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Abstract We consider the complement W\ W of any quotient W of a Coxeter sys-
tem (W, S) and we investigate its algebraic, combinatorial and geometric properties,
emphasizing its connection with parabolic Kazhdan—Lusztig theory. In particular, we
define two families of polynomials which are the analogues, for the poset W \ W7, of
the parabolic Kazhdan—Lusztig and R-polynomials. These polynomials, indexed by
elements of W\ W7, have interesting connections with the ordinary Kazhdan—Lusztig
and R-polynomials.
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1 Introduction

Although the poset W/ := {w e W | w < swVs € J € S} has been well studied
and understood both combinatorially and topologically under the Bruhat order of the
Coxeter system (W, S) (see[1] and [3]), the complement W'\ W+ does not seem to have
been considered yet. In this work we study algebraic, combinatorial and geometric
properties of these complements; more precisely, we show that W \ W, as a poset
under the induced Bruhat order, is graded (Theorem 2.2); the order complex of its
intervals is shellable (Theorem 5.4) and we compute explicitly its Mobius function
(Theorem 5.6). We show that the study of the poset W \ W arises quite naturally
from a construction done by Deodhar in [6] to introduce parabolic Kazhdan—Lusztig
theory. In fact Deodhar defined, for an arbitrary Coxeter system (W, S), two J7’-
modules M”>* with a Z[q'/?, g~'/?]-basis # indexed by W, for every J C S, one
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for each value of a parameter x € { —1, ¢ }; here J7 is the Hecke algebra of W.
Algebraically the .7#-module M”>* can be described as the quotient of the Hecke
algebra J# by the annihilator of the basis element mej " € 8. We show that this
annihilator is an .7#-module which has a Z[¢'/?, g~'/?]-basis indexed by W \ W~/
(Corollary 3.3) and is invariant under a certain involution defined in [6]. These facts
lead to the construction of two families of elements of Z[g 172 q’l/ 2], corresponding
to the two ##’-module structures. These polynomials have an interesting relation with
the ordinary R-polynomials (Proposition 4.2), and we obtain a recursion for their
computation (Theorem 4.14). These properties allow us to show the existence of
P-kernels (as developed by Stanley in [13]) for the poset W \ W/ (Theorem 7.1).
Moreover, this investigation of the annihilator of meJ * leads to an extension of the
parabolic Kazhdan—Lusztig and R-polynomials to elements not in the quotient W~ .

The organization of the paper is as follows. In the next section we fix notation, and
we recall some definitions and results about Coxeter groups, their Hecke algebras,
parabolic Kazhdan—Lusztig theory, and P-kernels. Section 3 is devoted to the study
of the annihilator of mej’x for both the 5#-modules M’+*, and a Zlq 172, q‘l/z]-basis
is obtained for this ##°-module. In Sect. 4 we introduce two families of polynomi-
als, as coordinates of an involution on the annihilator of mej ¥ with respect to the
basis discussed in the previous section. These polynomials are related to the ordi-
nary R-polynomials (see Proposition 4.2), and a recursion for them is obtained in
Theorem 4.14. In Sect. 5 we study the poset W \ W under the induced Bruhat order.
We prove thatitis a graded poset and that the order complex of its intervals is shellable,
and we compute its Mobius function. In Sect. 6 we extend the parabolic Kazhdan—
Lusztig and R-polynomials, introduced by Deodhar in [6], to elements not in W,
Finally, Sect. 7 is devoted to the proof of the existence of P-kernels for the poset
W \ W and to the existence of the analogues of the Kazhdan—Lusztig polynomials
for this poset.

2 Notations and preliminaries

In this section we establish some notation, and we collect some basic results in the
theory of Coxeter groups and their Hecke algebras which will be useful in the sequel.
The reader can consult [2] and [8] for further details.

We let Z be the ring of integers and R the field of real numbers. N is the set of
non-negative integers and, if n € N, [n] :={ 1,2, ..., n }; in particular [0] = @. | X|
is the cardinality of a set X, and C is the proper inclusion between two sets.

Let (W, S) be a Coxeter system. If v, w € W we define £(v, w) := £(w) — £(v),
where £(z) is the length of the element z € W.If J C S, we let

W/ ={weW|Llsw)>Lw)Vsel}, 1)
Dp(w) ={seS|Llsw) <l(w)}, 2)
Dr(w) :={s €S| L(ws) < l(w)}. 3)
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The parabolic subgroup W; € W is the group with J € § as generator set. In
particular Wg = W and Wy = { e }.

We are interested in W as a poset under the Bruhat order < (see, e.g. Chapter 2
in [2] or Chapter 5 in [8]). The quotient w'isa subposet of W, considered with the
induced order. For v, w € W such that v < w, the interval [v, w]’ € W is the set
defined by

[v,w]J:={zeWJ‘v<z<w}. 4)
In finite groups W there exists a unique maximal element wg, maximal relative to the
Bruhat order, and it is the element of maximum length in W (see Section 2.5 in [2]).

The following property, known as the lifting property, characterizes the Bruhat order
(see Proposition 2.2.7 and Exercise 2.14 in [2]):

Proposition 2.1 Let v, w € W be such that v < w and s € Dr(w) \ Dr(v). Then
v < ws, and vs < w.

As is well known, the poset W is graded by the length function (see Theorem
2.5.5in [2]).

Theorem 2.2 Ifu < win W, then there exist elements w; € WY, such that £(w;) =
Lu)+i,for0<i <k andu=wy<w) <...<wp=w.

The Mébius function of the poset W is also known (see Corollary 2.7.10 in [2]).

Proposition 2.3 Let u, w € W’. The Mibius function of the poset W is

J (=D i, w] = [u, wl,
w(u, w) = .
0, otherwise.
For J C S, an element w € W has a unique expression w = w ij , where

w’ € W/ and w; € W; (Proposition 2.4.4 in [2]). The canonical projection P” :

W — W, defined by
Pl (w) = w’, )

is a morphism of posets (Proposition 2.5.1 in [2]):
Proposition 2.4 Let v, w € W be such that v < w; then v/ < w’.

