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A high order time stepping applied to spatial discretizations provided by the method of lines for hyperbolic conservations laws is presented. This procedure is related to the one proposed in Qiu and Shu (SIAM J Sci Comput 24(6):2185–2198, 2003) for numerically solving hyperbolic conservation laws. Both methods are based on the conversion of time derivatives to spatial derivatives through a Lax–Wendroff-type procedure, also known as Cauchy–Kovalevskaya process. The original approach in Qiu and Shu (2003) uses the exact expressions of the fluxes and their derivatives whereas the new procedure computes suitable finite difference approximations of them ensuring arbitrarily high order accuracy both in space and time as the original technique does, with a much simpler implementation and generically better performance, since only flux evaluations are required and no symbolic computations of flux derivatives are needed.
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Appendices
Appendix 1
For the sake of completeness, we prove Theorem 1 in this appendix, for we have not found satisfactory references for its proof.
The following result is easily established.

                  Lemma 1

                  Assume \(T:\mathbb R^n \rightarrow \mathcal {M}(s, n)\) is differentiable (equivalently, \(T_{i_{1},\dots ,i_{i_s}}\) are differentiable) and that \(A:\mathbb R\rightarrow \mathbb R^{n\times s}\), \(u:\mathbb {R}\rightarrow \mathbb {R}^n\) are also differentiable. Then, \(\forall x\in \mathbb {R}\)
                              
$$\begin{aligned} \frac{d}{dx}T(u(x))A(x)=T'(u(x))[u'(x)\ A(x)]+T(u(x))\sum _{j=1}^{s} d_j A(x), \end{aligned}$$

where we have used the notation \(d_j A(x)\) for the \(n\times s\) matrix given by the columns:
$$\begin{aligned} (d_j A(x))_{k}={\left\{ \begin{array}{ll} A_{k}(x) &{} k\ne j\\ A'_{j}(x) &{} k= j \end{array}\right. } \end{aligned}$$


                           
                We introduce some further notation for the proof of Theorem 1. For \(s\in \mathbb N\), we denote
$$\begin{aligned} \mathcal {P}_{s,j}&=\{ m\in \mathcal {P}_s / m_j\ne 0 \}. \end{aligned}$$

We denote also
$$\begin{aligned}&S_0:\mathcal {P}_{s}\rightarrow \mathcal {P}_{s+1,1},\quad S_0(m)_k= {\left\{ \begin{array}{ll} 0 &{} k=s+1\\ m_k&{} s\ge k\ne 1\\ m_{1}+1 &{} k=1, \end{array}\right. }\\&S_j:\mathcal {P}_{s,j}\rightarrow \mathcal {P}_{s+1,j+1},\quad S_j(m)_k= {\left\{ \begin{array}{ll} 0 &{} k=s+1\\ m_k&{} s\ge k\ne j, j+1\\ m_{j}-1 &{}s\ge k=j\\ m_{j+1}+1 &{}s\ge k=j+1. \end{array}\right. } \end{aligned}$$

for \(1\le j<s\), and \(S_s\) that maps \((0,\dots ,0,1)\in \mathbb N^s\) to \((0,\dots ,0,1)\in \mathbb N^{s+1}\).

                  Proof

                  (of Theorem 1) We use induction on s, the case \(s=1\) being the chain rule. By the induction hypothesis for s and Lemma 1 we deduce:
$$\begin{aligned} \frac{d^{s+1}f(u(x))}{dx^{s+1}} = \sum _{m\in \mathcal {P}_s} \left( \begin{array}{c} s\\ m \end{array} \right) \frac{d}{dx}\left( f^{(|m|)}(u(x)) D^m u(x)\right) \\ =\sum _{m\in \mathcal {P}_s} \left( \begin{array}{c} s\\ m \end{array} \right) \big ((f^{(|m|)})'(u(x)) [u'(x)\ D^m u(x)]+ f^{(|m|)}(u(x)) \sum _{j=1}^{n}d_j D^m u(x)\big )\\ =\sum _{m\in \mathcal {P}_s} \left( \begin{array}{c} s\\ m \end{array} \right) \big (f^{(|m|+1)}(u(x)) [u'(x)\ D^m u(x)]+ f^{(|m|)}(u(x)) \sum _{j=1}^{n}d_jD^m u(x)\big ). \end{aligned}$$

