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Abstract We show the existence of isometric (or Ford) fundamental regions for a large
class of subgroups of the isometry group of any rank one Riemannian symmetric space of
noncompact type. The proof does not use the classification of symmetric spaces. All hith-
erto known existence results of isometric fundamental regions and domains are essentially
subsumed by our work.
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1 Introduction

Let D be a rank one Riemannian symmetric space of noncompact type and denote its full
group of Riemannian isometries by G. Suppose that I" is a subgroup of G. A subset ¥ of
D is called a fundamental region for I" in D if Y is open, the translates of Y by each two
elements of I" are disjoint, and D is covered by the family of I'-translates of the closure of
Y. If, in addition, Y is connected, then it is called a fundamental domain for " in D.

In this article, we show the existence of so-called isometric (or Ford) fundamental regions
for a large class of subgroups of G, see Theorem 3.18, Corollary 3.20 and Proposition 4.38.
In many situations, the fundamental regions will turn out to actually be fundamental domains
(see Corollary 3.23 and Proposition 4.38). Moreover, in Sect. 4, we show that our results sub-
sume all previously known existence results of isometric fundamental regions and domains.

Let I' be an admissible subgroup of G. The distinctive trait of an isometric fundamental
region for I" is that it consists of two building blocks. One of them is a fundamental region
Foo for the stabilizer group I's, of co. The other one is the common part of the exteriors
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of all isometric spheres of I' (see Sect. 3 for a definition). Then the isometric fundamental
region is the set

Fi=Fun [ extl(g).
gelNN\I'w

where ext /(g) denotes the exterior of the isometric sphere /(g) of ¢ € I' \I'w. These
fundamental regions are of interest for several applications. For example, they reflect the
geometry of I" in a way particularly adjusted to the needs of the construction of a symbolic
dynamics for the geodesic flow on the orbifold I'\ D (see [19]).

Our proof of the existence of isometric fundamental regions does not use the classification
of rank one Riemannian symmetric spaces of noncompact type. This was made possible by
the classification-free constructions of all these spaces provided by Cowling et al. in [6] and
[71, respectively, by Koranyi and Ricci in [15] and [16]. These constructions appear to be
the first ones which are uniform both on the level of spaces and on the level of isometry
groups. The approach in [6] and [7] is intimately connected with the restricted root space
decomposition of the Lie algebra of the isometry group of the symmetric space, and hence it
is the method of choice for considerations of algebraic nature. In contrast, the construction
in [16] and [15] reflects the geometric side of the spaces. Both constructions are amazingly
easy to work with. Moreover, one can effortless switch from one construction to the other and
translate insights and advantages from one model to the other. We recall both constructions
in Sect. 2.

Using their work we provide a uniform definition of the notion of an isometric sphere
and its exterior in Sect. 3. The uniformity on the level of isometry groups then allows to
stick to a classification-free treatment of the isometric spheres, which finally results in a
classification-free proof of the existence of isometric fundamental regions.

For real, complex and quaternionic hyperbolic spaces, there already exist several (differ-
ent and also non-equivalent) definitions of isometric spheres in the literature, e.g., in [10]
for the hyperbolic plane, in [13] for the upper half plane model and the disk model of two-
dimensional real hyperbolic space, in [17] for three-dimensional real hyperbolic space, in
[1] and [2] for real hyperbolic spaces of arbitrary dimension, in [11,18] and [12] for com-
plex hyperbolic spaces, and in [14] for quaternionic hyperbolic spaces. Moreover, for certain
subgroups of the isometry group of real and complex hyperbolic spaces, the existence of
isometric fundamental regions was already known. More precisely, Apanasov [1] and [2]
provides the hitherto most general treatment of groups acting on real hyperbolic spaces. In
[10], Ford investigates the case of the hyperbolic plane. However, his definition of funda-
mental region is not equivalent to our definition. Therefore, his result cannot be compared
to our one. Groups acting on complex hyperbolic spaces are considered by Kamiya in [12].
In Sect. 4, we will investigate which definitions of isometric spheres are subsumed by our
uniform one, and we will show that the known isometric fundamental regions are special
cases of Theorem 3.18.

Throughout we will use the following notation. If 7 is a topological space and U a subset
of T, then the closure of U is denoted by U or cl(U) and its boundary is denoted by dU .
Moreover, we write U° for the interior of U. The complement of U in T is denoted by CU
or T~\U.

For two arbitrary sets A and B, the complement of B in A is written as A~ B. If ~ is an
equivalence relation on A, then A/~ denotes the set of equivalence classes. Likewise, if I" a
group acting on A, then we write A/ I" for the space of right cosets. Moreover, if p is a point
of A, then I, denotes the stabilizer group {g € I' | gp = p}of pinT.
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2 Classification-free constructions

The basic objects of the classification-free construction of rank one Riemannian symmetric
spaces of noncompact type in [6] and [7] are so-called H-type (Heisenberg type) algebras.
In contrast, Koranyi and Ricci [15] and [16] construct these symmetric spaces from so-called
J?C-module structures.

In this section, we introduce these notions and we briefly recall the two constructions.
Mostly we duplicate, for the convenience of the reader, material from their work. Neverthe-
less, in parts it can be considered as complementary, e. g., Lemma 2.2 on the (non-)uniqueness
of decompositions of H-type algebras, the notion of ordered decompositions, and a refined
definition of an isomorphism between H-type algebras, respectively, between C-module
structures (which corrects a minor inaccuracy). Moreover, we prove in detail that the Cayley
transform is an isometry, and that the group M given in [6] and [7] and that in [15] and [16]
are indeed the same.

All omitted proofs can be found in [6] or [7] for statements in the language of H -type alge-
bras, and in [15] or [16] for those in the language of J 2C-modules. As long as no confusion
can arise, each inner product is denoted by (-, -) and its associated norm by | - |.

2.1 H-type algebras and the J2-condition

A vector space is called Euclidean if it is a finite-dimensional real vector space endowed with
an inner product. A Lie algebra is called Euclidean if, in addition to being a Lie algebra, it
is a Euclidean vector space. For a vector space v let Endys(v) denote the group and vector
space of endomorphisms of v. If v carries additional structures, then the elements of Endy(v)
are not required to be compatible with these structures. In particular, if v is Euclidean, then
¢ € Endys(v) need not be orthogonal.

Definition 2.1 Let n be a Euclidean Lie algebra. Then n is said to be an H-type algebra if

(H1) there are two subvector spaces v, 3 of n (each of which may be trivial) such that
[n,31={0}, [n,n]CS3,

and n is the orthogonal direct sum of 3 and v,
(H2) forall X € v,all Z € 3 we have

[J(Z2)X| = |Z] - |X]
where J: 3 — Endys(v) is the R-linear map defined by
DX, Y)=(Z,[X,Y])

forall X,Y € v, all Z € 3. The map J is well-defined and unique by Riesz’ Repre-
sentation Theorem (or its finite-dimensional counterpart).

If (H1) holds, then n is either abelian or two-step nilpotent. In the first case we call n
degenerate, in the second non-degenerate.

The construction of a symmetric space from an H-type algebra n depends on the
choice of 3 and v in the decomposition 3 @ v of n. We call the pair (3, v) an ordered decom-
position of n. The following lemma shows that the ordered decomposition is unique unless n
is non-trivial and abelian (which precisely is the reason for calling abelian H-type algebras
degenerate). It will turn out that both possible ordered decompositions of a non-trivial abelian
H-type algebra give rise to the same symmetric space, but in different models. Nevertheless,
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this non-uniqueness calls for a careful notion of isomorphisms between H-type algebras,
which we will discuss after the lemma.
We denote the center of a Lie algebra g by Z(g).

Lemma 2.2 Let n be an H-type algebra. If n is non-abelian or n = {0}, then the ordered
decomposition (3,9) of w is unique. In this case, we have 3 = Z(n) and v = Z(w)“. If n
is abelian and n # {0}, then there are two ordered decompositions of n, namely (3,0) =

(Z(n), {0}) = (n, {0}) and (3, v) = ({0}, n).

Proof Suppose that (3, v) is an ordered decomposition of n. Then v is uniquely determined
by 3, namely v = 3. Since [3, 3] = {0}, we know that 3 is a subvector space of Z(n) (even a
subalgebra). If 3 = {0}, then [n, n] C 3 = {0}. In this case, n is abelian and (3, v) = ({0}, n).

Suppose now that 3 # {0}. We have to prove that 3 = Z(n). For contradiction assume that
3 # Z(n), hence dim 3 < dim Z(n). Then there is a non-trivial element X € v N Z(n). Fix
some Z € 3, Z # 0. Forall Y € v it follows that

(J(Z)X,Yy=(Z,[X,Y]) =0.
Thus J(Z)X = 0. But then
IJ(Z2)X|=0#|Z]-|X],

which is a contradiction to (H2). Therefore, 3 = Z(n).

This shows that for non-abelian n or for n = {0}, the pair (3, v) = (Z(n), Z(m)1) is the
only candidate for an ordered decomposition of n. Because there is at least one by hypothesis,
(Z(), Z(m)1) is indeed an ordered decomposition of n. For non-trivial abelian n we have
the two candidates ({0}, n) and (n, {0}), which both clearly satisfy (H1) and (H2). ]

Let n be a non-trivial abelian H-type algebra. Then n admits the two ordered decompo-
sitions (n, {0}) and ({0}, n). The isomorphism id,, of n as a Euclidean Lie algebra does not
respect these decompositions. In Sect. 2.3 we will see that preserving the decompositions
is essential for the bijection between H-type algebras and C-module structures. Therefore,
from now on, we will always consider an H-type algebra n as being equipped with a (fixed)
ordered decomposition and denote it by n = (3, v, J) or, briefly, by (3, v, J). Although the
map J is determined by 3 and v, we keep it in the triple to fix a notation for it.

Definition 2.3 Letn; = (3;,v;, J;), j = 1,2, be H-type algebras. An isomorphism from
ny to np is a pair (¢, ¥) of isomorphisms of Euclidean vector spaces ¢: 31 — 32 and
Y : v1 — vy such that the diagram

J
31 X 01 l*> (o8]
wxvfl lw
J2
32 X 0 ——= 1)
commutes.

