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Abstract The new one- and two-electron nonrelativistic and quasirelativistic basic
functions are introduced. The general analytical relations in terms of basic functions
suggested are derived for the non- and quasi-relativistic atomic integrals over com-
plete orthonormal sets of W -exponential type orbitals introduced by the author, where
a =1,0,—1, -2, ... The relationships obtained are valid for the arbitrary values of
quantum numbers and screening constants of orbitals.

Keywords W*-Exponential type orbitals - Potential functions -
Nonrelativistic atomic integrals - Quasirelativistic atomic integrals

1 Introduction

Relativistic calculations play a more and more important role in atomic, molecular, and
nuclear physics [1,2]. Therefore, it is important to use appropriate and elegant sets of
basis functions with well understood properties. In Ref. [3], we have presented the new
sets of complete orthonormal sets of W®-exponential type orbitals (W*-ETO) which
might be useful for future applications based upon the use of W¥-ETO as basis func-
tions in the nonrelativistic and relativistic LCAO theory, where « = 1,0, —1, =2, ...
Therefore, a large number of different sets of Hartree-Fock-Roothaan equations can
be obtained with the help of single analytical relation of W¥-ETO which has the fur-
ther advantage that the basic W*-ETO, which are required, can be chosen properly
according to the nature of the problems under consideration. This is rather important
because the choice of the basis set will determine the rate of convergence of the result-
ing LCAO expansions. Therefore, the elaboration of algorithms for the evaluation
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of matrix elements in the nonrelativistic and relativistic LCAO theory with W*-ETO
necessitates progress in the development of the methods to calculate the atomic and
molecular integrals over W*-ETO. The purpose of the present paper is to derive the
new combined simple formulas for atomic integrals over complete orthonormal sets
of W¥-ETO arising in nonrelativistic and relativistic theory of atoms.

2 Expressions for non- and quasi-relativistic atomic integrals in terms
of basic integrals

The non- and quasi-relativistic (NQR) atomic integrals over complete orthonormal
sets of W*-ETO examined in the present work have the following form:
One-electron NQR integrals (or NQR potential functions)

plpr (5181, 702) —/\ng(gl,Fgl)\llg,l(;l’jol)o(rﬂ)dvl (1)
szp/(flé“]aroz) /‘I’ZT(Cl,701)\1’2@1/,701)0i(7z1)dv1 2)
Ul (618, 7o2) = / Wy (€1 o)Wy (61, Fo) OV (Fa1)d vy 3)
Ve @ict R = [ W o) W & T RY G @)

Two-electron NQR integrals
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ou/
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s ey 181 0282)
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(8a)

:/ ;11:? (181, Fo2) V5, (Cz,Voz)\IJg;(gz’joz)dvz_ (8b)

Here px = nilymy, py = nilimy, 721 = Fo1 — To2, To1 and 7oy are the radius vec-
tors of the electrons relative to a reference origin o; i, j = 0, £1; xll = X1, X| 1

y1,x? = z1 and le = xg,xz_l = yz,xg = zp are the Cartesian coordinates of

electrons; the normalized complex or real W*-ETO are determined by [3]

lpfll[m (é" ;:)

J e—1-1n 7 er 2142
- [(2n>a[<n+z+1_a>!13} e e L T S .0

(C))

The operators O(r21), O'(721), O (F21) and R (¥51) occurring in Eqs. 1-8 are
defined as [4]

1
O(ry1) = — (10)
1
. Xl 0 1
O'(f)) = 3 = — (—) (1)
3 8x2 1
. 3xk xd —8;ir? 4 - 92 1
0% (Fyy) = 221721 21 s 5y = —— [ — (12)
’,5 3 dxk J \r
21 x50 21
xi xj
RY (Fy) = 22 (13)
r21

Here, the operators O(r21) and R/ (#21) are the nonrelativistic Coulomb potential
and the relativistic correction of Coulomb potential to the interactions between the
electrons, respectively. The correction is due to the retardation of the electromagnetic
field produced by an electron. The operators O’ (721) and O/ (1) describe the spin—
orbit and spin—spin magnetic moment interactions of the two-electrons, respectively.
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We notice that the operators (10), (11) and (12) can also be used in study of the classical
electrostatic potential, electric field and electric field gradient created by the electrons
of an atom.

In order to evaluate the integrals (1)—(8), we use the following expansion relations
for the electron charge densities of W*-ETO established in previous paper [5]:

. 2 3/2 n+ - o
W (g, WY (¢, F) = (Z) Z Z By (Vg (2,5, (14)
1 v=00=

where ¢ = puvo, n = ¢/¢’ and z = ¢ + ¢’. Taking into account Eq. 14 in 1-8 we
obtain the expressions in terms of basic integrals: for one-electron NQR integrals

U (€1t Fon) = Q202 3By () I, (21, 7o) (15)
V101

Ust (@1t Fon) = Qa2 3B () I (2. 7o) (16)
V0]

U g o) = z)Y2 Y Bt (g (. F) (7
V101

Vol gl Fo) = 22 DB () AGY (1. Ton). (18)
V101

for two-electron NQR integrals

I ot o, G181 0283) = (21222 DTS B (1) By (1)K, (21.22)

