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Abstract

Inspired by the work of Zhou (Des Codes Cryptogr 88:841-850, 2020) based on
the paper of Schmidt (J Algebraic Combin 42(2):635-670, 2015), we investigate the
equivalence issue of maximum d-codes of Hermitian matrices. More precisely, in the
space H,(g?) of Hermitian matrices over [F,2 we have two possible equivalences: the

classical one coming from the maps that preserve the rank in ]FZ;‘”, and the one that

comes from restricting to those maps preserving both the rank and the space H,(¢2).
We prove that when d < n and the codes considered are maximum additive d-codes
and (n — d)-designs, these two equivalence relations coincide. As a consequence,
we get that the idealisers of such codes are not distinguishers, unlike what usually
happens for rank metric codes. Finally, we deal with the combinatorial properties of
known maximum Hermitian codes and, by means of this investigation, we present a
new family of maximum Hermitian 2-code, extending the construction presented by
Longobardi et al. (Discrete Math 343(7):111871, 2020).
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1 Introduction

Let us consider IF‘ZX", the set of the square matrices of order n defined over I, with
g a prime power. It is well known that 7" equipped with

d(A, B) =1k(A — B),

where A, B € IFZX”, is a metric space. If C is a subset of IFZX" with the property that
foreach A, B € C thend (A, B) > d with 1 < d < n, then we say that C is a d-code.
Furthermore, we say that C is additive if C is an additive subgroup of (IFZX”, +), and
C is Fy-linear if C is an F,-subspace of (IFZX”, +, +), where + is the classical matrix
addition and - is the scalar multiplication by an element of F,. Delsarte [10] shows
the following bound for a d-code C

|C| < ql’l(l’l—d+1)’

known as Singleton like bound, see also [12]. Codes whose parameters satisfy the
aforementioned bound are known as maximum rank distance codes (or shortly MRD-
codes), and they have several important applications. Attention has been paid also
to rank metric codes with restrictions, which are codes whose words are alternating
matrices [11], symmetric matrices [16,24,25,32] and Hermitian matrices [26].

In this paper we deal with Hermitian matrices over F».

Consider -: x € F 2 > x4 € F,» the conjugation map over F 2. Let A € IFZZX”

and denote by A* the matrix obtained from A by conjugation of each entry and
transposition. A matrix A € IF;ZX" is said Hermitian if A* = A. Denote by H,, (¢?) the
set of all Hermitian matrices of order n over qu. In [26, Theorem 1], Schmidt proved
that if C is an additive d-code contained in H, (qz), then

IC| < g"" =4+, (1

When the parameters of C satisfy the equality in this bound, we say that C is a maximum
(additive) Hermitian d-code. Schmidt also provided constructions of maximum d-
codes for all possible value of n and d, exceptif n and d are bothevenand 3 <d < n
[26, Theorems 4 and 5]. Whend = 2 and whend = n, itis easy to exhibit constructions
of maximum additive d-codes. For instance, when d = n a semifield spread set of
symmetric n X n matrices over [, gives rise to an example of maximum 7n-code of
H, (qz). For d = 2, instead, we can take all matrices in H,, (qz) whose main diagonal
contains only zeros.
For givena € F}, p € Aut(F,2), A € GL(n, ¢?) and B € H,(¢?), the map

©: C eH,(g) — aACPA* + B € Hy(g?), 2)

where C? is the matrix obtained from C by applying p to each of its entry, preserves
the rank distance and conversely, see [30]. For two subsets C1 and C, of H,, (q2), if
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there exists @ as in (2) such that
Cr,={B(C): C € Cy}

we say that C and C; are equivalent in H, (qz). Nevertheless, we may consider the
maps of IE‘ZZX” preserving the rank distance, which by [30] are all of the following kind

W:CelF "+ AC°B + R € F')" (3)
q q
or
U:C el ACHTB + R e F'J",
q q

where A, B € GL(n, ¢%), 0 € Aut(Fg2), R € IFZ;” and CT denotes the transpose of
C. For two subsets C; and C, of H,, (qz), if there exists ¥ as above such that

Cr={¥(C): CeCy}

we say that C; and C; are said extended equivalent. Clearly, if C1 and C» of H, (qz)
are equivalent in H,, (¢2), they are also extended equivalent. However, when maximum
d-codes are considered, the converse statement is not true. In fact, from what Yue Zhou
points out in [32], it follows that constructions of commutative semifields exhibited
in [9,33] provide examples of maximum n-codes in H, (¢2) say C, with the property
that there exist A, B € GL(n, qz) such that

ACB C H,(q%).

where A # aB* foreacha € F,.