The following is an immediate consequence of Proposition 2.4 (see also Corollary
2.5.2 in [2]).

Corollary 2.5 Suppose v € W/, w € W,v < w and £(v,w) = 1. Then, either
w = sv, for some s € J, orw € w.

The next lemma summarizes some known results (see Lemma 3.1 in [5] and Corol-
lary 2.5):

Lemma 2.6 Let s € S and w € WY, Exactly one of the following three possibilities
occurs:
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1. s € Dr(w). In this case ws € W,
2. s ¢ Dp(w) and ws € w’,
3. s & Dr(w) and ws & W’ in this case ws = s'w for a unique s' € J.

In the present work we consider the set W \ WY with the induced Bruhat order.
With [v, w]\Y we denote an interval in W \ W' ie ifv,weW \ W7 and v < w,

[v,w]\J::{zeW\WJ‘v<z<w}. 6)

For the topological questions discussed in Sect. 5 it is useful to recall some notation
and results about the interval structure of W. We refer to Section 2.7 of [2] for this
part. Let .# (u, v) be the set of maximal chains in the Bruhat interval [u, v], and let
v = 5152...54 be areduced expression. We associate witheachm € .# (u, v) a string
of integers A(m) := (A;(m), Ao(m), ..., Ar(m)), where k = £(u, v). Suppose that m
is the chain v = xo > x1 > ... > xx = u. By the Strong Exchange Property (see
Theorem 1.4.3in[2]),x] = $152...58;i ... 54> where the deleted generator s; is uniquely
determined. Let A (m) := i and so on. Let .#” (u, v) denote the set of maximal chains
in the Bruhat interval [u, v]’. Since .#” (u,v) C .# (u,v), the injective mapping
m — A(m) restricts to .7 (u, v). We write (a1, ..., ax) < (b, ..., by) for the anti-
lexicographic order relation of distinct integer strings. The following lemma is known
(see Lemma 2.7.4 in [2]).

Lemma 2.7 1. There is a unique chainmg € A T (u, v) such that »(mg) is decreas-
ing! (meaning that A1 (mg) > Aa(mg) > ... > Ar(mg)).
2. A(mg) < A(m) forallm # myg in A7 (u, v).

We now recall what the Hecke algebra .77 of a Coxeter group W is. Let A :=
Z[g~'/2,¢'/?] be the ring of Laurent polynomials in the indeterminate ¢'/2. The
Hecke algebra /7 is the free A-module generated by the set { 7, | w € W } with the
product

Tys, if s € Dr(w),
Tl = . (M)
qTys + (g — DTy, otherwise,

forallw € Wand s € S. For s € S the inverse of the generator 7 is
7' = = DL +q7'T @®)

and this can be used to invert all the elements T,, where w € W. There is an involution
ton 77, as defined in [9], such that

gy =q "2 um) =T, ©)
for all w € W. Moreover this map is a ring automorphism (see [8], Section 7.7), i.e.

(TyTy) = (Ty)(Ty) Yv,we W. (10)

! This is consistent with our definition of W7. The statement for the quotient Two .=
{weW]|ws>wVs e J}says that the string A(myg) is increasing.
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Expanding the element ¢(7},) in terms of the basis { T}, | w € W } and considering
an t-invariant basis { Cy, },,cw of 5, Kazhdan and Lusztig have defined two families

of polynomials { Ry, }y,weW C Zlg] and { Py, }y,weW C Zlql by
() =g~ D (=D OMR, W (T, (11)
y<w
Lw) _ _
Co=q 2 D (=DO"g P g Ty, (12)
y<w

forallw e W.
The degree, the leading coefficient and the constant term of the R-polynomials are
known (see Proposition 5.1.3 in [2]).

Proposition 2.8 Let u,v € W, u < v. Then, R,y is a monic polynomial of degree
2(u, v) and constant term (—1)t@),

The constant term of the Kazhdan-Lusztig polynomials is known (see Proposition
5.1.5in [2]):if u,v € W and u < v, then

Pu,v(o) = 1. (13)

A generalization of these polynomials in a parabolic setting was given by Deodhar

in [6]. He defined two double families of polynomials { RI{;‘, vwew’ S Z[q] and
{ Pv]lj)‘ }v weW’ C Zlq], where x € {—1,q},J < S. These families satisfy the
following theorems (see [6]):

Theorem 2.9 Let (W, S) be a Coxeter system, and J < S. Then, for each x €
{ —1, q }, there is a unique family of polynomials { R,{l"‘) }U wew! S Z[q] such that,
forallv,we W/:

1L RS =0 ifvw

2. R =1

3. ifv<wands € Dr(w) then

Rl{{‘wa3 l.fS S DR(U),
RIS = 1qR) s + (@ — DRiws, ifs & Dr(v) and vs € W,
(g — 1 —x)R5s. if s & Dr(v) and vs & W.

Theorem 2.10 Let (W, S) be a Coxeter system, and J < S. Then, for each x €
{ —1, q }, there is a unique family of polynomials { Py, C Zlq] such that,

Jx} ;
W Jy,weW
forallv,w € w.:

1 Plx=0ifvLw

2. PJy=1;

3. deg(Pv{'l;f) < %, ifv<w
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¢"“UPLia ) = D RIZ@PL@).
zelv,w)’
ifv<w.
The polynomials R;"3(¢) and PJ;*(q) are called the parabolic R-polynomials
and parabolic Kazhdan—Lusztig polynomials (respectively) of W7 of type x. They

generalize the ordinary R-polynomials and Kazhdan—Lusztig polynomials of W, which
appear in the expansions (11) and (12), since they satisfy the following relations:

RZY = Ry, (14)
P2 = Py, (15)

forallx € { —1,¢q }and v, w € W. For u, v € W, the parabolic R-polynomials are
related to the ordinary ones by the following equality (see Proposition 2.12. in [6]):

RIY = D" (=)' Ry . (16)

weWy

Remark 3.8. of [6] points out the following relation between the parabolic Kazhdan—
Lusztig polynomials and the ordinary ones for x = g:

Pl = > (=DM Py, (17)

weWy

for all u, v € W7. The following is another result which will be useful in the sequel
(see Corollary 2.2 in [7]).