P1P}.P2Ph
V101 V202
19)
ai _ 3/2 aqr g
Loipi 2t (€161, £262) = (4z122) Z Z B,y (B, /(Uz)quqz (z1,22)
V101 V2072
(20)
aij / N 3/2 agq) aq
Lpip) papy G151 £282) = (B2122) Z Z B,y (B, (m)K g1 (21, 22)
V101 V207
2
Lot (G181 8280) = 421222 D> By (1)By", ()L, (21, 22).
V101 V207
(22)

The basic integrals occurring in these formulae are defined as for one-electron basic
integrals

@ Springer



1036 J Math Chem (2009) 45:1032-1040

o _
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. . 1 o
A5l = = [ W R G, 26)
T
for two-electron basic integrals
o 1 o = o g
K; (21, 22) = T S (21, 12V, (22, 72)dv2 (27
ol 1 ol = o =
K @122 = 7= [ Joi @1, 7295, (2, 72)dvy (28)
. 1 S .
K (21, 22) = ﬁ/J;ﬁ” (21, 72) Wy, (22, F2)dv2 (29)
- 1 S _
Lith(ar ) = 7= JESHERATACR AT (30)

where 7| = 7,1 and 7> = Fp».
Thus, the one- and two-electron NQR atomic integrals are expressed through the
basic integrals defined by Egs. 23-30.

3 NQR basic functions

In order to evaluate the basic integrals and, therefore, the NQR atomic integrals we
introduce the following basic functions:
One-electron basic functions

1/2
Fk @) =[5k ( ) St (0, 9), 31)

2k + 1
two-electron basic functions

otk

1
v ems pavyoy (215 22) = ﬁ/

FE @ PV (22, F)dvy. (32)

Using method set out in Ref. [3], it is easy to express Eqs. 31 and 32 through the

basic potential functions ;i]f; «m (2, ) (see Ref. [6]):

2
tk - tk =
[k @By = D @l i @), (33)
w=v+1
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where
Oltk _ O(Vl UlU2 tk
Doy wem:pavyey (215 22) = Z Z @ uzu&Du’lvl,Km:u’zvzcz(Zl’22)
wy=vi+1 ph=1+1
(34
1/2
fihem@ ) = fik ) (2 " 1) Sin(©. 9) (39)
k - -
Dyl o semi piavon (215 22) = \/_/ vy em (215 72) Xpavaos (22, 12)d 02 (36)

See Ref. [3] for the exact definition of coefficients a)# . Here, xuyv0, (22, 72) are the
normalized Slater type orbitals and

7 = N, (22)
/w km' T (M + v+ 1)!(Zr)v+t+l
x (v (a4 v+2,20) 4 B0 @) T — v+ 1,2)

w42 4 1/2
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F(Q, py + po 435 o +v1 +35n/(1 +
n (1, 1 + 12 M2 4 vi n/( '7)))7 (38)
w2+ vy +2

where 0 <r <2,0<k <rand

_— 39

Qv+ DH2w)! (39

Al _ 2ty + g + 2) et 40

v (215 22) = I, - (40)
[@v1 + D@k + D@uDI2u)NZ 27 (1 + mrr+rt3

9,21 172
Ny, (22) = 2 v 1) |: (29) ]

Here I'(«), y (¢, x), T'(«r, x) and F(1, u; v; x) are the gamma and hypergeometric
functions, respectively [7].

With the derivation of Eqs. 37 and 38 we used the properties of gamma and hyper-
geometric functions and the following relations [7];

INa) =y, x)+ ', x) 1
a’l" (u+v)

/Oox“_le_ﬁxy(v,ax)dxz oy (1 ptviv+1; —2 ) (42)
0 v (a + BHTY a+ B

® L=y )
/Ox e F(v,ax)dx—'u(a_i_ﬂ)uﬂ Lpw+v,u+1; oy (43)
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For the determination of values of one-electron basic functions at the origin we
perform the limit 7 — 0 in Eq. 37. Then, we obtain:

Ftk (2,00 = 80 Z o 15,2, 0), (44)
w=v+1
where
& fort > p
ff’;(z,o)zakozvlv(zz) (M+u+1)’(t V! =v (45)
K fort < v

4 Expressions for basic integrals in terms of basic functions

In order to derive the formulae for basic integrals through the basic functions we take
into account Eqgs. 33 and 34 in 23-30. Then, we find:

T8z, 7)) =[50, (2. F2) (46)
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. . . X -
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for two-electron basic integrals
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v1—2
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are the atomic overlap integrals and
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j
@22,ij . N %2
M1V1,V101;M2V202(Z1’Z2)_ «/E/ " s
X I(Z12\)21,V1U| (Zlvfz)‘l’zzvﬂz(m,?z)dvz (57a)
20+ 1
= Z @L+1) C”'"'(lj vio) AT,
v+ 1 jon
lm LM
xCHMIAi, Im) AN DS g isiney (31, 22). (57b)

Taking into account the formulae obtained for basic functions f®** and D*'* all
of the one- and two-electron nonrelativistic and quasirelativistic atomic integrals over
W*-ETO, Egs. 1-8, can be calculated.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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