Along the lines of what has been done by Zhou [32], in Sect. 3 we will investigate
on the conditions that guarantee the identification of the aforementioned types of
equivalence for maximum Hermitian d-codes. Results in Sect. 3 heavily rely on what
Schmidt proven in [26] using the machinery of association schemes. Moreover, in
Sect. 4 we will show that providing such conditions holds true for a d-code C €
H, (qz), then its idealisers are both isomorphic to qu, and hence they cannot be used
as distinguisher, similarly to what happens in the symmetric setting as proved in [32].

In Sect. 5, following [16], we introduce the Hermitian setting from a polynomial
point of view, where some properties are easier to establish. Indeed, we show some
combinatorial properties of the known constructions of maximum Hermitian codes.
Finally, in Sect. 6 we extend the construction presented in [16] yielding an example
of maximum Hermitian 2-code and, relying on the results of the previous sections, we
are able to show that it is also new.
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2 The association scheme of Hermitian matrices

By [2, Sect. 9.5] we have that H,, (qz) gives rise to an association scheme whose classes
are

(A,B) € Ri &1k(A—B)=1i.
Let x : F; — C be a nontrivial character of (I, 4) and let
(A, B) = x(tr(A*B)),

with A, B € H,(g?) and tr denotes the matrix trace. Denoting by Hj; the subset of
H,,(¢*) of matrices having rank equal to 7, the eigenvalues of such association scheme
are

Qi(i)= Y (A, B), for BeH,,

AeH;

withi, k € {0, 1, ..., n}, see [3,26,28].
Let C € H, (qz). The inner distribution of C is (Ag, Ay, ..., A,) of rational
numbers given by

I(C x C)N R
IC] '

i =

Therefore, C is a d-code if and only if
Al=...=A,4_1=0.

The dual inner distribution of C is (A, A}, ..., A;) where

Ap =Y Or()A;.

i=0

Also, we have that Ajy = |C|, A} > O foreachk € {0, 1,...,n} and if C is additive,
then |C| divides A; foreachi € {0, ..., n}.

If A} =... = A; =0, we say that C is a t-design. Of course, if C is additive the
A;’s count the number of matrices in C of rank i withi € {0, 1, ..., n}.

Moreover, in such a case we can associate with C its dual in H,, (qz); i.e.,

Ct={XeH,¢g>: (X,Y)=1 foreach Y € C},
and it is possible to show that the coefficients IATkI count exactly the number of matrices

in C* of rank i withi € {0, 1,...,n}.
Also in [26] the author proved the following results on combinatorial properties of
maximum additive Hermitian d-codes when d is odd.
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Theorem 2.1 [26, Theorem 1]IfC C H,, (qz) is a Hermitian additive d-code with odd
d, then it is maximum if and only if C is an (n — d + 1)-design.

Consider m and ¢ two non-negative integers, negative q-binomial coefficient is
defined as

E .
m| (_q)m—t—H -1
M—l—[ (—q) =1

i=1

We will need the following property for negative g-binomial coefficients. Let k and
i be two non-negative integers, then

k . j—i il &
PG VCINER) M H = 8k, 4)
j=i

where & ; is the Kronecker delta function, see [26, Eq. (6)] and [11, Eq. (10)].
If C is a Hermitian additive d-code and a (n — d)-design, then its inner distribution
has been determined.

Theorem 2.2 [26, Theorem 3] If C is a Hermitian additive d-code and a (n—d)-design,
then

= [ (IC] :
Ay =) (=D =) M [ J} <ﬁ<—1)<"+”f - 1) ,
Jj=i

foreachi € {0,1,...,n—1}.

3 The equivalence issue for maximum codes

Following the paper of Zhou [32], we may generalize his considerations to the Her-
mitian setting.

Let C be a subset of F" " and let 0 be the zero vector in ]FZZ' In [19] the authors
define the following incidence structure

S(00) ={(0,y):y € IE‘;z},
SX) ={(x,xX):x € ]ng}, for X € C.

The kernel K(C) of C is defined as the set of all the endomorphism p of the group
(]Fi’zl, +) such that S(X)* € S(X) for every X € C U {oo}. The following result has

been proved in [19].