Now,
$$\begin{aligned} d_j D^{m} u(x)=D^{S_j(m)} u(x) P E, \end{aligned}$$

where P is a permutation matrix corresponding to the transposition of j and \(\sum _{l\le k} m_l\), with \(\sum _{l< k} m_l < j \le \sum _{l\le k} m_l\) and E is a diagonal matrix with \(k+1\) in the \(\sum _{l\le k} m_l\) entry and 1 in the rest.

                  By the symmetry of \(f^{(|m|)}\), if \(\sum _{l< k} m_l < j \le \sum _{l\le k} m_l\)
                              
$$\begin{aligned} f^{(|m|)}(u(x)) d_jD^m u(x)= (k+1) f^{(|S_{k}(m)|}(u(x)) D^{S_{k}(m)} u(x), \end{aligned}$$

therefore, collecting identical terms,
$$\begin{aligned} \frac{d^{s+1}f(u(x))}{dx^{s+1}}= & {} \sum _{m\in \mathcal {P}_s} \left( \begin{array}{c} s\\ m \end{array} \right) \big (f^{(|S_0 (m)|)}(u(x)) D^{S_0 (m)}u(x)\\&+\, \sum _{j=1}^{n}f^{(|m|)}(u(x)) d_jD^{S_j (m)} u(x)\big ) \end{aligned}$$

can be written as
$$\begin{aligned} \begin{aligned} \frac{d^{s+1}f(u(x))}{dx^{s+1}}&= \sum _{m\in \mathcal {P}_s} \left( \begin{array}{c} s\\ m \end{array} \right) \big (f^{(|S_0 (m)|)}(u(x)) D^{S_0 (m)}u(x)\\&\quad +\sum _{k=1}^{n} m_k (k+1) f^{(|S_{k}(m)|)}(u(x)) D^{S_{k}(m)} u(x)\big ), \end{aligned} \end{aligned}$$

                    (25)
                

where we point out that in the last expression the only terms that actually appear are those for which \(m_k>0\). Since \(m_k-1=(S_{k}(m))_{k}\), by collecting the terms for m, k such that \(S_k(m)=\widehat{m}\), (25) can be written as
$$\begin{aligned} \frac{d^{s+1}f(u(x))}{dx^{s+1}} = \sum _{\widehat{m}\in \mathcal {P}_{s+1}} a_{\widehat{m}} f^{(|\widehat{m}|)}(u(x)) D^{\widehat{m}} u(x), \end{aligned}$$

                    (26)
                

where
$$\begin{aligned} a_{\widehat{m}}= {\left\{ \begin{array}{ll} \widetilde{a_{\widehat{m}}} &{} \text{ if } \widehat{m_1}=0 \\ \widetilde{a_{\widehat{m}}}+\left[ \begin{array}{c} s\\ S_0^{-1}(\widehat{m}) \end{array} \right]&\text{ if } \widehat{m_1}\ne 0, \end{array}\right. } \quad \widetilde{a_{\widehat{m}}}=\sum _{\begin{array}{c}\widehat{m}=S_k (m), \\ k\in \{1,\dots ,s\},\\ m\in \mathcal {P}_{s,k} \end{array} } \left( \begin{array}{c} s\\ m \end{array} \right) m_k (k+1). \end{aligned}$$

                    (27)
                

