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Abstract We provide a Hopf algebra structure on the space of superclass functions
on the unipotent upper triangular group of type D over a finite field based on a super-
character theory constructed by André and Neto in J. Algebra 305, 394-429 (2006)
and 322 (2009). Also, we make further comments with respect to types B and C.
Type A was explored by M. Aguiar et al. in Adv. Math. 229 (2012); thus this paper
is a contribution to understand combinatorially the supercharacter theory of the other
classical Lie types.
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1 Introduction

The problem of simultaneously reducing to canonical form two linear operators on a
finite-dimensional space is a “wild” problem in representation theory. This problem
contains all classification matrix problems given by quivers (see [9]). In this sense,
the classical representation theory for the type A group U,(q) of unipotent n x n
upper triangular matrices over a finite field is known to be wild. This makes, in some
sense, hopeless any attempt to study the representation theory of the group U, (q).
In his Ph.D. thesis C. André started to develop a theory that approximates the repre-
sentation theory of U, (q). Roughly speaking, by using certain linear combinations
of irreducible characters and lumping together conjugacy classes under certain con-
ditions, the resulting theory behaves very nicely (see [5, 18, 19]). This gave rise to
the concept of “supercharacter theory”. Later on, P. Diaconis and I.M. Isaacs ex-
tended this concept to arbitrary algebra groups (see [14]). Supercharacter theory of
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the group U, (q) has a rich combinatorics which connects this beautiful theory with
classical combinatorial objects. As a matter of fact, in [3] a Hopf algebra structure
is provided on the graded vector space SC of superclass characteristic functions over
U,(q), for n > 0. Moreover, when g = 2 this Hopf algebra is a realization of a well-
known combinatorial Hopf algebra, namely, the Hopf algebra of symmetric functions
in noncommuting variables (see [11, 17]).

The reader familiar with the classical representation theory of the symmetric group
S, will notice how this resembles the relationship between symmetric functions and
the character theory of S,,. Also, supercharacters of U, (2) are indexed by set parti-
tions of the set [n] = {1, 2, ..., n} and by labeled set partitions for general ¢.

In this paper, we study combinatorially the supercharacter theory corresponding
to the other classical Lie types B, C and D, making emphasis on the latter. This
study is based on the supercharacter theory constructed by André and Neto in [6, 7].
These groups fail to be algebra groups unlike type A. However, we can regard them
as subgroups of the convenient group of type A and restrict the supercharacter theory
of type A to the respective subgroup.

The paper is organized as follows. In Sect. 2 we provide the reader with the basic
definitions concerning combinatorial Hopf algebras and supercharacters. In Sect. 3,
we give a combinatorial interpretation for the supercharacter theory of the group
Uzly), (g) of even orthogonal unipotent upper triangular matrices with coefficients in
the field IF, of characteristic >3. This combinatorial interpretation uses labeled D>, -
partitions of the set [£n] :={1,...,n, —n, ..., —1}. More specifically, we use these
partitions to index orbit representatives for superclasses and supercharacters of the
group U2’,)1 (g). Then, we define the analog of SC for type D as follows:

sc” =dpscs,

n>0

= @span@{n S D2n(¢])}

n>0

where «; denotes the superclass characteristic function indexed by the labeled D,,,-
partition A. Using a change of basis, we prove that the space SC? is endowed with
a Hopf algebra structure. This Hopf algebra structure is in analogy to the one given
for type A in [3]. However, the product structure on SCP? is not raised directly from
representation theory. Yet, Proposition 3.15 suggests that the algebra structure holds
a similar connection with representation theory, as in the type A case. This suggested
connection awaits exploration. The coalgebra structure is raised directly from repre-
sentation theory by using restriction.

In the final section, we discuss briefly the supercharacter theory for types B and C.
Also we make some remarks concerning forthcoming work on the Hopf monoid
structure that SCP carries, following the results in [4].

2 Preliminaries

We start by defining supercharacter theory for a finite group G. This definition, which
can be stated in different ways, is due to Diaconis and Isaacs [14].
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Definition 2.1 A supercharacter theory for G consists of:

e A partition K of G
e A set X of characters of G

such that the following holds:

LK =1X]
2. every irreducible character of G is a constituent of a unique x € X
3. the characters in X" are constant on members of /C.

