Journal of Algebraic Combinatorics (2021) 54:353-379
https://doi.org/10.1007/s10801-020-00979-8

®

Check for
updates

On A% restrictions of Weyl arrangements

Takuro Abe’ - Hiroaki Terao? - Tan Nhat Tran?

Received: 14 May 2020 / Accepted: 1 September 2020 / Published online: 18 September 2020
© Springer Science+Business Media, LLC, part of Springer Nature 2020

Abstract

Let A be a Weyl arrangement in an £-dimensional Euclidean space. The freeness of
restrictions of A was first settled by a case-by-case method by Orlik and Terao (T6hoku
Math J 52: 369-383, 1993), and later by a uniform argument by Douglass (Represent
Theory 3: 444-456, 1999). Prior to this, Orlik and Solomon (Proc Symp Pure Math
Amer Math Soc 40(2): 269-292, 1983) had completely determined the exponents of
these arrangements by exhaustion. A classical result due to Orlik et al. (Adv Stud
Pure Math 8: 461-77, 1986) asserts that the exponents of any A; restriction, i.e.,
the restriction of A to a hyperplane, are given by {m1, ..., m¢_1}, where exp(A) =
{miy,...,m¢} withmp < --.- < my. As a next step towards conceptual understanding
of the restriction exponents, we will investigate the A% restrictions, i.e., the restrictions
of A to the subspaces of type A%. In this paper, we give a combinatorial description of
the exponents and describe bases for the modules of derivations of the A% restrictions
in terms of the classical notion of related roots by Kostant (Proc Nat Acad Sci USA
41:967-970, 1955).
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1 Introduction

Assume that V = R? with the standard inner product (-, -). Denote by ® an irreducible
(crystallographic) root system in V and by ®* a positive system of ®. Let A be the
Weyl arrangement of ®*. Denote by L(A) the intersection poset of A. For each
X € L(A), we write AX for the restriction of A to X. Set L ,(A) := {X € L(A) |
codim(X) = p} for0 < p < €. Let W be the Weyl group of ® and let my, ..., my
withm < --- < my be the exponents of W.

Notation 1.1 If X € L,(A), then ®x := PN Xt is a root system of rank p. A positive
system of @y is taken to be CD“; = ®T N dy. Let Ay be the base of ®x associated
with &7

X

Definition 1.2 A subspace X € L(A) is said to be of type T (or T for short) if @y is
a root system of type 7. In this case, the restriction A% is said to be of type T (or T).

Weyl arrangements are important examples of free arrangements. In other words, the
module D(A) of A-derivations is a free module. Furthermore, the exponents of A are
the same as the exponents of W, i.e., exp(A) = {m1, ..., m¢} (e.g., [23]). It is shown
by Orlik and Solomon [19], using the classification of finite reflection groups, that
the characteristic polynomial of the restriction AX (X € L(A)) of an arbitrary Weyl
arrangement A is fully factored. Orlik and the second author [22] proved a stronger
statement that D(AX) is free by a case-by-case study. Soon afterwards, Douglass [8]
gave a uniform proof for the freeness using the representation theory of Lie groups.

We are interested in studying the exponents of AX and bases for D(AX). For
a general X, it is not an easy task. The only known general result due to Orlik,
Solomon and the second author [20], asserts that for each X € A, i.e., X is of type Ay,
exp(A¥X) = {my, ..., my_1} and a basis for D(A¥) consists of the restrictions to X of
the corresponding basic derivations. In this paper, we consider a “next” general class
of restrictions, that is when X is of type A%. We prove that exp(.A%) is obtained from
exp(A) by removing either the two largest exponents, or the largest and the middle
exponents, depending upon a combinatorial condition on X. Furthermore, similar to
the result of [20], our method produces an explicit basis for D(AX) in each case. The
main combinatorial ingredient in our description is the following concept defined by
Kostant:

Definition 1.3 [12] Two non-proportional roots 81, B are said to be related if

(@ (B1,B2) =0,
(b) forany y € ®\{£p1, £}, (v, Bi) = Oimplies (v, f3_;) = Oforalli e {1,2).

In this case, we call the set {81, B2} relatedly orthogonal (RO), and the subspace
X = Hpg, N Hag, is said to be RO.

Remark 1.4 The relatedly orthogonal sets presumably first appeared in [12], wherein
Kostant required S, B> to have the same length and allowed a root is related to itself
and its negative. Green called the relatedly orthogonal sets strongly orthogonal and
defined the strong orthogonality in a more general setting [9, Definition 4.4.1]. It
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should be noted that the notion of strongly orthogonal sets is probably more well-
known with the definition that neither sum nor difference of the two roots is a root.
For every B € @, set B+ := {a € ® | (a, B) = 0}. Condition (b) in Definition 1.3
can be written symbolically as (b’) fi-\{£82} = B> \{£B1}.

Let h be the Coxeter number of W. For ¢ € D(A), let ¢ be the restriction of ¢ to
X. We now formulate our main results.

Theorem 1.5 Assume that £ > 3. If X € L(A) is of type A%, then AX is free with

exp(A)\{h/2, m¢} if X is RO,

Xy
exp(A”) = exp(A)\{m¢—1, m¢} otherwise.

Theorem 1.6 Assume that £ > 3.
(1) Suppose that X is A% and not RO. Let {1, ..., ¢} be a basis for D(A) with
degpj =m; (1 < j <4{). Then, {(pIX, ...,gog(_2} is a basis for D(AX).
(i) Suppose that X is both A% and RO. Then, ® must be of type Dy with £ > 3.

Furthermore, a basis for D(AX) is given by {tlx, R IZX_Z}, where
[ .
=y xp o/ox (1 <i < £-2).
k=1

Theorem 1.5 gave a little extra information: when X is RO, half of the Coxeter
number is an exponent of W (hence, it lies in the “middle” of the exponent sequence).
We emphasize that given [22], Theorem 1.5 can be verified by looking at the numerical
results in [19] (the case of type D is rather non-trivial). It is interesting to search for
a proof, free of case-by-case considerations. In this paper, we provide a conceptual
proof with a minimal use of classifications of root systems: Theorem 1.5 holds true
trivially for £ = 3, and we use up to the classification of rank-4 root systems (for
the proofs of some supporting arguments). As far as we are aware, a formula of the
exponents of a restricted Weyl arrangement given under the RO condition is new. Our
proof shows how the RO concept arrives at the exponent description, hoping that it will
reveal a new direction for future research of the exponents through the combinatorial
properties of the root system.

Theorem 1.6 seems to be, however, less straightforward even if one relies on the
classification. In comparison with the classical result of [20], Theorem 1.6(i) gives a bit
more flexible construction of basis for D(AX). Namely, a wanted basis is obtained by
taking the restriction to X of any basis for D(.A), without the need of basic derivations.
Nevertheless, the remaining part of the basis construction [Theorem 1.6(ii)] cannot
avoid the classification. It may happen that there are more than one derivations in
a basis for D(A) having the same degree. Hence, some additional computation is
required to examine which derivation vanishes after taking the restriction to X (see
Remark 2.10 and Example 5.2).

Beyond the A% restrictions, driving conceptual understanding on the restrictions in
higher codimensions, or of irreducible types is much harder (see Remarks 3.15 and

@ Springer



356 Journal of Algebraic Combinatorics (2021) 54:353-379

4.5). The numerical results [19] say that we have a similar formula for the exponents
of any A’f restriction (k > 2) in terms of the strongly orthogonal sets of [9]. The details
are left for future research.

The remainder of this paper is organized as follows. In Sect. 2, we first review
preliminary results on free arrangements and their exponents, and a recent result
(Combinatorial Deletion) relating the freeness to combinatorics of arrangements (The-
orem 2.8). We also prove an important result in the paper, a construction of a basis
for D(AM) (H € A) from a basis for D(A) when A and A\{H} are both free (The-
orem 2.9). We then review the background information on root systems, Weyl groups
and Weyl arrangements. Based on the Combinatorial Deletion Theorem, we provide
a slightly different proof for the result of [20] (Remark 2.15). In Sect. 3, we give an
evaluation for the cardinality of every A% restriction (Proposition 3.13). This evalua-
tion can be expressed in terms of the local and global second smallest exponents of the
Weyl groups (Remark 3.14). In Sect. 4, we first provide a proof for the freeness part of
Theorem 1.5, i.e., the freeness of A% restrictions (Theorem 4.4). The proof is different
from (and more direct than) the proofs presented in [8,22]. We then complete the proof
of Theorem 1.5 by providing a proof for the exponent part (Theorem 4.6). The proof
contains two halves which we present the proof for each half in Theorems 4.8 and
4.28. We close the section by giving two results about local-global inequalities on
the second smallest exponents and the largest coefficients of the highest roots (Corol-
lary 4.34), and the Coxeter number of any irreducible component of the subsystem
orthogonal to the highest root in the simply laced cases (Corollary 4.35). In Sect. 5,
we present the proof of Theorem 1.6 (Theorem 5.1 and Example 5.2). In Sect. 6, we
give an alternative and bijective proof of Theorem 4.30, one of the key ingredients in
the proof of the exponent part of Theorem 1.5.

