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Abstract Let p be a prime and let A be a nonempty subset of the cyclic group C,,.
For a field IF and an element f in the group algebra F[C ] let T be the endomorphism
of F[C,] given by Tr(g) = fg. The uncertainty number ur(A) is the minimal rank
of Ty over all nonzero f € F[C,] such that supp(f) C A. The following topological
characterization of uncertainty numbers is established. For | < k < p define the
sum complex X 4 i as the (k — 1)-dimensional complex on the vertex set C, with a
full (k — 2)-skeleton whose (k — 1)-faces are all 0 C C) such that |o| = k and
[1,c, x € A.Itis shown that if F is algebraically closed then

up(A) = p —maxfk : H_1(Xax; F) # 0}

The main ingredient in the proof is the determination of the homology groups
of X4 with field coefficients. In particular it is shown that if |[A] < k then
Hi—1(Xak; Fp)=0.
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Mathematics Subject Classification 55U10 - 20C05

1 Introduction

Uncertainty type inequalities reflect various quantitative aspects of the general prin-
ciple that a nonzero function and its Fourier transform cannot both be sharply local-

ized. The first such result is the Fourier theoretic version of the Heisenberg quantum-
mechanical uncertainty principle: If f € L?(R) satisfies || f||» = 1, then
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This classical inequality and its numerous extensions (see e.g. [3]) have major appli-
cations in diverse areas ranging from mathematical physics and differential equations
to signal recovery and number theory. Here, we are concerned with discrete versions
of the uncertainty principle. Let G be a finite abelian group and let F[G] be the group
algebra of G over the field IF. For an element f € F[G] let Ty : F[G] — F[G] be
givenby Trg = fg.Let Abeasubsetof G. Here and throughout the paper, we assume
that A # (. The uncertainty number of A C G is defined by

up(A) = min{rank 7y : ¥ # supp(f) C A}.

The motivation for this definition is as follows. Let m be the exponent of G and
suppose [F contains a primitive m-th root of unity. Let G denote the group of [F-
valued characters of G. Identifying F[G] with the space of - valued functions on G,
the Fourier transform of a function f € F[G] is the function f € IF[G] given by
f (x) = ngG x(x~ Y f(x). The characters X € G are eigenfunctions of 7y with
eigenvalues f(x), hence rank Ty = |supp( f )|. Therefore, in the semisimple case

up(A) = min{|supp(f)| : @ # supp(f) C A}.
The discrete counterpart of (1) (see e.g. [1]) asserts that forany Fand A C G

G
up(A) = % P

In the semisimple case (2) is equivalent to

Isupp(f)! - [supp(F)| = |G|

for all nonzero f’s. While (2) is sharp when A is a coset of G, it can often be improved
for particular choices of G, A, and . One such result (see [9]) states that if p is prime
and A is a nonempty subset of the cyclic group C), then, uc(A) = p — |A| + 1. See
[7] for an extension to general abelian groups.

For a finite abelian group G, let Ag denote the (|G| — 1)-dimensional simplex with
vertex set G and let Ag) be the j-dimensional skeleton of Ag. Let A C G and let
1 <k <|G|. The Sum Complex X 4 ; was defined in [6] by

Xax=A5 P UlocG:lol=k. [[xeal

X€EOo

Here, we obtain the following topological characterization of uncertainty numbers of
subsets of C.
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Theorem 1.1 Let A C C, = G. If F is algebraically closed, then
up(A) = p—max{l <k < p: H_1(Xa: F) #0). 3)

IfI:Ik,l (Xax;F) =0foralll <k < p, then the right-hand side of (3) is defined as
p.

Example: Let p = 7and A = {1,z,z°} C C7 = (z). The sum complex XA3
is depicted in Figure (1b) where vertex label o corresponds to the element z%. Note
that X 4 3 is obtained from a 7-point triangulation of the real projective plane RP?
(Figure 1a) by adding the faces {zz, 23, zs}, {1, 72, z6}, and {z, Z2, z4}. X 4 3 1s clearly
homotopy equivalent to RP?, hence H(X 4 3; F2) # 0. Theorem 1.1 then implies
that ”E(A) < 4. Together with the easy fact that up(B) > p — max B for any [F and
B C C, it follows that u@(A) = 4. It can be checked that in fact uy, (A) = 4.