The following lemma shows that isomorphism of H-type algebras is a refined notion of
isomorphism of Euclidean Lie algebras.

Lemma 2.4 Letn; = (37,9, J;), j = 1,2, be H-type algebras and suppose that the map
(¢, ¥): ny — ny is an isomorphism. Then ¢ X ¥ : 31 ® v1 — 32 D vy is an isomorphism of
Euclidean Lie algebras.
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Proof Forall Z € 35 and all X,Y € v; we have

(Z, [ (X), yN]) = (L)W X)), (V) = (¥ (19" (Z)X) ., ¥ (V)
= (e @)X, Y)=(¢"'(2),1X,Y])
=(Z, (X, Y]).
Since (-, -)|;,x3, is non-degenerate, it follows that ¢([X,Y]) = [¥(X), ¥ (Y)]. Define
X ‘=@ x ¥ andlet Z1, Z, € 31, X1, X2 € v1. Then
[Z1 + X1, Zo + Xo] = [X1, X0]

and

[x(Z1+ X1), x(Z2+ X2)] = [p(Z1) + ¥ (X1), 9(Z2) + ¥ (X2)]
= [y (X1, ¥ (X2)] = o([X1, X2])
= x(Z1 + X1, Z2 + X2)).

Finally, x is clearly an isomorphism of Euclidean vector spaces. This completes the
proof. O

Remark 2.5 Suppose that nj, np are non-degenerate H-type algebras and let the map x : n;
— nj be an isomorphism between nj and n, as Euclidean Lie algebras. Then x (Z(ny)) =
Z(ny). Hence Lemma 2.2 implies that x is an isomorphism of H-type algebras. In turn,
Lemma 2.4 shows that the isomorphisms between nj and n, as H-type algebras coincide
with the isomorphisms between n; and n; as Euclidean Lie algebras.

For an H-type algebra (3, v, J) we often write Jz X instead of J(Z) X, and we abbreviate
the set {Jz | Z € 3} with J;.

Definition 2.6 An H-type algebra n = (3, v, J) is said to satisfy the J2-condition if
VXeoVZi,Zres: ((Z1.22)=0 = 3Z3€3: Iz 2, X =Jz,X).  (H3)
If n is abelian, then (H3) is trivially satisfied.

2.2 C-module structures and the J2-condition

A C-module structure is a triple (C, V, J) consisting of two Euclidean vector spaces C and
V and an R-bilinear map J: C x V — V satisfying the following properties:

(M1) there exists e € C~.{0} such that J(e,v) = v forallv e V,
(M2) forall¢ € C andallv € V we have |J (¢, v)| = |C]||v].

The cases where V = {0} or C = Re are not excluded. We refer to these as degenerate.
If V # {0} and C # Re, then the C-module structure (C, V, J) is called non-degener-
ate. For brevity, a C-module structure (C, V, J) is sometimes called a C-module structure!
on V. One easily proves the following lemma.

Lemma 2.7 Let (C,V, J) be a C-module structure. If V- # {0}, then the element e in (M1)
is uniquely determined and of unit length.

I The “C” is “C-module structure” or in “C-module structure on V>’ does not refer to the Euclidean space C
in the triple (C, V, J). Hence, if (C’, V, J') satisfies (M 1) and (M2), then it is still called a C-module structure
onV.

@ Springer



224 Geom Dedicata (2010) 147:219-276

The construction of a symmetric space from a C-module structure (satisfying the J2-con-
dition defined below) depends on the choice of e in (M1) and uses |e] = 1. If (C, V, J)
is a C-module structure with V' = {0}, then J vanishes everywhere. Thus every element
a € C~{0} satisfies J(a, -) = idy. In this case, we endow C with a distinguished vector e of
unit length and fix it (sometimes) in the notation as (C, e, V, J). The influence of the partic-
ular choice of e on the constructed symmetric space is much weaker than that of the different
ordered decompositions of degenerate H-type algebras. In fact, the choice of e determines
the orthogonal decomposition C = Re @ C’ (see below). If ey, e, are two choices for e,
then there is an isomorphism between Re| @ Ci and Re, @ Cé as Euclidean vector spaces
which respects the decompositions. In turn, (C, e, V, J) and (C, ez, V, J) are isomorphic
as C-module structures (see below for the definition of isomorphism).

If (C, V, J) is a non-degenerate C-module structure, then the element e in (M1) is unique
by Lemma 2.7. For reasons of uniformity, also in this case, we will often use the notation
(C,e,V,J)for (C,V,J).

If (C,V,J) is a C-module structure, then we will use J;v or v to abbreviate J (¢, v).
Further, we set Cv :={¢v | ¢ € C}forv e V.

A C-module structure (C, V, J) is said to satisfy the J 2_condition if

C(Cv) =Cv forallv e V. (M3)

In this case, V is called” a J2C-module and (C, V, J) a J>C-module structure.

Let (Cy, e1, V1, J1) and (C3, e, V2, Jo) be C-module structures. An isomorphism3 from
(Cy,e1, V1, J1) to (Ca, €2, V2, Jo) is a pair (¢, ¥) of isomorphisms of Euclidean vector
spaces ¢ : Vi — Vo and ¢: C; — C, with p(e1) = e> such that the diagram

J
C1XV1I4>V1

ot | J |+

C2><V224>V2

commutes.

The requirement that ¢(e1) = ey is relevant only if one of the C-module structures is
degenerate. In fact, if (Cy, ey, Vi, J1) and (C, e2, Vo, J2) are non-degenerate C-module
structures and (¢, ¥) is a pair of isomorphisms of Euclidean vector spaces ¢ : Vi — V5, and
¢: C1 — Cysuchthat Jo o (p X ¥) = ¢ o Jp, then

hpen),v) =¥ (Jiler, ¥ () = v

for each v € V. The uniqueness of e; shows that ¢ (e) = e3.

For a C-module structure (C, e, V, J) let C' := et denote the orthogonal complement of
Rein C.For { = ae+ z € C witha € Rand z € C’ we set Re ¢ := a, the real part of ¢,
and Im ¢ := z, the imaginary part* of ¢. Further we set { := ae — z, the conjugate of . We
will use the identification Re — R, ae > a, of Euclidean vector spaces.

2 As with the “C” in “C-module structure”, the «J2” in “J2-condition” and “J2C-module” does not refer to
the map J.

3Tn [15] and [16] the condition ¢(e1) = ep is omitted from the definition. However, as discussed, this
condition is needed and indeed this stronger notion of isomorphism is used in their work.

4 Note that, in contrast to the usual definition in complex analysis, if C = C and ¢ = a + ib € C, then one
has here Im ¢ = ib.
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2.3 Bijection between H -type algebras and C-module structures

Letn = (3, v, J) bean H-type algebra. Endow R with the standard inner product and consider
the Euclidean direct sum ¢ := R @ 3. The map J: ¢ X v — v, defined by

J(t+2Z,X) :=tX + JzX

forallt +Z e R® 3, X € v, is R-bilinear. Since (Jz X, X) = (Z, [X, X]) = 0, we further
find
TG+ Z, X2 = 1tX + Iz X1* = 21X + Iz X)?
=X +1ZP1X P = (¢ + 12X
= |t + ZP|X %,

hence |.7(t + Z, X)| = |t + Z||X|. Moreover, for each X € v we have
J(1,X)=X.

Therefore, (¢, v, J ) is a C-module structure with e = 1. The condition (H3) is easily seen to
be equivalent to

J(©)J(©)X = J()X forall X € v. (H3’)

Thus, (¢, v, J ) satisfies the J 2_condition if and only if n does. This construction provides an
assignment of a C-module structure to each H-type algebra (with fixed ordered
decomposition).

Vice versa, let (C, e, V, J) be a C-module structure and let [-,-]: V x V — C’ be the
map defined by

(z, [x, y]) = (J(z, x), y) 2.D

forall z € C/,all x, y € V. Riesz’ Representation Theorem (or its finite-dimensional coun-
terpart) shows that [-, -] is well-defined. We extend [, -] to the Euclidean direct sum C’ @V by

[z1 +v1, 22 +v2] i= [v1, v2]

for all z; + v; € C’ @ V. This map is R-bilinear. Since J; is skew-symmetric for each
z € C’ (cf. Sect. 2.5), the (extended) map [, -] is anti-symmetric. Moreover, [V, V] C C’
and [V, C'] = [C’, C'] = {0} imply the Jacobi identity for [-, -]. Thus, C’ @ V endowed with
[-, -1is a Euclidean Lie algebra. Let J': C" — Endys(V) denote the map J'(z) (v) = J(z, v).
Then (C’, V, J') is an H-type algebra. Using the equivalence of (H3) and (H3’), we see that
this H-type algebra satisfies the J2-condition if and only if (C, V, J) does so.

Using the identification e = 1 from Sect. 2.2, the construction of a C-module structure
from an H-type algebra

(3.0, ) > R®3. 1,0, )
and that of an H-type algebra from a C-module structure
(C.e, V., J) = (C",V,J)

are inverse to each other. Moreover, one easily sees that these constructions are equivariant
under isomorphisms of C-module structures, respectively of H-type algebras. More precisely,
if (¢, ¥): (31,01, J1) = (32, 2, J2) is an isomorphism of H-type algebras, then
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(id x@, ¥): RD31,1,01,J1) = RS30, 1,02, 2)

is an isomorphism of C-module structures.
Conversely, if (¢, ¥): (Cy, e1, Vi, J1) = (C2, €2, V2, J2) is an isomorphism of C-mod-
ule structures, then ¢(C}) = C} and the map

(<.0|c;, 1//) D (CL VL) = (G Vo )
is an isomorphism of H-type algebras.

2.4 The model D

Let n = (3,0, J) be an H-type algebra. Further let a be a one-dimensional Euclidean Lie
algebra and fix an element H of unit length in a. Then a is spanned by H. We denote by s
the Euclidean direct sum Lie algebra a @ n = a @ 3 @ v endowed with the Lie bracket that
is determined by requiring that

1
[H’X]:EX forall X e v
[H,Z1=272 forall Z €3

and that equals the original Lie bracket on n, when restricted to n.

