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Abstract

Proof systems for propositional logic provide the basis for decision procedures that determine
the satisfiability status of logical formulas. While the well-known proof system of extended
resolution—introduced by Tseitin in the sixties—allows for the compact representation of
proofs, modern SAT solvers (i.e., tools for deciding propositional logic) are based on different
proof systems that capture practical solving techniques in an elegant way. The most popular
of these proof systems is likely DRAT, which is considered the de-facto standard in SAT
solving. Moreover, just recently, the proof system DPR has been proposed as a generalization
of DRAT that allows for short proofs without the need of new variables. Since every extended-
resolution proof can be regarded as a DRAT proof and since every DRAT proof is also a DPR
proof, it was clear that both DRAT and DPR generalize extended resolution. In this paper, we
show that—from the viewpoint of proof complexity—these two systems are no stronger than
extended resolution. We do so by showing that (1) extended resolution polynomially simulates
DRAT and (2) DRAT polynomially simulates DPR. We implemented our simulations as
proof-transformation tools and evaluated them to observe their behavior in practice. Finally,
as a side note, we show how Kullmann’s proof system based on blocked clauses (another
generalization of extended resolution) is related to the other systems.
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1 Introduction

When we look at proof systems for propositional logic, we observe an interesting peculiarity:
Even though extended resolution, invented by Tseitin in the sixties [30], is known to be highly
expressive, the practitioners in SAT solving have come up with different proof systems on
which they base their solvers. The most important of these proof systems is likely DRAT [35],
which can be considered the de-facto standard in SAT solving: Not only are the solvers in
the annual SAT competitions required to produce DRAT proofs but also the proofs of long-
standing mathematical problems, including the Boolean Erdgs Discrepancy Conjecture [21]
and the Boolean Pythagorean Triples Problem [11], were provided in DRAT.

One reason for the use of DRAT is that it can compactly represent many of the techniques
used by modern SAT solvers. Moreover, due to its close relationship to unit propagation—
which is a core part of modern SAT solvers—the correctness of DRAT proofs can be checked
efficiently, leading to the development of formally verified DRAT proof checkers. Spinning
the idea of propagation-based proof systems even further, the proof system DPR [13,16] has
been introduced as a generalization of DRAT. DPR allows for short proofs without the need for
new variables, thus making it a strong candidate for practical SAT solving. In fact, the solver
SaDiCaL [15], which implements the DPR-based satisfaction-driven clause learning (SDCL)
paradigm [14], can automatically find short proofs of the pigeon-hole principle, Tseitin
formulas over expander graphs [30], and mutilated chessboard problems [25]. All these
problems are infamous in the proof-complexity literature for being extremely hard [1,8,9,31],
thus causing usual conflict-driven clause learning (CDCL) [24,26] solvers some serious
trouble.

While it seems clear that both DRAT and DPR provide practical advantages over extended
resolution, it has long been unclear whether these advantages also manifest themselves in
theory in the sense that they can lead to exponentially shorter proofs for some formulas. In
this paper, we show that they do not. We do so by providing polynomial simulations between
the mentioned proof systems. Specifically, we give two polynomial-time procedures—the
first procedure takes as input a DRAT proof and returns as output an extended-resolution
proof of the same formula; the second procedure takes as input a DPR proof and returns as
output a DRAT proof. Together, the two procedures can be used to transform DPR proofs into
extended-resolution proofs.

Our results confirm the expected proof-complexity landscape in which all top-tier proof
systems—including extended resolution, DRAT, DPR, and extended Frege systems [32]—are
essentially equivalent. Rounding off the picture, we show how blocked-clause addition [22]—
a generalization of the extension rule from extended resolution—can be used to replace
the addition of resolution asymmetric tautologies (RATs) in DRAT without introducing new
variables. Our paper thus bridges the gap between proof systems from the present and from
the past.

To evaluate the increase in size caused by our simulations in practice, we implemented
them as proof-transformation tools and performed experiments on a range of DRAT and DPR
proofs. The experiments show that the simulations incur a size increase that, though non-
negligible, is relatively modest compared to the theoretical worst case. Our transformation
tools thus allow practitioners to transform the output of SAT solvers into a format that might
suit their applications better. Moreover, the transformation from DPR to DRAT enables the
use of formally verified DRAT proof checkers for DPR proof checking.

The main contributions of this paper are as follows: (1) We prove that extended resolution
polynomially simulates DRAT. (2) We prove that DRAT polynomially simulates DPR. (3)
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We implemented our simulations as tools. (4) We present an empirical evaluation of our
simulation tools. (5) We show how blocked-clause addition can be used as an alternative for
resolution-asymmetric-tautology addition in DRAT.

This paper is an extended version of our IJCAR 2018 best paper [20] and our TACAS
2018 paper [10].

2 Preliminaries

Here we present the background required for understanding this paper. We consider propo-
sitional formulas in conjunctive normal form (CNF), which are defined as follows. A literal
is either a variable x (a positive literal) or the negation x of a variable x (a negative literal).
The complementary literal I of a literal [ is defined as [ = x if | = x and [ = x if | = X.
For a literal /, we denote the variable of [ by var(l). A clause is a disjunction of literals; we
assume that clauses do not contain repeated literals. A unit clause is a clause that contains
exactly one literal; a fautology contains complementary literals. A formula is a conjunction
of clauses. We view clauses as sets of literals and formulas as sets of clauses. A clause C
subsumes a clause D if C C D.

An assignment is a function from a set of variables to the truth values 1 (true) and 0
(false). An assignment is fotal with respect to a formula if it assigns a truth value to every
variable occurring in the formula. We often denote assignments by the sequences of literals
they satisfy. For instance, x y denotes the assignment that assigns 1 to x and O to y. A literal
| is satisfied by an assignment « if [ is positive and «(var(l)) = 1 or if it is negative and
a(var(l)) = 0. A literal is falsified by an assignment if its complement is satisfied by the
assignment. A clause is satisfied by an assignment « if it contains a literal that is satisfied
by «. Finally, a formula is satisfied by an assignment « if all its clauses are satisfied by
«. A formula is satisfiable if there exists an assignment that satisfies it. Two formulas are
logically equivalent if they are satisfied by the same total assignments. Two formulas are
satisfiability-equivalent if they are either both satisfiable or both unsatisfiable.

Given a clause C and an assignment «, we define C |y as the clause obtained from C
by removing all literals that are falsified by «. If F is a formula, we define F |q = {C |« |
C € F and « does not satisfy C} also denoted as F under «. The result of applying the unit-
clause rule to a formula F is the formula F |4 (i.e., the formula F' |y with @ = a) where (a)
is a unit clause in F. We also refer to applications of the unit-clause rule as unit-propagation
steps. The iterated application of the unit-clause rule to a formula, until no unit clauses
are left, is called unit propagation. If unit propagation on F yields the empty clause L,
we say that it derives a conflict on F. For example, unit propagation derives a conflict on
F=(@vb)A D) A (a)since Flg = (b) A (b) and F|gb = L.