Let z be a fixed generator of C, andlet A = {ay, ..., ay} C C, whereq; = z% and
a; is an element of the prime field F, = {0, ..., p—1}. Leta = (aq, ..., ap) € Ff,,”
The main ingredient in the proof of Theorem 1.1 is the computation of the homology of
X Ak with arbitrary field coefficients. Let IF be a field of characteristic £. First suppose
that £ # p and let w be a primitive p-th root of unity in the algebraic closure F. For
B=(Bi..... B € Fk let Mg, be the k x m matrix given by Mg o (i, j) = wPi®i.
Let

B ={(B1,....B):0=pr <---<fr=p—1}

The case m = k of the following result is implicit in [6].

(@) 6 (b) 6

6 6
Fig.1 a A 7-point triangulation of RP2. b XazforA=1{l1,z, z3} Cc Cq
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Theorem 1.2 Let A = {z*',...,z%"} C Cpandleta = (ay, ..., o). IfcharF # p
thenfor1 <k <p
. . m(p—1 1
dim Ay (Xa 1 F) = E(k B 1) - Z rank Mg . )
BePy

Our main result concerns the homology of X 4 ; with I, coefficients.

Theorem 1.3 Let A C Cp, such that |A| =m. Thenfor1 <k < p

0 if m<k

™ —1(®E]) if m> k. ©)

dim Hy_1 (X4 4;Fp) = [
1

Remarks (1) The case k = p of both Theorems 1.2 and 1.3 is straightforward. On
one hand, since X, , is a subcomplex of the (p — 1)-simplex it follows that
H,—1(X4a,p; F) = 0forany A and F. On the other hand, let 8 = (0, 1, ..., p—1)
be the unique element of %,. Then, Mg ,, consists of mm full columns of the Fourier
matrix, and thus has full rank m. Hence the right-hand side of (4) is also zero. In
the sequel we will, therefore, assume that 1 < k < p.

(2) The argument given in [6] for the case m = k of Theorem 1.2 does not extend to
the modular case. The approach here is different and is also utilized in the proof
of our main result Theorem 1.3.

(3) The f-vector of X4y satisfies fi(Xax) = (H’fl) for 0 < i < k — 2 and
fic1(Xax) = %(‘Z) = %(‘Z:}) The reduced Euler characteristic of X x is,
therefore,

k=2
g - _ _ni ? _yk—1m(p
F(Xax) = 1+;< 1) (i+1)+( 1) p(k)

(k=1 p—1
= (=D (k D(k—l)' (6)

Since ﬁi(XA,k; F,) =0for0 <i < k — 2 it follows that
N N m p—1
dim Hi—2(Xa x5 Fp) = dim Hy—1 (X a k3 Fp) — (? =D 1 N ()

_[a=H@0) it m<k
0 if m > k.

4

~

A classical result of Chebotarév (see e.g. [8]) asserts that for F = Q all Mg 4’s
have full rank. Theorem 1.2, therefore, implies that (5) and (7) remain true for
A (Xax Q). )

Theorem 1.3 does not hold for all fields F and in fact Hi_1(X 4 «; F) may be
nontrivial even if k > |A| = m. For example, using Theorem 1.2 it can be shown
that if A = {1, 23, 2%, 2%, 28} C Cy7 then H7(X 4.8; F2) # 0.

5

~
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The paper is organized as follows. In Sect. 2 we consider X 4 x where A is a subset
of an arbitrary abelian group G and identify Hi (X A k; F) with a certain subspace
A (A) of skew-symmetric elements of the group algebra F[G*]. In Sect. 3 we use
this characterization in the special case G = C), to prove Theorem 1.2. The proof
of Theorem 1.3 given in Sect. 4 is more involved and depends additionally on some
properties of generalized Vandermonde determinants over the group algebra P[Cf,].
Theorem 1.1 is derived in Sect. 5 as a direct consequence of Theorems 1.2 and 1.3.
We conclude in Sect. 6 with some comments and open problems.