Let exp(s) be the connected, simply connected Lie group with Lie algebra s. We identify
the tangent space to exp(s) at the identity with s. Further we endow exp(s) with the left-
exp(s)-invariant Riemannian metric that coincides with the inner product on s at the identity
of exp(s). We parametrize exp(s) by

RY x 3 x v — exp(s)
t,Z,X) + exp(Z+ X)exp((logt)H)

and set § := R* x 3 x v. By requiring this parametrization to be a diffeomorphism and an
isometry, S inherits the structure of a connected, simply connected Lie group with Riemann-
ian metric. The Campbell-Baker—Hausdorff formula for n = 3 @ v shows that the group
operations on exp(s) correspond on S to the group operations

L 1,2 12
(t1, Z1, X1) (2, Z2, X2) = (tltz, Z)+1Zy+ Etl/ [X1, X2], Xy +t1/ X

(2.2)
.2, X)) = (" —17"z, —172X) (2.3)

forall (tj, Z;, X;), (t, Z, X) € S. The differential structure on S coincides with the differ-
ential structure on the open subset R* x 3 x v of some R”. Now let

D := [(t,Z,X)eRxgxn

1
t> —|X?
> 41X }
and consider the bijection

@Z[Rxgxn—)Rxgxn 2.4)

t.Z,X) — (t+31X% 2 X).

Then ®(S) = D, so that we define the structure of a Riemannian manifold on D by requiring
® to be an isometry. The differential structure on D is identical to that of D being an open
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subset of R x 3 x v. Moreover, ® induces a simply transitive action of S on D by defining
s-p:=0 (s@‘l(p))
fors € Sand p € D.In coordinates s = (ty, Zs, X) and p = (t,, Z,, X ) this action reads

1 112 1 1n 12
s-p= (rsrp+1|xs|2+5zs/ <XS,X,,>,ZS+rsZp+5rs/ (X, X, Xs +1.°X,,

(2.5
Due to the definition of the Riemannian metric, S obviously acts by isometries. We call
op := (1,0, 0) the base point of D. The geodesic inversion o of D at op is given by

o(t,Z,X) = —Z,(—t+Jz7)X)

1
2 +1Z2 (t’
forall (¢, Z, X) € D.Then o is an isometry, and hence D a symmetric space, if and only if n
satisfies the J2-condition. In this case, D has rank one and, if in addition n is non-trivial, then
D is of noncompact type. If n = {0}, then the constructed space D is the rank one Euclidean
symmetric space R.

Conversely, let D be a rank one symmetric space of noncompact type. Suppose that g is
the simple Lie algebra of the Lie group of Riemannian isometries of D. Let ¢ be a Cartan
involution of g, and let € and p be its +1- respectively —1-eigenspace. Fix a maximal abelian
subalgebra a of p and choose a vector H € a which spans a. Then the decomposition of g
into restricted root spaces is

9=0-20Dg—oD(@DOM) B gy ® 920,
where
gp ={X eg|[H X]=pB(H)X}
for the linear functional 8: a — R and
m:={X et|[H X]=0}.

We suppose that H is normalized such that a(H) = % If we set p := dimg, and
q := dim gy, and if we endow n := goy @ g, With the inner product

1
X, Y):=— B(X,vY
(X, Y) PRy ( )

where B is the Killing form of g, then n = (g2, ga» J) is an H-type algebra with J2-
condition. The symmetric space constructed from (g, g, J) is exactly D. This means that
each rank one Riemannian symmetric space of noncompact type arises from the construction
above.

2.5 The ball model B
Let (C,e,V,J)bealJ 2C-module structure and let W := C @ V be the Euclidean direct
sum of C and V. Consider the unit disc

B ={weW]||wl <1}

in W and endow it with the differential structure induced from W. In the following we will
define a Riemannian metric on B with respect to which B is arank one Riemannian symmetric
space of noncompact type if (C, V) # (Re, {0}).
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Polarization of the equation in (M2) shows that we have

(Cu, nv) + (nu, Lv) = 2(¢, n)(u, v) (2.6)

forall ¢,n € Candall u,v € V.For ¢ € C let JC* denote the adjoint of J;. Then (2.6)
implies

= @.7)
Moreover we have
Jel, = |¢Pidy = J, J7. (2.8)

Thus, if we set £~ 1= |¢]7%¢ for ¢ € C~ {0}, then we have

¢ev)y =v=¢ ) 2.9)

for all v € V. In Sect. 4.1 we will see that, if V # {0}, there is a multiplication on C such
that ¢! is the inverse of Z.

Definition 2.8 Let (¢, v), (n,u) € W~ {0}. Then (¢, v) is called equivalent to (n, u), if
either =0 =nandu € Cv,or¢ # 0 # nand ¢~'v = n~'u. In this case, we write
(&, v) ~ (n, ).

One easily proves that ~ is an equivalence relation on W ~ {0}. For an element w €
W~ {0} let

Cw:={w e W~ {0} | w ~ w}U{0}

denote the equivalence class of w together with the element O € W. Since B is an open subset
of the real vector space W, we shall identify the tangent space T, B to the point w € B with
W. The Riemannian metric w +— (-, -),,— on B is defined by

(X,Y)o_ :=4X,Y) onTyB (2.10)
and, for w € B~ {0}, by

4 &Y XY e Cw

(1—w[?)?
(X, Y)po = 4l<j‘|-uy)|>2 if X,Y € (Cw)t @2.11)
0 if X € Cw,Y € (Cw)t (or vice versa).

2.6 The Cayley transform

Letn = (3, v, J) be a non-trivial H-type algebra which satisfies the J2-condition. Further let
a be a one-dimensional Euclidean Lie algebra with fixed unit length vector H. Suppose that
(C, e, V,J) is the J2C-module structure associated to (3,0, J) (see Sect. 2.3). We consider
the Riemannian symmetric spaces D and B which are constructed in Sect. 2.4, respectively,
2.5.

The Cayley transform (in R x 3 x v-coordinates, see [7, (2.10a)])

B— D
C:[

(t,Z,X) — — 12 —1Z1%,2Z,2(1 —t + J7)X)

1
(1-02+Z]? (1
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is clearly a diffeomorphism from B to D. Its inverse (see [7, (2.10b)]) is given by

o [D—>B

(t,Z,X) —~ —1+2+1Z212,2Z, (1 +1 - JpX).

Tz (
(1+02+Z ]
Proposition 2.9 The Cayley transform is an isometry.

Proof In [7], the pullback of the Riemannian metric of D to B via C is described as follows:
Let p € B. Denote the tangent space to B at p by 7}, B, which we identify with R x 3 x v.
If || X|| , denotes the norm of X € T, B induced by the pullback of the Riemannian metric on
D, then

Xl = 2[X|
for all X € TyB. For p € B~ {0} we have
EdS : 1
N e A
"4t ifxeRrpoTy?

where
T,B=Rpa&T> &Ts"

is a direct sum which is orthogonal w.r.t. Euclidean metric and Riemannian inner product
on T, B. Theorem 6.8 in [7] provides explicit formulas for T,S” and Rp & T(z), which we
will state in the following. For X € v let j(X) := J;X and define £(X) to be the orthogonal
complement of RX in

iX)t={Yev|VZej: (JzX,Y) =0}
For p = (¢, Z, X) € B~ {0} we have

() TV =vandRp@T\¥ =R@;if X =0,
i) TV =R@;@eX)and Rp & T\> =j(X) ®RX if (1, Z) = (0,0),
(iii) in the remaining cases,

TV =€) ® {(IXIPu. |X*W, —(u + Jw)(t = J)HW) | W € 3,u € R}
and
Rp® T = {((> + 1 ZPu, (¢ + |ZPIYW, (w+ Iw)(t — J)X) | W €, u e R}.

Note that this subsumes the degenerate cases. On Ty B, the Riemannian inner product (2.10)
obviously coincides with this one. For p € B~ {0}, (2.11) implies that it suffices to show
that Rp @ TS” = Cp. To thatend let p = (¢, v) = (1, Z, X) € B~{0} (hence ¢ = (1, Z) €
C=Rxjzandv=X €V =v). If v =0, then

Cp=Cx{0}=C=Rx3;=RpaT.
If ¢ =0, then
Cp=Cv=R+J)X =Rp®T\>.

If ¢ #0and v # 0, then (17, u) € Cp ifand only if n % 0 and ¢ ~'v = n~lu, or (17, u) = 0.
This means that in both cases

w=JyJev =[] 72 Iy Jgv = Jyp2, Jpv.
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Hence
Cp= {(77, J\ZI’QVJJE”) ‘ ne C} = {(|§|2§, Jngv) ‘ £e C} =Rp® Tp(2>_
This completes the proof. o

Note that for n = {0}, respectively, (C, V) = (Re, {0}) Proposition 2.9 shows that the
model B is isometric to the Euclidean symmetric space R.

2.7 The map B

Let (C, e, V, J) be a J2C-module structure. In this section, we introduce a map
B VXV —>C,

which will be shown to be C-hermitian, i.e., 8, is R-bilinear and for all u, v € V we have
Ba(u,v) = Ba(v,u). The map B, encodes the inner product and the Lie bracket on V.
We define r: V x V — C by’

(Bo(v,u), &) := (Jeu,v) forall¢ € C.
Lemma 2.10 For ¢, n € C we have (n,¢) = (7], ¢).

Proof Lett =a+xandn=>b+y (a,b €R,x,y € C’)be the decompositions of ¢ and
nw.r.t. C =R @& C’. Since R and C’ are orthogonal, we find

(¢, m) = (a,b) — (x,b) +(a,y) — (x,y)
= (a,b) — (x,y)
= (a,b) + (x,b) —(a.y) — (x,y)
(¢.m)
This proves the lemma. O

Proposition 2.11 The map >: V x V — C is R-bilinear. Further we have

(1) Ba(v,u) = Bo(u,v) forallu,v eV,
(i) B2(v,v) = (v, v) forallv e V.