For the rest of the paper, the notion of implication via unit propagation and the corre-
sponding RUP clauses (short for reverse unit propagation) will be essential [34]:

Definition 1 A clause C = (c1 V- - -V cg) is a RUP in a formula F if unit propagation derives
a conflicton F A (1) A -+ A (cx). If C is a RUP in F, we say that F implies C via unit
propagation, which we denote by F -1 C.

For example, (@ V ¢) A (b V €) implies (@ Vv b) via unit propagation since unit propagation
derives a conflict on (@ V ¢) A (b V &) A (a) A (b). Observe that if C is a resolvent of two
clauses in a formula F, or if F contains a clause D that subsumes C, then C is a RUP in F.
We also say that a formula F implies a formula G via unit propagation, denoted by F ;1 G,
if F 1 C forevery C € G.
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1250 B. Kiesl et al.

We define proof systems and polynomial simulations following Cook and Reckhow [6]:

Definition 2 A proof system for propositional formulas in CNF is a surjective polynomial-
time-computable function f . X* — F where X is some alphabet and F is the set of all
unsatisfiable formulas.

A proof system can thus be seen as a proof-checking function f that takes a proof candidate P
(which is a string over X') together with an unsatisfiable formula F' and checks in polynomial
time if P is a correct proof of F. The requirement that f is surjective means that there must
exist a proof for every unsatisfiable formula. We sometimes use the word proof system in
a more colloquial way to denote the rules that define what constitutes a correct proof of a
certain type. The size of a proof is the number of symbols occurring in it.

Definition 3 A proof system fi : X — F polynomially simulates a proof system f> :
X5 — F if there exists a polynomial-time-computable function g : X35 — X} such that

J1(g(x)) = f2(x).

In other words, f1 polynomially simulates f; if there exists a polynomial-time-computable
function that transforms f>-proofs into fi-proofs. We next present the proof systems extended
resolution, DRAT, and DPR.

3 Extended Resolution (ER), DRAT, and DPR

We model proofs of a formula F' as sequences Cy, ..., Cy, Int1, ..., I, where Cq, ..., Cy,
are clauses of F and 1,11, . . ., I, are instructions as defined in the following. There are three
different kinds of instructions: addition, deletion, and extension. An addition is either a pair
(a, C) or a triple (a, C, w) where C is a clause and w is an assignment; a deletion is a pair
(d, C) where C is a clause; and an extension (also called a definition introduction) is a pair
(e, ¢) where ¢ is a definition of the form x <> p V (c1 A - -+ A ¢k) with x being a variable
that does not occur in any earlier instructions of the proof and p, c1, ..., cx being literals
whose variables are pairwise distinct. The CNF conversion of such a definition is the clause
setenf(p) = {(x Vv p), (xVverv---Vér), (XVvpver),..., XV pVcr)};in the particular
case k = 0 we have cnf(p) = {(x v p), (x)}. Thesequence Cy, ..., Cp, Iy+1, ..., I, gives
rise to formulas Fy, Fi, ..., F, as follows:

{Cy,...,Ci} ifi<m

Fi_1U{C} if i > m and [; is of the form (a, C) or (a, C, w)
Fi_1\{C} if i > m and I; is of the form (d, C)

Fi_1 Ucnf(p) ifi > m and [; is of the form (e, ¢)

E:

We call F; the accumulated formula corresponding to the i-th instruction. Based on this, we
can now define the details of extended resolution and DRAT. In both proof systems, a correct
proof of a formula F must derive the empty clause L, i.e., L € F},. They differ only in the
instructions they permit.

3.1 Extended Resolution

Extended resolution combines resolution with the extension rule: A sequence Cy, ..., Cp,
Iy+1, ..., I, is a correct extended-resolution proof of a formula F if every instruction [; €
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Iyy1, ..., Iy iseither (1) an addition (a, (C Vv D)) where (C V D) is the resolvent (CV p) ®p,
(D Vv p) of two clauses (C Vv p) and (D V p) occurring in F;_1, or (3) an extension (e, ¢).
When Tseitin originally introduced the extension rule [30], he only allowed definitions of the
form x <> (a Vv b) where a and b are variables. These definitions correspond to the clauses
(x Va), (x Vb),and (¥ vV a Vv b). However, more general definitions can be derived from
these basic definitions in a simple but tedious way. Because of this, more general extension
rules are common in the literature, some even allowing definitions x <> ¥ where i is an
arbitrary propositional formula over previous variables (cf. [5,9,29]).

3.2 DRAT
A sequence Cy, ..., Cp, Iyt1, ..., 1, is a correct DRAT proof of a formula F if every
instruction I; € Ijy41, ..., I, is either (1) a deletion (d, C) where C is an arbitrary clause, or

(2) an addition (a, C) where C is a RAT or a RUP in F;_1; we have already introduced RUPs
in Definition 1 on p. 1249. A RAT is then simply a clause for which all resolvents upon one
of its literals are RUPs [18]:

Definition 4 A clause (C Vv p) is a resolution asymmetric tautology (RAT) on p in a formula
F ifforevery clause (DV p) € F, the resolvent (CV D) is implied by F via unit propagation.

Example 1 Consider the formula F = (p Vv a) A (p VvV b) A (bV ¢) A (¢ V a) and the clause
C = (a V p). There are two resolvents of C upon p: The resolvent (a V a), obtained by
resolving with (p V a), is a tautology and thus trivially a RUP in F; the resolvent (a V b),
obtained by resolving with (p Vv b), is a RUP in F since unit propagation derives a conflict
on F A (@) A (b). It follows that C is a RAT on p in F. O

As shown in [18], if a clause C is a RAT on p in a formula F, then F and F A C are
satisfiability-equivalent. The idea behind the proof is that every satisfying assignment of F'
that does not satisfy C can be turned into a satisfying assignment of F A C by making the
literal p true.

Observe that if C is a non-empty RUP in F, it is a RAT in F on any literal p € C (the
empty clause _L cannot be a RAT as it contains no literals). In the rest of the paper, we thus
call a clause a proper RAT if it is a RAT on some literal p but not a RUP. The addition of
definition clauses, as with the extension rule, is a special case of blocked-clause addition [17]
(see Sect. 5), which itself is a particular case of RAT addition. We thus regard DRAT as a
generalization of extended resolution.

3.3 DPR
Asequence Cy, ..., Cp, Iy+1, ..., I, is acorrect DPR proof of a formula F if every instruc-
tion I; € ILy41,..., I, is either (1) a deletion (d, C) where C is an arbitrary clause, or

(2) an addition (a, C) where C is a RUP in F;_1, or (3) an addition (a, C, w) where C is
propagation-redundant with respect to F;_; and w; we define propagation-redundancy in the
following, it is based on the notion of precluded assignments:

Definition 5 Given an assignment @ = ay . .. ay, the clause (ay VvV - - -V ay) is the clause that
precludes «.

With this we can now define propagation-redundancy [16]:

@ Springer



1252 B. Kiesl et al.

Definition 6 Let F be a formula, C a clause, o the assignment precluded by C, and w an
assignment that satisfies C. Then, C is propagation redundant (PR) with respect to F and o
ifFlatt Flo

We call w the witness for the propagation-redundancy of C.