The elements in X are scalar multiples of linear combinations of the form
Zwe x ¥ (1)y where X is a subset of irreducible characters of G, by [14, Lemma 2.1].

Remark Definition 2.1 is equivalent to say that spang{>_ ek 8K € K} is a subal-
gebra of Z(CG) with unit 1. Given such a partition /C, there exists a unique X', up to
isomorphism, with the desired properties.

Examples 2.2

e Every group is endowed with the supercharacter theory where the set of super-
classes KC consists of the usual conjugacy classes and the set of supercharacters X
is formed by the irreducible characters of G.

e Similarly, the trivial supercharacter theory of G is such that IC = {{1}, G — {1}}
and x = {1, pg — 1}, where p¢ is the regular representation.

e A less trivial example is given by the cyclic group of order 2", where n > 2. It
is not hard to see that lumping together the elements of G by their order, gives a
set of superclasses K, whose corresponding supercharacters are formed by adding
together all the d-primitive roots of unity for each d|n.

This paper explores the particular supercharacter theory constructed by André and
Neto in [7] of the classical group Uzl,)l (g) of 2n x 2n unipotent upper triangular ma-
trices of type D. Here, we refer to this construction as the supercharacter theory of
type D, since it is the one we are interested in. We regard Uzlzl (g) as a subgroup of
the group Uy, (gq) of 2n x 2n unipotent upper triangular matrices, which is an algebra
group as defined below (see [15]).

Definition 2.3 Let J be a finite dimensional associative nilpotent '-algebra and let G
denote the set consisting of formal objects of the form 14 a where a € J. Then G =
14 F is a group, where the multiplication is givenby (1+a)(14+b) = 14+a+b+ab.
The group G is the algebra group based on J.

As an example, denote by u, the algebra of nilpotent upper triangular matrices
associated to the group U, (q). Then we see that U, (g) = I + u,, and thus U, (gq) is
an algebra group.

The supercharacter theory for the group U, (g) has a very nice combinatorial in-
terpretation. Its superclasses are indexed by labeled set partitions of type A as well as
its supercharacters (see [3]). In analogy with type A, in the next section we describe
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the supercharacter theory for the group Uz?; (g) using labeled Dy, -partitions, though
as mentioned in the introduction, Uﬁ (g) is not an algebra group. Before that, we
give a quick intro to combinatorial Hopf algebras. For a further reading on this topic,
see [2].

2.1 Combinatorial Hopf algebras

Let A be a vector space over a field K. We say that 4 is an associative algebra with
unit 1 if .4 has a linear map m : A® A — A suchthat m o (m ® Id) =m o (Id ® m)
where Id is the identity map in A. The unit can also be associated with a linear map
u:K— A such that t — ¢ - 1. The maps m and u must be compatible in the sense
that

mo(Id®u)=mo (u®Id) =1Id

On the other hand, a coalgebra is a vector space D over K with a coproduct A :
D ® D — D and a counit € : D — K which are K-linear maps. The coproduct must
be coassociative in the sense that (A ® Id) o A = (Id® A) o A and must be compatible
with €:

(e®Id)oA=(1d®e)oA=1d
If an algebra (A, m, u) has also a coalgebra structure given by A, €, we say that A is

a bialgebra if A, € are algebra homomorphisms.

Definition 2.4 A Hopf algebra A is a bialgebra together with a linear map
S : A — A called antipode. The map S satisfies

Z S(ap)br =€(a) - 1= ZakS(bk) where A(a) = Zak ® b
k k k

We say that a bialgebra A is graded if there exists a direct sum decomposition

A=P A

k>0

suchthat A; ® A; C A; v, u(K) € Ag, A(A;) C @;’:O A;®A,—;and €(A,) =0 for
n > 1. Finally, we say that A4 is connected if Ay = K.

There are few different notations of a combinatorial Hopf algebra in the literature,
but in this paper we say that A is a combinatorial Hopf algebra if A is a graded and
connected bialgebra with antipode and such that .4 has a distinguished basis with pos-
itive structure constants [12], i.e., a distinguished basis that multiplies/comultiplies
positively.

