∈ Γk . For all
k ∈ ]k1, k2] exist functions λ(k) and φk(ξ) such that ‖φk‖L2(d3ξ) = 1 and

[
ν(ξ) + K − ikη(ξ)

]
φk(ξ) = λ(k)φk(ξ), (4.2)

For every sequence kn → k2 we can write

φk(ξ) = [
ν(ξ) + ikη(ξ) + λ(k)

]−1
Kφk(ξ). (4.3)

I consider now a following sequence

ψkn(ξ) = [
ν(ξ) + ik2η(ξ) + λ(k2)

]−1
Kφkn(ξ). (4.4)

The operator [ν(ξ) + ik2η(ξ) + λ(k2)]−1K is compact in L2(d3ξ) and the sequence φkn is
bounded in L2(d3ξ) thus the sequence ψkn contains strongly converging subsequence. We
denote this limit as ψk2 = s − limn→∞ φkn . My aim is to show that ψk2(ξ) is an eigenfunction
with corresponding eigenvalue λ(k2). To this end we consider the following estimates:

‖φkn − ψk2‖L2(d3ξ) = ‖φkn − ψkn + ψkn − ψk2‖L2(d3ξ)

≤ ‖φkn − ψkn‖L2(d3ξ) + ‖ψkn − ψk2‖L2(d3ξ), (4.5)

and the first term on the r.h.s. can be estimated as follows:

‖φkn − ψkn‖L2 ≤ ∥∥{[
ν(ξ) + iknη(ξ) + λ(kn)

]−1 − [
ν(ξ) + ik2η(ξ) + λ(k2)

]−1}
Kφkn

∥∥
L2 ,

(4.6)
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and as w − limn→∞{[ν(ξ) + iknη(ξ) + λ(kn)]−1 − [ν(ξ) + ik2η(ξ) + λ(k2)]−1}φkn = 0 then
the expression on the r.h.s. of Eq. (4.6) converges to zero strongly in L2(d3ξ) similarly as
the second term in Eqs. (4.5), (4.6) and for sufficiently large n we obtain for arbitrary ε > 0

‖φkn − ψk2‖L2(d3ξ) < ε. (4.7)

This shows that ψk2 = s − limn→∞ φkn , and in fact means that ψk2 is a solution of the fol-
lowing equation: [−ν(ξ) + K − iknη(ξ)

]
ψk2 = λ(k2)ψk2 . (4.8)

Similar arguments hold for k → k1.
For Reλ(k) ≤ −ν0 this problem is more complicated and we use operators P (ξ ∗, δ) and

Q(ξ ∗, δ). Again, it is enough to consider the case k → k2 only. We assume that −ν(ξ ∗) =
Reλ(k2). Similar as in the previous case we consider the eigenproblem for the operator B2

k

for |k| ∈]k1, k2[: [−ν(ξ) + K − ikη(ξ)
]
φk(ξ) = λ(k)φk(ξ). (4.9)

This equation can be rewritten as:

P
(
ξ ∗, δ

)[
ν(ξ) + ikη(ξ) + λ(k)

]
P

(
ξ ∗, δ

)
φk(ξ) = P

(
ξ ∗, δ

)
Kφk(ξ), (4.10a)

Q
(
ξ ∗, δ

)[
ν(ξ) + ikη(ξ) + λ(k)

]
Q

(
ξ ∗, δ

)
φk(ξ) = Q

(
ξ ∗, δ

)
Kφk(ξ). (4.10b)

As the operator K is compact in L2 and φk are elements of a bounded set in L2 we see that

s − lim
k→k2

P
(
ξ ∗, δ

)[
ν(ξ) + ikη(ξ) + λ(k)

]
P

(
ξ ∗, δ

)
φk(ξ) = P

(
ξ ∗, δ

)
gk2(ξ),

with ‖gk2‖L2(d3ξ) = 1. With the help of the second assumption which states that [ν(ξ) +
ikη(ξ) + λ(k)]−1 ∈ Lr

ξ,loc we can repeat part of the proof of Theorem 3.3 and show that
P (ξ ∗, δ)φk are elements of a weakly compact set in L1(d3ξ), and we can subtract a weakly
converging subsequence P (ξ ∗, δ)φk . We denote this weak limit as ψk2 :