Proof One easily sees that > is R-bilinear. Using Lemma 2.10 we find
(ﬂZ(vv M), ;) = <J{ua l)> = <M, JEU> = (/32(”5 U)s Z) = (ﬁz(’/h U)v ;)

forall u,v € V and all ¢ € C. Hence B,(v,u) = B2(u, v), which proves (i). Finally let
v € V. From B> (v, v) = B> (v, v) it follows that 8, (v, v) € R. Then

B2(v,v) = (B2(v, V), ) = (ev, v) = (v, V),

which shows (ii). ]

Lemma 2.12 For vy, vy € V we have

Re B2(v1, v2) = (v1, v2) and Im Ba(vy, v2) = [v2, v1].

5 Thisis J* in [16].
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Proof Let vy, v € V. By Proposition 2.11 we have

1% + 201, v2) + [v2]* = [v1 + v2]* = Ba(v1 + v2, vy + v2)
= [v1]? + Bo(v1, v2) + Ba(v2, V1) + v
= |v1]> + Ba(v1, v2) + Ba(v1, v2) + |v2?
= [v1|* +2Re Bo(v1, v2) + 02|

Hence Re B> (v, v2) = (v1, v2). To show the second claim, note that Proposition 2.11 implies
that

1 1-— 1 1
Im B (v1, v2) = Eﬁz(vl, V) — 5,32(7)17 V) = 5,62(1)1» V) — Eﬂz(vz, V).

For each ¢ € C’ it follows that

—_

1

(¢, Im B2 (v1, v2)) = = (¢, Ba(v1, v2)) — 5(4“, B2(v2, v1))

— N

1
= E(ngz, V1) — E(J;m, v2)

1
g(J;vz, v1) + E(Ul, Jrv2)
= (Jev2, v1) = (¢, [v2, v1])-
Since (-, -)|c’x ¢’ is non-degenerate and Im B (vy, v2) € C’ and [v2, v1] € C’, it follows that
Im B2(vy, v2) = [v2, v1]. o

2.8 The isometry group

Let n = (3, v, J) be a non-trivial H-type algebra which satisfies the J 2_condition, and let
a be a one-dimensional Euclidean Lie algebra. Construct the Euclidean Lie algebra s and
the spaces S and D as in Sect. 2.4. We denote by (C,e, V, J) the J 2C-module structure
(R 3, 1,0, J) which is isomorphic to n. Let G denote the full isometry group of D. Sup-
pose that N, respectively, A are the connected, simply connected Lie groups with Lie algebra
n, respectively, a. Then N and A are subgroups of S, more precisely, S is the semidirect
product AN. In the parametrization of S, the groups N and A are given by

N={nzxy=0,2X)|(Z,X)e;xv}
and
A={a:=00]rer"}.

Let K be the stabilizer of the base point op = (1,0,0) in G and let M := Zg (A) be the
centralizer of A in K. Recall the geodesic inversion

o(t,Z,X) = t,—Z,(-t+Jz2)X)

1
12 + |Z|2
at the origin op from Sect. 2.4.

Theorem 2.13 (Theorem 6.4 in [7]) The Lie group G has the Bruhat decomposition MAN U
No MAN.
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Let X := R x 3 x v U {00} be the one-point compactification of R x 3 x v, where co
denotes the point at infinity. A compactification of D is then given by the closure of D in X,
namely

5g:[(t,Z,X)e]R><3xn

‘= §|X|2]U{oo}

:[(;,u)ech

LY
Re;z;lvl U {oo}.

The space D% is precisely the geodesic compactification of D, see, e.g., [3, Sect. 1.2] or [8,
Proposition 1.7.6]. Let B be the closed unit ballin W = R x 3 x v. Then the Cayley transform
C: B — D extends (uniquely) to a homeomorphism B — D . Therefore, [7, Corollary 6.2]
amounts to the following proposition.

Proposition 2.14 The action of G extends continuously to Dt.

The Bruhat decomposition of G implies that the stabilizer G, of 0o in G equals MAN.

For future purposes we need explicit formulas for the action of the groups M, A and N
on D®. The action of N and A in R x 3 x b-coordinates is already given in (2.5). Suppose
that (¢, v) € 58\{00}. For a; € A we have

aioo=o00 and a/(¢,v) = (1, tl/zv).

Forn(z x) € N we getn(z x)o0 = oo and

1 1
niz,x)(&,v) = (Z|X|2 +Z+¢+ Eﬁz(v, X), X+ v) .

In C x V-coordinates, the geodesic inversion ¢ reads as
ocoo=0, 00=o00,
and for (¢, v) € D~ {0, o0},

1
(Re¢)? + [Im¢|?

= 16172 (€ gv) = (67" Vo ap)
= (¢ ) =¢7ta, —).

The Cayley transform in C x V-coordinates is

(¢, v) = (Re¢, —Im ¢, J_Rec+Imc )

o ‘B—)D _
@)y T=¢72 (14 2Img — (22,200 — D)

with

= ‘D—> B
w1+ (=14 2Imy + ]2, 201+ Du) -

The following proposition provides the explicit form of the group M.

Proposition 2.15 The group M is the group of automorphisms of the J*C-module structure
(C,e, V,J), that is, the elements of M are the pairs (¢, V) of orthogonal endomorphisms
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¢: C — Cwithgp(e) =eand y: V — V such that the diagram

cxv-Ll sy

SN

cxv-l sy

commutes. If (¢, ¥) € M, then its action on D? is given by (¢, ¥)(c0) = oo and
(9. ¥)(E. v) = @), ¥ W) for (¢, v) € D*\{oo}.

Proof Let G := C~'GC. For each geGsetg :=C" lec, _and for each subset T of G let
T := C'TC be the corresponding subset of G. Clearly, G _is the full isometry group of
B. We will first characterize the centralizer Zg(A) of A in K asa subgroup of G. Let M
denote the automorphism group of (C, e, V, J) and define the action of (¢, ¥) € M on B
by (¢, ¥)(£, v) == (@(Z), ¥ (v)). We will show that M = Zz (A). By [15, Proposition 4.1]
we have that M C K. Let a; € A and (¢, v) € B. Then one easily calculates that

@ v)y=C"loa oC,v)
= 1= ¢P+e(1+2Ime — P
x (— 1 —¢* +4tIm¢ + 2|1 +2Im¢

4= g (11 = P (= Img = 1) (1= D) ).

Suppose that m = (¢, ¥) € M. Since @(e) = e, we have that ¢(¢) = ¢(¢) and p(Im¢) =
Im ¢(¢) for each ¢ € C. Moreover, || = |¢(¢)] for each ¢ € C. Then the first component
of m o a; (¢, v) is given by
= 44 Ime + 2|1+ 21Img — 2P
( =P +1(1+2Ime — g )
=t 4 ime(0) + 22 |1 +2Im¢ — ¢ 2
=P+ +2Ime — g )]
=l =@ +4rIme(@) + 17 |1+ 2Imp(0) — ()P’
- 11— 9@ + (1 +2Im p(¢) — [p(O)P)]
This is the first component of a; o (¢, v). The second component of 71 o a;(¢, v) reads as
w((u — ¢+ —2Im¢ — ) (1 —c)v))
11— ¢P+ (1 +2Img — P
o (11— ¢P+1(1—2Im¢ —12) ¥ (1))
- 1= ¢ +1(1+2Im¢ — ¢
(=P 1= 2Ime0) — [£17) (91 — DY (v))
- 11— ¢+ +2Ims — ¢ )]
(1= 9P +1(1 =2Im (@) — lp@)P) (1 = p@N¥ )
- 11— @)+ 1(1+2Im () — lp(@) )]} '
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Clearly, this is the second component of a; om(Z, v). Hence, m commutes with each a;. This
shows that M C Zg (A)

Conversely, suppose that m € Zg (A) We have to show that m(1,0) = (1,0). Then
[15, Proposition 4.1] implies that m € M. For each t € R, we have

-~ .~ 1
a;(1,0) = lim a; (1 - 7,0) = (1,0).
n—o00 n

Thus, a;(m(1,0)) = m(1,0). The only points on dB that are invariant under each a; are
(1, 0) and (—1, 0). Seeking a contradiction assume that m (1, 0) = (—1, 0). Since 6 = —id,
we get o o m(1,0) = (1,0). By [15, Proposition 4.1] we have o o m € M. Our previous
argument then shows that & o m commutes with all a;. Therefore,

d;o00m=00moa; =0 od; o,
which means that & commutes with each ;. This is a contradiction Hence it follows that

m(1,0) = (1,0), which by [15, Proposition 4.1] shows that/ € M. Therefore, M = ZK(A)
Now let i1 = (¢, ) € M and set m := C o o C~L. For (1, u) € D we find

m(n, u) =ComoC! n, u)
=Com (|l +n7(1+2Imn+ (9% 2(1 + Pu))
= ¢ (11+ 9l (14+2Im e + e 201 + )W)
= (e, v @).

The remaining claim follows directly from continuity or, alternatively, from the extension of
the Cayley transform to B. O

3 Isometric fundamental regions

Throughout this section let (C,e, V, J) be a J2C-module structure such that (C, V) #
(Re, {0}) and suppose that (3, v, J) is the corresponding H-type algebra with J2-condition.
Recall the model D of the rank one Riemannian symmetric space of noncompact type which
is constructed from (C, e, V, J), respectively, (3, v, J) in Sect. 2.4. Let G denote the full
isometry group of D.

The purpose of this section is to prove the existence of isometric fundamental regions
for certain subgroups I of G. For this we first have to define the notion of the isometric
sphere of g € G\ G, Which is a sphere w.r.t. Cygan metnc The Cygan metric is a metric
on D« {oo} which arises from a certain group norm on D® \. {co}. This group norm is an
extension of the Heisenberg pseudonorm.

3.1 The Cauchy—Schwarz Theorem for 8,

In our setting, the proof of the Cauchy—Schwarz Theorem as it is usually taught in linear
algebra cannot be adapted to the map B,. Therefore, we provide an alternative proof for
which the following two lemmas are needed.

