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Abstract

The vortex filament model is used to investigate the interaction of a quantized vortex
ring with a straight vortex line and also the interaction of two solitons traveling in
opposite directions along a vortex. When a ring reconnects with a line, we find that
a likely outcome is the formation of a loop soliton. When they collide, loop soli-
tons reconnect as they overlap each other producing either one or two vortex rings.
These simulations are relevant for experiments on quantum turbulence in the zero
temperature limit where small vortex rings are expected to be numerous. It seems
that loop solitons might also commonly occur on vortex lines as they act as transient
states between the absorption of a vortex ring before another ring is emitted when
the soliton is involved in a reconnection.
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1 Introduction

The dynamics of quantized vortices in the limit of zero temperature are inter-
esting due to the broad range of length scales and the rich variety of physics
involved [1, 2]. The dissipation of turbulent vortex tangles is thought to be due to
the emission of phonons from short-wavelength Kelvin waves and also the release
of small vortex rings that can travel to the walls of the container unimpeded. The
vast majority of theoretical and computational research on quantum turbulence
has focused only on these two types of vortex structure: linear helical deforma-
tions (Kelvin waves) [3-5] and vortex rings [6, 7]. However, other types of non-
linear deformations are possible (e.g., such as breathers [8]), and in this paper, we
investigate whether one particular type of nonlinear deformation, loop solitons
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[9], may have a role to play in the dynamics of quantum turbulence. Solitons are
solitary waves that can travel large distances without any change of shape or dis-
sipation and can be found in a wide range of physical systems including fluids,
optics, atomic and condensed matter physics [10].

In this work, we start by investigating the interaction between a vortex ring and a
straight vortex line. Previous research has only considered the special case where the
ring is initially travelling perpendicular to the line [11-15]. It was found that when
the ring reconnects with the line it is either absorbed, with the energy transferred
to packets of Kelvin waves, or a smaller secondary ring is emitted. In this work, we
consider a more general case where the initial angle between the direction of the
ring’s motion and the line is varied. Our motivation is that as new experiments are
currently being developed to allow visualization of vortices in the zero temperature
limit [16, 17], then it is important to gain a more detailed understanding of some of
the processes that could occur deep within the quantum regime of quantum turbu-
lence (e.g., on length scales smaller than the typical intervortex spacing).

2 Ring-Line Interactions

The simulations in this paper used the vortex filament method, where quantized vor-
tex lines are treated as infinitesimally thin space curves that are represented by a
series of discrete mesh points. The velocity along any part of the vortex is given
by the Biot—Savart law. The details of how this method is implemented can be
found elsewhere [5, 18] (reconnections were performed using the Type-III method
described by Baggaley [19]). For all the simulations in this paper, we use values for
all parameters corresponding to superfluid “He in the zero temperature limit.

We investigate the interaction between a vortex ring of initial radius R, = 0.5 ym
with a straight vortex line oriented along the z-axis with anticlockwise circulation.
Periodic boundary conditions are applied at z = +10 ym. The ring is initially cen-
tered at (—5R,b,0) where b is a variable impact parameter and the direction of the
velocity of the ring is at an angle 6 with respect to the xy plane. This initial configu-
ration is shown in Fig. 1i. The spacing between vortex mesh points was 6 ~ 80 nm
and the time step was set such that 25 steps corresponded to the period of a Kelvin
wave with the shortest possible wavelength [5]. The simulations were allowed to
proceed until a time of 0.5 ms had elapsed before the final state was characterized.

For sufficiently small values of b(0), the ring reconnects with the line. There
were three types of outcome following a reconnection—(i) the absorption of the
ring and generation in certain cases of stable hump solitons, (ii) the creation of a
stable loop soliton and (iii) the emission of a secondary vortex ring following a
subsequent self-reconnection; each was accompanied by creation of Kelvin waves
of a range of wavelengths. An example snapshot is shown in Fig. 1i which shows
the creation of a loop soliton which spirals upward along the line.

Hasimoto showed that there is a family of possible solitons [9] on a straight
vortex line with spatial dependence,
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Fig. 1 i Snapshots showing the initial configuration (on the left, in two orthogonal projections) and then
two stages of the formation of a loop soliton after the ring has reconnected with the line (on the right,
projected on (x, z) plane). ii Comparison of a loop soliton created via a ring reconnection and the Hasi-
moto solution (solid line, Eqs. 1-3) with parameters extracted from the velocity and angular velocity of
the soliton (red circles indicated the vortex mesh points). The left and right plots show the yz and xz pro-
jections, respectively (Color figure online)

Xol = TmaxSech(vs) cos ¢, (1)
Veol = FmaxS€ch(vs) sin ¢, )
Zeol = 5 — I'max tanh (vs) + z;, 3)

where s is an arc length along the vortex filament and z, is the position of the centre
of the soliton on the line, ¢ = Tvs + ¢, is an azimuthal angle where ¢, is a constant
and rp, = 2/v(1 + T?) is the amplitude of the soliton. There are two parameters T
and v that fully characterize the shape and size of the soliton: v is a scale parameter
that is equal to half of the maximum curvature and 7 is a dimensionless parameter
that controls the shape of the soliton. For T > 1, the soliton is a helical wavepacket
known as a hump soliton but for 0 < T < 1 the soliton is a loop soliton (x,, and y
are multivalued functions of z, as can be seen in Fig. lii). Hasimoto solitons are
solutions in the limit of the local induction approximation where only the local cur-
vature contributes to the velocity. When non-local contributions are included, then
the solitons weakly radiate Kelvin waves [20] but for the timescales considered in
these simulations these dissipative losses can be neglected.