ψk2 = w − lim
n→∞φk2 in L1(d3ξ). (4.11)

With a sufficiently large δ Eq. (4.10b) can be written in the following form:

Q
(
ξ ∗, δ

)
φk(ξ) = {

Q
(
ξ ∗, δ

)[
ν(ξ) + ikη(ξ) + λ(k)

]}−1
Q

(
ξ ∗, δ

)
Kφk(ξ). (4.12)

For functions Q(ξ ∗, δ)φk(ξ) the reasoning from the first part of the proof can be applied
leading to the conclusions that Q(ξ ∗, δ)φk(ξ) contains subsequence strongly converging in
L1(d3ξ), namely we have

Q
(
ξ ∗, δ

)
φk2(ξ) = s − lim

n→∞Q
(
ξ ∗, δ

)
φkn(ξ). (4.13)

Taking now into account simple facts that

w − lim
n→∞P

(
ξ ∗, δ

)[
ν(ξ) + iknη(ξ) + λ(kn)

] = P
(
ξ ∗, δ

)[
ν(ξ) + ik2η(ξ) + λ(k2)

]
,

and

w − lim
n→∞Q

(
ξ ∗, δ

)[
ν(ξ) + iknη(ξ) + λ(kn)

] = Q
(
ξ ∗, δ

)[
ν(ξ) + ik2η(ξ) + λ(k2)

]
,
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and that a weakly compact operator sends weakly compact sequences into a norm converg-
ing ones, we obtain that ψk2 ∈ L1(d3ξ) solves in L1(d3ξ) the following equation

[−ν(ξ) + K − ikη(ξ)
]
ψk2(ξ) = λ(k2)ψk2(ξ). (4.14)

This means that ψk2 is an eigenfunction of the operator B1
k with eigenvalue λ(k2) and as the

spectrum is independent of p it is also an eigenfunction of the operator B2
k with the same

eigenvalue. Having this it is easy to show that ψk2 = s − limk→k2 ψk , in L2(d3ξ) and this
ends the proof. As the arguments for any point kl ∈ [k1, k2] are similar it is easy to show also
that if λ(k) exists for |k| ∈ [k1, k2] then λ(k) is continuous functions of k in this interval. �

In the preceding theorem we tacitly assumed that |λ(k) < ∞|. A following lemma shows
that if |Reλ(k)| < ∞ then |Imλ(k)| < ∞.

Lemma 4.1 Let Aλ = (ν + ikη + λ) then

lim|Imλ|→∞
|Reλ|=α<∞

∥∥KA−1
λ

∥∥ = 0

Proof For sufficiently large |Imλ| with |Reλ| = α the operator [ν + ikη + λ]−1 is bounded
in L

p

ξ for 1 ≤ p ≤ ∞. Moreover, for such λ the operator KA−1
λ is a compact operator as a

composition of a compact and bounded operators. Let us assume on the contrary that there
exist sequences λn with |Reλn| = α, |Imλn| → ∞ as n → ∞, and φλn ∈ L2

ξ ; ‖φλn‖2 = 1
such that:

∥∥KA−1
λn φλn

∥∥
� 0. (4.15)

It follows from the compactness of k that A−1
λn φλn

� 0 weakly, but for any ψ ∈ L2 we
have:

(
ψ,A−1

λn φλn
) ≤

(∫
|ψ |1∣∣A−1

λn

∣∣)1/2∥∥φλn
1

∥∥
2

(4.16)

and as limn→∞ A−2
λn = 0 a.e. we see that limn→∞

∫ |ψ |2|A−2
λn | = 0. This shows that

A−1
λn φλn → 0 weakly and this contradiction shows:

lim| Imλ|→∞
|Reλ|=α

∥∥KA−1
λ

∥∥ = 0 (4.17a)

By multiplying Kφ = Aλφ by A−1
λ we obtain A−1

λ Kφ = φ and further by introducing
φ = A−1

λ ψ we obtain KA−1
λ ψ = ψ and see that:

lim
|Imλ|→∞
|Reλ|=α

∥∥A−1
λ K

∥∥ = 0 (4.17b)

Equations (4.17a) and (4.17b) prove the Lemma. �

From this Lemma it is easy to see the following:

Corollary 4.1 If limk→k0 |Reλ(k)| < ∞ then limk→k0 |Imλ(k)| < ∞.
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The behaviour of eigenvalues λi(k) for such kε that λi(k) exist and Reλi(k) > −ν0 is
described by the following:

Proposition 4.1 For every 0 < ε < ν0, exists such kε , that for |k| > kε the half-plane Reλ >

−ε is free from eigenvalues of the operator Bk .