For \(k\in \{1,\dots ,s\}\), and \( m\in \mathcal {P}_{s,k}\), such that \(\widehat{m}=S_k (m)\), i.e., \(\widehat{m}_i=m_i\), \(i\ne k, k+1\), \(\widehat{m}_{k}=m_{k}-1\), \(\widehat{m}_{k+1}=m_{k+1}+1\), we deduce:
$$\begin{aligned} \left( \begin{array}{c} s\\ m \end{array} \right) m_k (k+1)&= \frac{s!}{m_1!\dots (m_{k}-1)! m_{k+1}!\dots m_s!}(k+1)\\&=\frac{s!}{\widehat{m}_1!\dots \widehat{m}_{k}! (\widehat{m}_{k+1}-1)!\dots \widehat{m}_s!}(k+1)\\&=\frac{s!}{\widehat{m}_1!\dots \widehat{m}_{k}! \widehat{m}_{k+1}!\dots \widehat{m}_s!}\widehat{m}_{k+1}(k+1). \end{aligned}$$

Let \(\widehat{m}=S_k (m)\) with \(k<s\), then one has \(\widehat{m}_{s+1}=0\). The only element \(m\in \mathcal {P}_{s,s}\) is \((0,\dots ,0,1)\in \mathbb N^s\) and \(S_s(m)=(0,\dots ,0,1)\in \mathbb N^{s+1}\). Therefore
$$\begin{aligned} \widetilde{a_{\widehat{m}}}&=\frac{s!}{\widehat{m}_1!\dots \widehat{m}_{s+1}!}\sum _{\begin{array}{c}\widehat{m}=S_k (m), \\ k\in \{1,\dots ,s\},\\ m\in \mathcal {P}_{s,k} \end{array} } \widehat{m}_{k+1}(k+1)\nonumber \\ \widetilde{a_{\widehat{m}}}&=\frac{s!}{\widehat{m}_1!\dots \widehat{m}_{s+1}!}\sum _{k=1}^{s} \widehat{m}_{k+1}(k+1) =\frac{s!}{\widehat{m}_1!\dots \widehat{m}_{s+1}!}\sum _{k=2}^{s+1} \widehat{m}_{k}k. \end{aligned}$$

                    (28)
                

On the other hand, if \(\widehat{m}_1\ne 0\), then:
$$\begin{aligned} \left[ \begin{array}{c} s\\ S_0^{-1}(\widehat{m}) \end{array} \right] =\frac{s!}{(\widehat{m}_1-1)!\widehat{m}_2!\cdots \widehat{m}_s!} =\frac{s!}{\widehat{m}_1!\widehat{m}_2!\cdots \widehat{m}_s! \widehat{m}_{s+1}!}\widehat{m}_1, \end{aligned}$$

                    (29)
                

where the last equality holds since, as before, we have \(\widehat{m}_{s+1}=0\). Then, regardless of \(\widehat{m}_1\), (28) and (29) yield for \(\widehat{m}\in \mathcal {P}_{s+1}\)
                              
$$\begin{aligned} a_{\widehat{m}}=\frac{s!}{\widehat{m}_1!\dots \widehat{m}_{s+1}!}\sum _{k=1}^{s+1} \widehat{m}_{k}k=\frac{s!}{\widehat{m}_1!\dots \widehat{m}_{s+1}!}(s+1)= \left( \begin{array}{c} s+1\\ \widehat{m} \end{array} \right) , \end{aligned}$$

                    (30)
                

since \(\widehat{m}\in \mathcal {P}_{s+1}\) means \(\sum _{k=1}^{s+1} \widehat{m}_{k}k=s+1\). We deduce from (26), (27) and (30) that
$$\begin{aligned} \frac{d^{s+1}f(u(x))}{dx^{s+1}} =\sum _{\widehat{m}\in \mathcal {P}_{s+1}} \left( \begin{array}{c} s+1\\ \widehat{m} \end{array} \right) f^{(|\widehat{m}|)}(u(x)) D^{\widehat{m}}u(x), \end{aligned}$$

which concludes the proof by induction. \(\square \)
                           

                Appendix 2
We include here the proof of Proposition 1.