Proposition 2.11 Ler (W, S) be a Coxeter system, and J C S. Then
_ Jg—1—
) VR = Rl T (@)

forallu,v € w7, and x e{—-1,q}

We end this section by recalling some notions from the theory of P-kernels in a poset
(P, <). For further details see [13], and [4] for applications to parabolic Kazhdan—
Lusztig theory. We follow Chapter 3 of [14] for notation and terminology concerning
posets. Given a poset P, we let Int(P) := { (x,y) € P x P | x < y }; we say that P
is locally finite if |[x, y]| < oo for all (x, y) € Int(P). Given a locally finite poset and
a commutative ring R the incidence algebra of P with coefficients in R is denoted
I(P; R).

Let P be a locally finite poset. We say that a function p : Int(P) — N is a weak
rank function for P if it has the following properties:

1. ifu < v then p(u, v) > 0;
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2. ifu <a < vthen p(u,v) = p(u,a)+ p(a, v).
Note that a weak rank function always exists. Following Sect. 6 of [13], given a locally
finite poset P and a weak rank function p for P, we let

I(P):={f € I(P;RIg) | deg(f(x, ) < p(x,y) forall (x, y) € Int(P) };

- , —1
Lp(P): = { f € [(P) | deg(f(x. ) < % forx <y, and f(x.x) = 1}.

Given [ € f(P) we let

F 0@ =g fx, )@, (18)

for all x, y € P,x < y. Given an invertible element f € i(P), Lemma 6.1. in [13]
asserts that

H'=7" (19)
Recall (see Definition 6.2 in [13]) that an element .2~ € I(P; R[q]) i§ called a

P-kernel if # (x,x) = 1 for all x € P, and there exists an element f € I(P) such
that

1. fis inve{tible in I (P; R[gq]);
2. X f=f.
An element f € I(P) satisfying (2) above is called " -totally acceptable (Definition

6.2 of [13])2. The next result, which is a generalization of Corollary 6.7 in [ 13], appears
in [4] as Theorem 6.2.

Theorem 2.12 Let P be a locally finite poset and % € 1(P;R[q]) be a P-kernel.
Then there exists a unique element y € I1,2(P) such that X'y = y.

We call the element y, whose existence and uniqueness are guaranteed by the preced-
ing theorem, the Kazhdan—Lusztig-Stanley function (or KLS-function, for short) of P
relative to 7.

Let f € I (P) and i be a positive integer. For a multichainag < a1 < ... < g; in
P we define a polynomial fy, .+ € R[g]inductively as follows. We let

i

fuo,.‘.,a,- (CI) = fao,m (Q)U(p(al,a,-)+1)/2(qp(al’ai)fu|,‘..,ai (q_l))

ifi > 2, and

fao ,,,,, a = f(aOa ar)

if i = 1, where the operator U; : R[g] — R[g] is defined, for j € Q, by

U, (za,-qi) =S ad'

i>0 i>j

2 These definitions are a little different from those in [13]: Stanley uses “f.%#" instead of “.# f”. This
choice is convenient for our purposes and does not affect the validity of the results in the sequel.
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We then have the following result (see Corollary 6.5 in [4]):

Theorem 2.13 Let P be a locally finite poset, 7, be a P-kernel and y be the K LS-
function of P relative to £ . Then, for allu,v € P,u < v,

yuw vy = D (e,

EeM(u,v)

where M(u, v) denotes the set of all multichains in P from u to v.

3 The annihilator of m;"”*

In order to define the parabolic R-polynomials in a Coxeter system (W, S), in [6]
Deodhar introduced for any J C S a free A-module M’ generated by W/, i.e.
M’ = span, {m] | v e W/ }, and two surjective maps ¢/-* : 7 — M’ defined
by ¢/ (Ty) = xe(wf)mi,, where x € { —1, g }. He constructed an action of the
Hecke algebra # on M”, making this module an .%-module, and the map ¢’
an epimorphism of 7#-modules for both x € { —1, ¢ }. In our conventions we are
speaking about right .77-modules. Explicitly, the two actions of the Hecke algebra on
M/ are given by ml{ Ty = ¢J *(TyTy). To distinguish the two possible .77-modules
forx € { —1, g }, we write M7-* and their elements as m{’x, forv e W', Obviously
M74 = M7~ = M7 as A-modules. There is an involution ¢/** on M7+*, analogous
to the one defined on 77 in Eq. (9), such that

@ (Ty)) = 67T ((Ty)), (20)

for every w € W (see [6], Sect. 3).

The .#/-modules M’>* can be described also in another way. In fact these mod-

ules are principal because m?* = mJ™T,, for all v € W’. Then M7~ is iso-

v
morphic as a right J#-module to J¢/ annej ¥, where the right ideal annej t=

{ ae N ‘ ml*a =0 } = ker(¢”+*) is the annihilator of m;**. Forevery J C S, v €

W\ W’ and x € { —1, ¢ } we define an element bl{’x € anng’x by
bl = Xt — T, (21)

Observe that b;)* = 0 if and only if v € W/,

Definition 3.1 ForJ C S, x € { —1, ¢ }and any sequence { ay, },,cw < A, wedefine

Jx . 4
ay,” = Z xtwgq,

weWy

forallv e W7,
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Proposition 3.2 Let a = > a,T, be an element of F, where a, € A for each
veW
ve W,and J C S. Then

a= E al>*T, — Z aybl*.

veW/’ veW\w/

Moreover a € annej’x if and only ifa,f’x = 0, for all v € W’. In particular, when

J
a € ann)"”,

a=— Z ayb].

veW\w/

Proof Tt is an easy calculation based on the fact that, if v € W \ W/, then T, =
DT, — bl O
v v

Corollary 3.3 The set B’ := { bl | w e W\ W' } is an A-basis of ann}"*, for
everyJ C S, xe{—1,q}
Proof The elements of %”/-* are A-linearly independent. In fact, by Proposition 3.2,

Z aubg’x = Z (al{,x —ay)T, — Z ay Ty,

veW\W/ vew/ veW\w/

so > avb,{’x = 0 implies a, = 0 for every v € W \ W”. Moreover Proposition
veW\w/

3.2 proves that the set %”-* generates anng -, O

We can complete the basis A7 defined in Corollary 3.3, to obtain a basis of the
Hecke algebra, by taking { 7, | v € W’ } U 27" as a new basis.