2 A characterization of cycles

Let A be a nonempty subset of a finite abelian group G and let IF be a field. In this sec-
tion, we provide a characterization (Claim 2.1) of the homology group He_ (X Ak IF)
in terms of the group algebra F[G*]. A simplified version valid under the assumption
ged(]G|, k) = 11is given in Claim 2.2.

We first introduce some terminology. Fix 1 < k < |G|. For an element g € G
and 1 <i <kletei(g)=(,...,1,g,1,...,1) € G* with g appearing in the i-th
coordinate. An element

s= > s(e, 80, g0 € FIGH]
(81,-.-.8k)€GK
is skew-symmetric if $(8o-1(1)s -+ 8&—1k)) = sgn(o)s(gi, ..., &) for all
(g1, ..., &) € GFand o in the symmetric group Sy. If char F = 2 then s is addition-
ally required to satisty s(g1, ..., gx) = 0if g; = g; for some i # j. Let . denote
the space of skew-symmetric elements of F[G¥].Forh € Glet W), = {(g1,...,80K) €

Gk - Hfle gi = h}and let ¥ = {s € . : supp(s) C Wp}. Let p, denote the
projection from .#” onto .%}, given by p; (>, cr s(w)u) = Zuewh s(u)u.

Let Y be a (k — 1)-dimensional simplicial complex on the vertex set V and let Y (¢)
denote the set of its (unordered) £-simplices. Let Cy_1(Y; F) denote the space of [F-
valued (k — 1)-chains of Y. Recall that ¢ € Cx—1(Y; IF) is a skew-symmetric F-valued
function on the ordered (k — 1)-simplices of Y. A (k — 1)-chain ¢ € Cx—1(Y;F)isa
reduced (k — 1)-cycle if for all {vy, ..., vg—1} € Y (k — 2) it holds that

> G (1, ..., vg—1, ) = 0. (8)

{veeV:{vr,...,vi—1, e )€Y (k=1)}

Specializing to the case Y = X 4 x it is clear that

Cio1(Xan ) = (s €. : supp(s) C UaeaWa} = EP .

acA

By (8),s € Cx—1(Xax, F)isareduced (k—1)-cycleof X4 y ifforall (g1, ..., gk—1) €
Gk—l
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k-1
Zs(gl,u-,gk—l,al_[gj_l)zo. )
j=1

acA

Let

HA)={se@Fu: D eil@)pals) =0 forall 1 <i <k.

acA acA

The homology space Hi (X A k; IF) is characterized by the following

claim 2.1
Hi—1(Xa i F) = H#(A).

Proof First note that by skew symmetry

AWM ={s e@Iu+ D elapals) =0). (10)

acA acA

Now lets € Cr—1(Xa x; F) = @aeA ;. Then

> enlapals)

acA

k—1 k—1
daah D> slen.oana]]er ) (e s a]] g
acA (81:--:8k—1)EGK! J=1 Jj=l1

k=1 k-1
Z (ZS(gl, o sna ngl)) <gl, e 8k—1, ngl> .
j=1 j=1

(81 8k-1)EGKT \a€A

Therefore 3", 4 ex(@™ ) pa(s) = 0iff
k—1
Disfenaa]et | =0 (1)
acA j=1
forall (g1, ..., gk—1) € G¥~!. Hence the Claim follows from (9) and (10). O

Let Y4 = @ ep - = (ra)aea : 7a € 7} and let

R(A) = {(rg)aes € S* - Zei(a_l)ra =0 forall 1 <i <k}

acA
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Forg € Glete(g) = HLI ei(g)=1(g,...,8) € G*. In Section 3 we shall need the
following

claim 2.2 Assume that gcd(|G|, k) = 1. Then, the mapping ¥V : F[G] Qp 5 (A) —
Z(A) given by

V(g ®s)=(e(g) pa(s))aea

is an isomorphism.