3 Supercharacter theory of type D

The supercharacter theory of type D this paper considers is due to André and
Neto [6, 7]. Here, we give a combinatorial interpretation of their algebro-geometric
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construction. From now on, I, will denote a field of characteristic p > 3 and or-
der g = p" for some integer r > 1. Also, denote by Fy the multiplicative group of
non-zero elements of the field F¢. The group Uﬁ (g) corresponds to even orthogonal
unipotent upper triangular matrices with coefficients in [F;, and can be described as
the following set (see [13]):

b P PO ,
Uzn(q)={<0 JP_,J>:PeUn(q),QeMn(q),JQJ=—Q},

where M,,(q) is the set of n x n matrices over F; and J is the n x n matrix with ones
in the antidiagonal and zeros elsewhere.

We will drop the subindex 2n from our notation when the size of matrices is clear
from context. In order to describe the supercharacters of U” (¢), we make use of an
associated nilpotent algebra u? (¢). The algebra u”(g) is given by

R
UD(CI) = {(O —JQRIJ> :Re Un(q) -1,,0 EMn(q), JQIJZ_Q}

with M, (q) and J as before. We will make use of the total order
<o <n<-n=<---<-1

to index the columns and rows of matrices in U? (g) and in uP (g), from left to right
and top to bottom.

A vector space basis for u?(g) over IF, is given by the matrices {yy}o Where o
runs over the set of positive roots @ of type D, given by

@t ={e;tej:1<i<j<n}
and y, denotes the matrix

€ij —€—j—i ifoz:ei —€j
Ya =

e —j—e€j—i ifa=e¢; +ej

where ¢; ; € uP(g) has 1 in position i, j and zeros elsewhere. Now define the support
of yy by

SUpp(ya) = G )), (=), —i) ifa=e —e;

TG GoD) fa=eite;

Notice that this definition can be extended linearly to the whole of u” (¢).

Denote by [£n] the set {1, +2, ..., £n}. Combinatorially, linear combinations
of the matrices y, with at most one non-zero entry in every row and column can be
seen as labeled Dy -partitions or simply Dy, (q)-partitions, which consists of triples
(i, j,a) where i, j € [£fn] and a € IFZ. Any triple of this form is called a labeled arc

and will be represented as i~ Jj. Thus, we have the following definition.
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Definition 3.1 A Dy, (q)-partition A of [£n] is a set of labeled arcs in [£n] such
that for j # —i:

(a) Ifi~j € Athen —j ~—i € A
() Ifijerandi <k~ jthenikgnr ke
We write A € Dy, (¢) to indicate that A is a D>, (g)-partition.

The number of Dy, (g)-partitions is given in [16] where the notion of labeled D
partitions was previously defined, as well as their analog in type B.
For A € Dy, (q), we define the corresponding matrix y, € uP (g) by

n= Y ae; (3.1)

e

The map A +— y; defines a bijection between set partitions in D5, (¢) and matrices in
uP (¢g) with at most one non-zero element in every row and column.
Every A € D, (q) can be written uniquely as A = A U A~, where:

e AtNA— =0 ~
e i~jeAtifandonlyif —j—~—i € A~ wherei > 0andi < |j|

In view of this, A is completely determined by A™ (or 7). Thus, every arc i~ jert
can be represented by the triple {(i, j, a)}. In this case, the triple {(—j, —i, —a)} € A™.

3.1 Superclasses and supercharacters

In this section we describe combinatorially the superclasses and supercharacters of
U21,)1 (g) using Do, (q)-partitions and keeping in mind that UZ?Z (g) is a subgroup of
U, (g). Using algebraic varieties, André and Neto proved that supercharacters and
superclasses of the group Uzel (q) are indexed by matrices in u” (¢) with at most one
non-zero element in every row and column (see [7]). Thus, they can be indexed using
D»,,(q)-partitions as well.

The group Uz, (g) acts on its nilpotent algebra uy,(g) by left and right multipli-
cation. It can be shown that when adding the identity matrix I, to each one of these
orbits we get the superclasses of U, (g) (see [14]).

Let A € Dy,(q) and let y;, as in (3.1). Since uD(q) C up,(g) we can consider the
orbit

Vi = U2n(@)y2U2n(q) € u2,(q)

Notice that V, is not necessarily in uP (g). However, since V), + I, is a superclass in
Us,(q) and Uzel (g) is a subgroup of Us,(q), then we have the following definition.

Definition 3.2 Let V) as above. The superclass in U2[;)1 (g) associated to A is denoted
by K and is defined as K; = UL (q) N (Vs + Lo).