Lemma 3.1 Let C be a subset of T ",
q
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(a) The kernel of C is a ring under addition and composition of maps.
(b) If C1 and Cy are two equivalent rank metric codes in FZZX", then their kernels are

equivalent in T ",
q
(c) Let I, denote the identity matrix of IFZ;” The set of matrices {aly+n: a € Fy}

forms a field isomorphic to ¥ > contained in K (C).
(d) Let O be the zero matrix in IFZZX" If O € C, then each element of K (C) must be

of the form
N O
( 0 Nz), 5)

where N1, Ny € End(IF‘ZZ, +).
As a consequence, we can prove the following result.

Lemma 3.2 Let C be a subset of H, (¢) containing O and I,,. If there are no trivial
subspaces U and W such that

° ng =UW;

e (uX:uelU,XeC}CU;

e (WX:weW, XeC}CW,

then the kernel of C is isomorphic to a finite field containing F ;.

Proof Since O € C, by (d) of Lemma 3.1 each element A of K(C) is of Form (5),

ie.
(N1 O
A= (% 9).
Because of (a) of Lemma 3.1, it is enough to show that except for the case in which
N1 and N; are the zero matrix, N1 and N, are invertible. Since A € K (C), then

{(Xle XXN2): Xe ]FZQ} g {(Xv XX): Xe F;Z}s

and hence xN1 X = xX N, for each x € F",. Since I,, € C, we may choose X = I,
and hence we have N; = N;, which will be denoted by N. Suppose that xN = 0,
then we have also that xX N = 0. This implies that each X € C maps the kernel of N
into itself. Denote by V the kernel of N and by k its dimension. Choosing a suitable
basis of I, in such a way that its first k elements are a basis of V, then each element

X, O
0o X))’
with X| € Hk(qz) and X» € H, (qz). Let U and W be the subspaces corresponding

to the first k coordinates and the last n — k coordinates, respectively. If k > 0, this
would contradict the hypothesis and hence N1 and N; are invertible. O

of C may be written as
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3.1 The equivalence issue

In this section we will show that, under some assumptions, the equivalence of two
maximum additive Hermitian d-codes in H,, (qz) coincides with extended equivalence
in F*",

q
Theorem 3.3 Let d be a positive integer and let C be a maximum additive d-code in
H, (qz). If there exist a € IF; and P € GL(n, qz) such that

I, caP*XP,

then K (C) is isomorphic to a finite field containing I 2. In particular, if d < n then
K (C) is isomorphic to qu.

Proof Clearly, by (b) Lemma 3.1, we may assume that /,, € C. Now, we show that the
hypothesis in Lemma 3.2 is satisfied and hence K (C) is a finite field. Suppose that
there exist two subspaces U and W of IFZZ such that IFZ2 =U@® W and

e (uX:ueU,X eC} CUand
e (WX:weW, XeC}CW.

Let k be the dimension of U and we may assume that k > L%J and that a basis for U
is given by the first k£ elements of the standard basis of IFZZ. Therefore, each element

_ (M O
= )
with M| € H,,(¢%) and M> € H,_i(¢?).
e If d > | 5], then the set

M of C can be written as

Ci:={M: M e C}

has size |C| = ¢""~9*D otherwise there would be two matrices in C whose
difference has rank less than or equal to n — k < [ 5 ]. Its minimum distance d; is
greater than or equal to d — (n — k). Bound (1) applied to Cy implies

qn(n—d+1) =|C| < qk(k—dl—H) < qk(k—d+(n—k)+l).

Thus k = n.
e Suppose that d < I_%J. For each M, € H, (qz) let

My O
CMZZ{Ml: <01 M2>ec}.

Its minimum distance d(Cy,) > d and by (1),

|Ca, | < gD,
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Therefore,

IC| = Z |CM2| < q(n—k)(n—k—H) .qk(k—d+l)’
MZEank(qz)

and so

n(n—d+1)§(n—k)2+(n—k)+k(k—d+1)
<m—-k*+m—k+k(n—d+1).

If k # n, then d > k, which is not possible. Hence k = n.

In both the aforementioned cases, we have k = n and therefore we can apply
Lemma 3.2 and (c) of Lemma 3.1 to get the first part of the assertion. Now, sup-
pose that d < n and that K(C) =~ F ¢ contains properly a field isomorphic to F».
Then C can be seen as subset of Hermitian matrices of order n/¢ over F > with
minimum distance d’ = d/£. By (1) we have that

€l = g" "D < g i (),

from which we get £ = 1 and also the second part of the statement follows. O

Lemma 3.4 If C is a Hermitian maximum additive d-code and an (n — d)-design with
d < n. Then there is at least one invertible matrix in C.