Proof For the spectrum of the operator B2
k this proposition was proved in [10] in the case of

classical operator for hard spheres model. In [5] more general proof for relativistic hard in-
teraction was presented for B2

k which applies also to classical operator with hard interaction.
As the spectrum is independent of p this result is valid for the spectrum of all operators B

p

k

with 1 ≤ p ≤ ∞. �

Theorem 4.1, Proposition 4.1 and the theory of the relatively bounded perturbation solve
almost completely the problem of behaviour of the eigenvalues λi(k) of the operators Bk

as functions of k for such k that Reλi(k) > −ν0. These eigenvalues are either constant for
|k| ∈ [ki

1, k
i
2] where [ki

1, k
i
2] are intervals of their existence or they change continuously with

k for |k| ∈ [0, ki
max] and Reλi(k

i
max) = −ν0.

To see this, it is enough to observe that if an eigenvalue λ(k) exists for |k| ∈ [k1, k2],
then, as the operator i(k − k1)η(ξ) is relatively bounded with respect to the operator Bk1 ,
there exists δ1 > 0 such that for |k − k1| < δ1 the λ(k) exists for |k| ∈ [k1,−δ1, k]1 and has
asymptotic expansion of the form λ(k) = λ(k1)+|k − k1|Δλ+O(k2). We can continue this
as long as |kn − δn| > 0 and we see that either λ(k) exists for all |k| ∈ [0, kmax] with λ(0) =
λi , this last being an eigenvalue of the collision operator L and λ(kmax) ∈ Γkmax, or λ(k)

is constant, or λ(k) exists for |k| ∈ [k1, k2] and λ(k1) ∈ Γk1 , λ(k2) ∈ Γk2 . In particular, this
result implies that eigenvalues of the collision operator L located in the region −ν0 < λi ≤ 0
can disappear when the perturbation ikη(ξ) is added, but a new eigenvalue λ(k) �= const can
emerge only from the continuum.

This shows that on any |k| < ∞ the spectrum of Bk is contained in the sector of the
left complex half-plane Reλ < 0, argλ < α < π . This shows that the B

p

k are sectorial
operators—see [28] for an excellent review of such operators. We have:

Corollary 4.2 For any |k| < ∞ B
p

k are sectorial in Lp 1 ≤ p ≤ ∞ with the angle α(k) < π .

As for |k| → ∞ continuous part of the spectrum covers the whole half-space Reλ < −ν0,
the property cannot be extended to the original operator B in R3 × R3 acting in the physical
space.

The smoothing properties of the operator [ν(ξ) + ikη(ξ)]−1K expressed as:

[
ν(ξ) + ikη(ξ)

]−1
Kφ ∈ L∞

ξ for p ∈ L2
ξ , (4.18)

(
1 + ξ 2

)r+1/2[
ν(ξ) + ikη(ξ)

]−1
Kφ ∈ L∞

ξ if
(
1 + ξ 2

)r
φ ∈ L∞

ξ , (4.19)

lead to the high degree of regularity of the eigenfunctions φk(ξ) as the functions of ξ .
We define spaces L

p,l

ξ as:

φ ∈ L
p,l

ξ if φ ∈ L
p

ξ and (1 + ξ)lφ ∈ L
p

ξ . (4.20)

Clearly L
p,l

ξ ⊂ Lp for l > 0. Iterating N times the equation for eigenfunction B
p

k

φ = [ν + ikη + λ]−1Kφ (4.21)
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and letting N → ∞, we see that:

Corollary 4.3 The spectrum of the operator B
p

k is the same in all Lp,l for 1 ≤ p ≤ ∞ and
l ∈ R+.