As mentioned in the introduction UZL; (g) is not an algebra group, i.e., Uzez (q) #
Ly +ub) (). Yet there is a bijective correspondence between Uy, (¢) and u”(g). This

bijection is provided by the following lemma of André and Neto.

@ Springer



J Algebr Comb (2013) 38:767-783 773

Lemma 3.3 ([7, Lemma 2.3]) Let A be a Dyy,-partition and let I denote the identity
matrix of the corresponding size. Put x and y as

(P PO D _(P—1 | 0 D
x‘(o JP"J)EU (@) and y‘( 0| —J(P—I)’J)eu @

Then x € K, ifand only if y € V.

To illustrate this lemma, let us consider the following example:

Example 3.4 Letn =5 and let A be the D, (q)-partition given by

p a b c —¢ —b-a
o ./\./\/.X;\./\./\.
1 2 3 4 —4-3-2-1
A natural representative for the orbit V) is given by the corresponding y,. In this
example we have

0 a 0O 0 0 0 0
0 b O 0 0 0 0
0 0 c 0 0 0
0 0 — O 0
I = 0 0 0 0 and
0O —-b O
0 —a
0
1 a 0 O 0 O 0 0
1 b 0 0 0 0 0
1 0 c bc 0 0
X = 1 0 — O 0
1 0 0 0
1 -b O
1 —a
1

where x; is the matrix in K, given by Lemma 3.3.

Henceforth we denote by 6 a fixed nontrivial homomorphism from the additive
group of IF, to C*. The following theorem of André and Neto defines the superchar-
acters of type D.

Theorem 3.5 ([8, Theorem 5.3]) Let A be a Dy,(q)-partition and let x;, be the su-
perclass associated to the Dy, (q)-partition ju. Then the complex valued function x*
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which is constant on superclasses of Uz?q (g) is given by
x*(1) I
gl lentli<k<i<j.i~jert)] jert ibjeut
ifi*kerandi <1<k, theni I, 1%k ¢ p,

0 otherwise.

6(ab)

X () = (3.2)

The set of functions {x” : . € Da,(q)} forms a supercharacter theory for the group
Uy (@)

A few remarks are worth mentioning about some of the combinatorial properties
of supercharacters. For an algebraic proof see [7]:

ey ! ifj=n
¢ x"(= {qz”_’_f otherwise

j—i—1
when AT = {(i, j, @)} is a single arc.

o x'= H/\,-jek x’ii where Aij = {if-'\j, —j:«a—i} € A. Thus, x*(1) = 1 if and only
if j =i+ 1 forevery A;;.

3.2 Product and coproduct

Let SC2Dn be the vector space of superclass functions over the group Uzlz (¢)- This is
the space of functions « : U2?1 (¢) — C that are constant on superclasses. Now that we
know how superclasses and supercharacters look like as matrices and as partitions, we
will define a product and a coproduct on the graded vector space SCP = D.~o SCZDH.
By convention, SCOD = C. As proved in [8, Theorem 4.1], the supercharacters of
Uﬁ (g) form a basis for SCZDn.

Given A € Dy, (g) define «), € SC2Dn as the function with the formula

1 if x, is in the superclass of x;,

K (xy) = )
. 0 otherwise

for u € Dy,(q). These superclass characteristic functions of course form another
basis of SCP.

First, we will endow the vector space SC”with a coalgebra structure and thus we
want to define a coproduct. As before we denote by [£n] the set {+1,+£2, ..., +n}
so thatif A C [n] then [£A] =AU —A where —A ={—i :i € A}. We start by giving
the following definition.

Definition 3.6 Let J = (Ji|---|J;) be a sequence of subsets of [£n]. We call J a
D-set partition of [£n] if for all i # j such that 1 <i, j <r we have J; = —J,
JinJ; = and Ui Ji = [£n].

Remark that for a D-set partition J = (Jy|---|J;), each part J; is completely de-
termined by the set J; N [n]. In particular, if J = (J1|J2) and J; N [n] = A then
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Jo N [n] = A€, where A = [n] \ A. For this reason, we will write such a D-set par-
tition as J = (A|A€). As an example, with n = 4 we see that the D-set partition
J = (1313]|2424) can be written as J = (A|A€) where A = {1, 3}.