Proof If d = 1, then C = H, (qz) and the assertion holds. So assume that 1 < d < n:
our aim is to prove that A, # 0. By Theorem 2.2, we have that

n_d P . |C|
Apei = Y (=1 (=) (2D M m <—<—1)<"+”f - 1) ,

"
j=i 7

foreachi € {0,1,...,n — 1}. Fori = 0, we get

q"

n—d . .
Ay =Y (=) (=)@ [{)] m (g(—l)“””f - 1) . ©)
j=0
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Recalling that |C| = q""=4+1 the above formula can be written as follows

n—d

Ar=Y -1 (—)® H (gD —1)
Jj=0 /

n—d oA

=Y D@ "] (mod g"?)
j=0 =

=Y @t Y @ [”] (mod ¢"~)
j=0 L J

=S E@ |7 (mod g" ).
j=0 LI

Therefore, by Eq. (4) we have A, = —1 (mod ¢"~¢), so that A,, # 0. O

We are ready to prove the main result of this section.

Theorem 3.5 If C| and C; are two maximum additive Hermitian d-codes and (n — d)-
designs withd < n, then they are equivalent in H,,(¢?) if and only if they are extended
equivalent.

Proof Clearly, if C| and C; are equivalent in H, (qz), then they are also extended
equivalent. Now assume that C1 and C; are extended equivalent, i.e. there exist two
invertible matrices A, B € GL(n, ¢%), p € Aut(F,2) and R € IF’;ZX” such that

C,=ACSB +R.

Since C1 and C5 are additive, we may assume that R = O, i.e. C| = AC;B. We are
going to prove that A = zB* for some z € Fy. So,

Cy = AC{ B = (A(B*)"")B*C{ B = MC3,

where M = A(B*)"! and C3 = B*C{ B C H, (g%). As a consequence, we have that
MX € H,(g?) foreach X € C3, i.e.

MX = (MX)* = XM*

for all X € C3. Hence the matrix

M O
(0 M*> € K(C3).

By Lemma 3.4, there exists in C3 an invertible matrix, which implies the existence of
a € F, and D € GL(n, q) such that I, € aD*C3D. Now, by Theorem 3.3 we have
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that K (C3) = qu and hence M = zI, for some z € Fzz. By (c) of Lemma 3.1, we
have

K(C3) ={yInin:y €Fp2},

and as (Ag 13*) € K(C3), it follows that M = M* = zl,, with z € IF;, ie.
A = zB*. O
As a consequence of Theorem 2.1, we get the following.

Corollary 3.6 If C and Cy are two Hermitian maximum additive d-codes with d odd,
d < n, then they are equivalent in H, (qz) if and only if they are extended equivalent.

4 |dealisers are not distinguishers in H, (g?)

In the classical rank metric context, to establish whether two codes are equivalent or
not could be quite difficult. One of the strongest tool for such a issue is given by the
automorphism groups of such codes, which usually is very hard to determine. In some
cases it is enough to study some subgroups of the automorphism group which are
invariant under the equivalence, which are easier to calculate, such as the idealisers
introduced in [15] and deeply investigated in [19].

Let C be an additive rank metric code in FZX", its left idealiser I;(C) is defined as

Ii(C)={Z ¢ ]FZX": ZX € C forall X € C}
and its right idealiser I,(C) is defined as
I,(C)=({Z € ]FZX”: XZ e C forall X € C}.
Idealisers have been used to distinguish examples of MRD-codes, see [1,5,6,8,16,
19,20,27,31]. In the next we prove that for maximum additive Hermitian d-codes left

and right idealisers are isomorphic to I, i.e. they cannot be used as distinguishers in
the Hermitian setting.

Theorem 4.1 Let C be a maximum Hermitian additive d-code and a (n — d)-design
withd < n. Then 1,(C) and I, (C) are both isomorphic to F,.

Proof Let us consider the left idealiser case and let M € I,(C). We have that M X €
H,(¢?) foreach X € C, i..

MX = (MX)* = XM*

for all X € C. Hence the matrix

M O
(0 M*) € K(0).
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and as in the proof of Theorem 3.5, we get that M = al, for some a € F,. Similar
arguments imply the same result for the right idealiser. O

As a consequence of Theorem 2.1, we get the following.

Corollary 4.2 [f C is a maximum Hermitian additive d-code with d odd, d < n. Then
1¢(C) and I,(C) are both isomorphic to .