Lemma 3.1 Letu,v € V. Then B(v,u) = 0 if and only if v € (Cu)*.
Proof We have B>(v, u) = 0 if and only if
(Ba(v,u),s) =0 forall¢ e C.
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By the definition of B, this holds if and only if
(¢u,v)y =0 forall¢z € C,
hence if and only if v € (Cu)*. ]

Lemma 3.2 Letu € V and A € C. Then Bo(hu, u) = |u|?A.

Proof By the definition of 8, and the polarization (2.6) we have
(B2(hau, ), €)= (Gu, dae) = (0, ) ul® = (lulA, ¢)
forall ¢ € C. Hence Bo(Au, u) = |u|?A. O
Proposition 3.3 Let u,v € V. Then
|B2(u, v)| < [ullv].
Equality holds if and only if v € Cu oru € Cv.

Proof Let (v1,v2) € Cu x (Cu)t be the unique pair such that v = v{ + v,. Using that >
is C-hermitian (see Proposition 2.11), Lemma 3.1 yields

Ba(u,v) = Ba(u, v1) + Ba(u, v2) = Ba(u, v1).
Then Lemma 3.2 shows
B2, v1) = Juf*fur .
Clearly
o1 < foi P + o2 = ol
where equality holds if and only if v = 0, hence if and only if v = v; € Cu. Thus,
B2, V)P = B2, )P = JulPlorf? < |l o),

where the inequality is an equality if and only if # = 0 or v € Cu. This proves the claim.
]

3.2 H-coordinates, Cygan metric, and isometric spheres

Letz=(t,Z,X) € 5g\{oo} and recall the map ® from (2.4). The horospherical coordinates
or H-coordinates of z relative to the origin op of D are defined as

1
0 ') = (r - Z|X|2, Z, X)

To avoid confusion with the ordinary coordinates of D?, H-coordinates will be subscripted
by h. Hence, the H-coordinates of z are denoted by (r — ;| X|?, Z, X),.

Since ® induces a bijection between D {oo} and the topological closure
S = Rg X3 X0

of Sin R x 3 x v, there is a geometric characterization of H-coordinates. We elaborate on
this in the following remark.
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Remark and Definition 3.4 Let z = (¢, Z,X) = (¢,v) € D~ {oo}. The horosphere
through z with center oo is the N-orbit of z. We extend the group A to the set

AT := AU {ap},

where ag: D — D¥ is defined by agoo := oo and agz := 0 for all z € D* ~ {oo}. Then
there is a unique pair (a5, n) € AT x N such that

nas(op) = z.

The height of z is defined as
ht(2) i= 1 — TIX]2 = Re¢ — = ol
) =1t — — =Re¢ — —|v|".
Z 1 ¢ 1 v
Formula (2.5) shows that s = ht(z) and n = (1, Z, X). Hence the H-coordinates of z are

(ht(z), Z, X)p, = (ht(z),Im ¢, v)y.

This means that the H-coordinates are given by the height of the co-centered horosphere on
which z lies and the coordinates of z in the canonical parametrization of this horosphere.

The Cygan metric on D is a metric on D* < {oo} which arises from a certain group norm.
If (G, -) is a group with neutral element 1g, then amap p: G — Rg is called a group norm
if
(GN1) p(g)=0 ifandonlyifg = 1g,
(GN2) p(g™h) =p(g) forallgeg,
(GN3) p(gh) < p(g) + p(h) forallg,heg.

Suppose that p is a group norm on G, then the map d: G x G — R, d(g, h) := p(g~'h) is
a metric on G. It is called the metric induced by p.

A well-known example of a group norm and a pre-form of the group norm for the Cygan
metric is the Heisenberg pseudonorm on N. More precisely, N inherits an inner product from
its canonical bijection to 3 x v. Then the Heisenberg group norm g (which is also known as
the Heisenberg pseudonorm) on N is defined by

12 1 1/4
=(=1x*+12%*) .
(16' [+ | I)

The last equality holds because 3 and R = a are orthogonal. Since each height level set of
D* ~{oo} is isomorphic to N, the metric induced from the Heisenberg group norm measures
the distance between two elements in the same height level set.

To be able to also measure the distance between elements in different height level sets, we
extend the Heisenberg pseudonorm to the direct product of the groups (R, +) (“differences
between height level sets”) and N by

1
q(Z,X) = ’4|X|2+z

RxN —>R
: 1/2
Pl e zoxy e [hix 24w+ 2]

Obviously, plioyxn = ¢.

Proposition 3.5 The map p is a group norm on R x N.
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Proof The neutral element of R x N is (0, 0, 0), and 3 is orthogonal to R. This implies that
p satisfies (GN1). To prove (GN2) let g = (k, Z, X) € R x N. Then

1/2 1 2
=((4|X|2+|k|) + |Z|2)

1/4

_ 1
pe™h = p(—k,—Z,-X) = Z|X|2+|k|—z

12

1
= ’4|X|2 +kl+2Z| = p.

The triangle equality (GN3) is shown in several steps. For each ¢ = (k, Z, X) e Rx N

we have
12 1 2
=((|X|2+|k|) +|Z|2)
4
1/4
oA
> (-1x] = = |X|.
4 2

This and Proposition 3.3 yield that

| 1/4
p(g) = ‘Z|X|2+|k| +7

| X1 X2
2

1
Zlﬁz(Xz,Xl)l < < ptk1, Z1, X1)pka, Z2, X2)

forall (kj, Zj, X;) € R x N, j =1, 2. Further, for all (Z, X) € N and k1, k> € R, we find

1/2 1 2
=((4|X|2+|k1 +k2|) +|Z|2)
2 1/4
1 2 2
= (X2 + Ikl +Ikl) +1Z|

1/4
L _» /
Z|X| + k1 + k2| + Z

) 12
=‘Z|X|2+|k1|+|k2|+z
Nowletg; = (k;j, Z;j, X;) € Rx N, j = 1,2. Then
1
p(g182) =p k1+kz,Zl+Zz+§[X1,Xz],X1-I-Xz
I , ) 12
= Z|X1+X2| +|kl+k2|+Zl+Z2+§[Xl,X2]
1 ) 1 12
< Z|X1+X2| +|k1|+|k2|+Z1+Zz+§[X1,X2]

172

1 1 1
= Z'X1'2+ kil + Z1 + Z|X2|2+ kol + Za + 5 (X1, Xa) + X1, Xa])

Recall from Lemma 2.12 that

(X1, X2) + [X1, X2] = B2(X2, Xy).
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Then
1, 1., 1 172
p(g182) < lell +|kl|+Zl+Z|X2| +|kz|+Zz+§ﬂ2(X2,X1)

1
Z|X1|2+|k1|+zl

IA

1 12
+ 3 |,32(X2,X1)|]

1
+‘Z|X2|2+|k2|+zz

r 1 12
= | p(g1)* + p(g)* + 51B2(Xa, X1)|]
§ 1/2
|

IA

[P(g)* + p(g2)* +2p(g1)p(g2)
p(g1) + p(g2).

This completes the proof. O

The definition of the Cygan metric uses the H-coordinates on D {oo}. We use the map

. D¥foo} > Rx N
B — 0 1(2)

to assign to each element of D {oo} its H-coordinates. The advantage of using H-coordi-
nates is that the points of D* . {co} get embedded into the group R x N. This in turn allows
to perform the group operations of R x N on k(z1), k(z2) for elements z1, z2 € D¥ {oo}.

Definition 3.6 The Cygan metric on D is given by

. [ 5g\{oo} xﬁg\{oo} —- R
2] (e o) — p(k(g) 7'k (g2)).

Since « is injective, the Cygan metric is in fact a metric on DE {o0}.

The following lemma provides worked out formulas for the Cygan metric. It can be proved
by a straightforward calculation.

Lemma 3.7 Let z; = (§j,v;) = (kj, Zj, X ) be elements ofﬁg\{oo}. Then the Cygan
metric is given by
1 , 1 1/2
p(z1,22) = ‘lel = Xo|"+ ki —kol + Z1 — Zo + Elmﬂz(Xz, X1)

172

1 1 1
= ‘4|v1|2 + Z|vz|2 +1ht(@) = ht(@)| +Im & = Im & = S fo(v1, v2)

Convention 3.8 Let ¢ € G\ G. Whenever in the following we write g = njoma;ns,
it should be understood that ny,n, € N,a; € Aandm € M.

Definition 3.9 Let ¢ € G\ G. Suppose that g = njomasn,, and let R(g) = 174,
Then the set

1(9):={zeD |p(z.¢7"'0) = R(g)}
is called the isometric sphere of g. Further,

extl(g) :={ze D |p(z,g7'0) > R(g)}
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is called the exterior of 1(g), and
int/(g):={zeD |p(z.8'00) < R(g)}
is called the interior of 1(g). The value R(g) is the radius of 1(g).

Lemma 3.10 Let g = njomany € GNGx and ny = (1, Zgy, Xs2). Then
172

p(({vv)vg ) = Z'XY2| +ZS2+§ +§:82(U7XS2)
Further p (-, g_loo) is unbounded on D, and hence ext I (g) # .
Proof We have
—1 —1 1 2
g oco=n, 0= Z|Xs2| —Zs2, —Xs2 ) -

Thus, the expression for p((¢, v), g~ 'oo) follows immediately from Lemma 3.7. We now

prove the second part of the claim. Let (¢, v) € D and ¢ > 1. Then
1o 1 o
ht ((¢¢,v)) =tRe¢ — Zlvl > Re¢ — Zlvl > 0.
Hence (¢¢, v) € D. Further

P ((l‘{, 'U), giloo)z =

1 1
1+ ZlX”'z +Zp+ Eﬂz(v, Xs2)

)

1 1
> ¢ — ‘Z|Xs2|2 +Zo + Eﬂz(v, X))

which converges to oo for t — oo. Hence p (~, g’loo) is unbounded. This completes the

proof. O

Lemma 3.11 Let g € G\ Goo. Then

(i) extI(g) and int I (g) are open,
(ii) extI(g) ={z€ D | p(z.87'o0) = R(g)} =CintI(g),
(i) int7(g) ={z € D | p(z, g7 'o0) < R(g)} =CextI(g).
@{v) If (¢, v) € int I(g), then (¢ — s, v) € int [ (g) for each s € (0, ht({)).
W) If (¢, v) eextl(g), then (¢ + s,v) € extI(g) for each s > 0.