The proof for Reλ > −ν0 is obvious now and for Reλ < ν0 with the help of the Q and
P operators repeating arguments in the Theorem above we obtain required result.

It follows then the φk(ξ) are not only in L∞
ξ ∩ L1

ξ but decay faster than any power of ξn

for |ξ | → ∞. The well known example of such functions are the eigenfunctions for classical
Maxwell potential.

5 The spectrum of the operator B in L
p

x,ξ for 1 ≤ p ≤ ∞

In this section we prove the main theorem of this paper describing the spectrum of the
Boltzmann operator in L

p

x,ξ spaces. Denoting as Bp the operator B considered as a operator
from L

p

x,ξ into L
p

x,ξ we have the following

Theorem 5.1 For all hard interactions operator Bp for 1 ≤ p < ∞ in L
p

x,ξ has spectrum
independent of p. This spectrum consists of half-plane Reλ ≤ −ν0 and in the strip −ν0 <

Reλ ≤ 0 of finite if [ν(ξ) − ν(0)]−1 ∈ Lr
loc(r > 1) or otherwise infinite number of branches

λ = λi(k), k ∈ [0, ki
max]. These are continuous functions of k and Reλi(k

i
max) = −ν0. For

p = ∞ the continuous part of the spectrum also covers the half-plane Reλ < −ν0 but λi(k)

for |k| ∈ [0, ki
max] belong to uncountable point spectrum of the operator B∞. For all 1 ≤

p ≤ ∞ a half-plane Reλ > 0 lies entirely in the resolvent set of the operators Bp .

Proof We consider first the operator B2 in L
p

x,ξ . As the Fourier transform is an isomorphism
of L2

x and L2
k , it follows that the spectrum of the operator B2 is a sum of the spectral sets

of the operators Bk for all k ∈ R3. We see that it consists of the continuous part covering
the whole half-plane Reλ < −ν0 and of countable number of branches λi(k), i = l,2, . . . .
where λi(k) are the eigenvalues of the operator B2

k in L
p

ξ . We note that as this direct sum
assumes all values of the parameter k, it is clear that the spectrum is symmetric with respect
to the real axis. �

Now we consider the operators B1 and B∞ . We note first that if λ ∈ σ(B1), then
λ ∈ σ(B∞). To see this, we observe that if there exists such a sequence of φn ∈ L1

x,ξ

that limn→∞ ‖(B1 − λ)φn‖L1 = 0 with ‖φn‖L1 = 1, then for the sequence φ̄n we have
limn→∞ ‖((B1)′ − λ̄)φ̄n‖L1 = 0. This shows that λ̄ belongs to the spectrum of the operator
(B1)′ in L1

x,ξ and as (B1)′ = B∞, it follows that λ ∈ σ(B∞). Applying now the interpolation
theorem to the resolvent operators (B1 − z)−1 and (B∞ − z)−1, we see that σ(B2) ⊆ σ(B1)

and σ(B2) ⊆ σ(B∞). Thus the essential difficulty lies in showing that σ(B∞) ⊆ σ(B2).
Assume first that Reλ > −ν0 and that there exists a sequence φn ∈ L∞

x,ξ with ‖φn‖L∞ = 1
such that (

B∞ − λ
)
φn = wn, (5.1)

and limn→∞ ‖wn‖L∞ = 0.
I now use the fact that if functions φn(x, ξ) and wn(x, ξ) fulfill relation (5.1), then func-

tions ψn(x, ξ) = φn(x − tn, ξ), rn(x, ξ) = wn(x − tn, ξ) with arbitrary choice of tn also
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fulfill this relation. We denote as An a sequence of sets contained in R6 such that ess inf
|φn| > 1 − ε for (x, ξ) ∈ An. Such a set exists for each n as ess sup |φn| = 1. Equation (5.1)
can be rewritten to the following form