Let J = (A|A°) be an ordered D-set partition of [+n] and let

S;(q) ={r € Day(q) :i*~j € » implies i, j are in the same part of J }
and define the standardization map by the bijection
sty 1 Sy(q) = Six1a1(q) X Six1ac1(q) (3.3)

that relabels the indices of partitions in S;(g) according to the unique order-
preserving map

sty 1A — [£]A]] (3.4)

where A is a part of J.
As an example, let J = {134]25} and let A be given by

A e e e e e e (3.5
1 2 3 4 5 —5—-4-3-2-1
then
sty(\) = A o< x o A 0 € Sig(q) x Sug(q)
e 6 6 o o o e o o o
1 2 3-3-2-1 1 2 -2-1

Definition 3.7 Let J = (A|A€) be an ordered D-set partition of [+n]. Define U JD -
UP, where UP =UP (), as

UJD = {x eUP :xij # 0 implies i, j are in the same part of J}
The map in (3.3) can be extended to produce an isomorphism sty : U JD —

Uzl‘)A‘ (g) x U2?A0| (g) by reordering the rows and columns as in (3.4).
The restriction map on SC2Dn (g) is given by

Res”" . :SCP,(@) > SCP (@) ®SCH 1c)(@) (3.6)
A J

D —
where Resg](U;,)(X)(u) = x(st; l(u)) foru e Uzll)Al(q) X U2[|)A<r‘(q)~
We must show that this map is well-defined, i.e., takes superclass functions to su-

perclass functions. Since supercharacters of type D are restrictions of supercharacters
of type A (see [7, Proposition 2.2]), Eq. (3.6) can be written as

Res!, ) (Gum) () = Gyo (st ()

for some ¢ supercharacter of type A such that its restriction ¢, p to UP is precisely x.
Also, in [14, Theorem 6.4], Diaconis and Isaacs prove that superclass functions of
type A restrict to superclass functions. Putting these facts together we conclude that
the restriction map sends superclass functions of type D to superclass functions.
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Now, define the coproduct on supercharacters as
. ub
Ax) = XJ:ReSSw(U}))(X)

summing over all ordered D-set partitions J = (A]A€) of [£n].

Given a subset A of [n] and A € D5,(q) let A|4 denote the restriction of A to the
set [£A]. This is the ground set of A|4 is [£A] and i ~j € A|4 if i ~j € 1. Now,
denoting by .A(L) the set of arcs of A we see that A(A|4) U A(X]ac) € A(L). When
the equality A(A|4) U A(X|oc) = A(X) holds we write A = A|4 LI A|gc.

The following proposition tells us how to compute the coproduct in the superclass
characteristic functions.

Proposition 3.8 Let A be a Dy, (q)-partition. Then

Aky) = Z Ksta (1) @ Kstac (rlge)
A=AlAUA|gc

summing over all A C [n] such that A = A| g U M| gc.

Proof For an ordered D-set composition J = (A|A€) we have sta(A|a) € D2ja(q)
and st4c (M| ac) € D3jac|(q). Given u € Djj4((q) and v € Dyjac(q) denote by x5,
the natural orbit superclass representative indexed by u x A in the group Uz[l’ Al(q) X

Uzl‘)Ac| (¢). Then we have

b 1 ifala = st; () and AJ4e = st7 ' (v)
ResY Ky ) (x = 4 J
su(U,D)( 1) CFuxv) {O otherwise.

This means that ResgD(UD)(K;\)(xMXv) # 0 when sty (1) = u x v. This concludes the
AN

proof. g

Example 3.9 Let A € D12(g) given by

) - a c b -b _. —a
' e o [ } e 6 o6 o o o
1 2 3 4 5 6—-6-5-4-3-2-1
Then,
Alky) =ra®@Kkp+K . @k  _ +Kk _ _ @K .,
o[\oooo[\o . [\to . Ao o[\oooo/\o
123-321 12 3-32-1 12 3-32-1 123-32-1
+ K a b—b —a ®K/ c —c +K: c —c ®K; a b—b —a
decsdocen decscdocen
123 4-4-32-1 1 2—2-1 1 2-2-1 123 4-4-32-1
+K; ®K; ac b —b—ca +K: ac b —b—ca ®K: +H®®KJ)‘
T S P e S P T
1-1 cceoececce e cceoececce e 1-1
1234554321 12345-54321
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It is not hard to see that the coproduct is coassociative. Also, notice that some of
the beauty of this coalgebra structure is that it is directly connected to representation
theory, as is the case in type A. We now define a multiplication in the space SC as
follows.