2 Preliminaries
2.1 Free arrangements and their exponents

For basic concepts and results of free arrangements, we refer the reader to [21].

Let K be a field and let V := K. A hyperplane in V is a subspace of codimen-
sion 1 of V. An arrangement is a finite set of hyperplanes in V. We choose a basis
{x1,...,x¢} for V* and let S := K[xy, ..., x]. Fix an arrangement A in V. The
defining polynomial Q(A) of A is defined by

Q) = [ anes.

HeA

where oy = ajx; + -+ + agxp € V*\{0}, a; € K and H = keray. The number
of hyperplanes in .4 is denoted by |.A|. It is easy to see that Q(.A) is a homogeneous
polynomial in S and deg Q(A) = | A|.

The intersection poset of A, denoted by L(A), is defined to be

L(A) :={NnesH | B C A},

@ Springer



Journal of Algebraic Combinatorics (2021) 54:353-379 357

where the partial order is given by reverse inclusion. We agree that V € L(A) is the
unique minimal element. For each X € L(A), we define the localization of A on X
by

and define the restriction AX of Ato X by
AY = (KNX|K e AAx).

The Mobius function @ L(A) — Z is formulated by

p(V):=1, pX)=— 3 ).

Xcrev

The characteristic polynomial x (A, t) of A is defined by

X (A, 1) = Z w(X)rdim X,
XeL(A)

A derivation of S over K is a linear map ¢ : S — S such that for all f, g € S,
d(fg) = fod(g)+gd(f). Let Der(S) denote the ser of derivations of S over K. Then,
Der(S) is a free S-module with a basis {91, ..., d¢}, where 9; := d/dx; for 1 <i < £.
Define an S-submodule of Der(S), called the module of A-derivations, by

D(A) := {¢ € Der(5) | #(Q) € 05}

A nonzero element ¢ = f191 + --- + frd¢ € Der(S) is homogeneous of degree b if
each nonzero polynomial f; € S for 1 <i < £ is homogeneous of degree b. We then
write deg ¢ = b. The arrangement A is called free if D(A) is a free S-module. If A is
free, then D(A) admits a basis {¢1, ..., ¢¢} consisting of homogeneous derivations
[21, Proposition 4.18]. Such a basis is called a homogeneous basis. Although homo-
geneous basis needs not be unique, the degrees of elements of a basis are unique (with
multiplicity but neglecting the order) depending only on A [21, Proposition A.24].
In this case, we call deg ¢y, .. ., deg ¢ the exponents of A, store them in a multiset
denoted by exp(.4) and write

exp(A) = {deg ¢1, ..., deg oy}

Interestingly, when an arrangement is free, the exponents turn out to be the roots of
the characteristic polynomial due to the second author.
Theorem 2.1 (Factorization) If A is free with exp(A) = {d1, ..., d;}, then

14

XA D =]]a—-a.

i=1
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Proof See [27] or [21, Theorem 4.137]. O

For ¢1, ..., ¢¢ € D(A), we define the (£ x £)-matrix M (¢, ..., ¢¢) as the matrix
with (i, j)th entry ¢;(x;). In general, it is difficult to determine whether a given
arrangement is free or not. However, using the following criterion, we can verify that
a candidate for a basis is actually a basis.

Theorem 2.2 (Saito’s criterion) Let ¢y, ..., ¢p¢ € D(A). Then, {¢y, ..., ¢¢} forms a
basis for D(A) if and only if

det M(¢p1, ..., ¢¢) =cQ(A) (c #0).

In particular, if g1, ..., ¢¢ are all homogeneous, then {¢1, ..., ¢¢} forms a basis for
D(A) if and only if the following two conditions are satisfied.:

(1) ¢1, ..., ¢¢ are independent over S,

(i) 3i_; degy = |AI
Proof See [21, Theorems 4.19 and 4.23]. O

In addition to the Saito’s criterion, we have a way to check if a set of derivations is
part of a homogeneous basis, and sometimes a {d|, ..., d¢}< indicatesd| < --- < d.

Theorem 2.3 Let A be a free arrangement with exp(A) = {di,...,de}<. If
d1, ..., ¢ € D(A) satisfy for 1 <i <k,

(1) deg¢; =di,
(i) ¢i & Sp1+---+ Shi—1,

then ¢1, ..., ox may be extended to a basis for D(A).
Proof See [21, Theorem 4.42]. O

Definition 2.4 For X € L(A),let I = I(X) := Y4, @xS and S := S/I. For

¢ € D(A),define ¢ € Der(S) by ¢¥ (f +1) = ¢(f)+ 1. We call ¥ the restriction
of ¢ to X.

Proposition 2.5 If ¢ € D(A), then ¢X € D(AX). If $* # 0, then deg p* = deg ¢.
Proof See [20, Lemma 2.12]. O

Fix H € A, denote A’ := A\{H} and A" := A" We call (A4, A’, A”) the triple
with respect to the hyperplane H € A.

Proposition 2.6 Define h : D(A') — D(A) by h(¢) = ag¢ and q : D(A) —
D(A") by q(¢) = ¢™. The sequence

0— DA DAY S DAY
is exact.
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Proof See [21, Proposition 4.45]. O

Then, the freeness of any two of the triple, under a certain condition on their
exponents, implies the freeness of the third.

Theorem 2.7 (Addition—Deletion) Let A be a non-empty arrangement and let H € A.
Then, two of the following imply the third:

(1) Ais free with exp(A) = {dy, ..., de—1, dg}.
(2) A is free withexp(A') =1{dy, ..., do—1,d¢ — 1}.
(3) A" is free with exp(A”) = {dy, ..., d¢—1}.

Moreover; all the three hold true if A and A’ are both free.
Proof See [26] or [21, Theorems 4.46 and 4.51]. O

The Addition Theorem and Deletion Theorem above are rather “algebraic” as they
rely on the conditions concerning the exponents. Recently, the first author has found
“combinatorial” versions for these theorems [2—4]. In this paper, we focus on the
Deletion theorem.

Theorem 2.8 (Combinatorial deletion) Let A be a free arrangement and H € A.
Then, A’ is free if and only if | Ax| — | A% | is a root of x (Ax. ) for all X € L(AH).

Proof See [2, Theorem 8.2]. O

When A and A’ are both free, one may construct a basis for D(A”) from a basis
for D(A). Although the following theorem is probably well-known among experts,
we give a detailed proof for the sake of completeness.

Theorem 2.9 Let A be a non-empty free arrangement and exp(A) = {di, ..., d¢}<.
Assume further that A’ is also free. Let {¢1, ..., @¢} be a basis for D(A) with
degp; = dj for 1 < j < L. Then, there exists some p with 1 < p < £ such
that {pf!, ..., (pf}\{(plf]}forms a basis for D(A”).

Proof By Theorem 2.7, A” is also free and we may write exp(A”) = exp(A)\{dk}
for some k with 1 < k < £. Denote 7; := ¢; (1 <i <k —1),and 7; := @41
(k<j=<e-1.

If rl.H ¢ ETIH + -+ Erﬁl forall 1 < i < £ — 1, then by Theorem 2.3,
{rlH, e rﬁl} = {q)lH, o (pf}\{(p,ff} forms a basis for D(A”").

If not, there exists some p, 1 < p < ¢ — 1, such that tlfl € Etlﬂ + -4 Er;’_l.
By Proposition 2.6,

= fitt+ -+ fpr1Tp—1 +ant,
where f; € S(1 <i < p—1),1t € D(A), degr = d, — 1. By Theo-
rem 2.2 (Saito’s criterion), {1, ..., Tp—1, T, Tp4+1, ..., Te—1, @k} is a basis for D(A)).