Example2 1et F = x VYY) AKX VY A(XVZ),C = (x),and let = x z. Then, C
precludes the assignment o« = X, and w satisfies C. Now, consider the formulas F |¢ = (y)
and F|w = (y). Clearly, F|¢ -1 F|w, and so C is propagation redundant with respect to F
and witness w.

If C is a RAT on p in a formula F, then C is propagation-redundant with respect to F and
some witness w [16]. Hence, DPR can be seen as a generalization of DRAT. Moreover, if
a DPR proof contains no deletions, we call it a PR proof. Likewise, DRAT proofs without
deletions are RAT proofs.

We now proceed to showing that extended resolution polynomially simulates DRAT. After
this, we show that DRAT polynomially simulates DPR.

4 Simulating DRAT with Extended Resolution

We perform the transformation of a DRAT proof into an extended-resolution proof in four
stages. In the first stage, we use the extension rule together with RUP addition and clause
deletion to eliminate all additions of proper RATs. In the second stage, we get rid of all clause
deletions. In the third stage, we then replace all RUP additions by resolution inferences and
subsumed-clause additions. Finally, in the fourth stage, we also eliminate the subsumed-
clause additions to obtain a correct extended-resolution proof.

4.1 Eliminating Additions of Proper RATs

Given a DRAT proof Cy, ..., Cp, Iy+1, - - ., I, we iterate over the instructions 1,11, ..., I,
and replace every addition I; = (a, (p Vv C)) of a clause (p Vv C) that is a proper RAT on p
in the accumulated formula F;_| by a sequence 7; of instructions. As illustrated in Fig. 1,
such a sequence 7; consists of a single definition introduction followed first by several RUP
additions and then by several clause deletions. In the case where [; is not the addition of a
proper RAT, we simply let 7r; be [;. At the end of this iterative process, we obtain a sequence
Ci,...,Cu, Tims1, - - ., Ty, Where every m; is a sequence of instructions corresponding to
the instruction /; from the original proof. The sequence Cy, ..., Cp, Tp+1, - - - , 7T, contains
no additions of proper RATs, but instead contains definition introductions.

Each iteration of this process performs the following transformation, where /; is an addi-
tion instruction of a clause C = (p V ¢1 V --- V ¢r) which is a RAT on literal p in the
accumulated formula F;_{ before I;.

Fig.1 We transform a RAT
addition into a definition RAT
introduction (Def), followed by
RUP additions and clause
deletions (Del)
Def ||RUP| -+ | RUP|| Del s Del
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Cl,...,Cm,an,...,71,-,1,I,~,I,-+1,...,I,1
/ ’
Ciooo s Gy g1y ooy i 1T g oo

We first use the extension rule to introduce a clause (x V ¢1 V - - - V ¢¢) as well as some other
definition clauses, where x is a new variable in the sense that it is not used anywhere else in
the proof. Note that (x V ¢ V - - - V ¢i) differs from C only on the literal p, which is replaced
by the variable x. We then use RUP additions and clause deletions to replace all occurrences
of p in F;_; by x. Our procedure guarantees that the formula accumulated after 7r; in the
resulting sequence is exactly Fj[x/p], obtained from F; = F;_1 U {C} (the accumulated
formula after /; in the original proof) by simultaneously replacing occurrences of p by x and
occurrences of p by x.

As a consequence, the correctness of the whole proof is preserved by simply renaming
p to x, and p to x, in all later instructions, resulting in the instructions Ii/+1, oI Tt s
thus clear that the size of the accumulated formula after 7; in the new proof is the same as
that of F; in the original proof; this property will be crucial for the complexity analysis in
Sect. 4.5. We now explain in detail how the sequence 7; is obtained, and provide an example
to illustrate the procedure.

(1) Use the extension rule to introduce the definition x <> p vV (¢1 A - - - A ¢x). This adds
the clause set {(x Ve V---Ver), (xVvp), (XVpVvey),..., (xV pVvcy)} The first
clause will be our replacement of the RAT (p Vv ¢1 V - -+ V ¢x). This is similar to the
definitions introduced to express conditional overwrites in propositional logic in [28],
and intuitively follows the correctness proof of RAT clause addition from [18]: given
any interpretation satisfying F;_1, we can construct another interpretation satisfying
F; by conditionally changing the truth value of p, precisely as given by the definition
of x. The rest of the transformation simply replaces occurrences of p by x.

(2) Replace the literal p in all clauses of F;_; by the new variable x:

(a) Add for every clause (D V p) € F;_1 the clause (D V x). This is a RUP addition
since (D V x) is aresolvent of (D V p) and (x V p).

(b) Add for every clause (D Vv p) € F;_; the clause (D V x). To show that this
is a correct RUP addition, we show that unit propagation derives a conflict on
Fi_iy ADA (x), where D is the conjunction of the negated literals of D. As C
is a RAT on p in F;_1, we know that the resolvent (¢ V --- V ¢t vV D) of C
and (D V p) is a RUP in F;_. Now, by propagating the unit clauses of D, we
derive (p) because the clause (D V p) is in F;_j. After this, we propagate x and
p to derive all the unit clauses (c1), ..., (¢x) from the clauses (x Vv p V ¢;) with
j €1,..., k.Butthen we have derived the negations of all literals in the resolvent
(c1 V-+-Vcr vV D), and since this resolvent is a RUP in F;_1, unit propagation
must eventually derive a conflict.

(c) Delete all clauses containing p or p, including those added in step 1. Note that
this does not delete the clause (x V ¢1 V - -+ V ).

Example 3 Say we are given a proof C, ..., Cp, Ly+1, ..., I;, ..., I, and we want to elim-
inate the addition /; = (a, C) where C = (p V a) is a proper RAT on p in the accumulated
formula F;_; = {(pvb), (avbvec), (cvd), (d), (avVv p)}. Observe that C is a RAT

on p because the resolvent (a V b), obtained by resolving C with (p Vv b) upon p, is a RUP
in F,'_l.
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1254 B. Kiesl et al.