The following proposition explores the structure of annej ¥ as a right 7#-module.

Proposition 3.4 Lets € S,J C S,we W\ W’ and x € { —1, q }. Then

b, ifs € Dr(w) and w's € W/;
bl = bz{;sj —xf(w”bi’fs, ifs & Dr(w) and w's ¢ W/;
N | abus + (g — Db if s € Drp(w’);

gbui’ + (g — Dby —x'@DpTY s € Dr(w) \ Dr(w?).

Proof We have a few cases to distinguish.

1. If s & Dr(w) and w’s € W/, then (ws)’ = w’s and (ws); = wy.
2. If s & Dr(w) and w's & W then (ws)! = w’ and (ws); = wys’ for some
s’ € J, by Corollary 2.5. So

by Ty = (0T, — Ty)Ty = x0T, — Ty
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Moreover Ty = xt(ws)J) Topsyr — blf,’sx , by the definition of b,{,’xx . Therefore Ty, =
xtwn+ b¥ and then

J, _ ot L(wy)+1 Jx _ 3, ¢ J,
by Ty = x0T, — xOOTT 4 bl = bt — x0T
3. If s € Dgr(w”), then s € Dg(w) and (ws)’ = w’s, (ws); = wy. So

bIATy = (FWDT, ; — Ty)) Ty
= x" (g Tyrs 4 (g = DTys) — (qTws + (g — DTo).
4. If s € Dr(w) \ Dg(w”) then, by Corollary 2.5 an s’ € J exists such that w’/s =

s'w’! and wys’ < wy. So (ws); = wys’ and (ws)’ = w’. Then b;f;xTx =
xb@DT ;o — (gTws + (g — DTy). But

T,is= xe((sz)/)T(sz)j - b;}’fs =xT,r — bl{)’fs
S0
by Ty = x OO — OO — g Ty — (g — DT
Now Ty = xt@D=1T ; — bl:¥ and then

b,{)”‘TS = xe(wl)“TwJ - x{(w”bz)’fs - qxe(w’)_lTwJ + qbi’f — (g — DT,,.

1

Since x —gx~" =g — 1, we have

bl{;xTS = xi(uu)(q _ 1)Tw1 _ xﬂ(w,)bl{),fs +6]bl{)’sx G- DT,
= qbl + (q — Dbyt —x"@0ply

O

Next we note that anne] ¥ is an t-invariant right ideal of .7, where ¢ is the involution
defined by Eq. (9).

Proposition 3.5 The right ideal anny™* is t-invariant, forallJ C S,xe{—-1,q}
Proof In fact, if a € ann)™*, ¢/ (1(a)) = 1/** (¢”** (a)) = 0, by Eq. (20). o

Lusztig defined in [10] a map @ : 5 — € by @(q%) = —q% and @(T,) =

(—q)*™)((Ty,). This map is an involution, and it commutes with ¢ (see [10], 5.1.15).

We denote with @7+* the restriction of @ to annej ,

.ps J.g—1— R
Proposition 3.6 If J C S, we have ®(ann)™) = ann) "' ™" 50 ®7* : ann)* —
J.g—1—x . T . .
ann, is a bijection; in particular

D (by*) = (=) ey
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forallw e W\ W,

Proof By definition

o (b = o (x*IT, - T,)
= ' (=) " DUT,) = () ()
= (=)™ g —1 =) U(T,0) — «(Tw)]
= (=)™ 1y,

4 Polynomials

Using the results of the previous section, we will define polynomials, indexed by
pairs of elements of W \ W+, which are analogous, for W \ W, to the parabolic
R-polynomials defined by Deodhar for W

Since, by Proposition 3.5, annej ¥ is t-invariant, we can express any element L(b,{;" )
in terms of the basis #7~.

Definition 4.1 We define elements { zly } C Aby
2 ) y,wew\w/

Wby =q '™ D (=ntomIz)x bl
yeWw\w/

The next proposition gives a relation between the ordinary R-polynomials and the
polynomials Z/*.

Proposition 4.2 For each w € W\ W’ and x € { —1, q }, we have

) zlx, ifve W\W’;
Ry —(g—1—-x) (wJ)Rv,wJ =1- X (_x)f(y)z){{)’fw, ifve wY,
yeWs\{e}

forallv e W.

Proof From the expansion (11) we find

Wby = x 7 WI(T, ) — U(Ty)
— x,g(wj)q,g(wl) Z (—l)e(y’wj)Ry,wj T, — qfe(w) Z(_l)e(y’w)Ry,wTy

y<w/ y<w

_ Z ((_1)E(y,wj)x—i(uu)q—(f(wj)Ry,w] _ (—l)g(y’w)q_e(”’)Ry,w)Ty.
yew
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On the other hand, by Definition 4.1,

Wy =g~ T DOz

yew\w/

— q—f(w) Z (—l)g(y’w)Z){”;‘}(xe(y’)TyJ _ Ty)
yew\w/

=q " 3 (—D“W( > (—x)“”zbfﬁw)Ty
yew/’ ueWjy\{e}

_ q—Z(w) Z (_1)@()‘»11))2){:5}]*%
yeW\w/
by (21). Comparing the coefficients the result follows. O

Corollary 4.3 Let (W, S) be a Coxeter system, and J C S; then

Z)y =Ry — (g — 1 —x)" ™R,

w’o

forallv,w e W\ W' andx € { —1,q ).
Remark 4.4 Letl € J C S,soW’ € W!.Wecan generalize the results of this paper
considering the morphisms of .7#-modules ¢*/* : M — M7 defined by

1,J, Ixy _ 4 J,
¢ (my ) = 2 0m

for every v € W/ (see Sect. 5 of [6]). The kernels of these morphisms have an A-
basis indexed by the set W/ \ W; moreover they are invariant under the involutions
¢* defined on M~ for each x € {—1, ¢ }. This leads to a family of polynomials

1,J,x
{ Zyw }v’wew,\wj such that

I,
Zyy =Ry — (@ =1 =0 IR

forall v, w € WI\WJ.