By Theorem 2.7, exp(A”) = exp(A)\{d,}. It means that dy = d,. Note that
if di appears only once in exp(A), then we obtain a contradiction here and the
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proof is completed. Now, suppose dj appears at least twice. Again by Theorem
22, {t1, ..., Tp—1, CHT, Tpyl, ..., Te—1, @k} 1S a basis for D(A). Since the map
q : D(A) — D(A") is surjective [21, Proposition 4.57], D(A") is generated by
{t;", ..., r;_l, T;ﬂl’ e rﬁl, go,f}. This set is the same as {q)lH, R (pf}\{(pf}
which indeed forms a basis for D(A”) by [21, Proposition A.3]. It completes the
proof. O

Remark 2.10 If dj appears only once in exp(.A), then Theorem 2.9 gives an explicit
basis for D(A”). However, if d; appears at least twice, Theorem 2.9 may not be
sufficient to derive an explicit basis for D(A"). Itrequires some additional computation
to examine which derivation vanishes after taking the restriction to H. This observation
will be useful to construct an explicit basis for D(.AX) when X is A% and RO (Example
5.2).

2.2 Root systems, Weyl groups and Weyl arrangements

Our standard reference for root systems and their Weyl groups is [6].

Let V := R with the standard inner product (-, -). Let ® be an irreducible (crys-
tallographic) root system spanning V. The rank of ®, denoted by rank(8), is defined
to be dim(V'). We fix a positive system & of ®. We write A := {ay, ..., oy} for the
simple system (base) of ® associated with ®+. Fora = Y._, dia; € ®, the height
of « is defined by ht(x) := Zle d;. There are four classical types: Ag (£ > 1), By
€ >12),C¢(£=>3), D¢ (£ > 4) and five exceptional types: E¢, E7, Eg, F4, Go. We
write ® = T if the root system & is of type T, otherwise, we write ® # T.

A reflection in V with respect to a vector ¢ € V\{0} is a mapping s, : V — V
defined by s4(x) = x — 2(xDa. The Weyl group W := W (®) of ® is a group
generated by the set {s, | @ € CD} An element of the form ¢ = sy, ...5¢, € W is
called a Coxeter element. Since all Coxeter elements are conjugate (e.g., [6, Chap-
ter V, §6.1, Proposition 1]), they have the same order, characteristic polynomial and
eigenvalues. The order h := h(W) of Coxeter elements is called the Coxeter num-
ber of W. For a fixed Coxeter element ¢ € W, if its eigenvalues are of the form
exp(2r/—1Im1/h), ..., exp2w/—1mg/h) with0 < m| < --- < my < h, then the
integers mi, ..., mg are called the exponents of W (or of ®).

Theorem 2.11 For any irreducible root system ® of rank ¢,

(i) mj+mep1—; =hforl <j<¢
(i) my +my+---+my =£h/2,
i) l=my<my<---<my_y <my=h-—1,
(iv) h=2|dT| /¢,
(v) h =ht(0) + 1, where 0 is the highest root of .
(vi) h = 22Me®+ (¥, )2, for arbitrary y € ®*. Here X := x/(x, x).

Proof See, e.g., [6, Chapter V, §6.2 and Chapter VI, §1.11]. O

Let ©) C @ be the set consisting of positive roots of height r, i.e., ") = {« €
®* | ht(a) = r}. The height distribution of ® is defined as a multiset of positive
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integers:

{tls"'vtra"'vth—l}a

where t, := |®")|. The dual partition DP(®T) of the height distribution of & is
given by a multiset of non-negative integers:

DP(®F) == (0, ()12, .., (h —2)h270h=3 (h — 1)1},

where notation (a)” means the integer a appears exactly b times.
Theorem 2.12 The exponents of W are given by DP(®T).

Proof See, e.g., [1,13,16,24]. O
Let SV denote the ring of W-invariant polynomials. Let F = {fi,..., fi} be a
set of basic invariants with deg f; < --- < deg f;. Then, sV = R[f1,..., fe] and

mi; =deg fi —1(1 <i <¥{).LetD = {0y,..., 0y} be the set of basic derivations
associated with F (see, e.g., [20, Definition 2.4] and [21, Definition 6.50]). The Weyl
arrangement of ® is defined by

A=A@T) = {Ra)" |« € @)
Theorem 2.13 A is free with exp(A) = {m1, ..., m¢} and {0y, ..., 0y} is a basis
for D(A).
Proof See, e.g., [21, Theorem 6.60] and [23]. O
Recall from Proposition 2.6 the map g : D(A) — D(A”) defined by q(¢) = ¢*.

Theorem 2.14 If H € A, then A" is free with exp(A") = {my, ..., mg_1}. Further-
more, {91{, R 02’_1} is a basis for D(AM).

Proof See [20, Theorem 1.12]. O

Remark 2.15 Theorem 2.14 can be proved in a slightly different way. By [20, Theorem
3.71, |A| — |A®| = my. Thus, | A] — | A" | is a root of x (A, t) by Theorems 2.13 and
2.1. By Theorem 2.8, A’ is free (see also Theorem 4.4 for a similar and more detailed

explanation). Thus, A is free with exp(A7) = {m1, ..., m¢_1} which follows from
Theorem 2.7. A basis for D(A) can be constructed a bit more flexibly, without the
need to introduce the basic derivations. Namely, let {¢1, . . ., ¢¢} be any basis for D(A)

withdegg; = m for 1 < j < {. Note that m, appears exactly once in exp(.A). Then,
by Theorem 2.9, {(pfq, e, gof_l} is a basis for D(A").

AsubsetI' € @ is called a (root) subsystem if it is a root system in spanp (I') € V.
For any J C A, set ®(J) := ® N span(J). Let W(J) be the group generated by
{ss | 6 € J}. By [7, Proposition 2.5.1], ®(J) is a subsystem of ®, J is a base of
®(J) and the Weyl group of ®(J) is W(J). For any subset ' € ® and w € W,
denote wl' := {w(x) | @ € I'} € ®. A parabolic subsystem is any subsystem of
the form w® (J), likewise, a parabolic subgroup of W is any subgroup of the form
wW(J)w_l, where / C Aandw € W.
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Theorem 2.16 For I' C ®, ® N span(I") is a parabolic subsystem of ® and its Weyl
group is a parabolic subgroup of W.

Proof See, e.g., [10, Proposition 2.6] and [14, Lemma 3.2.3]. O

Recall the notation of @y, CD;, Ax for X € L(A) from Notation 1.1. Note that if
X € L,(A), then @y is a parabolic subsystem of rank p (Theorem 2.16). For each
X € L(A), define the fixer of X by

Wx :={we W | w(x) =x forall x € X}.

Proposition 2.17 If X € L(A), then

(1) Wy is the Weyl group of ®x. Consequently, Wx is a parabolic subgroup of W.
(ii) Ay is the Weyl arrangement of CD;

Proof (i) The first statement follows from [7, Proposition 2.5.5]. The second state-
ment follows from Theorem 2.16. (ii) follows from (i) and [6, Chapter V, §3.3,
Proposition 2].

m}

Definition 2.18 Two subsets 1, &, € & (resp., two subspaces X1, X» € L(A)) lie
in the same W-orbit if there exists w € W such that ®; = w®; (resp., X1 = wX»).
Two subgroups Wi, Wr of W are W-conjugate if there exists w € W such that
Wi = wiWhw.

Lemma 2.19 Let X1, X2 be subspaces in L(A). The following statements are equiv-
alent:

(1) ®x, and Dy, lie in the same W -orbit.
(i) Ax, and Ay, lie in the same W-orbit.
(iii)) X1 and X, lie in the same W -orbit.
(iv) Wx, and Wx, are W-conjugate.

Consequently, if any one of the statements above holds, then | AX1| = | AX2|.

Proof The equivalence of the statements follows from [19, Lemmas (3.4), (3.5)] (see
also [11, Chapter VIII, 27-3, Proposition B]). The consequence is straightforward. O

3 Enumerate the cardinalities of Af restrictions

In this section, we present the first step towards proving conceptually the exponent
formula in Theorem 1.5, the most important result in our paper. When X is of type
A%, we express the cardinality |.AX| in terms of the Coxeter number h and a certain
sum of inner products of positive roots (Proposition 3.13).

Definition 3.1 A set {81, B2} € ® with 81 # % is called an A% set if it spans a
subsystem of type A?, i.e., ® Nspan{fi, B2} = {1, £H2}.
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Thus, X € L(A) is of type A% if and only if Ay is an A% set (Notation 1.1).