We first use the extension rule to add the definition x <> (p Vv a). This adds the clauses
(x va), (x Vv p),and (x V p Vv a). Next, we need to replace the literal p in F;_; by x. To do
so, we first resolve (x V p) with (a V p) to derive (a V x). Then, we introduce the RUP (x Vv b)
for the existing clause (p V b). (It can be easily seen that the clause (x Vv b) is a RUP in the
accumulated formula F;_; U{(X V p Vv a), (x V p), (xV a)}: By propagating (b), we derive
(p) from (p Vv b). After this, the propagation of (x) and (p) derives (a) from (x V p V a).
But then further propagation will eventually lead to a conflict because (a Vv b), which is the
resolvent of (p v a) and (p Vv b), is a RUP in F;_;.) Finally, we delete all clauses containing
p or p. We thus obtain the proof Cy, ..., Cy, L1, ..., li—1, Wi, ..., I, where m; is the
instruction sequence (e, x <> (pVva)), (a,(avx)), (a, (xvb)), (d,(pvb)), (d,(aVvp)),
(d, (x vV p Vv a)), (d, (x Vv p)). After the last instruction of 7;, we get the accumulated
formula {(x Vb), (avbvc), (cVd), d), @vx), (x Vv a)}, which is precisely F;[x/p].
We then just need to replace p by x and p by x in /;41, ..., I, to obtain a correct proof
Cl’"'7CWI!Ierl’"'7Ii717nl‘71i/+17"'7Iy/l' O

4.2 Eliminating Clause Deletions

At this point, our proof is a sequence of (1) clauses from the original formula, (2) definition
introductions, (3) RUP additions, and (4) clause deletions. Since no additions of proper RATs
remain in the proof, the elimination of a deletion instruction does not affect the correctness
of other proof instructions: The addition of RUPs depends only on the existence of clauses
in the accumulated formula but not on their non-existence (if C is a RUP in F, it is a RUP in
every superset of F'). Also the extension rule is not affected by additional clauses. By simply
eliminating all deletions, we thus end up with a correct proof. Note that this would not work if
proper RAT additions were still present, because they depend on the non-existence of certain
clauses (a clause C is a RAT in a formula F only if F contains no resolvents with C that are
not RUPs).

4.3 Eliminating RUP Additions

Similar to the first stage of our simulation, we again iterate over the proof from the beginning.
In this stage, we replace all additions of RUPs that are neither resolvents nor subsumed clauses.
In the following, we show how the addition of such a RUP can be transformed into a sequence
of resolution steps followed by a single subsumed-clause addition. This is illustrated in Fig. 2.
We note that this has already been explained on a high level in the literature [27,33].

Let us first observe that, given a correct proof containing only RUP additions and definition
introductions, the RUP additions of tautological clauses can be directly eliminated. To see this,
simply observe that definition introductions are never affected by the presence of tautologies.
Furthermore, if a clause C is a RUP in F', and F contains a tautology (a Vv a Vv D), the latter
never becomes a unit clause in F |y under any assignment «; therefore, C is also a RUP in

Fig.2 We transform a RUP
addition into a sequence of
resolution steps (Res) followed
by a single subsumed-clause

addition (Sub) R sub
es tee u
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Cn+1 <~ Dn+l

1

2 fori=n,...,1do

3 if a; € C; 41 then C; < D; ®a; Cit1
4

else C; < Ciy

Algorithm 1. Given a RUP C, the algorithm derives a clause C1 € C.

the formula resulting from removing tautologies from F. In the following, we thus consider
only proofs without tautological clauses.

If a non-tautological clause C is a RUP in a formula F, we know that unit propagation
derives a conflict on F A C where C is the conjunction of the negated literals in C. This is
equivalent to saying that unit propagation derives a conflict on F | €, viewing C as the assign-
ment that satisfies C. Hence, there exists a (possibly empty) sequence of literals ay, . .., a,
such that the unit clause (a;) occurs in F|Ca; ...q;_; foreach 1 < i < n, and the empty
clause L occurs in F|Caqy .. .a,- Intuitively, (a;) is the unit clause propagated at the i-th
propagation step after all unit clauses in C have been propagated. These unit clauses and
the empty clause stem from clauses Dy, ..., D,y € F with the following properties: (I)
the clause D;|Cq; .. .aj_ is the unit clause (a;) for 1 < i < n, (II) D; is not satisfied by
C_'al ...aj—y for 1 <i <n+ 1, and (M) the clause Dy41|Ca; . ..a, is the empty clause.

Algorithm 1 uses the clauses Dy, ..., D,4+1 as follows: It starts with the last clause,
D, 11, and step-by-step resolves it with the clauses Dj,, ..., D until it obtains a clause C
that subsumes C. Using C1, we can then derive C with a subsumed-clause addition. Note
that the algorithm performs » iterations and that the clauses Dy, ..., D, € F canbe found
by performing unit propagation on F' A (1) A --- A (Ck), where C = (c1 V -+ - V ¢ck). As unit
propagation is known to run in polynomial time, Algorithm 1 thus also runs in polynomial
time with respect to ' A C. Example 4 illustrates the algorithm.

Example 4 Consider the clause C = (a Vv b) and F = Dy A Dy A D3 A D4 where:
Dy =(aVec) Dy=(avevd) D3 =(dVe) Dy =(d Ve

The clause C is a RUP in F because unit propagation derives a conflict on F A (a) A (b), or
equivalently, it derives a conflict on F | 5. To illustrate this, we perform the unit propagation:

Dilab = (¢) Dslabe = (d) Ds|abed = (€) D4labede = L

Our algorithm now performs resolution steps as follows:

D3 Dy
,__/\ﬂ ,_—/\—\
Dy dVve dve
D cvd d
avcV _
avc ave
a
——
Cy
As we can see, the resulting clause C1 = (a) subsumes C = (a V b). O

Lemma 1 Ifa formula F implies a non-tautological clause C via unit propagation, then the
clause Cy, computed by Algorithm 1, subsumes C.
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1256 B. Kiesl et al.

Proof We show by induction that, for every 1 < i < n + 1, the clause C; computed by
Algorithm 1 satisfies C; |Ca . ..a;_; = L. The claim then follows from C; |C = L, which
is equivalent to C; € C.

BASE CASE (i = n + 1): Follows from C,,+1 = D,y and property (4.3).

INDUCTION STEP (1 < i < n): Assume the claim holds for i + 1. Then, we have
Ci+11Cay...q; = L, and from property (4.3) we know D;|Ca;...a;—; = (a;). Now,
ifa; ¢ Ciy1,then Cit1|Cay ...a;—; = L. Inthis case, the algorithm sets C; = C;4; and so
the claim holds for i. In contrast, if C; | contains g;, then the algorithm sets C; = D; ®q; Ci41.
But then, as C; contains only literals of D; and C;y1 except for a; and a;, the claim also
follows for i. o

The following statement, which is a variant of Theorem 2 in [27] as well as of the Theorem
of Lee [23], is a consequence of Lemma 1; it allows us to repeatedly eliminate all additions
of RUPs that are not resolvents or subsumed clauses.

Theorem 2 [fa formula F implies a non-tautological clause C via unit propagation using n
propagation steps, then we can derive C from F via at most n resolution steps followed by
one subsumed-clause addition.

4.4 Eliminating Subsumed-Clause Additions

At this point, every instruction is either a definition introduction or it adds a resolvent or
a subsumed clause. Since the extension rule does not depend on previous clauses, we can
reorder the instructions of our proof so that all definition introductions occur before all
addition instructions.

Now, by a well-known method (e.g., [2]) we can eliminate all subsumed-clause additions
from the latter part of our proof. The procedure works by recursively labeling every clause in
the proof with a subclause. These labels give a resolution proof, possibly with unnecessary
inferences. The labeling proceeds as follows:

1. We label every leaf clause by itself.

2. For each resolvent of two clauses (C; Vv x) and (C, V X), which are labeled by D; and
D5 respectively, we label the resolvent by Dy if x ¢ Dp; by D, if x ¢ D;; and by the
resolvent of D1 and Dy upon x if x € Dy and x € D;.