                  Proof

                  For the accuracy analysis of the local truncation error, we take
$$\begin{aligned} \widetilde{u}^{(0)}_{i,n}=u(x_i, t_n). \end{aligned}$$

                    (31)
                

We now use induction on \(k=1,\dots ,R\) to prove that
$$\begin{aligned} \widetilde{u}^{(k)}_{i,n}&= u^{(k)}_{i,n}+c^{k}(x_i, t_n)h^{R-k+1}+\mathcal {O}(h^{R-k+2}), \end{aligned}$$

                    (32)
                

for continuously differentiable functions \(c^k\). The result in (32) for \(k=1\) immediately follows from the fact that WENO finite differences applied to the exact data in (31) yield approximations
$$\begin{aligned} \frac{\hat{f}_{i+\frac{1}{2},n}-\hat{f}_{i-\frac{1}{2},n}}{h}=f(u)_{x}(x_{i}, t_n)+\widetilde{c}^{1}(x_i, t_n)h^{2r-1}+\mathcal {O}(h^{2r}),\quad r=\nu . \end{aligned}$$

From the definition in (11) we deduce
$$\begin{aligned} \widetilde{u}^{(1)}_{i,n}=-\frac{\hat{f}_{i+\frac{1}{2},n}-\hat{f}_{i-\frac{1}{2},n}}{h}=u^{(1)}_{i,n}-\widetilde{c}^{1}(x_i, t_n)h^{2r-1}+\mathcal {O}(h^{2r}), \quad 2r\ge R+1, \end{aligned}$$

thus proving the case \(k=1\), by taking \(c^1=-\widetilde{c}^1\) if \(2r=R+1\) or \(c^1=0\) if \(2r>R+1\).

                  Assume now the result to hold for k and aim to prove it for \(k+1\le R\). For this purpose we first prove the following estimate:
$$\begin{aligned} \widetilde{f}^{(k)}_{i,n}&= f^{(k)}_{i,n}+a^k(x_i, t_n)h^{R-k}+b^k(x_i, t_n)h^{R-k+1}+\mathcal {O}(h^{R-k+2}), \end{aligned}$$

                    (33)
                

for continuously differentiable functions \(a^k, b^k\).

                  From (13) and (10), with \(q=\left\lceil \frac{R-k}{2}\right\rceil \) and the notation \(v=T_k[h, i, n]\), for fixed i, n:
$$\begin{aligned} \widetilde{f}^{(k)}_{i,n}&= (f(v))^{(k)}(0)+\alpha ^{k,q} (f(v))^{(k+2q)}(0)h^{2q} + \mathcal {O}(h^{2q+2}). \end{aligned}$$

                    (34)
                

Now, Faà di Bruno’s formula (7) and the fact that (12) implies \(v^{(p)}(0)=\widetilde{u}^{(p)}_{i,n}\), \(p=1,\dots ,k\), yields:
$$\begin{aligned} \begin{aligned} (f(v))^{(k)}(0)&=\sum _{s\in \mathcal {P}_{k}} \left( \begin{array}{c} k\\ s \end{array} \right) f^{(|s|)}(v(0))\big (D^{s} v(0)\big ),\\ D^{s} v (0)&= \begin{bmatrix} \overbrace{ \begin{array}{ccc} \frac{v^{(1)}(0)}{1!}&\dots&\frac{v^{(1)}(0)}{1!} \end{array} }^{s_1}&\dots&\overbrace{ \begin{array}{ccc} \frac{v^{(k)}(0)}{k!}&\dots&\frac{v^{(k)}(0)}{k!} \end{array} }^{s_k} \end{bmatrix}= \\&=\begin{bmatrix} \overbrace{ \begin{array}{ccc} \frac{\widetilde{u}_{i,n}^{(1)}}{1!}&\dots&\frac{\widetilde{u}_{i,n}^{(1)}}{1!} \end{array} }^{s_1}&\dots&\overbrace{ \begin{array}{ccc} \frac{\widetilde{u}_{i,n}^{(k)}}{k!}&\dots&\frac{\widetilde{u}_{i,n}^{(k)}}{k!} \end{array} }^{s_k}, \end{bmatrix} \end{aligned} \end{aligned}$$