Proof We first show injectivity. Let w € ker W and write w = Y 2cG 8 ® Sg where
sg € H(A). Thenforalla € A

> e(@)palsg) =0.

geG

Since e(g)pa(sg) € F, g1 and agh # ah* for g # h (by the assumption ged (|G|, k) =
1), it follows that e(g) 4 (sg) = 0 and hence p,(sg) = O forall g € G and a € A.
Therefore w = 0. To show surjectivity let (ry)qca € Z(A). For g € G let

se =087 D pugt(ra) € D S

acA acA

We first show that s, € J#(A). For1 <i <kand g € G let

lig = Zei(a_l)pagk(i’a) € Sk

acA

Then

Dtig= > D eila )puera)

geG geGacA
—1 -1
= ei@ ) [ D pugh(ra) | =D eia™yra =0.
acA geG acA

It follows that #; , = O forall 1 <i < k and g € G. Therefore, for 1 < i < k and
geG

> eilaNpals)) = D eilapa (e(g”) > pa/gma/))

acA acA a'eA
=D eilae(g ) pughra) = e(g™ g = 0.
acA
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Hence s, € J#(A) and thus w = deG g ® s, € FIG]1 QA (A). Finally, for all
acA

> e@pals) = D e() (@™t ) = D puge () = ra

geG geG 8€G
and therefore, W (w) = (rg)qcA- =

Corollary 2.3 If gcd(|G|, k) = 1 then

Lo~ dim Z(A)
dim Hy_1(Xpo s F) = ————.
|G|
O
3 The semisimple case
Let G be the cyclic group of prime order C;, = (z) and let A = {ay, ..., an} C Cp
where a; = z%. Let o = (a1,..., ) € IF’I‘,. In this section, we compute

dim I:Ik_l(X Ak; F) when charF # p. We may assume that F is algebraically

closed. Recall that w is a primitive p-th root of unity in ' = F. The character
group C,, consists of all characters n,, where u € F, and n,(z) = o". Similarly,

Ck={xp:B=Bi..... ) € Fi} wherefory = (y1,.... ) € F§
Xp(@" ) = (g X x )@ ) = o

and By = Zf:l Biyi is thi standard inner product in ]F’I‘,. The Fourier transform of
f € FIC]is thus, f € F[CK] given by

f(Xﬂ) = Z f@&@, ..., e P,
=1, vi) Rk

As already remarked, in proving Theorem 1.2 we may assume thatk < p. Corollary
2.3 then implies that dim Hy (X 4 43 F) = 9% Theorem 1.2 will thus follow
from

Proposition 3.1

dim Z(A) = m(i) ~ > rank M.
BEPBy

Proof Define an F-linear mapping

o4 > @ F™
BEPBy
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as follows. For r = (Va,-);”:l e .74 et

Fay (XB)
d(r) = : : Be By
Fam (XB)
Note that since r, i is a skew-symmetric element of F[C f,], it follows that r’a\/ is a skew

symmetric element of F[C f,] and hence is determined by its values on %y. Therefore,
® is an isomorphism. O

claim 3.2 ® restricts to an isomorphism from Z(A) onto P pes, ker Mp q.

Proof Note thatif 1 <i <kand 8= (1,..., Bi) € F% then

—_— -

Letr = (raj);.":1 e SYandfix 1 <i<kandB = (Bi,...,B) € IF/;,. Evaluating

the Fourier transform of the element Z’;L] e (a/._l)ra ; at the character xg we obtain

Zei(aj])ra,- “(xp)
j=1

= > eila; Hxp)ra; (xp)

J=1

m
= Zwﬂi"‘jr’aj(xﬁ).
j=1
It follows that r = (raj)’;l:l e Z(A)iffforall B = (B, ..., Br) € IF’;,
o (Xg) wbren ... gbiom Far (Xp)
Mge| 1 =] @ | =0
”/a;(Xﬂ) wbkar ... Bkam "aAm(Xﬁ)

Therefore, r = (raj.);’.Ll € Z(A) iff ®(r) € ®/353?k ker Mg o. The Claim now
follows from the bijectivity of ®. O

Proof of Proposition 3.1: By Claim 3.2

dim Z(A) = Z dim ker Mg o = Z (m — rank Mg )
BBy BeBy
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BEPy

4 The modular case

In subsections 4.1 and 4.2 we study certain properties of determinants of generalized
Vandermonde matrices over the group algebra I ,[C f,]. These results are then used in
subsection 4.3 to prove Theorem 1.3.