3. For each subsumption inference from a clause C that is labeled by D, we label the
subsumed clause by D.

It is straightforward to check that the labels define a resolution derivation without subsumed-
clause additions; in fact, a refutation, as the only subclause of L is L itself. The resulting
derivation may contain redundant parts such as unused subderivations, but these do not affect
our analysis and can be removed easily. After eliminating all subsumed-clause additions, we
finally obtain an extended-resolution proof.

Example 5 The proof tree below includes subsumed-clause additions 1 and 2. The clauses in
the proof that are strict supersets of their labels are afterwards dropped from the proof (for
instance, (a Vv b) is dropped because {b} C {a, b}):
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o d [d]
b B avelavel evd [d]
avVvb [aVb] aVvb [b] avd [d] avd [avd]
a [a]  [a]

1 1]

After dropping clauses, the result is the following proof:

avh b d avd
a a

4.5 Complexity of the Simulation

We show now that our simulation only involves a polynomial blow-up. To simplify the
presentation, we use the number of literals (with repetitions) in a proof P as the measure
for its size, denoted by || P||. After we have shown that the size of the resulting extended-
resolution proof is polynomial compared to the original DRAT proof, it should be clear
that the computation of the simulation is also polynomial, given the simplicity of the used
techniques (the only stage where this might not be straightforward is stage 2, for which
we discussed in Sect. 4.3 why it runs in polynomial time). Let the original DRAT proof be
P=Cy,...,Cp, Inti, ..., I,. Note first that for every m + 1 < i < n, the size ||I; || of the
instruction /;, and the size || F; || of the accumulated formula F; are both bounded by O(|| P||).
Note also that the elimination of clause deletions and subsumed-clause additions shrinks the
proof. Hence, out of the four stages in the simulation, we only need to consider the first stage
(elimination of RAT additions) and the third stage (elimination of RUP additions) to obtain
an upper bound on the proof size.

Elimination of RATAdditions. For the following, remark that fori € m + 1, ..., n, the
size of the accumulated formula after the i-th proof fragment 7r; (obtained by transforming
the instruction /;) in the new proof is the same as that of F; in the original DRAT proof
(we explained this on p. 1253). For the elimination of a single RAT addition of a clause
(pVver Ve V), we first add the definition x <> p VvV (¢1 A - - - A ¢k). This step is clearly
O(|| P|). After this, we add for each clause (D V p) € F;_ the clause (D V x), and we add for
each clause (D V p) € F;_ the clause (D V x). This leads to at most O(|| F;—1]|) = O(|| P|)
new literals. Finally, we delete all clauses containing p or p. These deletions together are
again of size at most O(||F;_1]|) = O(||P||). Overall, the size of the proof generated by
eliminating a single RAT addition is thus bounded by 3 x O(|| P||) = O(|| P||). Finally, as we
perform at most n such RAT eliminations and since n = O(|| P||), the size of the resulting
proof after eliminating all RATs is bounded by O(|| P 1%).

Elimination of RUP Additions. Before we eliminate RUPs, we have a proof whose size
is O(|| P||?). We thus eliminate at most O(|| P||>) RUP additions. It remains to determine a
bound for the size of the proof instructions obtained by eliminating a single RUP addition.
Theorem 2 tells us that if C is a RUP that is implied via unit propagation using k propagation
steps, we can derive C with at most k resolution steps followed by a single subsumed-clause
addition. Clearly, the number of unit-propagation steps is bounded by the number of variables
occurring in the proof (every variable can be propagated at most once). Now, the number of
variables in the original proof P is clearly bounded by || P|| and since the elimination of RAT
additions has introduced at most one new variable for every RAT, we have O(|| P||) variables.
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(10]

DPR [13] | DRAT [35, 18] | ER [30]

Fig. 3 A dashed line from X to Y means that X simulates ¥ polynomially. A solid line from X to ¥ means
that every Y proof can be regarded as an X proof

Hence, a single RUP elimination leads to at most O(]| P ||) instructions. As the size of a single
instruction is bounded by O(|| P||) (a clause can contain at most two literals per variable),
every RUP elimination results in a proof of size O(|| P 1%). We conclude that the size of the
resulting extended-resolution proof is O(|| P 14).

Note that our analysis is very conservative. For instance, representing resolvents implicitly
(just pointing to their two parent clauses) instead of representing them explicitly shrinks the
resulting extended-resolution proof significantly. As we will see in Sect. 7, the increase in size
on practical DRAT proofs is way smaller than the theoretical bound we obtain here. Combining
our result with the recent result that DRAT polynomially simulates DPR (a generalization of
DRAT) [10], we obtain the complexity landscape depicted in Fig. 3.

5 Replacing RAT Addition With Blocked-Clause Addition

In our polynomial simulation, we needed to introduce a new variable for every proper RAT
addition. This cannot be avoided because extended resolution without new variables is just
ordinary resolution, and ordinary resolution is exponentially weaker than both DRAT and
extended resolution [9]. We now show how blocked-clause addition, introduced by Kull-
mann [22] as a generalization of the extension rule from extended resolution, can be used
to replace RAT addition without introducing new variables. This shows that a simple gen-
eralization of the extension rule is essentially as powerful as RAT addition, even when no
new variables are introduced. Informally, a clause is blocked if all resolvents upon one of its
literals are tautologies [22]:

Definition 7 A clause C is blocked by a literal p € C in a formula F if all resolvents of C
upon p with clauses in F are tautologies.

Example 6 Consider the formula F = (p Vv b) A (pVva)A(pVe)A(aVc) and the clause
(a VbV p). There are two resolvents of (@ v bV p) upon p: The clause (a V b V b), obtained
by resolving with (p Vv b), and the clause (a V b V @), obtained by resolving with (p V a).
As both resolvents are tautologies, (a V b Vv p) is blocked by p in F. O

Blocked clauses are thus more restricted than RATs: While the RAT property only requires
all the resolvents to be implied via unit propagation, blocked clauses require them to be
tautologies, which are trivially implied via unit propagation. Hence, every blocked clause is
also a RAT but not vice versa.

We follow an iterative procedure similar to the one presented in Sect. 4. Suppose C =
(c1 V-+-Vcr V p)is aproper RAT on p in a formula F. To replace the addition of C to
F, we first turn C into a blocked clause by replacing the resolution partners that do not
lead to tautological resolvents. We then add the clause with blocked-clause addition and
afterwards derive all the original resolution partners again. As illustrated in Fig. 4, this leads
to a sequence consisting of RUP additions, clause deletions, and a single blocked-clause
addition. Specifically, we perform the following steps:

@ Springer



Simulating Strong Practical Proof Systems with Extended Resolution 1259

RAT

RUP| -+ | RUP || Del Del BC [|RUP| -+ | RUP (| Del Del

Fig.4 We transform a RAT addition into a sequence consisting of RUP additions, clause deletions (Del), and
a single blocked-clause addition (BC)

(1) Forevery (DV p) € F;_1 whoseresolvent R = (c¢1 V- -- V¢, Vv D) with C upon p is
not a tautology, add R with RUP addition. The resolvent R is guaranteed to be a RUP
because C is a RATon p in F;_;.