                    (35)
                

where we remark that \(D^{s} v (0)\) is an \(m\times |s|\) matrix formed by the columns \(\frac{\widetilde{u}_{i,n}^{(p)}}{p!}\) appearing in the previous expression. Since \(v=T_k[h, i, n]\) is a k-th degree polynomial, \(v^{(j)}=0\) for \(j>k\). Therefore, in the same fashion as before,
$$\begin{aligned}&(f(v))^{(k+2q)}(0)=\sum _{s\in \mathcal {P}^{k}_{k+2q}} \left( \begin{array}{c} k\\ s \end{array} \right) f^{(|s|)}(v(0)) \big (D^{s} v(0)\big ) \end{aligned}$$

                    (36)
                

where \(\mathcal {P}^{k}_{k+2q}=\{s\in \mathcal {P}_{k+2q} / s_j=0, j>k\}\).

                  On the other hand, another application of Faà di Bruno’s formula to f(u), yields:
$$\begin{aligned} \begin{aligned} f_{i,n}^{(k)}&=f(u)^{(k)}(x_i, t_n)= \sum _{s\in \mathcal {P}_{k}} \left( \begin{array}{c} k\\ s \end{array} \right) f^{(|s|)}(u(x_i, t_n)) \big (D^{s} u(x_i, t_n)\big )\\ D^{s} u (x_i, t_n)&= \begin{bmatrix} \overbrace{ \begin{array}{ccc} \frac{u^{(1)}(x_i, t_n)}{1!}&\dots&\frac{u^{(1)}(x_i, t_n)}{1!} \end{array} }^{s_1}&\dots&\overbrace{ \begin{array}{ccc} \frac{u^{(k)}(x_i, t_n)}{k!}&\dots&\frac{u^{(k)}(x_i, t_n)}{k!} \end{array} }^{s_k} \end{bmatrix} \\&= \begin{bmatrix} \overbrace{ \begin{array}{ccc} \frac{u_{i,n}^{(1)}}{1!}&\dots&\frac{u_{i,n}^{(1)}}{1!} \end{array} }^{s_1}&\dots&\overbrace{ \begin{array}{ccc} \frac{u_{i,n}^{(k)}}{k!}&\dots&\frac{u_{i,n}^{(k)}}{k!} \end{array} }^{s_k} \end{bmatrix} \end{aligned} \end{aligned}$$

                    (37)
                

We have \( v(0)=\widetilde{u}_{i,n}^{(0)}=u(x_i, t_n)\) and, by induction,
$$\begin{aligned} \widetilde{u}_{i,n}^{(l)}=u_{i,n}^{(l)}+c^{l}(x_{i}, t_{n})h^{R-l+1}+\mathcal {O}(h^{R-l+2}),\quad l=1,\dots ,k. \end{aligned}$$

                    (38)
                

For any \(s\in \mathcal {P}_{k}\), \(D^{s}v(0)\) is a \(m\times |s|\) matrix, and for any \(\mu \in \{1,\dots ,m\}\) and \(\nu \in \{1,\dots ,|s|\}\), we have from (8), (35), (37) and (38) that
$$\begin{aligned} (D^s v(0)-D^s u(x_i, t_n))_{\mu , \nu } = \frac{(\widetilde{u}_{i,n}^{(l)}-u_{i,n}^{(l)})_{\mu }}{l!} = \frac{c^l_{\mu }(x_i, t_n)}{l!} h^{R-l+1} + \mathcal {O}(h^{R-l+2}), \end{aligned}$$