φn = S(λ)Kφn + S(λ)wn (5.2)

where the explicit form of the operator S(λ) reads

S(λ)f (x, ξ) =
∫ ∞

0
exp

[−(
ν(ξ) − λ

)
τ
]
f (x + ξτ, ξ)dτ, (5.3)

and in the above formula we can put fn = Kφn. With a proper choice of the vectors tn we
can assure that x = 0 ∈ An for all n and we observe that as limξ→∞ |S(λ)Kφ| = 0, for any
n there exists such ξn ∈ An that limn→∞ |ξn| < ∞. This observation is obvious for such
Boltzmann operators for which limξ→∞ ν(ξ) = ∞ but for other interactions, as for example
for the Maxwell model, we must use the more subtle estimates on the operator K given in
[10] for classical hard interactions and in [5] for the relativistic case. The behaviour of these
sets An is described in the lemma,

Lemma 5.1 There exist sequences φn and wn fulfilling relation (5.1) and such that there
exists bounded set A < R6 with μ(A) > 0 and a constant C > 0 that |φn| > C a.e. in A.

Proof Assume that we have chosen such a sequence φn that x = 0 belongs to An and without
loss of generality we can assume that limn→∞ ξn = 0. Now we take a ball Ω(R) ⊂ R6 with a
centre in point (0,0) and such that for n > N μ(Ω ∩An) > 0. We introduce then a projector
operator PΩ corresponding to the characteristic function of the set Ω . Acting with this
operator on Eq. (5.2) we obtain

PΩφn = PΩS(λ)Kφn + PΩS(λ)wn. (5.4)

Expressing φn as PΩ ′φn + QΩ ′φn, where QΩ = 1 − PΩ , and I will specify the set Ω ′ later,
we can write Eq. (5.4) as

PΩφn = PΩS(λ)KPΩ ′φn + PΩS(λ)wn + PΩS(λ)KQΩ ′φn. (5.5)

Now I consider the term PΩS(λ)KQΩ ′φn. According to Eq. (5.3), we see that splitting
integral over dτ on two parts as follows

S(λ)f (x, ξ) =
∫ τ0

0
exp

[−(
ν(ξ) − λ

)
τ
]
f (x + ξτ, ξ)dτ

+
∫ ∞

τ0

exp
[−(

ν(ξ) − λ
)
τ
]
f (x + ξτ, ξ)dτ (5.6)

and choosing in this integral sufficiently large τ0, we see that the second part of it is less
than any prescribed ε. In addition, if we assume that ξ > ξ0 then with sufficiently large ξ0

the |S(λ)Kφ| < ε. Now it is clear that if we choose Ω ′ such that ∀(x, ξ) ∈ Ω(x + ζ, ξ) ∈ Ω ′
where |ζ | < ξ0τ0 we find ‖PΩS(λKQΩ ′φn)‖L∞ < ε. Equation (5.5) can be written in the
following form

PΩφn = PΩS(λ)KPΩ ′φn + rn′ (5.7)
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where

‖rn‖L∞ < ε. (5.8)

We can reiterate now Eq. (5.7) with the same conditions on sets Ω ′′, Ω ′′′ and Q′′′′ and we
obtain

PΩφn = PΩS(λ)KPΩ ′′S(λ)KPΩ ′′′S(λ)KPΩ ′′′′S(λ)KPΩ ′′′′′φn + zn, (5.9)

where ‖zn‖L∞ < ε and Ω ′′′′′ can be chosen in the form of the box in the x space. Accord-
ing to Lemma A.3 the operator (S(λ)K)4 in the space L∞

x,ξ (Ω
′′′′′) with periodic boundary

conditions is a compact operator, thus also the operator PΩ(S(λ)K)4 is a compact operator
in the space L∞(Ω ′′′′′;d3x ⊗ d3ξ). It is now easy to see that if we modify φn on the small
vicinity of the boundary of Ω ′′′′′ in order to make φn periodic on the space boundary of this
set, that the operator PΩS(λ)KPΩ ′′S(λ)KPΩ ′′′S(λ)KPΩ ′′′′S(λ)KPΩ ′′′′′′φn differs from the
compact operator on the space L∞

x,ξ (Ω) on the operator with norm less than ε. We see then
that, taking a subsequence if necessary, there exists such ψ ∈ L∞

x,ξ (Ω) that for sufficiently
large N the following inequality holds

‖PΩφn − ψ‖L∞(Ω;d3x⊗d3ξ) < ε (5.10)