5 The g-polynomial setting and some combinatorial properties

We briefly introduce the Hermitian setting from a polynomial point of view. Letn € Z*
be a positive integer, and let ¢ be a prime power. We denote by £, , the quotient IF, -
algebra of the algebra of linearized polynomials over IFy» with respect to (x — x?"),
ie.

n—1 ]
13
Lng = { E aix? : a; eIE‘qn}.
=0

It is well known that there is a one-to-one correspondence between the elements
of £, 4 and the F;-linear transformation of IF;» (represented as matrices). Using this
fact and following the point of view expressed in [16], we may identify the set H,, (¢%)
of Hermitian matrices of order n over F > with the set of g%-polynomials

n—1

i 2n—2i+1 o

Hn(q2) — iZcixq D Cp—iyl = c? , with i € {0,...,n— 1}} C En,qz,
i=0

where the indices are taken modulo 7. We underline here thatifz is odd, then ¢(,4.1) /2 €
F4n. Moreover, the rank of a Hermitian form equals the dimension of the image of the
map f : Foon — F 2., where f € Ha(q?).

Also, we may consider the maps that preserve the rank distance in H,(¢2) rep-
resented as polynomials. In order to do this, consider the non-degenerate symmetric
bilinear form of IF 2. over F > defined by

(x, y) = Tryon )2 (xy),
for each x, y € F 2, where Tr o 2 (x) = Z;:ol x4” . Then the adjoint T of the

linearized polynomial f (x) = Y"1 a; ¥ er

(,)1s

n,q2 With respect to the bilinear form

n—1

T _ qn—2i q”’zj
fx)= Zai X ,
i—0
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ie.
Tr o 12 (0 f (1) = Trgan )2 (0f T (1)),

forany x, y € F .
Then, one can easily verify that maps preserving the rank distance in H, (¢?) are
of the form

2n—1
Ougpre(f) =ago fPogl?" (x)+ro(x), @)
for given a € F;, p € Aut(F,2), g(x) = Z:':ol g,-xqi a permutation g>-polynomial
n— _ n—2i—1 n—2i
over F on, rg € H,(g%) and gT‘f2 l(x) = :’:01 gl.q x4

In this context, if C; and C, are two subsets of H,, (qz) and there exists a map
Ou,g.p.ry defined as in Eq. (7) for certain a, g, p and ry such that

Cy = {@a,g,p,ro(f) : f € Cl}s

then we say that C; and C» are equivalent in H,(q>).
As we are considering d-codes using linearized polynomials, we can interpret the
dual code C* of C in the following way:

Ct=1{f eHulg®): b(f,g) =0, VgeC),

where
n—1
b(f.8) = Tru (Za,-b,) , (8)
i=0

whenever f(x) = :’;01 a;x?" and g= Z?;ol bix?” €M, (g?).
Remark 5.1 As noted in [22, Sect. 2] (see also [17]), there exists an ]qu—basis of ng

such that H,, (¢%) and H,(¢?) are isomorphic (denote by ¢ such an isomorphism) and
with the property that tr(A*B) = b(¢(A), ¢(B)). Now, recalling that (A, B) = 1 if
and only if b(¢(A), ¢(B)) = 0 (as x is a non-trivial character of IF;), we have that

p(CH) =C*.

This allows us to switch between the two models.

Here below we give a description of the known examples of maximum Hermitian
d-codes in a polynomial fashion, [26, Theorems 4 and 5] (see also [16, Sect. 2.2]).
More precisely, let s be an odd positive integer with gcd(s,n) = 1. If n and d are
integers with opposite parity such that 1 < d < n — 1, then the set

n—d+1
2

2s(n—j+1) s 2sj
Hn,d,s = § ((b]x)q ! + b? xq 7) . b] g e ey b% S ]Fan N (9)
j=1
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is a maximum [F,-linear Hermitian d-code.
In addition, if n and d are both odd integers, then the set

n—d
2
s(n+1) s(n+2j+1) s s(n—=2j+1)
Ens = 1 o)™ "+ 3 (6207 + b7 x4 ):
=1

bo € Fgn b, busgn € By, (10)

is a maximum [F;-linear Hermitian d-code.
We present some combinatorial properties of these examples. In order to do this,
let us recall the following result of Gow and Quinlan.

Theorem 5.2 ([13, Theorem 5] and [14, Theorem 10]) The dimension of the kernel
of a q-polynomial f(x) = apx + aix? + -+ ap 1x‘1‘v(k71) + ay X" e Ly,q with
gcd(s, n) = 1 is at most k. In particular, lfthe dimension of the kernel of f(x) is k,

then Nyn 4 (ap) = (— "N Nyn/q(ax), where Ngn 14 (a) = aq‘? U fora € Fyn.
The next result provides combinatorial properties of Constructions (9) and (10).