Example 4.5 In (As, S), where S = { s1, 52, 53, 4, 55 }, the permutations v = 324156
and w = 546132 arein W\ WS\53 ) and v < w. Moreover w/ = 456123, ¢(wy) = 2
and v < w”’. So, by Corollary 4.3,

Z]4 = Raars6.546132 — Razarseasers =g —4q° +6¢° —4q* + ¢°,

Z1 ot = Raaise sa6132 — q> Raoarseasets = —q* +4q° — 6g% +4q — 1.

Example 4.6 Take J = {s}. Then W \ Wi} = swis) so w\ wis} ~ wis} ag
posets. Moreover, if u, v € W5},

{s}q—1-x s}
Zsu,sv = Rsu,sv - XRsu,v = Ru,v - XRsu,v = RL{,,U}
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because Ry, sv = Ry . The last equality follows from Eq. (16).

There are some immediate corollaries to Proposition 4.2, whose proof follows
from the properties of the R-polynomials stated in Proposition 2.8 and in Theorem 2.9
(taking J = ).

Corollary 4.7 Ifv,w € W\ W” and v £ w, then ZJ3 = 0 and Z3;%, = 1.

Corollary 4.8 Ifv,w € W\ W’ and v < w, then Z,{,’f, is a monic polynomial of
degree L(v, w).

Proof This follows from Corollary 4.3 and Proposition 2.8, since w ¢ W’ and
deg(Ry,w) = £(v, w) > £(v, w’) > deg(R,, 7). O

Corollary 4.9 Ifv,w € W\ W’ and v < w, then deg(Zl{"u_)l) < L(v, w). Moreover
deg(Z]") = €(v, w) ifand only if v £ w”.

Proof This follows from Corollary 4.3 and Proposition 2.8, since w ¢ W, and if
v < w’, we have deg(Ry w) = £(v, w) = €(wy) + £(v, w’) = deg(qe(wJ)Rvwa). O
Remark 4.10 1t would be interesting to compute the degree of ZI{;,; I It depends on
the maximal k € N such that £(w;) < k < £(v, w) and for which the coefficients
[qk 1(Ry.w) and [qk —twy )](Rv,wf) are different or, equivalently (by Proposition 2.11),
such that the coefficients [¢*"*)=](R, ,,) and [qe(”*wj)_k%(“”)]((—1)‘3(“’”Rv,wj) =
[q* @)=k (=1)* ™R, ,s) are not equal.

Corollary 4.11 Ifv,w € W\ W/ and v < w, then Z3:;;' (0) = (—=1)*™*) and

774

v, w

0 = {(—1)“”“), ifv £ w,

0, otherwise.

Proof Since Ry, (0) = (—1)*™®)if v < w’ we have that Z;X (0) = (= 1)*@*) —

(=@ (—)t@w’) — 0. Otherwise ZJ5(0) = Ry (0) = (=1)“™*) by Proposi-
tion 2.8. o

J,x

The following duality result is the analogue, for the polynomials Z; - ,

tion 2.11.

of Proposi-

Corollary 4.12 Let (W, S) be a Coxeter system, and J < S. Then
G R AR VRS E A R )
forallv,we W\ W/, andx € {—1,q }.
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Proof From Corollary 4.3 and Proposition 2.11 we have

"zl q ™) = ) P (Ryw@H = (g =1 =)' IR, (g™
= Ryw(@) — (=)' (q — 1 =)' DR, i (q)
= Ryu(q) —x" ™R, ,i(q) = Z]97 7 (g).
O

By Corollary 4.3 and the recursion for the R-polynomials in Theorem 2.9, we can
find a recursion for the polynomials Z”-*. Note that Dg(w”) = @ implies w € W,.

Proposition 4.13 Let v, w € W'\ W and v < w. Then, ifwls <wl orws <w e

Wy,
ZI{s’fcws, l'fU >vseW \ W‘],
Zvjzf; =1(@¢-1- X)Z(w)_l5v,s5w1,e — 2,{5,5, ifv>uvse W/,
J, J, .
qus:rws +(q— l)Zv,z/Zs, ifv < wvs,
where 21{,’1‘) = 2, (—x)[(-V)ZyJ:; o and 8x.y is the Kronecker delta.
yeWi\le} '

Proof Let s € Dgr(w’); then s € Dr(w), (ws);y = wy and w'/s = (ws)’. If
s & Dg(v), we have, by Corollary 4.3 and the recursion of Theorem 2.9

ZIE = Ryw— (@ —1—)" IR,
=qRys,ws + (@ — DRy ws — (@ —1— x)e(wj)(qRus,wfs + (g — 1)Rv,wfs
=qZlr, 4+ @q—-1Z]F

Vs, WS v,ws*
Ifv>vseW)\W’, then

ZI‘),,’I);) = RUS,wS - (C] - 1 _— x)e(wJ)Rvs’sz fred Z./,X

vs,ws*

If v > vs € W/, then by Proposition 4.2

Z{n = Ross = (@ =1 =0 IRy oo == D (=0 OZ]
yeWs\{e}

since, in this case, vs = v”’. Observe that, by the lifting property (Proposition 2.1)

vs = v/ < w’s, because, by Proposition 2.4, v/ < w”.