—1/4

Proof Suppose that g = njomayny with ny = (1, Z, X3). Then R(g) =t and, by

Lemma 3.10,
| 1 5 1 1/2
p (¢, v), 87 00) = ‘lezl + 20+ + 5P, Xo)
for each (¢, v) € D. Since B2(-, X2): V — C is R-linear (see Proposition 2.11), the map
D —- R
S 1y, 2 1
€.v) > 31X+ Zo 4+ ¢+ 52 (v, Xo)|

is continuous. Then

extI(g) = f (72, 00)) and intI(g) = f~' ((—o0,171/?)).
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This shows that ext /(g) and int /(g) are open. Moreover, it follows that int 7 (g) is con-
tained in f~! ((—o0, #7!/2]). For the converse inclusion relation, it suffices to show that

L@~ Y%) CintI(g). Let zg = (o, vo) € f~1(t~'/?). Then

ny) | 1
t = lezl +Zz+§0+§,32(v0,X2)

2
+

2}1/2
2}1/2

1
Zy +1Img + 3 Im B> (vo, X2)

1
= |:‘4|X2+v0|2 +ht(¢o)

For each s € (0, ht(gp)) it follows that

2

1 1
1712 > [‘4|X2+UO|2+ht<¢o>—s +|Z2+1Im o+ 3 Im a(vo, X2)

1 1
= ‘lezl2 +Zy+8%—s+ Eﬂz(vo, X>)

Thus, (Zo — s, vo) € int I (g) for each s € (0, ht(Zp)). Hence
li - = int 7 (g).
s@)(fo s, v0) = (o, vo) € int/(g)

This proves (iii) and (iv). The proof of (ii) is analogous to that of (iii), and the proof of (v) is
analogous to that of (iv). ]

Proposition 3.12 We have

(| exti(®= () extl(® =D~ |J inti(g).

gelMNT'w gelNN\TI'w gelNNI'w

Proof Lemma 3.11(iii) states that G ext /(g) = int I (g) for each g € I'\.I's,. Therefore,

o o

C{ () exti@]={ U Cexti®) = J inti)

gel\ T gelN\T gelN T«

By Lemma 3.11(i), the interior of each isometric sphere is open. Thus

o

U intI(g) = U int/(g) | ,

gel\TI's gelMT'

and hence

o

U imr@c| (J i

gel\T gelNT'w

In the following we will prove the converse inclusion relation. Let z = (¢, v) be an element
of (U{intl(g) lge F\Foo}) and pick & > 0 such that

wi=zte=(+ev)e (J inti(e.
gelM T
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Fix some k € '\ I's such that z, € int 7 (k). Lemma 3.11(iv) yields that z = z, — ¢ is in
int I (k). Thus z € |J{int 7 (g) | g € I'\T'so}. This shows that

o

U i) < |J inticg.

gelMN T« gelTI's

In turn,

C | inti@= [ extie.

gel\ T gelM T

Finally we have Cint I (g) = ext I (g) for each g € '\.I'o, by Lemma 3.11(iii). Therefore,

(| exti(@=C |J ini(@= [ Cintie)= [ exti(g).

gel T gelMN\T'x gelM Il gelN\Tw
O

Let g € G~ G and (¢,v) € D®~ {oo}. Suppose that g = njoman, with
nj =1, Zsj, X;j) and m = (p, ¥). A lengthy but easy calculation shows that

1 1
g(¢,v) = (Zmuz + Zsp +xt7 — 51‘_1/2/32(XW(Xs2 +v), X51), 3.1)

X1 —xt 72y (X + v))

where

1 1 -l
X = [fﬂ (Z|Xs2|2 +Zp+¢+ 5/32(07 st))} .

This explicit expression for the action of g on D is used in the following two lemmas. We
denote the set of orthogonal endomorphisms of C, respectively of V, by O(C), respectively
o).

Lemma 3.13 If g € G~ Goo, then g maps ext I(g) ontoint [ (g~"), and 1(g) onto 1(g™").

Proof Suppose that g = nyomayny withn; = (1, Z;, X;) and m = (¢, ¥). Then we have
g = nz_lamatnl_l. Hence it follows that

R(e) =R =1
and

g '1(g™) =1z € D | p(gz, 800) = R(9)} -
In the following we will compare p(gz, goo) to p (z, g_loo). Let (¢, v) bein D. Set

1 1 -
X = |:¢) (Z|Xs2|2 +Zo+¢+ 5/32(11» XSZ))j| .

Then (3.1) and Lemma 3.10 yield that
1/2

1 1
p(g(g,v), goo) = ‘2|XS1|2 +Xl‘71 - EIBZ(XS17 X;51)
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By Proposition 2.11, B2(Xs1, Xs1) = | Xs1/>. Thus

12 _
p(g(¢,v), goo) = |xt |7 = x| /2712,

Since ¢ € O(C), it follows that

12 1 2 1 iz
|x| = |@ Z'Xs2| +Zs +¢+ EﬂZ(U! Xs2)

1 5 1 —-1/2
= Z|X52| +Zs2+§+§,82(vvxs2)

=0 (¢, v), g ') "
Therefore,

1

p (¢, v), g7 "00) p (g(¢, v), goo) =17 1/2.

Hence, (¢, v) € I(g) if and only if
p (g(£,v), goo) =1~/

This is equivalent to g(¢,v) € I(g~"). Inturn, gI(g) = I(g™"). Further, we have (¢, v) €
ext I (g) if and only if

7% > p (g2, v), g00) .
Therefore, gext I(g) = int (g™ 1). O

Lemma3.14 Letn = (1,Z,X) € N,ag € A, andm = (¢, ) € M.

W) Ifn = (1, sZ, sl/zX), then agn = n'ay.
(i1) Forallu,v € V we have ¢ (B2(v,u)) = B2(¥(v), ¥ (u)).
(iii) Ifn' = (1, 9(2), ¥ (X)), then mn = n'm.

Proof Claim (i) is shown by direct calculation. To prove (ii) recall thatp € O(C), ¢ € O(V),
and that ¢ (J(n, w)) = J (¢(n), ¥ (w)) for each (n, w) € C @ V. For each ¢ € C we have

(@ (Br(v.1). ¢) = (B, ). 0 ")) = {J (07" (@), u) . v)
= (J (7). u) . v () = (J(& @), ¥ (v))
= (B2 (¥ (v), Y (), £) .
Thus ¢ (B2(v, u)) = B2 (¥ (v), ¥ (u)). For the proof of (iii) let (£, v) € D. Then

1 1
m (n(¢,v)) = (<P (lel2 +Z+¢+ Eﬂz(v, X)) Y (X + v))
1 1
= (ZIW(X)I2 +o(2) + ) + 5% (B2(v, X)), ¥(X) + 1/f(v)) .
Now (ii) yields

1 1
m (n(¢,v)) = (ZII/f(X)I2 +0(2) + 0@ + 552 (Y ). ¥ (X)) ¥ (X) + I/f(v))
=" (9(©), ¥ () =n' (m(¢, ).

Hence mn = n'm. O
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Proposition 3.15 Let g € Goo and h € G\ G . Then

gl =1(ghg™"),
gint I (h) = int [ (ghgil) ,
gextI(h) = ext (ghg_l) .

Proof 1t suffices to prove the claim for the three cases g € A, g € N, and g € M. This we
will do separately. Let h = njoma;ny withn; = (1, Z;, X;).

Suppose first that g = ay. Let (¢,v) € D. For j € {1, 2} set n’] = (l,st,sl/sz).
Lemma 3.14 implies that

ghg™! = axnlama,nzas_l = n’lamas_latas_ln’z = njomag-,n.

Therefore, R (ghg™') = s'/2¢=1/* = s1/2R(h). By Lemma 3.10 we have

p (¢, v), (ghg™") o) = anzﬁ +sZo+C+ %sl/zﬂz(v, X2) -
and
1 1 172
p(a; (. v), ko) = ‘4|X2|2 +Zr+s7lc+ Es*l/zﬁz(u, X5)
=s5""2p (¢, v). (ghg™") " o0).
Then

gl(hy={zeD|p(g'z.h7"o0) = R(W) }
={zeD|p(z, (ghg™") o) =s'2R(0)}
={zeD|p(z (ghg™")'o0) = R(ghg™")}
=1 (ghg_]).
Analogously, we see that g ext I (h) = ext I (ghg™") and gint I (h) = int I (ghg™").

Now suppose that g = n3 = (I, Z3, X3). Then ghg™' = (n3n1)oma,(nany"') and
(see Lemma 2.12)

_ 1
nany' = (17 Zy— 73— 3 Im B (X3, X2), Xp — Xs).
Therefore, by Lemmas 3.10 and 2.12,

p (& 0). (33"~ oc)
I | 1 172
= lezl +Z|X3| —Eﬂz(X3,Xz)+Zz—Z3+C+§ﬂz(v,X2—X3)
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On the other hand, we have

P (ngl(g“, v), h_loo)

172

1 1 1 1
‘lezlz + 2+ Z'X3'2 =23+ = P, X3) + S pa(= X3+, X)
1/2

1 1 1 1
’4|X2|2 + Z'X3'2 + 22— Zy+ 8 = S (X3, Xo) + S0, Xo = X3)

P ((g‘, v), ngh_lngloo) .

Since R(h) = R (ghg™"), the claim follows for this case.
Finally suppose that g = my = (¢, ¥) and set n’] = (1, o(Z)), 1//(Xj)) for j = 1,2.
Lemma 3.14 shows that

ho! — 1 _ s -1 —1
ghg™" = monjomamym,” = nyom, mm, amn,.