(2) Forevery (D V p) € F;_1 whose resolvent with C upon p is not a tautology, replace
(DVv p)bytheset D, ={(c; VDV p)|1<=<j <k} Since all the clauses in D), are
subsumed by (D V p), this replacement results in a sequence of deletions and RUP
additions. Note that in case C is a unit clause, the set D, is empty and so all resolution
partners are deleted.

(3) Add C with blocked-clause addition. This is a correct addition because after step 2,
every clause that contains p contains a literal ¢; with ¢; € C. Hence, by resolving
such a clause with C we obtain a tautology.

(4) Use RUP addition to add all the clauses (D Vv p), which we replaced in step 2, again.
The addition of such a clause (D V p) is a correct RUP addition: If C is a unit clause,
we have added R = D, which subsumes (D V p), in step 1. If C is not a unit clause,
then D, U {R} implies (D Vv p) via unit propagation: By propagating p and the
negated literals of D, we derive the unit clauses (cy), ..., (¢x) from the clauses in
D, ={(cjvDvVp)|l<=<j<k} Butthese unit clauses lead to a conflict with the
clause (c1 V --- V c), which we derive by propagating the negated literals of D on
R=(c1Vv---Vcr Vv D).

(5) Delete all the RUPs added in step 1 and the clause sets D, added in step 2.

Example 7 Consider F = {(p), (avbVve), (Evd), (d), (@Vve), (bVve)}and theclause
C = (aVvbV p). The clause C is not blocked butitis a RAT on p in F', meaning that F implies
the resolvent (a Vv b) of C and (p) via unit propagation. To turn C into a blocked clause, we
first add (a Vv b) with RUP addition. We next replace (p) by the clauses (p V a) and (p VvV b)
(both clauses are subsumed by (p) and thus they are RUPs). Now (p V@) and (p V b) contain
literals whose complements occur in C. We can thus add C with blocked-clause addition.
After this, we use RUP addition to add the original resolution partner (p) again: This is
a correct RUP addition because (a Vv b), (p V a), and (p V b) together imply (p) via unit
propagation (to see this, observe that making p true forces @ and b to be true which leads
to a conflict with (a Vv b)). This step is actually the reason why we derived (a Vv b) in the
beginning. Finally, we delete the intermediate clauses (a Vv b), (p VV a), and (p V b) to obtain
the formula F U {C}. O
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6 Simulating DPR by DRAT

We show how a DPR proof Cy, ..., Cp, Iy+1, - - ., I, can be transformed into a DRAT proof.
The main idea is similar to the idea behind eliminating proper RAT additions in the simulation
of DRAT with extended resolution: We iterate over the instructions 7,41, . .., I, and replace
every instruction /; by a sequence mr; of instructions that are allowed in DRAT, i.e., additions
of RATs or RUPs and deletions:

Cioo o, Cons Tt - o i, iy L, o Iy
/ I
Cls0"5Cmv7Tm+17"'77Ti—]snl'a]l'+lv"'»ln

We define the transformation in such a way that the accumulated formula F; after proof
step /; in the original PR proof is the same as the accumulated formula after the proof steps 7;
in the resulting DRAT proof. Because of this, deletions in the DPR proof can simply be copied
to the DRAT proof. The interesting remaining case is to transform addition instructions for
PR clauses.

6.1 Transforming a Single PR Addition

We want to transform a PR addition step of the form (a, C;, w;), where C; is propagation-
redundant with respect to F;_; (the accumulated formula before the addition of C;) and w);.
On a high level, we do the following: We first take a fresh variable x (i.e., a variable not
occurring in the rest of the proof). Then, we perform a sequence of DRAT steps that turn the
accumulated formula F;_; into a formula Fi’ _ such that (C; Vv x) becomes a RAT in Fi’ _1
After adding (C; Vv x) to F/_,, we then perform a sequence of DRAT steps that transform
Fi/_1 to F;_1 and that replace (C; Vv x) by C;. We thus end up with the accumulated formula
F;. Note that since x is fresh, we could immediately add (C; V x) as a RAT (as there are no
resolvents upon x), but this would make it hard to turn (C; V x) into C;.

To simplify notation, we denote F;_1 by F, C; by C, and w; by w. We also assume that
var(C) C var(F), otherwise we could simply add C by a single RAT addition since there
would be no resolvents upon the literals whose variables are in var(C)\var(F). We perform
the transformation in five phases:

(1) Add extended copies of clauses that are touched but not satisfied by w. We say that an
assignment « fouches a clause D if var(a) Nvar(D) # @. We extend F by adding the
clauses {(x VD|w) | D € F and D |y C D}. Notice that D |, C D is false if w satisfies
D. As the literal x does not occur in F, all clauses (x V D|) are RATs on x in F (since
there are no resolvents upon x). We denote the resulting formula by G©.

(2) Weaken involved clauses. We call a clause involved if it contains literals that are falsified
by w as well as literals that are satisfied by w. We weaken every involved clause E € F
by replacing it with (x Vv E). Since every weakening step can be performed by a RUP
addition (subsumed clauses are RUPs) followed by a deletion, this leads to valid DRAT
steps. We denote the resulting formula by G®.

This phase only preserves satisfiability as the formula is weakened, while the other phases
preserve both satisfiability and unsatisfiability. In order to preserve both satisfiability and
unsatisfiability, one can add the clauses corresponding to the implication x —  before
weakening the clauses from E to (x v E) and after the weakening remove the clauses
corresponding to the implication. Adding the implication clauses can be achieved by
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RAT addition as these clauses have RAT on literal x. The removal of these clauses can be
achieved by RAT deletion as they have RAT on the other literal after the weakening.

(3) Add the weakened propagation-redundant clause. We add the clause (C V x) to G,
resulting in G®. To prove that (C V x) is a RAT on x in G, we need to show that for
every clause (x vV D) € G?, the resolvent (C v D) of (C Vv x) and (x Vv D) is implied by
G @ via unit propagation: The only clauses in G® that contain the literal X are the ones
we added in the first phase, which are of the form (x vV D|w) where D € F'; hence the
corresponding resolvent that we must show from G via unit propagation is (C V D |w).
Let o be the assignment precluded by C. Since C is propagation-redundant with respect
to F and witness w, we know that F'|o¢ 1 D|w since D € F. This is equivalent to
F k1 (C Vv D|w). Now, all clauses of F are also contained in G, except for clauses of
the form (x v E)—added in phase (2)—for which F contains the corresponding clauses
of the form E. However, since propagation of the negated literals of D on G® can derive
the unit clause X, we have that F 1 (C Vv D|g) implies G® 1 (C V D|w).