                    (39)
                

for some \(l=l(s, \nu )\le k\). From the definition of the set \(\mathcal {P}_k\), the only k-tuple \(s\in \mathcal {P}_{k}\) such that \(s_k\ne 0\) is \(s^*=(0,\dots ,1)\). Therefore, from the definition of the operator \(D^s\) in (8) (or (37) (35)), the only \(s\in \mathcal {P}_{k}\), \(\nu \le |s|\), such that \(l(s, \nu )=k\) is \(s^*\), \(\nu =|s^*|=1\). We deduce from (39) that
$$\begin{aligned}&(D^s v(0)-D^s u(x_i, t_n))_{\mu , \nu }=\mathcal {O}(h^{R-k+2}), \quad \forall s\in \mathcal {P}_s, s\ne s^*, \forall \mu \le m, \forall \nu \le |s| \end{aligned}$$

                    (40)
                


                              $$\begin{aligned}&(D^{s^*} v(0)-D^{s^*} u(x_i, t_n))_{\mu , 1}=\frac{c^k_{\mu }(x_i, t_n)}{k!} h^{R-k+1} + \mathcal {O}(h^{R-k+2}), \end{aligned}$$

                    (41)
                

We deduce from (39), (9), (35), (37), (40) that
$$\begin{aligned} f(v)^{(k)}(0)-f(u)^{(k)}(x_i, t_n)&= \left( \begin{array}{c} k\\ s^* \end{array} \right) f^{(|s^*|)}(u(x_i, t_n)) \big (D^{s^*} v(0)-D^{s^*} u(x_i, t_n)\big ) \nonumber \\&\quad + \sum _{s\in \mathcal {P}_{k}, s\ne s^*} \left( \begin{array}{c} k\\ s \end{array} \right) f^{(|s|)}(u(x_i, t_n)) \big (D^{s} v(0)-D^{s} u(x_i, t_n)\big )\nonumber \\&=\sum _{\mu =1}^{m}\frac{\partial f}{\partial u_{\mu }}(u(x_i, t_n))c^k_{\mu }(x_i, t_n) h^{R-k+1} + \mathcal {O}(h^{R-k+2}), \end{aligned}$$

                    (42)
                

where we have collected the order \(R-k+1\) leading terms originating from the first term associated to the k-tuple \(s^*=(0,\dots ,0,1)\). With a similar argument, taking into account that \(k+1\le R\), we deduce from (36) and (39) that
$$\begin{aligned} \begin{aligned} (f(v))^{(k+2q)}(0)&=e^{k,q}(x_i, t_n)+\mathcal {O}(h^{R-k+1})=e^{k,q}(x_i, t_n)+\mathcal {O}(h^2), \\ e^{k,q}(x, t)&=\sum _{s\in \mathcal {P}^{k}_{k+2q}} \left( \begin{array}{c} k\\ s \end{array} \right) f^{(|s|)}(v(0)) \big (D^{s} u(x, t)\big ). \end{aligned} \end{aligned}$$

                    (43)
                

Now, (34), (37), (43) and (42) yield:
$$\begin{aligned} \widetilde{f}^{(k)}_{i,n} -f^{(k)}_{i,n}= & {} \sum _{\mu =1}^{m}\frac{\partial f}{\partial u_{\mu }}(u(x_i, t_n))c^k_{\mu }(x_i, t_n) h^{R-k+1} + \mathcal {O}(h^{R-k+2}) \\&\quad + e^{k,q}(x_i, t_n)h^{2q}+\mathcal {O}(h^{2q+2}). \end{aligned}$$