Lemma3.2 (i) Forany p = ) ,ca o € D, the set of « € A such that cq # 0
forms a non-empty connected induced subgraph of the Dynkin graph of ®.
(ii) If G is a non-empty connected subgraph of the Dynkin graph, then )", . o € ®.
(i) If {B1, B2} S A and (B1, B2) = O, then {1, Ba} is an AT set.

Proof Proofs of (i) and (ii) can be found in [6, Chapter VI, §1.6, Corollary 3 of
Proposition 19]. (iii) is an easy consequence of (i). m]

Let T(A%) (resp., 7 (RO)) be the set consisting of A% (resp., RO) sets.

Proposition3.3 (i) If {B1, B2} is AT (resp., RO), then w{p1, B2} is A? (resp., RO)
forallw e W.

(i) T(A]D = T(A), where T(A) := {wiai, oj} | {ei, @} € A, (e, 0)) =0, w €
W

Proof (i) is straightforward. (ii) follows from (i), Theorem 2.16 and Lemma 3.2(iii).
O

Remark 3.4 By Proposition 3.3 and Definition 1.3, T(A%) = @ (resp., T(RO) # @)
only when dim(V) > 3.

Remark 3.5 Only for giving additional information, we collect some numerical facts
about ’T(A%) and 7 (R O). These facts shall not be used in any of upcoming arguments
that support the proof of Theorem 1.5 or Theorem 1.6(i). Some of these facts will be
rementioned in the proof of Theorem 1.6(ii) (Example 5.2), which is the part we are
unable to avoid the classification of all irreducible root systems. By a direct check,
T(RO)N T(A%) # @ if and only if ® = D, with £ > 3 (D3 = A3). In general,
T(RO)\T(A%) # (), for example when ® = By (£ > 3), {€] — €2, €1 + €2} is RO
but spans a subsystem of type B> (notation in [6]). There is only one orbit of A% sets,
with the following exceptions:

(i) when ® = D4, T(RO) = T(A%), and there are three different orbits,
(i) when ® = Dy (¢ > 5), T(RO) C T(A%), and there are two different orbits:
T(RO) ={wle; —e2, €61 + €} | we W}and T(A%)\’T(RO).
(iii) when ® € {By, C¢} (€ > 4), T(RO) N T(A%) = ¢, and there are two different
orbits: 7(A%) := {{a, B} € T(AD | lall = 1811}, and T(AP\T (A).
Recall the notation - = {o € ® | (&, B) = 0} for B € ®.

Definition 3.6 For an A7 set {B1, B2} C @, define
No = No({B1, B2}) := {¥ C @ | W is an irreducible subsystem of rank 3, {81, B2} C ¥},

and for each i € {1, 2},

Mg, (Bi) = {A C By,

Ais an irreducible subsystem of rank2, B; € A,
® Nspan({B3—;} U A) is a reducible subsystem of rank 3. |’
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and
Nps (B) ={¥ S| W ={£8} x A, AeMpg_ (B))

Proposition 3.7 A is not empty.

Proof For B1, B> € @, there exists § € @ such that (§, 81) # 0 and (8, B2) # 0, e.g.,
see [10, Lemma 2.10]. Thus, ® N span{B1, B2, 8§} € Np. O

In the remainder of this section, we assume that X = Hg, N Hp, is an A7 subspace
with B1, o € ®T. If Y € AX, then ®y is a subsystem of rank 3 and contains

Ax = {B1, P2}
Proposition 3.8 [f X € Ly(A) is an A? subspace, then

No = {®y | Y € AX, @y is irreducible), and for each i € {1, 2},
NﬁH Bi)={Py | Y € AX, Oy = {£B3-i} x By and By is irreducible of rank 2}.

Proof We only give a proof for the first equality. The others follow by a similar
method. Let W e Af. There exists § € & such that W = &N span{B1, B2, 6}. Thus,
W = &N YL where Y := X N Hs. Therefore, ¥ = ®y with Y € AX. O

Lemma3.9 Let X € L(A).

(1) A == UYE.AX AY.
(i) IfY,Y € AX and Y #Y', then Ay N Ay = Ay.
(i) A\Ax = [ |ycax (Ay\Ax) (disjoint union).

Proof (i) is straightforward. For (ii), Ax € Ay N Ays since Y, Y’ C X. Arguing on
the dimensions, and using the fact that dim(X) — dim(Y) = 1 yield X = Y + Y.
Thus, if H € Ay N Ay/,then X C H,i.e., H € Ay. (iii) follows automatically from
(i) and (ii). O

Corollary 3.10  Set N := Ny I Ng, (B1) LI N3, (B2) LIN3, where
N3 =N3({B1. B2}) :={W € @ | W = {81} x {£2} x {£y}.y € DT}
ForWV e N, set Wt := & N W. Then,

ot = (B, f2tu || (WH\(B1, BaD).
veN

Proof 1t follows from Proposition 2.17(ii), Proposition 3.8 and Lemma 3.9. O

Proposition 3.11 For eachi € {1, 2}, set

Ko=) > (Bi.8).

WeN §elH\{B;}
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K:,Bgfi(/gi) = Z Z (:/3;15)2'

AeMyp,_, (B) A1)

Then, 2(Ko + Kg,_; (Bi) + 1) = h. In particular, Kg,(B1) = Kg, (B2).

Proof By Corollary 3.10,

2K+ Ky, B+ D=2 > (B.3)".

Sedt
which equals h by Theorem 2.11(vi). O

Proposition 3.12

3if W e N;,
W = 3142 g (Bi)” if W € Np,, (B, i € (1,2},
3 sewt (ﬂi,az ifveN.

Proof 1t follows from items (iv) and (vi) of Theorem 2.11. O
Proposition 3.13 If X = Hp, N Hg, is of type A3, then for each i € {1,2)}
|AME | — | AX| =h/2 4+ Kg,_ (B).

Proof The proof is similar in spirit to the proof of [20, Proposition 3.6]. By Corol-
lary 3.10,

Al=2= Y (|v*]-2).

weN

It is not hard to see that | AX | = |\| (via the bijection Y > ®y). By Proposition 3.12,

A - 4% =w§/(lw+| ~3)+2

By Theorem 2.14 and Proposition 3.11,

AP | = |AX| = |4 = |A¥| = me =072+ Ky, B,

Remark 3.14 (i) The conclusion of Proposition 3.13 can also be written as

|AHE | — | AX| = m, — Ko.
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(ii) For each ¥ € A, denote by h(¥) the Coxeter number of W and write
m1 (V) < ma(¥) < m3(¥) for the exponents of W. In fact, h(¥) = 2m, (V)
since rank (W) = 3. Thus,

Ko=) (ma(¥)—1).
veNy

In particular, if £ = 3, then Ny = {®} and Ky = m; — 1. In this case, IAHﬂi | —
|AX| = my = h/2.

Remark 3.15 If codim(X) > 2, forexample, X is of type A’f withk > 2, the calculation
in Proposition 3.13 is expected to be more difficult (and harder to avoid classifications)
as it involves the consideration on the rank k£ + 1 subsystems of @ containing ®x.

4 Proof of Theorem 1.5

Theorem 1.5 is a combination of two theorems below:

e Theorem 4.4: the freeness part,
e Theorem 4.6: the exponent part.

Since we prove the freeness part as a consequence of the exponent part and the proof
is much more simple, we give the proof for the freeness part first (provided that the
exponent part is given). Let us recall some general facts on hyperplane arrangements.

Lemma4.1l (i) If X,Y € L(A), then (AX)X = AXOY_ Similarly, (¢%)X™ =
¢XY for any ¢ € D(A).
(i) IfH € Aand X € L(AM), then (A")x = (Ax)H. We will use the notation .A)[?
to denote these arrangements.

Proof Straightforward. O

Lemmad4.2 Let (A;, V;) be irreducible arrangements (1 < i < n). Let A = A; x
X Ay and V = ®7_, V;. Then,

@) x (A1) =TT—; x(Ai, 1),
() forH=Vi® - ®Vic1 OH, ® Vi1 D--- DV, € A(H € Ap),

AT = Ay XX At XA X Apgn XX Ay

Proof (i) is a well-known fact, e.g., [21, Lemma 2.50]. (ii) follows by the definition
of restriction. O

The freeness of every restriction is settled by a case-by-case study in [22], and by a
uniform method in [8]. In Theorem 4.4, we give a different and more direct proof for
the freeness of A% restrictions by using the Addition—Deletion Theorem (Theorem 2.7)
and the Combinatorial Deletion Theorem (Theorem 2.8). We also need the following
immediate consequence of Theorems 2.14 and 4.6.