Definition 3.10 For A, u labelled D-partitions of [£k], [==(n — k)], respectively, de-

fine
Ky Ky = Z Ky
veDy,(q)

summing over all Dy, (g)-partitions v such that v|j+¢; = A and V|[+(k+1,..n)] = U Tk
where, for 1 <i,j<n—k

pAR = {k+ DSk + )i e p) Uk +i) =k — j):i—j e u)

Example 3.11 Denote —i by i, then

a b b a bb @ ac bb ca

KA A K =K + K AL
L N N ]

és (7 SO N SO 4

12271 12271 123421321 ceFy 123423321

Since we want to induce an algebra structure on SCP, we need to prove that Def-
inition 3.10 is indeed a product in the sense that it should be associative. This will be
shown once we introduce the P-basis. In order to motivate somehow this definition
of the product, besides being a “natural” way of doing it, in type A the product struc-
ture is raised from the inflation map on superclass functions of that type. When trying
to obtain the product from representation theory in type D, the analogous inflation
map in this case failed in the sense that superclass functions are not mapped to super-
class functions anymore. For this reason, instead of deducing Definition 3.10 from
a representation-theory point of view, the product was directly defined in this way.
Nevertheless, in Proposition 3.15, we will see that the connection with representation
theory remains strong. As a final remark, before proving the main result of this paper,
this product differs from the one defined for SC in [3]. The difference is that here we
do not concatenate A and u. Instead, we put p in between A™ and A~. This resem-
bles the product defined in [1, Sect. 3.5] for the Hopf monoid Pal of palindromic set
compositions. In Sect. 4.2 we point out that this supercharacter theory of type D, in
particular, carries a Hopf monoid structure. Yet this Hopf monoid is different from
the Hopf monoid Pal, since their coproduct structures are different. We will give a
brief description of the Hopf monoid SCP? in Sect. 4.2.

Next, we define a different basis for SC, in order to make computations easier.

Definition 3.12 Let A, u be Dy, (g)-partitions. We say that A < u if A(X) € A(n)
where A()) denotes the set of arcs in A.
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Given A, we denote by P, the superclass function defined as

P)L = ZK“

p=h

From here, we see that {P; },cp,,(g) forms a basis for SC” as n > 0. This basis is
called P-basis.

Proposition 3.13 The P-basis multiplies and comultiplies as follows:

(a) For u, v labelled D-partitions of [£k], [£(n — k)], respectively, we have
Pl‘« Py = P[M_IUTk 3.7

(b) For ) € Dy,(q) we have

AP =" Py ® Patye) (3.8)

summing over all subsets A C [n] such that A = pu U v where Mg = u and
A gc = v.

Proof (a) The left hand side of (3.7) gives us
P,-P,= <Z Kg) . (ZIQ;) = Z ZKJ - Ks
() §>v o= 5>y

Notice that the minimal element in this last equality corresponds to i, ,, 4+, Where
LI stands for disjoint union, and every other term in each «, - k5 is associated to a
D3, (q)-partition T such that T > Ui v 1%, On the other hand

P/,LUUTk: Z Kt
rzp,l_lka

This concludes part (a). To prove part (b) notice that from the left hand side of (3.8)
we have

A(P) = A(Z m) =D D Ksam ®Kstye(o)

§>A 8>Ar AC[n]
S=tlo

On the other hand, the right hand side of (3.8) gives us
Yo P ® P = D DD Ksta() ® Kstye(o)
A=puv A=puly TZH 02V

Now, every § > A such that § = 7 Lo is such that A = (t N X)) U (6 N X). This last
decomposition of A can be written as A = u U v and we see that T > u, o > v.
Similarly, f A=pUvthend =t Uo issuchthat § > A, fort > u, 0 > v.