Theorem 5.3 For any suitable parameters n, d and s, the maximum IF-linear d-codes
Hn.d.s and E, 4. 5 are (n — d + 1)-designs.

Proof If d is odd, the assertion follows by Theorem 2.1. So, the remaining codes to
be analyzed are 'H, 4.5 with n odd and d even. Let start by determining its dual code

Hn ds with respect to the bilinear form (8). First, we remark that

n2

q

|Hnds| —1 (1

|Hndv| =

Let us consider the following set

og Al Z2i41 Ds(n—i
2 s(n—i+1)
D = {cur1x? + E ci X + c x4 :Cugt € Fygn,

i _n—d+3
2

2
n—d+3 n—l”

2

ciquzn,ie{ > e T

It follows that each polynomial f in D satisfies the property that
b(f,h)=0 forany h € Hp 4.

Hence, by (11) we have that D = Hi duse Let us consider

2.r(n—n_d+3) ZS(n—"_d+3) ] f(x) c D}

Do x1 ={fox?
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_n—=d+3
2s(n 5

The polynomials in D o x4 : have ¢*-degree less than or equal to d — 1, and

hence by Theorem 5.2 we have that

. ) ZS(n—"_g+3)
dlm]qu ker f(x) = dlm]}rqz ker f o x4 <d-—1,

for each f € D\{0}, i.e.tk f > n —d + 1 for each f € D\{0}. Hence D is an
(n — d + 1)-code and the assertion is then proved. O

Moreover in [23,26] another family of additive 2-codes in H, (qz) was exhibited
which exists for any value of the positive integer n. In fact,

M = {(m; )<ij<n € Hy(g?) : mi; =0 V1<i<n), (12)

see [23, Theorem 6.1]. We are going to show that this example is not a 1-design and
hence it cannot be equivalent to the aforementioned families.

By simply adapting arguments exhibited in [24, Sect. 3.4], designs in the Hermitian
association scheme can be characterized by means of the following property

Theorem 5.4 Let U be a t-dimensional vector subspace of V(n, q%) = ]FZ2 and let

H: U xU — Fp be a Hermitian bilinear form on U. Then, a d-code C C Hy (g%
is a t-design if and only if the number of forms in C that are an extension of H, is
independent of the choice of U and H.

As a consequence, we have the following result.
Theorem 5.5 The 2-code M is not a t-design for any t # 0.

Proof It is enough to show that M is not a 1-design. Indeed, let U = ((1,0, ..., 0))1@*[12
a one-dimensional subspace of ”,. The number of forms in M that are extension of

the 1 x 1 Hermitian bilinear for H = (0) is | M|, and the number of forms in M that are
extension of the 1 x 1 Hermitian bilinear for H = (1) is 0. Therefore, by Theorem 5.4
we have that M is not a 1-design. O

Therefore, we have the following.
Corollary 5.6 The 2-code M is not equivalent to Hy 2.5, for any n and s.

As pointed out in Theorem 2.1, any maximum d-code is an (n — d 4 1)-design
when d is odd. For the d even case this is not true. Indeed, by Theorem 5.5, we have
example of maximum 2-code which is not even a 1-design, whereas by Theorem 5.3
we have examples of maximum d-codes which are (n — d + 1)-designs.

6 New constructions of maximum Hermitian 2-code
We start by pointing out the technique developed in [29], in order to use it in the

Hermitian setting similarly to what has been done in [16] in the symmetric framework.
In [29], the following was proved.
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Lemma 6.1 Let g be an odd prime power, let n € 7 and s € 7 be two integers
such that n is odd and (s 2n) = 1. Let y € F o0 with N2 ), (y) a non-square in ¥y

If f(x) = ax + Z a,xq” + ybquk € Lon,q with a; € Fyom, a,b € Fyn, then
dimp, ker f <k—1andrk f=2n—k+ 1

Proof By Theorem 5.2 dimp, ker f < k. By way of contradiction, let us assume that
the dimension of the kernel of f(x) is k. Hence, by Theorem 5.2, it follows that

Nan/q (Cl) = qu”/q (b]/),

ie,sincea,b € Fyn,

a a\2
Ngan/q(¥) = Ny g (5) = Ngn/q (Z) )

which gives a contradiction. The second part follows from the relation rk f = 2n —
dimg, ker f. O

We are now able to generalize the construction of [16] to the Hermitian setting.
Precisely, we have

Theorem 6.2 Let g be an odd prime power, letn € 7 and s € 7 be two integers such
that n is odd and (s,2n) = 1. Let y € ]Fan with Ny2n/4(v) a non-square in IFy. Then

n—3
n+1 g1 0sNE3

2
- +2) i v(2n 2i+1)  25(n—i+1)
Hs = bxq +aqu T (ay)qs(n X7 4 Z ( A )

i=1

tabeFyn.ci € Bl
is a maximum Hermitian ¥ ;-linear 2-code.