@ Springer



Journal of Algebraic Combinatorics (2021) 54:353-379 367

Proposition 4.3 If{«a, B} isan A% set, then | A« | — | AH«"Hg | js q root of x (AHe | 1)
T2 ¢ = ma).

Theorem 4.4 If {«, B} is an A% set, then the following statements are equivalent:
(1) AH"Hg js free and exp(AH«"Hp) = exp(A)\{m;, m¢} for some i with 1 < i

£—1.
Q) |Afe| — | AHOHE | = ;.

IA

Proof 1t is sufficient to prove (2) = (1). By Theorem 2.14, A is free with
exp(Afe) = {my,...,my_1}. By Lemma 4.1, AH"Hp — (AHa)HoNHp If we can
prove that AHa \{Hy N Hg} is free, then Theorem 2.7 and Condition (2) guarantee that
AHNHp s free with exp(ATe"Hp) = exp(A)\{m;, m¢} forsome 1 <i <€ — 1.

To show the freeness of AM«\{H, N Hpg}, we use Theorem 2.8. We need to show
that | A% | — | AT is a root of x (A% 1) for all X e L(AHNHp)_ Tt is clearly
true by Proposition 4.3 provided that Ay is irreducible. If Ay is reducible, write
Ax = Ay x--- x A, where each 4; is irreducible. By Lemma 4.2, IAQ" | — |A§““Hﬁ|

. . HNH] . .
either equals IA,fI"I — A Kn ¥ ' where 1 < k < n, Hy, H,i c Ay, Hy N H,é is A% with

H; ) . HyNH
respect to Ay, or equals IAjI—lAj]|forsome] # k. Ineither case, |A§I‘”|—|AX d

is a oot of x (AR, 1) = x (A1, 1) ... x (AT 1) X (Aj 1) o x (A, D). O
Remark 4.5 1f the subsystem @y, g € & spanned by {«, B} is not of type A2, then
Condition (2) in Theorem 4.4 may not occur, i.e., the number | A | — | AH«"H5 | may
not be an exponent of W. In this case, we are unable to use the Addition—Deletion
Theorem (Theorem 2.7) to derive exp(AH«"H5). To see an example, let & = Eg and
®yy,p) be of type Ay, or let & = Fy and Py gy be of type By (see, e.g., [19, Tables V
and VI)).

Theorem 4.6 If {B1, B2} C @ is A%, then for each i € {1, 2}

|AH/3[.| _ |AH/3| ﬂHﬂ2| — h/2 lf {ﬂlv .32} is RO,
me—1 if {B1, B2} is not RO.

Proof of Theorem 4.6 will be divided into two halves: Theorems 4.8 and 4.28.

4.1 First half of Proof of Theorem 4.6

Lemmad4.7 Let C = (¢;j) with ¢;j = 2(a;, aj)/(aj, oj) be the Cartan matrix of .
The roots of the characteristic polynomial of C are 2 + 2 cos(m;m/h) (1 <i < {).

Proof See, e.g., [5, Theorem 2]. O

We denote by D(®) the Dynkin graph and by D(®) the extended Dynkin graph of
D.
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Theorem 4.8 Assume that there exists a set {B1, Bo} S ©F such that {B1, B2} is both
A% and RO. Then, h/2 is an exponent of W. Moreover, for each i € {1, 2},

| AHE: | — | AT ey | =12,

Proof By Lemma 4.7, it suffices to prove that the characteristic polynomial of the
Cartan matrix C admits 2 as aroot. By Proposition 3.3, we may assume that {1, 2} C
A. Since the Dynkin graph D(®) of @ is a tree, there is a unique path in D(P) which
admits B and B, as endpoints. By the definition of RO sets, this path contains exactly
one more vertex of D(P), say B3 with (81, B3) # 0 and (B2, B3) # 0. Also, the other
vertices of D(®P), if any, connect to the path only at 83. The Cartan matrix has the
following form:

2 0O c¢3 0 --- 0
0 2 ¢3 0 ... 0
ci3 ¢y 2
C— 0
0 0 2
0 0 2|

By applying the Laplace’s formula, it is easily seen that det(x1, — C) is divisible by
x —2.

Assume that Mg, (B1) # Y andlet A € Mg, (B1) (notation in Definition 3.6). Since
{B1, B2}1sRO, the factthat A C ,32L implies that (81, «) = Oforallae € A\{=£p1}. This
contradicts the irreducibility of A. Thus, Kg,(81) = 0. Proposition 3.13 completes
the proof. O

4.2 Root poset, Dynkin diagram and exponents

The second half of Proof of Theorem 4.6 is complicated but uses nothing rather
than combinatorial properties of root systems. We need to recall and prove several
(technical) properties of the root poset, Dynkin diagram and exponents. This section
is devoted to doing so, and every statement will be provided in great detail.

First, we study the positive roots of height > m,_; in the root poset and a certain
set of vertices in the extended Dynkin diagram. For « € V, 8 € V\{0}, denote
(o, B) := 2%1;) Letf := Zf | Ca; 0 be the highest root of @, and we call ¢y, € Z~g
the coefficient of 0 at the simple root ;. Denote by cmax 1= max{cy; | 1 <i < £} the
largest coefficient.

Proposition 4.9 Let ® be an irreducible root system in RE. Let 0 be the highest root
of ®, and denote Ly := —0, c;, := 1. Suppose that the elements of a fixed base
A = {A1,..., A¢} are labeled so that A := {Ao, A1, ..., Mg} is a set of minimal
cardinality such that cyax = Oy and (Ag, As41) <0for0 <s <gqg—1.

(1) Then, c;, =s 4+ 1for0 <s < q and |A| = cmax.
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(ii) Assume that cmax > 2. Then, (Ao, A1, ..., Ag—1) is a simple chain of ﬁ(cb)
connected to the other vertices only at hy_1.

Proof See, e.g., [18, Lemma B.27, Appendix B] and [28, Proposition 3.1]. O

Remark 4.10 Proposition 4.9 was first formulated and proved in terms of coroots in
[25, Lemma 1.5] under the name lemma of the string. The proof of [18, Lemma B.27,
Appendix B] contains a small error, which was resolved in [28, Proposition 3.1].

Corollary 411 (i) If cmax = 1, then all roots of ® have the same length. In addition,
if £ > 2, then D(®) is a simple chain and —0 is connected only to two terminal
vertices of D(D).

(11) Ifcmax = 2, then —0 is connected only to one vertex A of D(®) with (0, 1) € {1, 2}

and ¢ = 2. In particular, if A; € A with ¢;; = 1 is connected to Aj € A with
Cx; = 2, then A must be a terminal vertex of D(®) and (Aj, Ai) = —1.

Proof The second statement of (ii) follows from the equation (0, A;) = 0. The other
statements can be found in [28, Proposition 3.1 and Remark 3.2]. O

Corollary 4.12 Assume that cmax > 2. Either (Aq—1, Ag) € {—2, =3} or A4 is a rami-
fication point of D(P).

Proof See [28, Corollary 3.3]. ]

Denote U := {0; € ®* | ht(;) > my_1}, and set m := |U/|. By Theorems 2.12 and
2.11(1), (iii), we have m = my —my_1 = mp — 1 > 0. Suppose that the elements of U/
are labeled so that 1 denotes the highestroot,and§; = 6;—6,+1 € Aforl <i <m—1.
We also adopt a convention &y := —60;. Set & := {& | 0 <i < m — 1}. Note that E is
a multiset, not necessarily a set. For a finite multiset S = {(a)?, ..., (an)bn)}, write
S for the base set of S, i.e., S = {ai, ..., a,}. Letus call

Case 1: “there is an integer # such that 1 <t <m — 1 and (6, &) = 3”.
Case 2: Negation of Case 1.

Proposition 4.13 (i) IfCase 1 occurs, thent = m—2and & = {&), &1, . . ., (Em—2)%}
withé; #&; for0 <i < j <m —2. As aresult, |E| = my — 2.

(i) If Case 2 occurs, then B = {£0,&1,...,6m1} withé #&jfor0 <i < j <
m — 1. As a result, |E| = my — 1.