From this it follows that R(h) = R (mzhmz_ 1). Moreover, we have

1/2

1 1
p (¢, v), (ghg™")too) = ‘ZW(XQ)F +9(Z2) + ¢ + 3P0, ¥ (X))

From Lemma 3.14 it follows that

p (¢, v), (ghg™") " o0) = Hpm2 +o(Z) +¢ + %go (B2~ (v), X2)) ”
On the other side we find
p (g7 ), h1o0) = p (o), ¥~ (), k™ o0)
= H|Xz|2 + 2+ O+ %ﬁa(w*‘(v), X2) -
1/2

1. 5 1 .
= |71Xl +0Z) + L+ 0 (f(0 7 (), X2)
=p (¢, v), (ghg™H'o0).

From this it follows that g/ (h) = [ (ghg_l) ,gextl(h) =extl (ghg_l), and gint I (h) =
int / (ghg_l). O

An immediate consequence of Proposition 3.15 is the following corollary.

Corollary 3.16 Let T" be a subgroup of G and g € I's. Then

g [ extity= () exti(h)

hel'\I'so hel'\I'so

and

g |J intrm= J incih.

helToo helToo
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Lemma 3.17 Letz € D and g € G\ G . Then

p(z, g7 00)\"
ht(z) = (T) ht(gz).

Proof Letz = (¢,v) and g = njomayny withnj; = (1, Z;, X;) and m = (@, ¥). We first
evaluate ht(gz). Set

1 1 -1
X = |:§0 (Z|X2|2 +Zr+C+ 5,32(11, Xz))] .
Using (3.1) we find
1 1
ht(gz) = Re (Z'Xl P+ 2z +x7! = Eflﬁz (XY (X2 +v), xl))

L 2
4|X1 xt™ 2 (X + )|

—1|X 2 4 1 Re(x) — 11172 X X

=12 1"+t e(x) 2t (xy¥ (X2 +v), Xq)

—% |X1 — xt_l/zlp(Xg + v)’2

1
" 'Re(x) — Zf1|x|2 X + v

1
" x)? [Re (Ix|72x) — X+ v|2:| :
Since Re ¢(1) = Re n for each n € C, it follows that
Re (Ix|72x) =Re (x ') =Re (x7!)
1 1
= Re (lezlz + 224+ 5B, Xz))
1|x > +Ret + 1( X5)
= — e — (U,
7142 ¢ > 2
1 2 1 2
= —[X2 +v|"+Ret — Zlvl :

4
Thus,

1
ht(gz) = 1" |x|? [Rec - ZW] ="' x[ht(2).
Lemma 3.10 shows that

_ 1/2 _
p (€, v),87'00) = [11Xal2 + Zo + ¢ + L Bov, Xo)|'/? = x| 71/2.

Since R(g) = +~1/4, we have

4

-1
ht(2) = x|~ hi(g2) = ("(Z%g)"o)) ht(g2).

[m}
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3.3 Fundamental regions

A subgroup I' of G is said to be of type (O) if
(] exti(e) =D\ |J intig.
gel T gelMN\T'x

For a subset S of G let (S) denote the subgroup of G generated by S. Then § is said to be of
oftype (F), if for each z € D the maximum of the set

{ht(gz) | g € (S)}

exists.

Theorem 3.18 Let " be a subgroup of G of type (O) such that T'\I" is of type (F). Suppose
that F is a fundamental region for I« in D satisfying

FooN ﬂ extI(g) = Foo N ﬂ extI(g).
gel\TI'w gel\T'w

Then

Fi=Fau [ exti(g)
gelMN T

is a fundamental region for T in D.

Proof Since T is of type (O), the set ({extI(g) | g € I'\T's} is open. Then F being
open as a fundamental region for I'; in D yields that F is open.

Now let z € Fand g € '\ {id}. If g € ', then gz ¢ F since the 'y -translates
of Fu are pairwise disjoint. If ¢ € I'\ ', then z € ext/(g). Lemma 3.13 states that
gz €int/ (g7!), and hence gz ¢ ext/ (g~!). Thus, in each case, gz ¢ F. This shows that
the I"-translates of F are pairwise disjoint.

It remains to prove that D C T - F.To that end let z € D and set

A::ﬂ{M’geF\Fw}.

Since I'\I'w is of type (F), the set (I'\I'wo)z contains an element of maximal height, say w.
We claim that w € A. Seeking a contradiction assume that w ¢ A. Proposition 3.12 yields
the existence of 4 € I'\\I's with w € int I (h). Then, by definition,

p(w, h~'oo) < R(h).

This and Lemma 3.17 show that ht(Aw) > ht(w), which is a contradiction to the choice of w.
Thus, w € A.

Since I'swFoo = D, there is k € T'y, such that kw € F. Corollary 3.16 implies that
kw € A. Finally,

kw € Foo NA = Foo N m extI(g) = F.
gel\TI'w

This completes the proof. O
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Remark 3.19 Let T" be a subgroup of G and suppose that the set
{int/(g) | g € ' T}
of interiors of all isometric spheres is locally finite. Then
U intr@= |J intice.
gel T gelN\Tx

by [20, Hilfssatz 7.14]. Lemma 3.11(iii) implies that

C{ | i@ =C|{ |J mtit®|= () Cintle)= [ exti(g.

gelN\T'w gelMNT'w gelN\TI'w gelN\T'w

Hence, if the set of interiors of isometric spheres is locally finite, then I' is of type (O).
A special case of Theorem 3.18 is the following corollary.

Corollary 3.20 Let I" be a subgroup of G of type (O) and T o = {id}. Further suppose that
I'\T'x is of type (F). Then

F = ﬂ ext1(g)

gelMNT'w

is a fundamental region for I" in D.

The following proposition serves to show that in many situations the fundamental region
in Theorem 3.18 is actually a fundamental domain (see Corollary 3.23 below).

Proposition 3.21 Suppose that v = {0}. Then the set ext I(g) is geodesically convex for
each g € GNG.

Proof Let z1,2z2 € extI(g), z1 # z2. Then there exist s; > s;1 > 0 and & € G such that
z1 = hay, - op and zo = hag, - op. W.l.o.g. we may assume that / is either of the form
h=ne&c N (@Gfhe€ Gy)orh =n'on € NoN (if h € G~ Go). The geodesic segment
connecting z; and z; is given by

c:=tha,-op|s) <r <sp}.

In the following we will show that ¢ C ext I (g) by examining separately the two cases for .
Suppose that g = njomasny with ny,ny = (1,Z;) € N,a; € Aand m € M and
r € [s1,s2]. Atfirstleth =n = (1, Z) € N. Then

- _ 1/4
p(nay - op, g7'00) = p((r, 2), g7'00) = |Zy + Z + V2 = (1Z, + 21> +12)"/

1/4 _
> (125 + 21> + 51" = p(nay, - 0p, g7'00) > R(g).

Hence ha, - op € ext 1(g).
Now leth =n’on € No N withn’ = (1, Z') and n = (1, Z). A straightforward calcula-
tion shows that
p(ha, -op, g~ o0) > R(g) =171/
is equivalent to

0<ar*+br’+c¢ (3.2)
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where Z} := Z; + Z' and
a:=|z)> -1
bi=1421ZP\Z,)* - 2(Z, Z}) = 2|1Z*t™!
c:=ZMZ* =212112, Z,) + 12> — |1Z2|* .

Solving (3.2) separately fora = 0,a > O and a < 0 yields that it is satisfied for r. Therefore,
ha, - op € ext I(g). This completes the proof. O

Remark 3.22 Using the classification in [15] of J 2C-module structures and the statement
[5, Proposition 2.5.1] on the (non-)existence of totally geodesic submanifolds of codimen-
sion one in rank one Riemannian symmetric spaces we see that Proposition 3.21 in general
becomes false if v # {0}.

Theorem 3.18 and Proposition 3.21 immediately imply the following statement.

Corollary 3.23 Let v = {0} and let " be a subgroup of G of type (O) such that I' \T' is of
type (F). Suppose that F is a convex fundamental domain for I« in D satisfying

Foo N m extl(g) = Foo N n extI(g).
gelNTI gelMNT'w

Then

Fi=FxN m extI(g)
gel\I'w

is a convex fundamental domain for I" in D.

4 Projective models

The purpose of this section is to show that the existing definitions of isometric spheres and
results concerning the existence of isometric fundamental regions in literature are essentially
covered by the definitions and results in Sect. 3. The reason for the reservation towards a
confirmation to cover all existing definitions and results is twofold: On the one hand the
author cannot guarantee to be aware of all existing results. On the other hand, at least for the
real hyperbolic plane, the literature contains non-equivalent definitions of isometric spheres.
Moreover, the existence results of isometric fundamental regions by Ford are proved for a
weaker notion of fundamental region than the one used here. Section 4.7 contains a detailed
discussion of the latter issues.

Let (C,V,J)bealJ 2C-module structure. In Sect. 4.1 we introduce the structure of divi-
sion algebras on C following [15] and [16]. For C being an associative division algebra, we
redo, in Sects. 4.3 and 4.4, the classical projective construction of hyperbolic spaces in terms
of the J2C-module structure. A long part of Sect. 4.4 is devoted to a detailed study of the
relation between the isometry group G of the symmetric space and the natural “matrix” group
on the projective space. This investigation will show that the matrix group is isomorphic to a
certain subgroup G™® of G. In Sect. 4.5, we use these results to provide a characterization of
the isometric sphere of g € G™" via a cocycle. In Sect. 4.6, we prove that a special class of
subgroups I' of G™* are of type (O) with I'\.I's, being of type (F) and use Theorem 3.18 to
show the existence of an isometric fundamental domain for I'. Finally, in Sect. 4.7, we bring
together these investigations for a comparison with the existing literature.
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4.1 Division algebras induced by J2C-module structures

Let (C,V,J) be a J2C-module structure. Suppose that V # {0} and fix an element
v € V~{0}. From (M3) and (M2) it follows that for each pair (¢, n) € C x C there
exists a unique element v € C such that

J(&, I, v) = J(T,v).
Hence, each choice v € V \ {0} equips C with a multiplication -,: C x C — C via
Coni=t & JE T ) =J(T,0).