Proof First we note that |H| = qz"%'ﬂ” = ¢"=D which, according to (1), is the

maximum possible size providing d = 2. Now we have to show that dim[Fq2 ker f <

n—2foreach f € 7:[X. Indeed, if dim]Fq2 ker f <n—2,thentk f >n—(n—2) =2.
By way of contradiction, we may suppose that there exists

og i+l osi=l 253
4 5 s(n+2) 2
f(x) = bx1 +ayx? + @y)? x?
n=3
2
g$@n=2+D os—i)
E c,xq x4 )
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in H, such that dim]Fq2 ker f > n — 1. Clearly, the diqu2 ker f = dim]Fq2 ker fo

x4" foreachi € {0, ..., 2n — 1}. In particular,

2s(n—1) 2s(n—2)
= bx? +ayx? + (ay)?

n—=3
2

+ ) cix?
i=0

s(n—3) s(n+2)
: X

fox?

$Q2i+n—3) 2n=2i+1 g(n—2i—1)
+c! x4

has qzs -degree at most n — 1 and hence, by Theorem 5.2, it follows that dimﬂrq2 ker f <
n—1.When we look at fox? Y asa g-polynomial in ¥ >, we have thatdimp, ker(fo

x40 3)) = 2n — 2; a contradiction by Lemma 6.1. Hence, dimp 2 ker f<n-2.0O

Also we are in the position to determine its dual code 7:{5L of H. Precisely, we have

Theorem 6.3 Lety € F on with Nyon ), (v) a non-square element of ¥ 4. Then, the dual
code of Hy is

2(27

~ L 1 nz]) 1 s(n+2) 23#
Hy = {cy ax? + (cy ) x4 ice ]Fqn} ,

with o € ]Fan and 71 = — 1.

Proof We have that |7:(§‘| = q"2/|7:l5| =gq". Let

% 25851 s(n+2)xq2S%

+ayx? 7+ (ay)

-3
2
s(2n72i+1) 2s(n—i+1) ~
§ (C xq x4 ) € H,

£(x) = bxt

and

25251y _ sty 2513
ax? + (cy ta)d x4

N‘

gx) =cy!

with ¢ € Fqn, then

b(f,8) =Trpom 2 (acoc + (aca)qs("ﬁ)) = Try2n 2 (acot + acoﬂ)
= Tr 2 (acot (1 + aq_l)) =0.

The assertion then follows. O

Corollary 6.4 The 2-code H; is an (n — 1)-design.
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Proof To prove the assertion, it is enough to show that all the polynomials in ﬁﬁ- are
invertible. For this purpose, let

n—1

25(%5—)
f =cylax? ? 4 (cyla)

s(n+2) qzs#
X

)

withc € Fgn and 7! = — 1.
—s(n—1 K 2 2 .
Clearly, f ox4 o cy lax + (cy_loz)‘f(n+ 'x7% 1t has a nonzero root if and
only if

_ _ ,8(n+2)
Nq2n/q2 ((CO{)/ 1)1 q ) =—1.
Since

1_qs(n+2) l_qs‘(n+2) qx(n+2)_1 _ g—1
Ng2n /42 (C o y = —Ngan/2 (v .

1 s(n+2)xq2s

Therefore, cy ~'ax + (cy ~'a)? = 0 has a no-zero solution, if and only if

Nan/qZ (Vq_l) =1,

which implies that qu,,/qz (y) € FF,. This is a contradiction since Nan/q (y)is a
non-square in . O

Finally, we prove that construction exhibited in Theorem 6.2 is equivalent to none
of the known examples with involved parameters. We need the following tools from
[18], used by the authors in order to solve the equivalence issue for the family of
generalized twisted Gabidulin codes.

Let C be a subset of L, 4. The universal support S(C) of C is the subset of
{0,1,...,n — 1} defined as follows

S(C) = {i: there exists f € C such that the qi—coefﬁcient of f is not zero},

whereas an independent support B is a subset of {0, 1,...,n — 1} for which there
exists a set {h;: i € B} of permutations of IF,» such that

Zhi(a)xqi ta e Fq»z} CC.
ieB

Also, let A and B two subsets of {0, 1, ...,n — 1}, then

AB = {k: there exists a unique pair (i, j) € A x B suchthat k =i+ j (mod n)}.