The proposition follows. O
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Notice that by the simplicity of the multiplication in the P-basis, we see that
the Definition 3.10 gives an associative operation. Indeed, for A, v, u labelled D-
partitions of [£k], [£/], [tm], respectively, we have

(Pp.- Pu) - Py =Py k- Py
= Py upkupphHt

= Piiquuvtiyrk

=Py Pyyyyi = Pr- (Py- P))

Also, it follows that the space SC is free. The cofreeness is also guaranteed, following
arguments analog to the ones exposed in [11], but since this is not too relevant for our
main results we skip the details.

We have that SCP is graded, connected, has a unit ky € SC(? and a counit
€ : SC — C obtained by taking the coefficient of xy. In order to get a bialgebra
structure, as stated in the preliminaries, most of the compatibilities coming from
the requirement on the maps m, u, A, € are straightforward to check. The compat-
ibility between the product and the coproduct is less obvious and is what will al-
low us to conclude the main result of this paper. Namely, we want to prove that
A(Py - Py) = A(P,) - A(Py). Now we are ready to prove the main theorem.

Theorem 3.14 The product and coproduct given in Proposition 3.13, provides the
space SCP with a Hopf algebra structure.

Proof We prove only the compatibility relation between the product and the coprod-
uct as explained in the previous paragraph. Let A € D (q), u € Dy(n—k)(g), then

A(P)») ' A(Pu) = ( Z Pstg(rl) ® PstBr(al))( Z Pstc(rz) ® Pstcc(ﬂ2)>

A=t1Uo] n=tLloy
BClk] CCln—k]

= Z Z Pyt (z)) Pste (1) ® PStBC(Ul)PStCC(Uz)

A=tUo| Hh=T2U02
BC[k] CCn—k]

= Z Z PStB(Tl)uStc(sz‘B‘) ® PStBC(Ol)UStcC(02T|C|) (3.9)

A=tUo| H=T2U02
BC[k] C&ln—k]

On the other hand, we have
APy, - Py) = A(P,) where y = iUtk

= Y Puy ®Puyeo) Withyla=1,ylac=0 (3.10)
y=tlo
AC|n]

Now, since y = A LU u 1¥, then we can decompose 7 and o in the form

T=T11UT1), o=01Uop
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such that 71, o1 only intersect A and similarly, 72, 0> only intersect i Tk. This de-
composition induces a decomposition on the set A = B LI C, so that the last equality
in (3.10) becomes

A(Py, - Py) = Z Pstpic (mun) ® Pstge e (o1002)
y=(t1up)uU(o1Uo2)
BuCC[n],

= Z PstB(n)uStc(sz‘B') ® Pstgc(nl)ustcc(azT\BCl)
y=(r1un)U(o1Uo2)
BuCC|n],

= D D Pupmusicmt®) ® Pageonisice o)

A=tUo| k=T2U02
BC[k] CCln—k]

Putting together this last equality with Eq. (3.9), we can conclude that the desired
compatibility holds. O

This allows us to conclude that the space SC? is indeed a combinatorial Hopf
algebra as defined in the preliminaries.

We want to point out that different definitions of a combinatorial Hopf algebra can
be given depending on the purposes. An alternative definition is as follows. A Hopf
algebra A is a combinatorial Hopf algebra if it is graded, connected and has a dis-
tinguished character ¢ : A — K. This singled out character is given by the trivial
character in the case when the Hopf structure on .4 arises from representation theory
(see [2]).

As mentioned in the introduction, the product structure on the space SC” has a
very interesting behaviour in the supercharacter basis.

Proposition 3.15 Let ) € Dy, (q) and u € Dy, (q). Then,

XA . Xp. — XAuuTn

Proof Let us consider the following expansions in the « basis. Let #nestﬁ =
{k~1leut)i<k<Il=<j,i~jeAT} thenby Eq. (3.2) we have

x*=x*(1)[zq#nlesté [1 9<ab)xa}

.a . b .
I~JEA I~ EX

1
X“:X“(l)[%q#nTtg 1_[ Q(Cd)lcﬂ]

.C. .d .
iNew,iNep

n n l
P — (1)[2:m l_[ Q(ef)/cy}
nesty

v 4 if\je)tu/LT”,if'Cjey
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where the sum is over every «, 8, ¥ such that x*(x), X“(x,g)x“"”" (x,) are non-
zero, respectively. Here, x,, is the superclass representative corresponding to the par-
tition v, as before.