First of all we see that ‖ψ‖L∞ �= 0 as for all n ‖PΩφn‖L∞
x,ξ (Ω) > 1−ε. Thus there exists such

set A ⊆ Ω and C > 0 that |ψ | > C for (x, ξ) ∈ A but it follows then from Eq. (5.10) that on
this set A|φn| > C − ε a.e. for n > N . Taking ε sufficiently small, such that C − ε > 0 we
conclude the proof of the lemma. The above construction shows that if there exist sequences
φ′

n and wn such that (B∞ −λ)φ′
n = rn with ‖rn‖L∞ → 0, we can construct φn and wn defined

on the ball Ω centred at (0,0) such that φn = 0 and wn = 0 for x and ξ outside Ω and with
A ⊂ Ω , μ(A) > 0 such that |φn| > C a.e. in A. It means that |φn|Lp

x,ξ
> C · μ(A) for all

1 ≤ p < ∞. Moreover, (B − λ)φn = wn with limn→∞ ‖wn‖L∞ = 0.
With a sequence φn we can define a sequence ψn as follows

ψn(x, ξ) = (
1 + (

x/C(n)
)2)−1

φn(x, ξ), (5.11)

where we have chosen C(n) in such a way that

lim
n→∞C2(n)‖rn‖L∞ = 0, (5.12a)

lim
n→∞C(n) = ∞. (5.12b)

Acting on these ψn with an operator B − λ we obtain the following equation

(B − λ)ψn(x, ξ) = (
1 + (

x/C(n)
)2)−1

rn(x, ξ)

+ C(n)−2ξx
(
1 + (

x/C(n)
)2)−2

ψn(x, ξ). (5.13)

I use now the space L2
x,ξ . I calculate now ‖(B −λ)ψn‖L2

x,ξ
. Taking into account that from

the definition of ψn and rn we have |(1 + |ξ |k)φn| ≤ (1 + |ξmax |)k|φn| and |(1 + |ξ |k)wn| ≤
(1 + |ξmax |)k|wn|, and using the following estimations:

∫ (
1 + (

x/C(n)
)2)−2(

1 + |ξ |)−8∣∣rn(x, ξ)
∣∣2

d3xd3ξ
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≤
∫

C(n)3
[
1 + |y|2]−2[

1 + |ξ |]−8∣∣rn

(
C(n)y, ξ

)∣∣2
d3xd3ξ

≤ C1C(n)3‖rn‖2
L∞ , (5.14)

∫
C(n)−4|ξx|2(1 + (

x/C(n)
)2)−2∣∣ψn(x, ξ)

∣∣2
d2xd3ξ

≤ C(n)−2

[∫
C(n)−4|ξx|4(1 + (

x/C(n)
)2)−8(

1 + |ξ |)−8∣∣φn(x, ξ)
∣∣2

]1/2

, (5.15)

we obtain: ∥∥(B − λ)ψn

∥∥
L2

x,ξ
≤ C(n)−1/2C2‖ψn‖L2

x,ξ
. (5.16)

From these relations and Eq. (5.12b) we see that

lim
n→∞

[‖ψn‖L2
x,ξ

]−1∥∥(B − λ)ψn

∥∥
L2

x,ξ
= 0, (5.17)

Thus it follows from Eq. (5.16) that λ ∈ σ(B2
k ) but I have shown in Sect. 4 that the

spectrum of the operator Bk in the spaces L
p

ξ is independent of p for 1 ≤ p ≤ ∞. We see
then the spectrum of the operator B in L2

x,ξ is equal to
⋃

k σ (Bk). We conclude then that
λ ∈ σ(B2), and it follows that for Reλ > −ν0 σ(B∞) ⊆ σ(B2). For Reλ ≤ −ν0, we have
shown that σ(B2) ⊆ σ(B∞) and as σ(B2) contains the whole half-space, we see that we
have in general that σ(B2) = σ(B∞). �

In order to extend these results to arbitrary 1 < p < ∞ we make use of the following
lemma:

Lemma 5.2 The resolvent sets ρ(Bp) of the operators Bp are the same for all 1 ≤ p ≤ ∞.