If w € Wy, we have w’ = eandv € Wy. Lets € Dr(w). If s & Dg(v), then
Jox = — J,x J,x
Zv,w =Ryw =qRys,ws + (@ — DRy ws =qZ +@-1Z

S, ws v, WS

since v # e.
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Ifv>uvse W\WJ,then
Zl‘;]:i) = Rv,w —(@—1- X)K(w)Rv,e = Rv,w = Rvs,ws = ijx

vs,ws*

If v = s we have vs = e € W’ and, by Proposition 4.2,

Z‘l‘)]:l/,\lf) = Rs,w = Re,ws = (q —1- x)@(w)—l — Z (_X)Z(Y)Zj{:;é”.
yeWs\{e}

Summarizing the previous results we obtain the following statement.

Theorem 4.14 Let (W, S) be a Coxeter system, and J < S. Then, for each x €

{—1,q}, there is a unique family of polynomials { Z,{jf} }v,wew\wj C Zlq] such
that, for all v, w € W\ W7
1. Z75 =0ifv £ w;
2. Z5%, =1,
3. ifv<w,se€ S and w’s < w’ orws < w € Wy then

Zb’&fws, ifv>uvseW\ W/,

Z,{lf) =1(@—1- x)l(w)flrSv,sb‘wJ’e — Z{fjg, ifv>uvse w7,

AZiws + (@ = DZ3 s, ifv < vs,

where 2,{;‘) = > (—x)a-V)ZJ‘)j and 8y y is the Kronecker delta.
T yeWs\le) e

5 The poset W \ W/
In this section we investigate the set W \ W+ with the induced Bruhat order, which is
the underlying poset of our previous discussions. This poset does not in general have
a minimum, but, when the group W is finite, it has a maximum: w, the maximum of
W. The minimal elements of W \ W are the elements of J. If I, J C S, then

WA W = wAwhuw\w, (22)
since W/ = WINW’ Moreover I € J C Simplies (W\W!) € (W\W”). By the
Subword Property of the Bruhat order (see Theorem 2.2.2 in [2]) and the factorization

w=w ij for all w € W, we have a surjective immersion of posets, not invertible
as poset morphism,

(Wy\{e}) x W/ — w\ W/, (23)

where on (W, \ {e }) x WY we consider the product order.
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Lemma 5.1 Let J € Sandu,v € W\ W/, Then [u, vV = [u, v] if and only if
u v’

Proof Ifu < v/, then v’ € [u, v] but v’ & [u, VIV If [, ]V # [u, v], then there
isawe W' Nlu, vl By Proposition 2.4 we have w < v/, sou <w < v, O

Theorem 5.2 The set W \ W, with the ordering induced by the Bruhat order, is a
graded poset with the length minus one as rank function.

Proof Letu,v € W\ WY be such that u < v. The case u ¢ v’ is obvious since, by
Lemma 5.1, [u, v]\Y = [u, v]. Let v = UJU] =51...5t ...lh, where s;...s; s a
reduced expression for vy, and 71 . . . #; is a reduced expression for v/, and k > 1.

Ifu < v/ ands; & Dz (u), thenu € Wi sjv e Wl and u < v/ < sjv.In
this case, by Theorem 2.2, there is a maximal chainu = xg < x] < ... < x, = 51V
such that £(x;) = €(xo) + j for 0 < j < r. Then there is a maximal chain u =
Xo < S1X0 < S1X] < ... < S1x, in W\ W such that £(s1x;) = £(xo) + j + 1 for
0o<j<r.

If s1 € Dr(u) then sju € WS and sju < u < v/

< spvu. In this case, by

Theorem 2.2, we have a maximal chain sju = x9 < x{ < ... < X, = §{v in
wisi} such that L(xj) = £(xp) + j for 0 < j < r. Then there is a maximal chain
U = s1x0 < S1x1 < ... < Spx, in W\ W such that L(s1x;) = £(s1x0) + j for
og<j<r. O

Let .4\ (u, v) denote the set of maximal chains in the interval [u, v]\’. Since
AN (u, v) C . (u, v), the injective mapping m — A(m) restricts to .2\’ (u, v).

Theorem 5.3 Let J € Sandu,v e W\ W’. Then

1. there is a unique chain my € AN (u, v) such that M(myg) is decreasing,
2. A(mg) < A(m) for allm # mq in A\ (u, v).

Proof Let v have a reduced expression as in the proof of Theorem 5.2. If u # v’
then, by Lemma 5.1, [u, vV = [u, v], and we can apply Lemma 2.7 with J = &.
Otherwise, if u < v/ and s ¢ Dy (u), thenu € wist },slv cwlsthandu < v’ <
s1v. In this case, by Lemma 2.7, we have a unique chainm € WAL }(u, s1v) such that
Alu =x0 < x1 <...<x =s10)is decreasing. Then A(u = xp < s1x0 < §1X1 <

. < s1x, = v) is still decreasing.

If 51 € Dyr(u), then sju € wist} and siu < u < v’ < spv. In this case, by
Lemma 2.7, we have a unique chain m € A5 (s1u, s1v) such that A(sju = xo <
X1 < ... < x, = s1v) is decreasing. Then A(u = s1x9 < s1x] < ... < S1X = V) 18
still decreasing.

The proof of the second point is analogous to the one of Lemma 2.7.4 in [2]. O

J

Letu,ve W\ W’ and (u,v)V :={ze W\ W/ [u<z<v}

Corollary 5.4 The order complex of (u, v)\’ is shellable. In particular; it is Cohen-
Macaulay.

Moreover, by Lemma 5.1, we have the following statement.
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Corollary 5.5 The order complex of (u, v)\’ is PL homeomorphic to

1. the sphere St®V=2 ify £ v/ ;
2. the ball B' V=2 otherwise.

From these results we can deduce the Mabius function of the poset W \ W+ .

Corollary 5.6 The Mobius function of the poset W \ W is

0, otherwise.