By using the previous expansions we get

1
x*-x“=x*(1)x“(1)[§ m( I1 e(ab)@(cd))xa-x,s}
q ° ‘

o, .a . b .
p lfa\./e}»,l/"\jea

.C. d .
e ivjep

%W I1 Q(ab)H(Cd)Ky]

=yt "(D[Z
Y

q#nesty .a. b,
i~ €AY €Y |[£n]
.C . d .
eI EY |[dmpn
1
A.U n
=D —= ] fehHn
Y q#nestyu”T f
iSjeruutn injey
— X)LuuTn. 0

Although the analog of the inflation map of type A does not work in this case,
in the sense that a similar projection map does not hold the wanted properties, this
proposition indicates that certain “inflation” underlines the product structure in the
supercharacter basis. This result gives a stronger connection of this combinatorial
Hopf algebra with representation theory. Now the question that remains to be ex-
plored is, what representation theoretic functor is playing the role of inflation in this
type? The author would be happy to hear any answer in this direction.

We finish this paper by giving a brief outline concerning the types B and C.

4 Final comments
4.1 Type B and type C

Following the construction in [6], supercharacters and superclasses for types B and C
are also indexed by labelled partitions of the corresponding type. The unipotent upper
triangular matrices of type B is the group of m x m orthogonal matrices where m =
2n + 1 for some n € Z>o. We define By, (g)-partitions as labelled set partitions on
the set {1,...,n,0, —n, ..., —1} satisfying the same properties as D>, (q)-partitions
with the additional property that we allow at most one arc of the form i 20 together
with 0~ —i.

Unfortunately, any attempt from the author to construct a product on SC? fails
since dealing with odd-size matrices make impossible an embedding from Ska 41 X
SCH,, to SCﬁk +1y+1- although a different grading and suitable changes could make
it possible. On the other hand, we have a structure of SCP_module on SCE , since it
is clear that SC5 x SC%+1 embeds into SCég(kH)Jr1 eSCB.
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For unipotent upper triangular matrices of type C the situation is better. This type
corresponds to the group of 2n x 2n symplectic matrices and the combinatorial de-
scription for its supercharacter theory resembles the one for type D. In this case
C,,(g)-partitions are defined as in Definition 3.1 but we also allow arcs i A —i.Sim-
ilar arguments can be used in this case, producing a similar definition for product
and coproduct over the graded vector space SCC endowing it with a Hopf algebra
structure.

4.2 Forthcoming work

We remind the reader that this paper has considered only the case when char(F,) > 3.
The case p = 2 requires a different description of the elements of the group Uzl,)l ().
We want to understand this case as well, since this might allow us to have an unla-
belled version of what we have done here.

On the other hand, a coarser version of the supercharacter theory of type D as
exposed here could have some connection with the case ¢ = 2. Namely, by lumping
together conjugacy classes in Uan (g) through the action (72, Uz, (g) AUz, (q)szl1 +
by N Uzel (g), where T, is the subgroup of diagonal matrices of GLy,(g), A €
uP(g), gives a coarser superclass theory, whose supercharacter values are integers.
Hence, the unlabelled version of the Hopf algebra constructed here would realize the
version given by this super-theory. This is inspired by the work done in [10].

Finally, we want to point out that types C and D not only have a Hopf algebra
structure, a Hopf monoid structure can be provided too. For a basic background on
Hopf monoid in species the reader can consult [4].

Briefly, let the species SC? be such that for a finite set K

SCP[K] = @ SC@ Dk
¢eL[K]

where L[K] is the set of linear orders on K and SC@-D) [K] being the set of
Dy k| (g)-partitions that respect the order given by ¢. In other words, let the set K LI K
be ordered by ¢ - g where - denotes concatenation and K is a second copy of K with
(47 being the order of K reversed. Now, after drawing the arcs of A on top of K LI K

and putting ¢ = ¢ - (a we ask that if i/a\j € Atheni <g j; also A must satisfy the
analog of condition (b) in Definition 3.1, replacing < by <;. Then we can check that
for nonintersecting finite sets 7, J the following maps

my.y:SCP D1 @SCTPI[J]— SCO D11 J]
Ary:SCP P11 J]—SCY-P1@sc@l P[]

defined in analogy with the structure presented here, satisfy all the axioms required
to make of the species SC? a Hopf monoid. All of this is done following [4] and it is
part of a future paper by the author.
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