(4) Strengthen all weakened clauses. We remove all occurrences of the literal x from clauses
in G®. With this we reverse the second phase by strengthening the clauses (E V x) to
E and strengthen (C V x) to C. First, we introduce the clauses corresponding to the
implication x — w, i.e., the clauses {(x vV I) | w(l) = 1}. Let us show that these clauses
are RATs on [ in G after making a couple of observations. First, any clause (X V D |w)
introduced in step 1 does not contain the literal / with / € w. Second, any clause E € F
containing / and satisfied by w is replaced by the clause (x Vv E) in step 2. Hence, the
only clauses that can contain I are (i) clauses D € F which are not satisfied by w, (ii)
clauses of the form (x v E) with / € E (as introduced in step 2), and (iii) the clause
(C Vv x) introduced in step 3. For a clause D as in the first case, the clause (x V D|w) is
introduced in step 1; the resolvent (x V [) ® D is then subsumed by (x V D|w), which
occurs in G because of step 1. Resolvents with clauses of either the form (x Vv E) in
the second case, or the form (C V x) in the third case, are tautologies as they contain x
and x. After this, we strengthen all clauses (x vV E) € G?, including (C V x), to E as
follows: Observe that all clauses (x vV E) € G are satisfied by w and therefore there
exists a clause (x Vv /) with [ € E. We can thus derive E from (x V E) by resolving with
this clause. We denote the resulting formula by G®.

(5) Remove clauses that contain x. We remove the clauses {(x V I) | w(l) = 1} of the
implication x — w as well as the clauses of the form (x Vv D) that were added in the
first phase. We denote the resulting formula by G©.

6.2 Complexity of the Simulation

We now analyze the worst-case complexity of transforming a PR proof of the form
Ct,....Cu, @, Cot1, Wmt1), - - -, (@, Cp, wy) into a DRAT proof of the form Cy, ..., Cy,
Tm+1, - - - » Tp. The number of DRAT steps that are required to simulate a single PR addition
step depends on the size of the accumulated formula at the respective proof step. For what
follows, | F;,| = n denoted the number of clauses in F}, and let V = |var(F;)| be the number
of variables in F,. Since a PR proof does not delete clauses, we have |F;| = |F;_{| + 1 and
[var(F;)| > |var(F;—1)| and thus | F;| < n and |var(F;)| < V for 1 <i < n. In the analysis,
we ignore clause deletion since the number of clause deletions is bounded by the number of
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added clauses. Notice that since PR proofs don’t contain deletion steps, no original clauses
are deleted in the resulting DRAT proof.

In phase (1) of the conversion algorithm, copies of clauses that are reduced but not satisfied
by w; are added, while in phase (2) clauses are weakened which are reduced and satisfied by
w; . Since a clause is either satisfied, not satisfied, or untouched by w;, the sum of the number
of copies and weakened clauses is at most | ;| < n. Phase (3) adds a single clause. Phase (4)
adds the clauses for the implication x — w; (at most V steps) and strengthens all weakened
clauses (at most n steps). Phase (5) only deletes clauses. Thus the total number of clause
additions for all phases in the conversion of a single PR step is bounded by V + 2n + 1.

There are fewer than n additions in the PR proof and for each addition we apply the
conversion algorithm. Hence the total number of clause addition steps in the DRAT proof is
at most nV + 2n% 4 n. Since V < n for any interesting PR proof!, the number of steps in
the resulting DRAT proof is in O(n?). From this it should be clear that the simulation can be
performed in polynomial time.

6.3 Optimizations

Our simulation procedure was designed to result in compact DRAT proofs using only one
new variable, while focusing on converting any DPR derivation into a DRAT derivation. The
procedure can be further optimized to reduce the size of the resulting DRAT proof.

Witness Minimization. In some situations, only a subset of the involved clauses needs to be
weakened (phase 2) and strengthened (phase 4). Weakening of involved clauses is required
to make sure that the clauses of the form (x Vv [), where w satisfies [, are RATs on / in G® in
phase (4) of the simulation algorithm. However, some of the clauses (x V /) may be implied
via unit propagation by others (and do not require to be a RATs on /). This situation occurs
when a subset ' of the witness @ implies w via unit propagation. We thus minimize w by
searching for the smallest witness @’ C w such that o’ implies  via unit propagation, i.e.,
Flo' F1 ) A+ A () forw =1 ...1,. Only clauses reduced by ' and satisfied by w
need to be weakened in phase (2) and strengthened in (4).

Avoiding Copying. In some cases, which we describe in the following, we can avoid
copying the clauses that are touched but not satisfied by the witness, meaning that we can
skip phase (1) and (5) of the simulation algorithm: Let o be the assignment precluded by
the PR clause C to be added, let @ be the witness, and let @’ be the minimized witness as
discussed above. If the following two conditions hold, we can avoid clause copying: First,
there is no literal / that is satisfied by « but falsified by «’.? Second, for each literal / that is
satisfied by «’, the unit clause (/) should be a RAT on [ in the current formula without the
involved clauses under «. Although these conditions seem very restrictive, they apply often
in the PR proofs used in our empirical evaluation. This optimization removes phases (1) and
(5), and modifies (2), (3), and (4). We denote the modified phases by phase (i), (ii), and (iii),
respectively:
(1) Weaken involved clauses. We now call a clause involved if it contains literals that are
falsified by the minimized witness w’ as well as literals that are satisfied by the original

1A formula with more variables than clauses can be reduced to a smaller satisfiability-equivalent formula
with more clauses than variables in polynomial time.

2 Recall that, by definition, there always exists a literal that is satisfied by « but falsified by w, hence this
condition can only be true if @ was minimized to o’.
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witness w. In this phase, we replace each involved clause E by the clause (x V E),
which is a valid RUP addition. We denote the resulting formula by G®.

(ii) Add the weakened propagation-redundant clause. Add the clause (C V x). Since no
clause contains the literal x, this is a valid RAT addition. We denote the resulting formula
by G®.

(iii) Strengthen all weakened clauses. We now remove all occurrences of the literal x from
clauses in G . With this, we reverse the second phase (i) by strengthening (E V x) to
E and strengthen (C V x) to C. First, we introduce the clauses corresponding to the
implication x — ', i.e., the clauses {(X vV I) | '(I) = 1}. These clauses are RATs
on/in G®: Assume a clause D contains /, i.e., D contains a literal that is falsified by
«'. Then, D is either satisfied by w or not. If D is satisfied by w, then it is of the form
(x v E) (introduced in phase i), and thus the resolvent with (x V' [) is a tautology. If D is
not satisfied by w, then it is implied by unit propagation under the current formula under
o because of the second condition above. After adding these clauses, we strengthen
(Cvx)toC andallclauses (x VE) € G% to E. Observe that all clauses (x VE) € G,
including (C V x), are satisfied by w and therefore there exists a clause (x Vv /) with
[ € E. Resolving with the clauses (x V [), we can therefore remove all literals x. We
denote the resulting formula, which is equal to G A C, by G.