4.1 A generalized Vandermonde

Recall that z is a fixed generator of Cp and let 1 < k < p.For1 < i < k let
x;i = e;(z). Then {x1, ..., xx} is a generating set of C;‘,. Let x = (xq,...,xz). For
B=(B1,....Bx) € P let

Proposition 4.1 Let 1 <k < p. Then

det Ng = wg H (x;i — xj), (12)

1<i<j<k

where wg is a unit of FP[C;‘,].

Recall the definition of Schur polynomials (see e.g., [2]). Let £ = (&1, ..., &) be
a vector of variables. For a partition A = (A1 > --- > Ag) let

hjtk—j

D; (&) = Dy.(&1, ..., &) = det([§; ]fszl) € Zl&, ..., &l
Note that for the zero partition 0 = (0, ..., 0)

gl el=2
Do) =det| : : .oil= [] &-é&.

55*1 55*2 el l<i<j<k

The Schur polynomial associated with A is

D, (§)
Dy(§)

S = € Z[&1, - - ., &kl
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The dimension formula (see e.g., Proposition 5.21.2 in [2]) asserts that

MN—Ai4j—i
s, = [ L (13)

l<i<j<k J =t
Proof of Proposition 4.1: Let
A=, ... ) =p—-PB—k+1L,p—PF—k+2,...,p—B).
Note that 8 = (B1, -+ , Bx) € Py implies that L1 > --- > Ag. Then

det Ng = D;.(x) = S;.(x)Do(x)
=S [ @i—xp.

I<i<j<k

By (13) the image of S, (x) € IF,,[C/’;] under the augmentation map IF,,[C;‘,] — F,is

Sull,....hmodp) =[] ’3’ 'Bl(modp);é 0 (mod p).

I<i<j<k

It follows that wg = S; (x) is invertible in IF,,[Cf,]. O

4.2 Skew-symmetric annihilators of Dy (x)

Recall that . is the space of skew-symmetric elements of IF,[C ;‘)]. In this subsection
we show

Proposition 4.2 Assume that 1 <k < p andlets € .. If Do(x)s = 0 then s = 0.

The proof of Proposition 4.2 depends on Proposition 4.3 below. Let N denote the
nonnegative integers and for a, b € N let [a, b] = {a, ..., b}. Let

Ne = {1, oo ) € NS 0y it i # ).

Forpu = (uy, ..., ux), v=(v1,...,v) € Ny write u < vif{uy,..., ux} precedes
{vi, ..., vk} in the lexicographic order on k-subsets of N, i.e., if

k k
i=1 i=1
Fixapu = (uy, ..., ug) € Ny such that u; < --- < g and let
L={l<i<k—1:pui+1<pis1}

@ Springer



898 J Algebr Comb (2014) 40:887-902

Write L = {{; < ... < &_1}andletly =0, ¢, = k.Forl <i < tlet
Ki =41+ 1,¢]. Let

G(w) ={(y,0) eNg xS : y=xpandy; —o(j)=p;—j forall j}.

We will need the following characterization of ¢; (). Let Sk denote the symmetric
grouponaset K.LetT = Sk, x - - - x Sk, be the Young subgroup of Sy corresponding
to the partition [k] = Ul_, K;. Let

D) ={(y.0) e Ne xT : yj = ug(jy forall j}.

Proposition 4.3 ¢ (1) = % (w)

Proof We first show that % (1) C 4 (). Let (y,0) € % (u) andlet 1 < j < k. If

J € K; then o (j) € K; and hence us(jy — pu; = o(j) — j. Therefore,
Vi—0(j)=to(y —0()=u; —j

and so (y,0) € ¥ (u). For the other direction let (y,o0) € 4 (). Write y =

(Y1, ..., y) and let w € Sk such that yr(1y) < -+ < Yrk)-

claim4.4 Forl1 <i <tandj € K;

(a) o(m(j)) = j.
(D) yaijy = Kj.
(c) m(j) € K;.