Proof We denote as
∑p the spectral set of the operator Bp . For arbitrary λ ∈ C/

∑p op-
erators (B1 − λ)−1 and (B∞ − λ)−1 are bounded operators in L1

x,ξ and L∞
x,ξ respectively.

Let M1
λ and M∞

λ be their norms in these spaces. The Riesz-Thorin interpolation theorem
[29] shows that operator (B − λ)−1 is bounded in arbitrary L

p

x,ξ ; 1 < p < ∞ with a norm
M

p

λ = (M1
λ)1−θ (M∞

λ )θ where θ = p−1. Thus λ belongs to the residual spectrum of the op-
erator Bp or to the resolvent set. This first possibility is excluded because if λ is an element
of the residual spectrum of the operator Bp , then it is also eigenvalue of the operator (Bp)′.
This in fact means that there exists solution of the equation

B
q

−kφ−k(ξ) = λφ−k(ξ), (5.18)

with φk(ξ) ∈ L
q

ξ and constant λ. As the spectrum of the operators B
q

k is independent of q we
see that in such case λ is also an eigenvalue of the operator B2 but we have shown that the
spectrum of the operator B in L2

x,ξ has no discrete part. We see that
∑p ⊂ ∑1. Applying

again the interpolation theorem of Riesz-Thorin we see that
∑2 ⊂ ∑p and as these two

set are equal
∑2 ⊂ ∑1 we see that

∑p ⊂ ∑
independent on p thus also resolvent sets

C/
∑p = C/

∑
and are independent of p.
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I have shown that both spectral sets and resolvent sets of the operators B are indepen-
dent of p for 1 ≤ p ≤ ∞. Now I will describe details of the spectrum of these opera-
tors. First of all, simple argument shows that residual part of the spectrum of these oper-
ators σres(B

p) = � for 1 ≤ p ≤ ∞. Consider first operator B1. If we assume that there
exists such λ = λi(k) for some k, then we see that for the operator (B∞) in L∞

x,ξ func-
tions φi(x, ξ) = exp[−ikx]φi

k(ξ) ∈ L∞
x,ξ are eigenfunctions of this operators with eigen-

values λi(k). These eigenfunctions cannot be eigenfunctions of the operator B1 because
φi(x, ξ) /∈ L1

x,ξ but if we use a sequence of functions ψn = n−3 exp[−x2/n2]φn, we see
that ‖ψn‖ = C and (B − λi(k))ψn converges to zero in L1 norm. Thus we see that λ(k)

belongs simultaneously to the discrete or continuous and residual spectrum of the oper-
ator B1 which is impossible. As for the operator B∞ it is easy to check that functions
φi(x, ξ) = exp[−ikx]φi

k(ξ) ∈ L∞
x,ξ are eigenfunctions belonging to the eigenvalue λi(k).

For p > 1 the argument on the absence of residual spectrum was provided in Lemma 5.1.
In Sect. 5, I have shown with a help of the theory of relatively bounded perturbation

that for Reλ > −ν0 operator B2 has only continuous part of the spectrum. It then fol-
lows that the same is true for the operators Bp with 1 ≤ p ≤ ∞. To see this, it is enough
to observe that if φ is eigenfunction belonging to the eigenvalue λ of the operator Bp ,
then φ̄ is the eigenfunction of the operator (Bp)′ = Bq where p−1 + q−1 = 1 and thus
φ ∈ L2

x,ξ and λ is an eigenvalue of the operator B2 and this is impossible for Reλ > −ν0.
This argument still allows for the existence of the eigenvalues with Reλ < −ν0. We can
give partial answer to this problem showing that the half-plane Reλ < −ν0 belong to the
continuous part of the spectrum. To this end we observe that for any λ belonging to this
half-plane there exists such sequence φn

k (ξ) that functions defined as ψn = exp[ikx]φn
k

fulfill the following relation limn→∞ ‖(B∞ − λ)ψn‖L∞ = 0. Introducing now a new se-
quence as ρn = n−3 exp[−x2/n2]ψn we see that this sequence fulfills the following relation
limn→∞ ‖(B1 − λ)ρn‖L1 = 0 but ρn clearly does not converge in L1. Similar considerations
are valid for other 1 < p < ∞.