When a soliton was created following a ring-line reconnection, the time depend-
ences of z, and ¢ were tracked and both were found to increase linearly with time,
allowing the velocity v and angular velocity @ of the soliton to be extracted. The
Hasimoto solutions have
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where « is the quantum of circulation, a, = 0.13 nm is the vortex core parameter and
A=xIn (2 / vTaO) which we checked using simulations of individual solitons with the
range of T and v values found in these simulations. We were thus able to use Egs. 4
and 5 to extract values for T and v. These could be used to calculate r,,,, which gave
values very close to what was seen in the simulation. Figure 1ii shows a comparison
of a loop soliton created after a ring-line reconnection with the Hasimoto solution
using the extracted values T and v which shows excellent agreement.

The simulations were repeated for a range of b and 6 values. The outcome
is summarized in Fig. 2. The range of b that results in a reconnection without
re-emitting a secondary ring increases as § — z/2 due to non-local effects hav-
ing a greater time to act due to the reduced closing velocity between the ring
and the line (although reconnections are not possible for § = z/2). Figure 2 also
shows that the creation of a loop soliton always occurs following a reconnec-
tion if @ > n /4, whereas the emission of a secondary ring or the absorption of
the ring (leading to the generation of Kelvin waves and hump solitons) domi-
nate as # — 0. Solitons with very low values of 7' < 0.1 are not stable in the full
Biot—Savart model and a self-reconnection leads to the emission of a vortex ring.
The precise conditions required for the conversion of the ring into the soliton on
the line would involve considering the conservation of linear and angular impulse
which is beyond the scope of this paper and a detailed analysis will be published
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Fig. 2 Phase diagram indicating the outcome for the interaction between a straight vortex line and a vor-
tex ring with initial impact parameter b and angle 6 (Color figure online)
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elsewhere. The important point is that loop solitons were found to be the most
probable outcome following a reconnection of a vortex ring with a vortex line.

3 Soliton-Soliton Interactions

We have also investigated whether there is any interaction between two identical
solitons moving in opposite directions along an otherwise straight vortex line with
initial minimum separation of 3 um. Eqgs. 2—4 were used to initialize the solitons
with the lower soliton having a variable initial phase offset, 0 < ¢, < 7, relative to
the upper soliton. Both solitons had v = 2um™' and the same magnitude of T (i.e.,
the same shape and amplitude) but the upper soliton had a negative value of T so
that it moved down the line (negative z-direction).

Two examples from these simulations are shown in Fig. 3. A few different out-
comes are observed. For high T values the solitons will pass through each other with
no reconnection taking place before continuing to move away from each other with
their shapes unchanged. It is well known that hump solitons tend to pass through
each other without changing shape [21-23] (although there can be a phase shift).
However, the interaction between loop solitons generally leads to the solitons recon-
necting with each other with the emission of one or two vortex rings, with some
Kelvin wave deformations left behind on the line. Figure 4 summarizes the outcome
of these simulations as a function of T and ¢,. We have also investigated varying the
relative initial amplitude of the solitons and found that the maximum value of the
shape parameter that leads to reconnections is T, =~ 1.2/A, where A, is the ratio of
the initial soliton amplitudes. This relationship was found to hold up to the highest
value of A, = 3 that was used. It seems that as the two solitons become increasingly
dissimilar in amplitude then the range of T values producing a reconnection becomes
smaller, such that only the more strongly looped solitons (i.e., low T) reconnect.

(i) T=1.225, ¢,=0 (ii) 7=0.5, ¢,=3n/8
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Fig. 3 Examples of the interaction between two identical solitons moving in opposite directions: i recon-
nection leading the emission of one vortex ring and ii two vortex rings
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2.0 O No reconnection: pass unchanged.
B Reconnection: one ring.
O | A Reconnection: two rings.
A Reconnection: two rings but one reconnects with line.
O Reconnection: one ring that later reconnects with line.
~ 15 < Reconnection: two outgoing solitons formed.
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Fig.4 Phase diagram indicating the outcome of the interaction between two identical solitons with shape
parameter 7 and an initial phase difference ¢,. No reconnection occurs above the dashed line and the
solitons pass each other. The green open diamonds indicate special cases for ¢, = 7 when there are two
reconnections between the incoming solitons at the same time but no vortex rings are produced, instead,
two different solitons form that subsequently move away from each other. The red open squares indicate
cases where the solitons reconnect and a vortex ring is emitted but this vortex ring later reconnects back
with the line, forming another soliton (Color figure online)

4 Summary

These simulations show that the creation of a loop soliton is a likely outcome
when a ring reconnects with a line. In the absence of other deformations these
loop solitons are stable and can travel large distances (> R,,,,) with minimal dis-
sipative losses. However, the interaction with another soliton (and potentially
other types of deformation) can lead to the emission of at least one vortex ring.
This process could be repeated several times until the ring reaches the wall of the
container. Our main finding is that solitons may play an important role in main-
taining the identity of vortex rings rather than them simply just being reabsorbed
within a tangle [24] with the line length being transferred to Kelvin waves. We
suggest that a turbulent vortex tangle in the zero temperature limit can be thought
of as a gas of solitons [23] and Kelvin waves on vortex lines interacting with a
gas of vortex rings and phonons in the bulk—with frequent interconversion of
rings to solitons and vice versa. Such features may eventually be observable using
the visualization techniques currently being developed for the zero temperature
limit or through experiments using charged ions trapped on vortices [25].
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