Proof We argue by induction on j. Suppose (a),(b), and (c) hold for all j* < j. (a)
implies that {o (7 (j")) : j' < j} = [j — 1] and hence o (7 (j)) > j. Therefore,

wi—J=nj—o@()). (14)

Next note that by (b) y(jry = pj forall j* < j. Asy < witfollows that i; > yr ().
and therefore,

wj =0 @) = ¥Yai) —0@()) = pag) — 7). 15)

Finally (c) implies that {7 (') : 1 < j' < £;—1} = [1, £;—1] and therefore 7 (j) >
£;_1 + 1. Together with the assumption j € K; it follows that

My — () = pg_jp1 — Ci+ 1) =pj — j. (16)

It follows that the three inequalities in (14),(15),(16) are in fact equalities. Therefore
o(m(j)) = J, ¥x(j) = 1) and pr(jy = uj + (@ (j) — j), respectively, establishing
(a),(b), and (c) for j. O

Claim 4.4 implies that ¢ = 7!

Therefore (y, o) € % ().

e T and that Vi = Ko(j) for all 1 < J < k.

@ Springer



J Algebr Comb (2014) 40:887-902 899

Proof of Proposition 4.2: Let s € . such that Dy(x)s = 0. We have to show that
s=0.Fory =(1,..., %) € IB"I‘, we abbreviate x¥ = ]_[];-:1 x;/’ =(",...,7%) €
C f,. Note that this notation is unambiguous since xf = 1. By assumption

k k
0 = Dy(x)s = Z sgn(o) Hxl];_c(j) Z s(x?) Hx}/j
j=1 j=1

0S8k =1, Vi) R,

k .
= sgn(@)s(xV) | | x27 T o))
> 2 [T«
j=1

y=1,. i) €F% 0 €Sk

Suppose for contradiction that s # 0 and let

= (@1, ..., ux) =max{y € B : s(x’) #0},
where the maximum is taken with respect to <. Let A € IF}, denote the coefficient of

Hl;zl x;‘ jtk= in the expansion of Dy(x)s in the standard basis (xB B e IF’;} of

F,[Ck]. Note that if

k i k . )
i+h— i+k—
| |x“’ I = | Ixj./’ o)
J J
i =1

j=1

thenforall1 < j <k

nj—j=yj—o(j)(modp).

Since

“l=pj-jsp—1-k
and
—k<yj—-o(j)<p-2

it follows that
wj—Jj=vj—=0o().

Hence, Eq.(17) and Proposition 4.3 imply that

A= Z sgn(o)s(x?) = Z sgn(o)s(x?)

(y,0)€%1 (1) (v,0)€% (1)

Z sgn(o)s(z", ..., %)

(v,0)€% (1)

= > sgn(o)s(0, . gl

aeSleMxSK,

@ Springer



900 J Algebr Comb (2014) 40:887-902

t
=[Sk, x - x Sk, s, ) =[] — oDt s ().

i=1

Since ¢; = k < p it follows that Hle(ﬁi —¢;—1)! # 0(mod p) and so A # 0.
Therefore, Dy(x)s # 0, a contradiction. O

Remarks Proposition 4.2 does not hold for k = p. Indeed, in this case s = Dg(x) =
ngi <j< p(xi — x;) is a nonzero skew-symmetric element of IF,[C 1’,’ ] and it can be

checked that Dy (x)s = Dy(x)* = 0.

4.3 Homology of Xy i over Iy,

In this subsection, we prove Theorem 1.3. We first consider the case m = k.

Theorem 4.5 [f |A| = k then Hi—1(Xa x; F,) = 0.

Proof As already noted the case k = p is trivial so we assume k < p. Let A =
{a1,...,ax} where a; = z% and o = (a1, ..., o)) € HBr. Lets € Hy 1(Xax; Fp)
then by Claim 2.1

,Oal(S) —xl_al "'xl_ak ,Oal(S)
Na : =1 : .o :
Pay. (5) Lox, e x Pay (5)
Cer(ar ) -+ er(a@y )] [ pay (5)
= : .. : : =0.