R
Equivalently,

My = | CD il = )
’ 0, otherwise.

6 Parabolic polynomials for W \ W/

In this section, using Proposition 3.5, we extend the parabolic R-polynomials R,fjf

and Kazhdan-Lusztig polynomials Pu{’,f defined by Deodhar to the case v € W\ W”.
For the parabolic R-polynomials we consider the sum in the right-hand side of
Eq. (16).

Definition 6.1 Forallu,v € W,J C Sand x € { —1, g } we define

RMJIJJC = Z (_x)e(w)Rwu,u-

weWy

The next two results show that the sum in the previous definition has an expression
in terms of the parabolic R-polynomials.

Proposition 6.2 Ifu € W, then

J,
Riw=(q—1-x" IR,

v

forallve W,x e {—1,q}.

Proof By Proposition 3.5 L(x b )Tv] —Ty,) € anneJ **, 50, by the expansion (11) and
by Theorem 2.9,

x,g(w)q,g@!) D (_1)€(y,vj)Ry,vj Ty — gt > (—l)z(y’”)Ry,UT =

y<v! y<v
= (—¢)~t®) > (=D (x_l(’”)Ry’vJ - (—q)_[(“J)Ry,v) Ty € ann)™ .
yeWw
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By Proposition 3.2 we have, for y € W7/,

x—f(vj) Z (_x)l(w)Rwy,vJ _ (_q)—f(vj) Z (_x)e(w)Rwy,u =0.

weW; weW;
Therefore
' q Lvy) '
Z (—x) (w)Rwy’v — (__) Z (—x) (w)Rwy,vf
weW, * weW;
and the result follows from equality (16). O

Proposition 6.3 Let J C S, then

lejl e(u,)RJ -1

M U‘]
forallu,v e W.

Proof Note that

14 J,—1
2 Runw= 2 Ruupurv= D, Ruw v =q" VR

weWy weW; weW;
by Proposition 6.2. O

Corollary 6.4 We have

S0 ORy = (g — 1 -0,

z<v
foreveryve Wandx € { —1,q }.
Proof Take J = S and u = e in Proposition 6.2. O

Remark 6.5 The result of Corollary 6.4 for x = —1 was already noted in [12], Eq.
(3.5). It could be proved by induction on £(v) (see also Proposition 2.2.6. in [11]).

Remark 6.6 If v e W is anelement such that P, , = 1 forall u < v we find, summing

over the interval [e, v] both sides of the identity in Corollary 6.4 with x = —1, that
the Poincaré polynomial W, (q) of the interval [e, v], where W, (g) := > qe(“), isa
u<v

reciprocal polynomial, i.e. ¢*™ W, (g™hH = Wy(q).

Let { Qu.v }u oW C Z[q] be the inverse Kazhdan—Lusztig polynomials, i.e.
Quv=(— 1)t ") P, 1n the incidence algebra I (W, Z[q]), forallu, v € W (see [2]).
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By (19) we have that, since the inverses of the R-polynomials are Ru y =
(_I)E(u U)Ru,v,

q"“ Quul@™ = D QuiRen, (24)

z€lu,v]

forall u,v € W suchthatu < v
The following result is probably known but, since we have not found it in literature,
it could be useful to deduce it from Corollary 6.4.

Proposition 6.7 Let (W, S) be a Coxeter system. Then Q. = 1 for everyv € W.

Proof We proceed by induction on £(v). If £(v) = Othe resultis obvious. Let£(v) > 1.
Then, by Corollary 6.4,

qe(v)Qe,v(‘]_l)z Z Qe R0

z€le,v]
z Qe,sz,v + Qe,v = Z Rz,v + Qe,v
z€[e,v) z€[e,v)

= qE(v) - Rv,v + Qe,v;

therefore ¢ 0, (™" — Qe = ¢ — 1 and then Q, , = 1. o

Now, after the extension of the parabolic R-polynomials, we extend the parabolic
Kazhdan-Lusztig polynomials. Since equality (17) is well defined for all u, v € W,
the following definition is natural.

Definition 6.8 Forallu,ve W,J C Sand x € { —1, g } we define

= D> (q—1=0""Py,,.

weW;

Remark 6.9 Observe that, in general, deg(ﬁuj, ’U_l) 7( %

By Eq. (17) we have that Isuj 4 = P\ for all u,v € W’. On the contrary, in
general we have ﬁu{’v_l * Pu{’u_l, for u,v € W75 in fact, if |[W;| < oo, Wy(q) is its
Poincaré polynomial, and wo(J) is the element of maximal length in Wy, it follows
from the equality Pwu wo)v = Pug(hyu,we(s)v for each w e W] (see Proposition
5.1.8 in [2]) that P v I(J)U = Wi(q) Puo()yu,wo(J)v = Wj(q)Pu ” (see Proposition
3.4 in [6]). Then

1 ~
J-1_ J—1
Fiv' = W,(q) LORT (25)

forallu,v e W'.

The next result shows that the polynomials P74 can be expressed in terms of the
parabolic polynomials P74,
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Proposition 6.10 Let J C S. Then

pla _ {(—l)z(“’)PMquv, ifve W/,
u,v - ?

0, otherwise.

forallu,v e W.

Proof Ifv ¢ W there exists s € Dy (v) such that s € J and then, since Puy = Py
(see Proposition 5.1.8 in [2]),

Z (_l)aw)Pwu,v = Z (_l)e(w)Pswu,v = - Z (_l)e(sw)Pswu,v

weW, weWy weWy

= D =D Py .

weWy

Ifve W' and u & W, consider the decomposition u = MJMJ. So

z (_l)e(w)Pwu,v = Z (_1)E(w)Pwujuf,v

weWy weWy
— (_1)5(141) Z (_l)e(wuj)Pwll‘]u‘/,U
weWy
J,
= (=D (=D, = (=D P
weW;
by (17). O

By the previous proposition we obtain the following corollary.
Corollary 6.11 Let J C S,x e {—1,q}andv ¢ W, Then, foreveryu € W,

Pl e g —x),
where (q — x) is the ideal of the ring Z[q] generated by q — x.