7 Experimental Evaluation

We implemented our simulation procedures as dedicated tools, called drat2er (for the
transformation from DRAT to extended resolution) and pr2drat (for the transformation
from DPR to DRAT).3 We then evaluated the simulation tools on existing DPR proofs for the
pigeon-hole formulas, two-pigeons-per-hole formulas [3], and Tseitin formulas [4,30]. The
pigeon-hole formulas (hole*) ask whether n + 1 pigeons can be placed into n holes such
that each hole contains at most one pigeon. Similarly, the two-pigeons-per-hole formulas
(tph*) ask whether 2n + 1 pigeons can be placed into n holes with at most two pigeons per
hole. Finally, the Tseitin formulas (Urquhart*) encode a parity problem on graphs.

We selected the proofs of these formulas for two reasons. First, all three formula families
are hard for resolution, meaning that they admit only resolution proofs whose size is expo-
nential with respect to the formula [9,32]. Second, out of all DRAT proofs we are aware of, the
DRAT proofs in our experiments have the highest ratio of proper-RAT-to-RUP-instructions,
meaning that the transformation from DRAT to extended resolution can offer insight into a
worst-case scenario regarding existing proofs. Table 1 shows the results of our experiments.
Although the extended-resolution proofs are clearly larger than the corresponding DRAT
proofs, the blow-up is far from the theoretical worst case. As we already selected proofs with
many proper RAT instructions, we imagine that the growth is even smaller on proofs with a
modest number of RAT instructions. For a pigeon-hole formula holeX, the increase in size
is roughly the factor X. For the two-pigeons-per-hole formulas, the growth is larger. This
can be explained by the high clauses-to-variables ratio. Finally, for the Tseitin formulas, the
growth lies between a factor of 20 and 30.

3 The tool drat2er is available at https://github.com/benjaminkiesl/drat2er and the tool pr2drat is avail-
able at http://www.cs.cmu.edu/~mheule/pr2drat/. The formulas and proofs are available at https://github.com/
marijnheule/drat2er-proofs.
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Table 1 A size comparison of DPR, DRAT, and ER proofs of formulas that are hard for resolution

input DPR DRAT ER
formula #var  #cls #add #add F#def #res
hole20 420 4221 2870 26 547 18162 282471
hole30 930 13981 9455 89827 61962 1393411
hole40 1640 32841 | 22140 213107 147 562 4344126
hole50 2550 63801 | 42925 416 387 288962 10517116
tph8 136 5457 1156 25204 13931 1093959
tphl2 300 27625 3950 127296 68 645 11688956
tph16 528 87329 9416 401 004 212847 63391635
tph20 820 213241 18450 976 376 512841 236415141
Urquhart-s5-bl 106 714 620 28189 8320 102293
Urquhart-s5-b2 107 742 606 32574 9020 123943
Urquhart-s5-b3 121 1116 692 41230 11404 188 875
Urquhart-s5-b4 114 888 636 37978 10497 171576

Column headers refer to the numbers of variables (#var), clauses (#cls), clause additions (#add), added defi-
nitions (#def), and resolution steps (#res)

Table 2 Small existing ER proofs of pigeon-hole formulas and Tseitin formulas

ER by Cook [5] ER by EBDDRES [19]
formula F#£def F£res formula Fdef F£res
hole20 2660 160151 Urquhart-s5-b1l 11054 39702
hole30 8990 810161 Urquhart-s5-b2 12684 45 389
hole40 21320 2560171 Urquhart-s5-b3 28 358 100 585
holeb50 41650 6250181 Urquhart-s5-b4 16 295 58 552

As acomparison, Table 2 shows the smallest extended-resolution proofs of the pigeon-hole
formulas and of the Tseitin formulas known to us. The proofs of the pigeon-hole formulas
were manually constructed by Cook [5] whereas the proofs of the Tseitin formulas were
produced using the tool EBDDRES 1.2 [19]. To the best of our knowledge, there is only
one tool supporting extended resolution that was able to solve one of the selected two-
pigeons-per-hole formulas: EBDDRES 1.1 [29]. It generated an extended-resolution proof
with 2,638,385 definitions and 18,848,004 resolution steps for the formula tph8.

7.1 Verified PR Proof Checking

Our tool pr2drat can be used to validate PR proofs with formally verified tools and thereby
increase the confidence in their correctness. The tool chain works as follows: Given a for-
mula F and an alleged PR proof Ppg of F, pr2drat converts Ppg into a DRAT proof PpRraT-
Afterwards, we use the DRAT-trim tool to convert Pprat into a CLRAT (compressed linear
RAT) proof Pcigat. CLRAT proofs can be efficiently checked using formally verified check-
ers [7]. We used the verified checker ACL2check [12] to certify that Pcgar is a valid proof
of unsatisfiability of F. Notice that the correctness of the tools pr2drat and DRAT-trim
has not been formally verified and thus they could possibly turn an invalid proof into a valid
proof or vice versa.

Figure 5 shows the results of applying this tool chain on the benchmark suite. The
pr2drat tool was able to convert each PR proof into a DRAT proof in less than a minute, and
half of the proofs in even less than a second. The runtimes of DRAT-trimand ACL2check
are one to two orders of magnitude higher than for pr2drat. Thus, pr2drat adds lit-
tle overhead to the tool chain. The sizes of the DRAT and CLRAT proofs are comparable.
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Fig. 5 Certification of PR proofs using pr2drat, DRAT-trim, and the formally verified checker
ACL2check. Left the sizes of proofs in the PR, DRAT, and CLRAT formats are shown in bytes and right
the proof conversion and checking times are in seconds. No times are shown for the Urquhart instances as all
times were less than a second

However, these proofs are different since DRAT-trim (1) removes redundant clause addi-
tions, (2) includes hints to speedup verified checking, and (3) compresses proofs. The effect
of (1) depends on proof quality, (2) increases the size of proofs of small hard problems
by roughly a factor of four, and (3) reduces size to 30% of the uncompressed proofs. The
difference between the DRAT and CLRAT proofs therefore indicates how much redundancy
was removed: For the pigeon-hole proofs, there is hardly any redundancy added. For the
two-pigeons-per-hole proofs, only a modest amount is added, and for the Tseitin proofs a
lot of redundancy is added. Notice that runtimes of the verified checker ACL2check are
comparable to the C-based checker DRAT-trim.

8 Conclusion

We showed different simulations between propositional proof systems. The first simula-
tion transforms DRAT proofs into extended-resolution proofs whereas the second simulation
transforms DPR proofs into DRAT proofs. Together, these two simulations show how extended
resolution is related to modern propagation-based proof systems used in practical SAT solv-
ing. In addition, we showed how blocked-clause addition can be used to simulate the addition
of RATs without the introduction of new variables. Our results provide us with a better under-
standing of DRAT and DPR as well as of extended resolution. We now know how extended
resolution can mimic the reasoning steps of these modern proof systems.

To evaluate the increase in size caused by our simulations, we implemented them and
performed experiments on existing DRAT and DPR proofs of hard formulas. Even though
the size increase could be considerable in theory, in practice it is still feasible. Especially
our simulation tool of DPR by DRAT allows to certify the correctness of DPR proofs by first
transforming them to DRAT and then using formally verified proof checkers.
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