Branches λ = λi(k) with Reλi(k) > −ν0 change as k is changing thus they form the
continuous part of the spectrum of the operator Bp for 1 ≤ p < ∞ but they also form the
point spectrum of the operator B∞. It is obvious that this spectral set is uncountable thus we
see that operator B∞ is not spectral. �

The fact that operators Bp have continuous spectrum different from the spectrum of the
operators Ap for 1 ≤ p < ∞ shows according to the Voigt Theorem that the operator K

cannot be even relatively power compact with respect to the operator S(λ) in Lp(R3 × R3).
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Appendix

I define now the streaming operators:

Apψ(x, ξ) = −η(ξ)∇φ(x, ξ) − ν(ξ)φ(x, ξ). (A.1)
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A′pψ(x, ξ) = η(ξ)∇ψ(x, ξ) − ν(ξ)ψ(x, ξ). (A.2)

For λ ∈ C such that Reλ > −ν0 = infξ∈R3 ν(ξ) we define two more operators:

Sp(λ)φ(x, ξ) =
∫ ∞

0
φ
(
x + η(ξ)τ, ξ

)
exp

[−(
λ + ν(ξ)

)
τ
]
dτ, (A.3)

S ′p(λ)φ(x, ξ) =
∫ ∞

0
ψ

(
x − η(ξ)τ, ξ

)
exp

[−(
λ + ν(ξ)

)
τ
]
dτ. (A.4)

Properties of the operators Ap,A′p, Sp and S ′p were investigated in [11]. For the sake of
completeness we introduce several lemmas (without proofs) that we will need later:

Lemma A.1 For Reλ > −ν0 operators Sp(λ) and S ′p(λ) are closed, bounded operators in
L

p

x,ξ . Moreover Sp(λ) = (Ap − λI)−1 and S ′p(λ) = (A′p − λI)−1.

Lemma A.2 If Sp(λ) is an operator in L
p

x,ξ 1 ≤ p < ∞ then S ′q(λ) in L
q

x,ξ with p−1 +
q−1 = 1 is its adjoint operator. If S ′q(λ) is an operator in L

q

x,ξ 1 ≤ p < ∞ then Sp(λ) in
L

p

x,ξ is its adjoint operator with q−1 + p−1 = 1.

From these definitions and lemmas we obtain finally for p−1 + q−1 = 1:

Corollary A.1 A′q in L
q

x,ξ is the adjoint operator of Ap in L
p

x,ξ 1 ≤ p < ∞; Ap in L
p

x,ξ is
the adjoint operator of A′q in L

q

x,ξ 1 ≤ q < ∞.

These relations are not fully symmetric due to the fact that domains of the operators A

and A′ are not dense in L∞
x,ξ .

In the following part of the paper we will need a version of compactness theorem for
S(λ)K valid for bounded spatial region with periodic boundary condition [11]. To this end
we define linearized Boltzmann operator acting in a bounded spatial domain. We assume
periodic boundary condition. The operator is given by expression (2.8) with x ∈ Ω ⊂ R3

and f a periodic function of x ∈ Ω . We can define an operator Sp(λ) and S ′p(λ) in the
space L

p

x,ξ (Ω) as:

Sp(λ)φ =
∫ ∞

0
φ̃
(
x − η(ξ)μ, ξ

)
exp

[−(
λ + ν(ξ)

)
μ

]
dμ (A.5)

S ′p(λ)ψ =
∫ ∞

0
ψ̃

(
x + η(ξ)μ, ξ

)
exp

[−(
λ + ν(ξ)

)
μ

]
dμ (A.6)

ψ̃ is an extension of φ by periodicity.
With this definition we have:

Lemma A.3 [11] The operators KSp(λ), Sp(λ)K , S ′p(λ)K and KS ′p(λ) are compact in
the spaces L

p

x,ξ (Ω), 1 < p < ∞. Fourth powers of these operators are compact in L1
x,ξ (Ω)

and L∞
x,ξ (Ω).

Proof is given in [11].
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