Proof If x = q, we have ﬁu{’f = 0 by Proposition 6.10. Then —1 is a root of the
polynomial ﬁu{’v_l. O

The following result, i.e. the expression in terms of the basis { 7, | v € W/ Ju%/~
of the element C,,,, defined in Eq. (12), is one of the main motivations of Definition 6.8.

Theorem 6.12 Let v € W. The Kazhdan—Lusztig element C, is

HOR. 5 —
Co= D (=D Vg g WP HT,
yew/’

W ey _
— D DOV g 0P (g b
yeWw\w/
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In particular, C,, € anne T ifand only ifv e W\ W.
Proof The result follows, by (12), from Propositions 3.2 and 6.10. O

Corollary 6.13 Let J C Sandx € { —1,q }. Then

qf(u,v)ﬁb{’,lf(q—l) — Z RJX(q)P]X(q)
yelu,v]NW/

forallue W/, veW.

Proof Since by € ker(¢”™) forall y € W \ W, by Theorem 6.12 we have

) L) —
¢7N(C) = D (DO T g OB g m]
yew/’

Moreover, by (20), *(¢”*(C,)) = ¢ (1(Cy)) = ¢”*(C,), and

@l ey =g Y (—1)“”)( > R”(q)P”(q))

yew/ zew/
Comparing the coefficients the result follows. O

The previous corollary shows, in particular, that P/ —lig 71 -totally acceptable for
the poset W . By Remark 6.9, the result of Corollary 6.13 does not permit to compute
the polynomials P/>~! by recursion. We know that the K L S-function of W relative
to R ~lis P71,

7 (W\ W) -kernels

In this section we prove the existence of two (W \ W)-kernels, one for each x €
{—1, g }. The weak rank function of this poset is £(u, v). _
We begin with x = ¢. The following result shows that Z/-¢ ¢ I(W \ W), where

Z749(u, v) == Z,{jg forallu,v e W\ W/, isa (W \ W’)-kernel and that the element
P9 € I ,(W\ W), defined by P74 (u, v) := P, y, is the KLS-function of W\ W/
relative to Z74.

Theorem 7.1 Ifu,v e W\ WY, then

ql(”’U)Pu,u(f]_l) = Z Zuj,'g(CI)Py,v(q)‘

yelu, v\
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Proof From Corollary 4.3 and Theorem 2.10 we find

J,
Z ZuiPy, Z RuyPyy — Z (—D'OIR, Py,

yelu,v]\V yelu,v]\J yelu,v]\VJ
= Z Ru,yPy,v - Z Ru,w Z (_l)z(y)wa,v
yelu,v]\V/ weW/ yeWs\fe}
= Z RuyPyv+ Z Ru,wa,v
yelu,v]\/ welu,v]NW/

=q"“VP, (g7,

because, by Proposition 6.10, > (—1)¢W) Pyu,p = — Py y. O
yeW,\{e}

Remark 7.2 Note that the KLS-function of W \ W relative to Z/-¢ does not depend
on J.

Remark 7.3 I u,v € W\ WY and u < v/ then [u, v]\Y C [u, v], by Lemma 5.1.
Therefore, in this case, Theorem 7.1 gives a recursion for the computation of the
Kazhdan-Lusztig polynomials P, , alternative to the one of Theorem 2.10.

Remark 7.4 Theorem 7.1 gives another way to deduce the Mobius function of the
poset W'\ W/ In fact, if v, w € W \ W, from Theorem 7.1 and Theorem 2.10 we

have that > Z,{,’;] 0) =0;s0 Zi’,’f, 0) = u\’ (v, w), and the result follows from
yelv,w]\VV

Corollary 4.11.

We consider now the case x = —1; we define Z7~1 e I(W \ W/) by
Z7 u, v) o=z for all u, ueW\W’

Lemma 7.5 The element f € (W \ W), which is defined by f(u,v) =
(=)t @V P, (™Y forallu,v e W\ WY, is Z/>~'-totally acceptable, i.e.

DP @ = D ZT @) Y Py,
yelu,v]\/

forallu,v e W\ W,

Proof By Proposition 4.12 and Theorem 7.1 we have

>z @ P =

yelu,v]\VY

> Yz G ) O Py g

yeluv]\VY

= (=" Z Zid @ HPyu(@™) = (=) Vg7 Y Py (g).

yelu, v]\
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Corollary 7.6 The element 7)1 ¢ i(W \ w’) i~s a(W\ W)-kernel, and there
exists a unique Z”>~'—totally acceptable element P71 € I p(W\ w).

Proof Since (—)*®V P, ,(g~") = 1forallu € W\ W, thisis an invertible element
of I(W\ W), and it is Z/-~!-totally acceptable, by Lemma 7.5. The last assertion
follows from Theorem 2.12. m|

We call P7-~! the KLS-function of W \ W relative to the kernel Z7-~!.

Remark 7.7 Although the KLS-function of W \ W/ relative to the kernel Z7-4 is
known, being equal to P, ,, by Theorem 7.1, we do not know an expression for PU{ " 1

in terms of known polynomials.

The next example shows that the polynomials P/>~! can have negative coefficients.

Example 7.8 As in Example 4.5, take v = 324156 and w = 546132 in W\ WS\{s3},
Then

ﬁ]f}ﬂ{sz | —5612 +2q.
For each x € { —1, g } we define an element 2/-* € I(W \ W) by letting
ZIx(u, v) = (=)t ZJx 06)

u,v>

forallu,v e W\ W, u < v. Then, from Theorem 2.13 and Corollary 4.12, we find

Corollary 7.9 Let (W, S) be a Coxeter system, J < S,x € {—1,q}, and u,v €
W\Wj,ugv. Then

Pli= 3 (@™
¢ eMV (u,v)

where M\ (u, v) denotes the set of all multichains in W \ W” from u to v.
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