Proof See [28, Propositions 3.10 and 3.11]. O

Theorem 4.14 With the notations we have seen from Propositions 4.9 to 4.13, we have
thatq = m—1and); = &; forall1 <i < q.Inparticular, E = A (as sets). Moreover,
if Case 1 occurs, then my = cmax + 2, and if Case 2 occurs, then my = cmax + 1.

Proof See [28, Theorem 4.1]. O

Corollary 415 (i) If Case 1 occurs, then 6; — 0; € ot forl < i < j < m,
{i, j} #{m —2,m}, and 6,,_» — 0,, € 2A.
(ii) If Case 2 occurs, then 6; — 0; € Ot forl <i < j<m.
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Proof See [28, Corollary 3.12]. O

Corollary 4.16 The following statements are equivalent: (i) Case 1 occurs, (ii)
rank(®) = 2, (iii) ® = Gy, (iv) cpax = my — 2.

Proof See [28, Theorem 4.2]. O
Recall the notation ©) = {o € ®F | ht(a) = r}.
Proposition 4.17 There is always a long root in @1

Proof We may assume that cpax > 2. If not, by Corollary 4.11, all roots of ® have
the same length. The assertion is trivial. If Case 1 occurs, then by Corollary 4.16,
® = G,. The assertion is also trivial.

Now, we can assume that Case 2 occurs. By Proposition 4.13, & # &; for 0 <
i< j<m-—1If¢E2&—1) = —2,then (6y1,&n—1) = 2. Thus, 6,1 —
2&,_1 € ®Um-1 that is a long root and we are done. We are left with the case

(Em—2,Em—1) = —1. By Corollary 4.12, &, is connected to at least two vertices of
D(®) apart from &,,_», say ui, ..., ur (k > 2).
We claim that there exists p; such that (§,,—1, ;) = —1. Proof of the claim when

m = 2 (i.e., cmax = 2) and m > 3 uses very similar technique [the case m = 2 is
actually Lemma 4.23(2)]. We only give a proof when m > 3. From (0, &,,_1) = 0
(itequals 1 if m = 2), ¢g,,_; = Cmax, C¢,,_, = Cmax — 1, and &,,_1 is a long root, we
have c¢ypax + 1 — Zle c¢,; = 0. Suppose to the contrary that (§,, 1, u;) < —2 for all
1 <i <k .From0= (0, u;) <2cu + cmax{&m—1, i), we obtain ¢,; = cmax. Thus,
Cmax + 1 — kemax = 0, a contradiction. So we can choose p; so that (§,, 1, u;) = —1.
Therefore, (O, i) = —(Em—1, i) = 1 and 0,, — p; € O¢=1) that is a long root. 0

Lemma 4.18 Suppose B, B2, B3 € © with 1 + B2 + B3 € ® and B; + B; # O for
i # j. Then, at least two of the three partial sums B; + B; belong to ®.

Proof See, e.g., [15, §11, Lemma 11.10]. O

Proposition 4.19 If y € @1 then 6; — y € k®* with k € (1,2, 3} for every
1<i<m.

Proof To avoid the triviality, we assume that Case 2 occurs and 1 <i < m — 1. Denote
wi=0,—yeA.

Assume that u = &,,_1. Then, 0,,_1 —y = 2,1 € 2A. We have (0,,—1, En—1) =
(v, Em—1) + 4. It follows that (6,,—1,&,—1) = 2. Fixi with 1 <i < m — 2, and
seta := 6; — O, € ®T (by Corollary 4.15). Since 0; = 0; — (§; + --- + & _1),
we have (0;, &,—1) = 0. Thus, (&, En—1) = — -1, &En—1) = —2. Then, 6; — y =
o+28,_1 € dT.

Assume that u # &,,—1. Then, 6,1 = y +u+&,—1.ByLemma4.18, u+§&,_1 €
&+ since y + &, ¢ ®. Thus, i and &,,_; are adjacent on D(P). If . # &,,_» (of
course, u # & forall 1 < i < m — 3 since D(P) is a tree), then by Lemma 3.2(ii),
0p—y =&+ -+ &1 +pnedforeachl <i <m—1.If u = &,_>, then
Om—2 = ¥ + &m—1 + 2&u—2. Thus, (02, En—2) = (V, Em—2) + (Em—1,5m-2) + 4.
Using the fact that &,,_> is a long root, we obtain a contradiction since the left-hand
side is at most 1, while the right-hand side is at least 2. O
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Corollary 4.20 If¢ > 5, then my_y < my—_j.

Proof By Theorem 2.12, it suffices to prove that there are exactly two roots of height
me_1, i.e., |©@"Me=1| = 2. To avoid the triviality, we assume that Case 2 occurs and
Cmax > 2. We need to consider two cases: (§,,—2, En—1) = —20r (§—2, Em—1) = —1.
Since the proofs are very similar, we only give a proof for the latter (slightly harder
case).

Suppose to the contrary that @1 = {y; ... y} with k > 3. By Proposi-
tion 4.19, 61 — ¥i = Em—1 + Wi € &t where u; € A (1 <i < k). Thus, u;
is adjacent to &,_; on D(®P). By the same argument as the one used in the end of
Proof of Proposition 4.19, we obtain u; # &,_, forall 1 <i < k.If m > 3, then
the same argument as in Proof of Proposition 4.17 gives cmax + 1 = Z;{:l ¢y, - From
0 = (6, i) < 2cu; — Cmax, We obtain ¢;; > cmax/2 for all 1 < i < k. This forces
k = 3. Butitimplies that cpax < 2,1.e.,m < 2, a contradiction. Now, consider m = 2.
A similar argument as above shows that k = 3 and c,, = ¢,, = cu; = 1. The second
statement of Corollary 4.11(ii) implies that ¢;,, must be all terminal. Thus, £ = 4, a
contradiction. O

From now on, we require the classification of root systems of rank < 4 to make
some arguments work. The classification of rank 3 or 4 root systems will be announced
before use, while that of rank 2 root systems (has been and) will be used without
announcing.

Lemma4.21 If my = h/2, then £ < 4. More specifically, when £ = 4, my = h/2 if
and only if ® = Dy.

Proof If my = c¢max + 2, then by Corollary 4.16, ® = G;. However, mp > h/2
by a direct check. Now, assume that my = cmax + 1. Recall from Proposition 4.9
that the coefficients of 6 at elements of A = {Ag, A1, ..., A,} form an arithmetic
progression, starting with ¢;, = 1 and ending with Chy, = Cmax = ¢ + 1. From
D ren €+ 2 hea\a ¢ = h, we have

Cmax(Cmax + D /2 + € — (cmax — 1) < 2¢max + 2.

Thus, £ < (—62 ~+ Scmax + 2)/2. Therefore, £ < 4. The second statement is clear

max
from the classification of irreducible root systems of rank 4. O

Remark 4.22 The first statement of Lemma 4.21 is an easy consequence of the well-
known fact that every exponent of ® appears at most twice. A uniform proof of this
fact is probably well-known among experts.

Now, we investigate the “local” picture of the extended Dynkin graph at the sub-
graph induced by the negative —6 of the highest root and the simple root adjacent to
it, and find a connection with RO properties.

Lemma 4.23 Assume that £ > 2 and cmax > 2. Let A be the unique simple root
connected to —0 (Corollary 4.11). Denote by y1, ..., yx (k > 1) the simple roots
connected to A. Then, there are the following possibilities:
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() If (0, 1) =2, thenk =1, ¢,y € {1,2}.

(2) If (9, A) = 1 (in particular, X is long), then either (2a) k = 3, ¢, = ¢y, =Cpy =
1 (i.e., ® = Dy), or 2b) k =2, ¢y =2, ¢y, = 1 (y; is terminal and long), or
2c)k=1,¢, =3.

Proof We have (6, 1) = 2¢; + S, ¢, (vi, &) <4—3"F_, ¢,,. Since (6, 1) > 1, we
have Zle ¢y € {1,2, 3}. Then, we can list all possibilities and rule out impossibili-
ties. For example, if (6, A) = 1 and Zle ¢y, = 2, then either (i) k =1, ¢, =2, or
(i) k = 2, ¢y, = ¢y, = 1. For (i), it follows that 1 = (0, A) = 4 + 2(y;, 1), which
is a contradiction since A is long. For (ii), the second statement of Corollary 4.11(ii)
implies that yp, y» must be all terminal. Thus, £ = 3. However, such root system
does not exist by the classification of irreducible root systems of rank 3. Similarly, to
conclude that ® = D4 in (2a), we need the classification of irreducible root systems
of rank 4. O

It is known that 6+ is the standard parabolic subsystem of ® generated by {« € A |
(a, 0) = 0}. Also, 6+ may be reducible and decomposed into irreducible, mutually
orthogonal components.