_ek(afl) ek(alzl) Pay (5)

Therefore, det Ny - pg ; (s) = 0forall 1 < j < k. Proposition 4.1 then implies that
Do(x)paj (s) = 0. Hence Pa; (s) = 0 by Proposition 4.2. It follows that s = 0 and so

Hi1(XaxFp) =0. o

Proof of Theorem 1.3 Let |A| = m > k and let é/ be an arbitrary subset of A of
cardinality k. Theorem 4.5 and Eq. (6) imply that Hy.(X s’ 1; F ) = 0. Hence by the
exact sequence

0= H—1(Xa 1 Fp) > Hio1(Xa i Fp) —
— H—1(Xap Xa i Fp) = Hea(Xa 3 Fp) =0

it follows that
dim He—1 (X ax; Fp) = dim He_1 (X4 x, X a7 45 Fp)

m p—1
= fi-1(Xa k) — fim1(Xarp) = (; - D(k _ 1)'
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5 Uncertainty numbers and homology

Proof of Theorem 1.1 Recall that A = {z%,...,z%} C Cp. Let IF be an alge-
braically closed field with char F = £. We consider two cases:

(i) The semisimple case £ # p. Here, it suffices to show that for any fixed 1 <
k < p the following three conditions are equivalent:

(Cl) H1(Xax; ) #0.
(C2) There exists a B € % such that rank Mg o, < m.
(C3) up(A) < p—k.

First note that Theorem 1.2 implies that I:Ik,l (Xax F) #O0iff

p( ) ZrankMﬂa

ﬂEQk

This proves the equivalence of (C1) and (C2). Next, let . = (A, ..., A;y) € " and
let f3 = Z’le Ajz% € F[Cp]. Then, supp(f;) C A and for 8 = (B1,..., Bk) € IE"I‘,

Mpoh = (Z)‘Jwﬁlaj)z 1= (Hn-gp, )

j=1

It follows thatif 8 = (B, ..., Bx) € % thenrank Mgo <m iff there exists a nonzero
f = fr € F[Cp] such that supp(f) C A and supp(f) N {n_g }f‘ | = ¥. This proves
the equivalence of (C2) and (C3).

(ii) The modular case ¢ = p. Let [F be a field of characteristic p. By Theorem 1.3

p—max{k: Hy ((Xax:F) #£0)=p—m+1.
It thus suffices to show that up(A) = p—m+1.Let0 # f = 27:1 Ajz% e F[Cpl.
Regarding f = f(z) as an element of the polynomial ring [F[z], the rank of Ty is
given by

rank Ty = p — deg ged(f(z),z” — 1)
= p —deg ged(f(2), (z = D) = p — u(f), (18)
where wp(f) is the multiplicity of 1 as a root of f(z). By a simple well-known result

(see e.g., Lemma 2 in [4]), u(f) < m — 1 and hence up(A) > p — m + 1. For the
other direction note that the F-linear space

={f@ €F[Cp]: u(f) =zm—1}
satisfies dimp & = p — m + 1 and hence must contain a nonzero f of the form

f(2) = 27y &;z% . 1t follows from (18) that f satisfies rank Ty < p —m + L.
Therefore, up(A) < p —m + 1. m]
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6 Concluding remarks

We mention two problems related to the results of this paper.

1. Letk > 2andlet X be a (k— 1)-dimensional complex X with N = f;_1(X) facets.
It was observed by G. Kalai, S. Weinberger and the author that the torsion subgroup

Hy_>(X)or satisfies | Hg—2(X)or| < \/EN. Kalai on the other hand showed [5]

that there exist X s with | Hy—2(X):or| > Jk_/eN. Computer experiments indicate
that the QQ-acyclic sum complexes obtained by taking |A| = k often have large
torsion. For example, A = {1, z, zlg} C Cgs satisfies |[H1 (X4 3)| > 1.17Y where
N = fo(Xa3) = (822). Note that the base of the exponent 1.17 is slightly bigger
than the constant ,/3/e = 1.05 in Kalai’s lower bound. In view of this, it would
be interesting to determine (or estimate) the maximum torsion of sum complexes.

2. Theorem 1.1 characterizes the uncertainty number up(A) with A C G = C, and
[ algebraically closed, in terms of the homology of X 4 x over F. It would be useful
to find appropriate extensions of this characterization to general finite groups G
and arbitrary fields F.
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