For two extended equivalent codes the following holds.
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Lemma 6.5 [18, Lemma 4.6] Let C and Cy two subsets of L, ;. Assume that C\ and
C; are extended equivalent, i.e. T(C1) = Cy for some t as in (3). Let A be the support
of {t(ax): a € Fyn}. Then

AB C S(),

for every independent support.
Now, we are ready to prove our final result.
Theorem 6.6 The 2-code 7:{5 is new.

Proof We first remind that, by Theorem 5.5, the 2-code M described in (12), is not a
t-design for any ¢ # 0. Then, by Corollary 6.4, it is plain that H, cannot be equivalent
toM.

On the other hand, assume by way of contradiction that H, is extended equivalent to
Hy.2.¢. Since both codes are (n — 1)-designs, as a direct consequence of Theorem 3.5
and Corollary 3.6, then they have to be equivalent in ,,(¢?), i.e. there must be a map

of type &, ,7q , such that @a,grq,p(’l:lx) = Hu.2.¢, for given a € FZ, p € Aut(F2),

and g(x) = Z:‘l:_ol gixqb a permutation ¢2-polynomial over Fyon.

In what follows we will first prove that under this assumption, it must necessarily
be £ = £ s (mod n). In fact, suppose that £ #= £s. As n is odd, we must have that
(¢, n) = 1, and hence there must be an 1 </ < n — 1 such that s = [£ (mod n).

Let A be the universal support of (g™ oaxog(x):ac F 2}, and S(Hn2.0) be
the universal support of H, > ¢. By applying Lemma 6.5 we get that A® € S(H,,.2.¢)
for each set of independent supports B of H.

Now, consider the set

. . . n—1
{lS,(2n—2l+l)Sll=1,2,..., ”,

which is a set of independent supports of H.
If j € A, applying again Lemma 6.5, we get that

n—

1
{j+is: j+@n—2i+1s: ie{l,z,..., Hgsmn,”).

Hence,

_1
{j—i—is; i+ Qn—2i+1Ds: ie{l,Z,...,n2 }}

1
g{iﬁ;(Zn—i—i—l)Z: ie{1,2,...,n2 H
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Letting j = uf (mod n) withu € {1, 2,0, %} in above equation, and plugging

in s = [£ (mod n), we get

-1
{u+ilandu+l(2n—i+l):i=1,...,n }

2
. . . n—1
g{z,n—l+1:l=l,..., }

2

Butsince/ > 2and u € {1, 2,..., %}, this can never be the case. Hence, we end

up with £ = + s (mod n).
n+l

2
In this case consider the map g "9 o b” x4 7o g. A direct computation shows that
the coefficient of the term with g-degree g2 "2 in it, equals to

sz(% —i)

bpqSZ(nfi) )

n-l (2n—2i+1)
qS n—=21 q
aup1 (b) = > s 8i

i=0
$(2n—2i+1) x2(%—t‘)
Since (s,2n) = 1, the coefficients g? ? belong to Fyn. As the
coefficient of the term with qze—degree % in H,. 2 is zero, and since £ = =+
(mod n), we getthata ni1 (b) must be zero foreach b € F . But this finally contradicts
the fact that g is a permutation polynomial.
Hence, we may conclude that H is equivalent to none of the two existing examples

with the involved parameters. O

7 Concluding remarks and open problems

In this article we provide some conditions ensuring the identification of the two types
of equivalences which can be naturally defined for maximum additive d-codes in
the Hermitian association scheme. More precisely in Theorem 3.5 we prove that the
equivalence and the extended equivalence coincide for maximum additive Hermitian
d-codes withd < n whichare also (n—d)-designs. As abyproduct, in Corollary 3.6 we
prove that the equivalence and the extended equivalence coincide, whenever we deal
with two maximum additive Hermitian d-codes with d < n and d odd. However, it is
an open question whether or not this holds true also for maximum additive Hermitian
d-codes with d < n and d even, which are not (n — d)-designs.

Also, it would be interesting to understand whether the same result holds for max-
imum additive codes in the alternating setting. In addition, we do not know whether
Lemma 6.1 may be used for constructing new examples of 2-codes in such a context.

Furthermore, one of the most important open problems regards the construction of
maximum Hermitian d-codes for 3 < d < n — 1 with n and d both even. Probably,
further investigations on the relations between the coefficients of a linearized polyno-
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mial and the dimension of its kernel (i.e. by using results contained in [4,7,21]) may
lead to new constructions for some fixed value of n.
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