Corollary 4.24 If 0= is reducible, then either Possibility (2a) or (2b) occurs.
Proof It follows immediately from Lemma 4.23 (taking k > 2). O

Corollary 4.25 When £ = 4, there exists a set that is both A% and RO if and only if
® = D4. Moreover, if ® = Djy, then every A% set is RO.

Proof Use the classification of irreducible root systems of rank 4. O

Proposition 4.26 Assume that { > 4. If 01 is reducible and there exists an A% set that
is not RO, then Possibility (2b) in Lemma 4.23 occurs. In particular, 6+ = {2} x Q
for a long simple root y» and 2 is irreducible with rank (2) > 2.

Proof If cpax = 1, then Corollary 4.11(i) implies that 6 is irreducible and of rank at
least 2, a contradiction. Now, consider cpmax > 2. By Corollary 4.24, either Possibility
(2a) or (2b) occurs. However, Corollary 4.25 ensures that Possibility (2a) cannot
occur because a non-RO A% set exists. Thus, Possibility (2b) must occur. Then, o+ =
{£y2} x @ where Q is irreducible with rank (2) > 2. O

Proposition 4.27 Assume that £ > 4. Suppose that {0, o} is an A% set witho € A If
{£a} is a component ofGJ‘, then {6, a} is RO.

Proof We may assume that cpax > 2. If not, Corollary 4.11(i) implies that 6= is
irreducible and of rank at least 2, a contradiction. Since —6 connects only to one
vertex of D(P), - must be reducible; otherwise, 6+ = {#a}, a contradiction. Thus,
{B,a}is A% forevery 8 € GJ-\{:I:a} because {8, a} = w{a’, a} for some w € W and
a’ € Asuchthat (¢, ) = 0. With the notations in Definition 3.6 and Proposition 3.11,
we have My (a) = ¥ and Kg () = 0.

Note that 0\ {fa} C a\{£6} since {+a} is a component of 6--. Suppose to the
contrary that {6, } is not RO. Then, there exists 8 € o\ {40} such that (8, 8) # 0.
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Note that I := ® N span{B, 0, a} is a subsystem of rank 3 since it contains the A%
set {0, @}. I" must be irreducible, otherwise, I' € M (#) and Ky (0) # 0 which
contradicts Proposition 3.11. Relying on the classification of rank-3 irreducible root
systems, and two facts: (i) {6, o} is A% in T, (ii) @t N T is an irreducible subsystem
of rank 2 of I" (as it contains 8 and ), we conclude that I' = B3 and « is the unique
short simple root of I'. Since 6+ is reducible, either Possibility (2a) or (2b) occurs
by Corollary 4.24. Thus, Possibility (2b) must occur since ® contains the subsystem
I" of type Bs. Since {£a} is a component of O and « is short, with the notation in
Possibility (2b), A = {y», A, a}. Thus, £ = 3, a contradiction. O

4.3 Second half of Proof of Theorem 4.6

In this subsection, we complete the Proof of Theorem 4.6 by proving its second half,
Theorem 4.28.

Theorem 4.28 If {B, B2} € @ is A} but not RO, then for each i € (1,2}
| AT | — | AT O ) = gy

The first key ingredient is Theorem 4.30. It asserts that Theorem 4.28 is always true
for a special class of A% sets, and we can describe it by the height function without
requiring the RO condition. We were recently informed that Miicksch and Rohrle [17]
study a similar property (to the non-RO case) of Weyl arrangement restrictions (which
they called the accuracy) via MAT-free techniques of [1]. Their main result together
with Corollary 4.20 indeed gives a proof of Theorem 4.30. We will use this proof
here; however, we remark that our primary method gives a different and bijective
proof, which we refer the interested reader to “Appendix” for more details.

Unless otherwise stated, we assume that £ > 3 in the remainder of the paper.

Lemma 4.29 If {y1, y2} € O with y| # vy and r > |m¢/2] + 1 (floor function),
then {y1, y»} is A%. The assertion is true, in particular, if r = my_1.

Proof We have y| + y» ¢ ® and y1 — y» ¢ Y ,ca Z=oa. Use the classification of
irreducible root systems of rank 2. O

Theorem 4.30 If y1, y» € O~V yith y; # y», then for each i € {1, 2}
| A | — AT O = gy

Proof The formula holds true trivially for £ = 3, and we use the classification of
irreducible root systems for £ = 4. Assume that £ > 5. Then, by Corollary 4.20, there
are exactly two roots of height m,_;. The rest follows from [17, Theorem 4.3]. O

The second key ingredient is Proposition 4.31. In fact, the A% sets described in
Theorem 4.30 are not enough to generate all possible W-orbits of the A% sets (cf.
Remark 3.5). Notice that the focus of Theorem 4.28 is non-RO A% sets. Although,
Theorem 4.30 alone is not enough to prove Theorem 4.28, it guarantees that the
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problem is solved if the involving non-RO A% set lies in the same W -orbit with a pair
of roots of height m,_1.

Proposition 4.31 [fthere exists an A% set that is not RO, then the set S := {{y1, y»} C
Ome=1) | at least one of y1, y» is a long root} contains a non-RO set.

Proof Note that S # @ since @™¢-1) always contains a long root (Proposition 4.17).
The case £ = 3 is checked directly by the classification. Assume that £ > 4 and
suppose to the contrary that every element in S is RO. We can take {y/, y»} € S and
assume that yj is long. By Theorems 4.8 and 4.30, we have m,_; = h/2. By Lemma
4.21,¢ = 4. By Corollary 4.25, ® = Dy, and all A% sets must be RO. This contradicts
the Proposition’s assumption. O

Of course, if £ > 5, then Corollary 4.20 implies that the set S contains only one
element. However, the present statement is enough for us.

The third (and the final) key ingredient is Corollary 4.32. From the previous dis-
cussions, we will be in the situation that there exist two non-RO A% sets which may
form different orbits. So we want to find a relation between them.

Corollary 4.32 Assume that £ > 4. If there are two A% sets {0, A1}, {0, A2} that are
both non-RO, then both A1 and A, lie in the unique irreducible component Q of 0+
with rank (2) > 2.

Proof The statement is trivial if 61 is irreducible. If 6 is reducible, then the statement
follows from Propositions 4.26 and 4.27. O

We need one more simple lemma.

Lemma4.33 If {B1, B2} € @7 contains a long root and (B1, B2) = 0, then {B1, B2}
lies in the same W -orbit with {0, u} for some 1 € A.

Proof This is well-known. There is an irreducible component W C 01 such that
{B1, B2} lies in the same W-orbit with {0, y} for some y € W. There existu € ANWY
and w € W (W) such that y = w(u) and this w fixes 0, i.e., 8 = w(#). Thus, {81, B2}
lies in the same W-orbit with {6, u}. O

Now, we are ready to prove Theorem 4.28.

Proof of Theorem 4.28 1t suffices to prove the theorem under the condition that the
A% set {B1, B2} contains a long root. Otherwise, we would consider the dual root
system @Y where short roots become long roots. By Lemma 4.33, {81, B2} lies in
the same W-orbit with {6, 11} for some 1; € A. We may also assume that £ > 4
since the case £ = 3 is done in Remark 3.14(ii). We note that by Remark 3.14(i),
proving Theorem 4.28 is equivalent to showing that [y (A1) = m,—1 — h/2 (notation
in Proposition 3.11).