Since \(2q= R-k\) or \(2q= R-k+1\), we deduce (33) with
$$\begin{aligned} a^{k}(x, t)&={\left\{ \begin{array}{ll} e^{k}(x, t) &{} 2q=R-k\\ 0&{} 2q=R-k+1\\ \end{array}\right. }\\ b^{k}(x, t)&={\left\{ \begin{array}{ll} \sum _{\mu =1}^{m}\frac{\partial f}{\partial u_{\mu }}(u(x, t))c^k_{\mu }(x, t) &{} 2q=R-k\\ \sum _{\mu =1}^{m}\frac{\partial f}{\partial u_{\mu }}(u(x, t))c^k_{\mu }(x, t) + e^{k, q}(x, t)&{} 2q=R-k+1. \end{array}\right. } \end{aligned}$$

To prove (32) for \(k+1\), we apply the linear operator \(-\varDelta _h^{1,q}\), for \(q=\left\lceil \frac{R-k}{2}\right\rceil \), to both sides of the already established equality (33), taking into account (10) and that \(2q\ge R-k\):
$$\begin{aligned} \widetilde{u}^{(k+1)}_{i,n}&=-\varDelta _h^{1,q} \widetilde{f}^{(k)}_{i+\cdot ,n} \\&=-\varDelta _h^{1,q} f_{i+\cdot ,n}^{(k)} -h^{R-k}\varDelta _h^{1,q}G_{x_i,h}(a^k(\cdot , t_n)) \\&\quad -h^{R-k+1}\varDelta _h^{1,q}G_{x_i,h}(b^k(\cdot , t_n)) +\mathcal {O}(h^{R-k+1})\\&=-\varDelta _h^{1,q} G_{x_i,h}\big (f(u)^{(k)}(\cdot , t_n)\big )\\&\quad -h^{R-k}(\frac{\partial a^k}{\partial x}(x_i, t_n)+ \mathcal {O}(h^{2q}))\\&\quad -h^{R-k+1}(\frac{\partial b^k}{\partial x}(x_i,t_n)+ \mathcal {O}(h^{2q})) +\mathcal {O}(h^{R-k+1})\\&=-[f(u)^{(k)}]_{x}(x_i, t_n)-\alpha ^{1,q}\frac{\partial ^{k+2q+1}f(u)}{\partial x^{2q+1}\partial t^{k}}(x_i, t_n) h^{2q}\\&\quad +\mathcal {O}(h^{2q+2} )- h^{R-k}\frac{\partial a^k}{\partial x}(x_i, t_n)+\mathcal {O}(h^{R-k+1})\\&=u^{(k+1)}(x_i, t_n)+c^{k+1}(x_i, t_n)h^{R-k}+\mathcal {O}(h^{R-k+1}), \end{aligned}$$

where
$$\begin{aligned} c^{k+1}(x, t)=-\frac{\partial a^k}{\partial x}(x, t)- {\left\{ \begin{array}{ll} 0 &{} 2q > R-k\\ \alpha ^{1,q}\frac{\partial ^{k+2q+1}f(u)}{\partial x^{2q+1}\partial t^{k}}(x, t) &{} 2q=R-k. \end{array}\right. } \end{aligned}$$

The local truncation error is given by
$$\begin{aligned}&u_{i,n+1}^{(0)}- \sum _{l=0}^R\frac{ (\varDelta t)^l}{l!}\widetilde{u}_{i,n}^{(l)}, \end{aligned}$$

where \(\widetilde{u}_{i,n}^{(l)}\) are computed from \(\widetilde{u}_{i,n}^{(0)}=u(x_i, t_n)\). Taylor expansion of the first term and the estimates in (32) yield that the local truncation error is:
$$\begin{aligned}&\sum _{l=1}^{R}\frac{(\varDelta t)^l }{l!}(u_{i,n}^{(l)} -\widetilde{u}_{i,n}^{(l)})+\mathcal {O}(h^{R+1})\\&\quad =\sum _{l=1}^{R}\frac{(\varDelta t)^l }{l!}\mathcal {O}(h^{R-l+1})+\mathcal {O}(h^{R+1}) =\mathcal {O}(h^{R+1}), \end{aligned}$$

since \(\varDelta t\) is proportional to h. \(\square \)
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