By Proposition 4.31, we can find a non-RO set {y;, y»} < Ome-1) where y1 18
a long root. Again by Lemma 4.33, {y1, y»} lies in the same W-orbit with {0, A,}
for some Ay € A. By Proposition 3.3(i), {#, A1} and {0, A,} are A% and non-RO.
Corollary 4.32 implies that A; and XA, lie in the unique irreducible component 2 of
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61 with rank(Q) > 2. We already know from Theorem 4.30 that Theorem 4.28 is
automatically proved for {0, A3}, i.e., Kg(A2) = m¢—; — h/2. So, we want to prove
that

Ko(r1) = Ko (X2). (D

If |A1]l = ||X2]], then {6, A1} and {6, A2} lie in the same W-orbit. So, Formula (1)
follows. Now, consider [|[A1]| # [|A2]. Note that at most two root lengths occur in €2,
they are ||A1]| and [|A2||. Then, the fact that {6, 11} and {0, A,} are both A% implies that
{6, B} is A% for all B € Q. For B € 2, with the notations in Definition 3.6 applied to
the A% set {0, B}, we have

Ais an irreducible subsystem of rank2, 8 € A,

Mo (B) = {A = Q‘ ® Nspan({f} U A) is a redl};cible subsystem of rank 3. } ’

Indeed, if A € 0+ and A is irreducible, then A € . We further make the following
definition

Ai irreducible subsyst f rank?2, A,
M/g(ﬁ)1={[\§9’ is an irreducible subsystem of rank2, 8 € }

® Nspan({#} U A) is an irreducible subsystem of rank 3.

Using Proposition 3.11 and Theorem 2.11(vi), we compute

Kp=2 Y Y @

AeMy(B) SeAT\{B}
o~ 2
=h(Q)—-2-2 Z Z (B.3)".
Ae M (B) SeAT\(B}

We claim that M (8) = @ for every B € . Suppose not and let A € My (B).
Note that I" := ® N span({#} U A) admits 6 as the highest root in its positive system
®* N span({#} U A). By a direct check on all rank-3 irreducible root systems and
using the fact that {0, B} is A% forall B € A € I' N Q, we obtain a contradiction.
Thus, the claim is proved and we have My, (A1) = Mj(k2) = . By the computation
above, Kp(A1) = Ky(X2) = h(£2)/2 — 1. This completes the proof. O

We close this section (Sect. 4) by giving two corollaries.

Corollary 4.34 (Local-global inequalities) Assume that a set {B1, f2} € ® is A7
Recall the notation Ny = Ny({B1, B2}) in Definition 3.6. For each ¥ € Ny, denote
by cmax (V) the largest coefficient of the highest root of the subsystem \V. Then,

@ Ygenp ma(¥) = 1) =my — 1,
(b) Z\pe/\[o Cmax (W) > Cmax-

The equality in (a) [resp., (b)] occurs if and only if either (i) £ < 4, or (ii) £ > 5 and
{B1, B2} is not RO.
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Proof Since ¢ > 3, my = cmax + 1 by Theorem 4.14 and Corollary 4.16. Thus, (a)
and (b) are essentially equivalent. The left-hand sides of these inequalities are equal
to o by Remark 3.14. By Theorem 4.6 and Remark 3.14,

o _ [h2=1 it (B isRO,

" Ymy—1 if (B, B} is not RO.
Thus, the inequalities follow. If ¢ = 3, the equalities always occur since h/2 = m». If
£ = 4, we need only care about the case {81, B2} is both A% and RO. This condition
forces @ = D4 by Corollary 4.25. Again, we have h/2 = my. So, the equalities always
occurif £ < 4.1f £ > 5, by Lemma 4.21, h/2 > my . Thus, the equalities occur if
{B1, B2} is not RO. O

Corollary 4.35 Let Q be an irreducible component of 0. If ® is simply-laced, then
the Coxeter number of Q2 is given by

h(Q) = 2 if rank(S.Z) =1,
h —2m, +2 if rank(Q2) > 2.

Proof We need only to give a proof for the second line. Note that by Lemma 4.23, there
exists at most one irreducible component € of - satisfying rank(€2) > 2. For every
B e {0, p}is A% since ® is simply laced. Moreover, {8, B} is not RO by the reason
of rank. With the notations in Proof of Theorem 4.28, M’e (B) = 0. It completes the
proof. O

5 Proof of Theorem 1.6
Theorem 1.6 follows from Theorem 5.1 and Example 5.2.

Theorem 5.1 Assume that X = Hy N X5 is A% but not RO. Let {¢1, ..., ¢} be a basis
for D(A) withdegp; =mj (1 < j <£). Then, {galx, e, (pg(_z} is a basis for D(AX).

Proof The statement is checked by a case-by-case method when £ < 4.1f £ > 5, then
my_1 appears exactly once in exp(.A) (Corollary 4.20). By Remark 2.15, A" is free
and {(lel, e, (pf_'l} is a basis for D(AM"). By Theorem 4.6, | A" | — |AX| = m,_;.
By Proof of Theorem 4.4, A"\ {X} is also free. Theorem 2.9 completes the proof. O

Example 5.2 Assume that X € L(A) is both A? and RO. By Remark 3.5, ® = D
with £ > 3 (D3 = Az). Suppose that

0= [] ci—xp [] Gitxp,

I<i<j<t I<i<j<t
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where {x1, ..., x¢} is an orthonormal basis for V*. Let H; = ker(x| + x3), Hy =
ker(x; — x3), and X = Hj N X3. Then, again by Remark 3.5, X is A% and RO. Define

2
=) a1 <i<e—1,
k=1

¢
n:le...x@ak.

X,
k=1 k

Then, it is known that 7y, ..., t¢—1, n form a basis for D(A). Let

4 14
o=([]ai-xp) o+ (]]ed—xD ) o
k=3 k=3

Then, it is not hard to verify that ¢ € D(A\{H;}) and thus (x; + x2)¢ € D(A).
By Saito’s criterion, we may show that ty, ..., t¢—2, 1, (x] + x2)¢ also form a
basis for D(A), and t1,...,7¢—2,n, ¢ form a basis for D(A\{H;}). Therefore,
{rlﬂ‘ R tgH_lz, n™1} is a basis for D(AM). This basis may have two elements having
the same degree, for example, degn = deg s> = £ — 1 when £ is an even number.
However, it is easy to check that for every case nX = 0. Hence, {‘L']X ey ‘L'EX_ s} isa
basis for D(AX) and exp(A*) = {1,3,5,...,2¢ — 5} as predicted in Theorem 2.9.
This is also consistent with the fact that the A% above is exactly the Weyl arrangement
of type By_».
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6 Appendix: A bijective proof of Theorem 4.30

In this section, we give an alternative and bijective proof for Theorem 4.30. In com-
parison with the proof used in Sect. 4.3, we do not use here the classification of rank-4
irreducible root systems.

Definition 6.1 Let {y1, 1} be an A7 set. Let W € Ny = No({y1, y2}) (see notation in
Definition 3.6). For any & = }_ (g Cult € Ut = ot N W (A(Y) is the base of
W associated with W), its local height in W is defined by hty (@) := ), cA(w) Cp-

Lemma 6.2 With the notations and assumptions in Lemma 4.29, Definition 6.1 and
Remark 3.14(ii), we have hty (y;) = mo (W) fori € {1, 2}.

Proof This follows from a direct verification on all rank-3 irreducible root systems.
We will check only a (most) non-obvious case when W = C3,and y; = pu1+u2, y2» =
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Table1 W+ when ¥ = C3

Height

5 2p1 + 210 + 13

4 K1+ 2u2 + 13

3 U1+ 2 + 413 2pp + 13

2 K1+ p2 M2+ 13

1 M1 "2 “3

2 + w3 (see Table 1). Set o := 21 +2uo + 3. Since @ = 2y +pu3 € ¥+ C o,
we have ht(«) > 2ht(y;) > my, which is a contradiction. O

A bijective proof of Theorem 4.30 By Remark 3.14, Theorem 4.30 is proved once we
prove

> ma(W) =1 =my— 1. 6.1)
weNy

Recall the notation U = {0; € R ht(0;) > m¢_1}, and || = m3 — 1. For each
W e N, set Uy := {u € T | hty () > hty(y;)} (by Lemma 6.2, this definition
does not depend on the index 7). Moreover, |Uy| = ma (V) — 1. Since Uy NUy = @
for ¥ £ W/, we have

U te|= Y thel= D" maw)—1).

veN) weNy weNy

Equality (6.1) will be proved once we prove U = g N, Uw. Forany € Uy,

w—vi= ) Z=ou Sy Zmoa (i€f{l,2).

HEA(V) aeA

Thus, ht(w) > ht(y;) = my— hence u € U. Therefore, U D U\I/e./\/’o Uy. To prove
the inclusion, it suffices to prove that for every 6; € U, the subsystem I' := ® N
span{f;, v1, y»} is an element of . Obviously, I is of rank 3 since it contains the
A% set {y1, y2}. The irreducibility of I" follows from Proposition 4.19. O
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