Equation (2.9) shows that the inverse of ¢ € C~ {0} is ch=1¢ |_2E, independent of the
choice of v € V ~\ {0}. The following properties of (C, -,) are shown in [15].

Proposition 4.1 (Proposition 1.1 and Corollary 1.5 in [15])

(i) For each v € V ~ {0}, the Euclidean vector space C with the multiplication -, is a
normed, not necessarily associative, division algebra.

(i) The multiplication -, on C is independent of the choice of v € V ~\ {0} if and only if
(C, -p) is associative for one (and hence for all) v.

We call the J2C-module structure (C, V, J) associative if (C, -,,) is associative for some
(and hence each) v € V~{0} and otherwise non-associative. If (C, -,) is associative, we omit
the subscript v of the multiplication .

Remark 4.2 Only associative J 2C-module structures are modules in the sense of [4].

Remark 4.3 Suppose that (C, V, J) is an associative J 2C-module structure. The classifica-
tion in [15] (or [16, Sect. 4]) shows that C is real or complex or quaternionic numbers.

4.2 C-sesquilinear hermitian forms

From now on let (C, V, J) be an associative J 2C-module structure. Suppose that M is a
(left) C-module. A map ®: M x M — C is said to be a C-sesquilinear hermitian form
if @ is C-hermitian and C-linear in the first variable, that is, if the following properties are
satisfied:

(SH1) ®(51x1 + §x2,¥) = (1P (x1, y) + 2P (x2, y) forall ¢y, € Cand x,y € M,
(SH2) ®(x,y) = D(y,x) forallx,y e M.

A C-sesquilinear hermitian form & is called non-degenerate it ®(m1,-) = 0 implies that
my = 0. It is called indefinite if there exist my, my € M such that ®(m;,m;) < 0 and
dD(mz, mz) > 0.

Proposition 4.4 The map B1: C x C — C, Bi1(x,y) = xY, is C-sesquilinear hermitian.
Further Re B1(x, y) = (x,y) forall x,y € C.

Proof Obviously, B; is R-bilinear. For each y € C, the C-linearity of B (-, y) is exactly the
left-sided distribution law of the division algebra C. To show (SH2) let x, y € C. From (2.7)
it follows that

Jﬁ = J;Y = J;J;k = Jx.]y = ny.
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Therefore,

Bi(x,y) =13 = yx = B1(y. x).
Hence B; is C-sesquilinear hermitian. Finally, polarization of S (x, x) = |x|2 (see (2.8))
over R implies the remaining statement. O

Remark 4.5 An immediate consequence of Proposition 4.4 is that conjugation and multipli-
cation in C anticommute, i.e., x y = yx for all x, y € C. In particular, for a C-sesquilinear
hermitian form & on the C-module M we have

®(my, Lma) = ®(my, ma)l

forallmy,my € M and all ¢ € C. Moreover, we have ®(m, m) = ®(m, m) foreachm € M
and therefore, ® (m, m) € R.

Lemma 4.6 Forall ¢, n, & € C we have (¢, £n) = (¢, ).
Proof Letv € V~{0}. Using (2.6) and (2.7) we find

2(¢,Em) vl = 2(¢v, Env) = 2(E¢v, v) = 2(¢, Mol
hence (¢, §n) = (€¢, n). o
Proposition 4.7 The map Br: V x V — C is C-sesquilinear hermitian.

Proof Because of Proposition 2.11 it remains to show that 8, is C-linear in the first variable.
Letv,u € V and ¢ € C. Lemma 4.6 and (2.7) yield that for all » € C we have

(&B2(v,u), m) = (Ba(v, w), Cn) = (Cnu, v) = (qu, Lv) = (B2 (Lv, u), ).
Hence ¢8> (v, u) = B2(Cv, u). ]

A finite sequence (vy, ..., v,) in V is called an orthonormal C-basis of V if

(CON1) |vj| =1foreachj e {l,...,n},

(CON2) for each pair (i, j) € {1,...,n}%, i # j, the sets Cv; and Cvj are orthogonal,

(CON3) if we use for each j € {1, ..., n} the bijection C — Cvj,{ +— {vj, to equip
Cv; with the structure of a Euclidean vector space and a C-module, then V is
isomorphic as C-module and Euclidean vector space to the direct sum @?:1 Cv;
of the Euclidean spaces and C-modules Cv;, j =1,...,n.

The following lemma yields that V is a free C-module.
Lemma 4.8 There is an orthonormal C-basis of V.

Proof Clearly, one finds a sequence (vy, ..., v,) in V which satisfies (CON1) and (CON2)
such that V is isomorphic as Euclidean vector space to @'}:1 Cvj. From Propositions 4.7
and 2.11 it follows that '

v V — @) Cv;
Cv e 2 Bev, vy,
is an isomorphism (of Euclidean vector spaces) from V to 69;5:1 Cvj.Letv e V,n e Cand

suppose that v is isomorphic to (¢jvy, ..., {v,) € @?:1 Cv;. Then

n

Yw) = Balu.vjvy =D (nfav.vp)) v =1 [ D B vj)vj | = ().

j=1 j=1 j=1

This shows that i is indeed an isomorphism of C-modules. O
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4.3 The C-projective space Pc(E)

Let (C, V, J) be an associative J 2C-module structure. Further let W := C & V be the
Euclidean direct sumof Cand V,and £E .= C ® W = C & C @ V be that of C and W.
We define a C-multiplication on E by

CxE — E
(z, (&, n,v)) = (T, T, TV).

Because (C, V, J) is associative and hence o (tv) = (ot)v foreachv € Vandallo, t € C
(or equivalently, since the definition of the product in C does not depend on the choice of
v € V~ {0}, see Proposition 4.1), E becomes a C-module. Since V is a free C-module by
Lemma 4.8, also E is a free C-module.

Two elements z1, zo of E~{0} are called equivalent (z1 ~ z) if there is T € C such that
tz1 = z2. Note that 7 is actually in C ~\ {0}. Then E being a C-module implies that ~ is
indeed an equivalence relation on £~ {0}. The C-projective space Pc(E) of E is defined as
the set of equivalence classes of ~,

Pc(E) == (Ex{0}) /~,

endowed with the induced topology and the differential structure generated by the following
(standard) charts: Let {v, ..., v,—1} be an orthonormal C-basis of V. Then E is isomorphic
to C"*! both as Euclidean vector space and C-module. Foreach j = 1,...,n 4+ 1 the set

Uj = {1 ... tax1)] € Pc(E) | ¢ # 0}

is open, and the maps ¢;: U; — C"

(p] ([(§17-"7{n+1)]) :=§ (;15'-'7 é‘}’hLl)

are pairwise compatible in the sense that they are real differentiable (they are not C-differ-
entiable unless C is commutative). Here, g“ 7 means that ¢; is omitted, hence ({1, .. ;“ e
Znt1) = (1, -1, 8jx1, - ., Saa1) € C™. Obviously, the differential structure is inde-
pendent of the choice of the orthonormal C-basis of V, and Pc (E) is a real smooth manifold
of dimension n - dimp C.

Let ® be a C-sesquilinear hermitian form on E. Recall from Remark 4.5 that ®(z, z) € R
for each z € E. Suppose that ¢ is its associated quadratic form, that is

|E—->R
T 1z = @2,
Then we define the following sets:
E_(®) := g~ ((—00,0)) the set of ®-negative vectors,
Eo(®) := ¢~ (0)~ {0} the set of ®-zero vectors, and
E (D) := g~ ((0, 00)) the set of ®-positive vectors.

Foreach t € C and z € E~ {0} we have
q(12) = ®(12,72) = 1®(2. )T = D(2. )77 = ¢ (27|~ (4.1)

Lemma 4.9 Let ® be a C-sesquilinear hermitian form on E. The set Pc(E) equals the
disjoint union Pc (E_(®)) U Pc (Eo(®P)) U Pc (E(D)).
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Proof Clearly, Pc(E) = Pc (E_(®)) U Pc (Eg(®P)) U Pc (E+(®P)). Hence it remains to
prove that this union is disjoint. Suppose that ¢ denotes the quadratic form associated to ®.
If we assume for contradiction that

Pc (E_(®)) N Pc (Eo(P)) # 0,

then there are equivalent 71, zo € E~ {0} such that ¢(z1) < 0 and g(z2) = 0. But then there
is T € C~{0} such that

0=4q(z2) =q(rz1) = gDt <0,
which is a contraction. Hence Pc (E_(®P)) N Pc (Eo(P)) = @. Analogously we see that
Pc (E_(®)) N Pc (E4+(®)) =¥ and Pc (E4(P)) N Pc (Eo(P)) = 1. o

Letw: E~x{0} — Pc(E) denote the projection on the equivalence classes. Since C ~\ {0}
acts homeomorphically on E \ {0}, the projection 7 is open. Further 7 is continuous by the
definition of the topology on Pc (E).

Proposition 4.10 Let @: E x E — C be a C-sesquilinear hermitian form, which is indefi-
nite and non-degenerate. Then

dPc (E_(®)) = Pc (Eo(P)).

Proof LetU C Pc (E_(®)). All complements, closures, interiors, and boundaries of subsets
of E~ {0} are taken in E \ {0}. At first we show that

Cr (Con (1)) = aU. 4.2)
To that end let M := 7' (U). Then CM = 7! (CU). From 7 being open and continuous
it follows that (CU)° = 7 ((CM)°). This yields
7 (CM) == ((CM)°) = (CU)° =CU,

hence C7(CM) = U. Again from 7 being open and continuous we get U° = m (M°).
Therefore,

Cx (Comr~'(U)) = Cx (Cam)
— Cr (C (M NCM°))
=C (7 CM)um (M°))
= Cx (CM) NCx (M°)
=UnNCU° =9U.
Let g denote the quadratic form associated to ®. Then ¢ is smooth. Since ® is non-degen-
erate, 0 is a regular value for g|g0y. Hence Eo(®) = q’l (0)~ {0} is the boundary of the

bounded submanifold q’l((—oo, 0]) < {0} and therefore also of E_(®) = q’1 ((—00, 0)).
Then the statement follows from (4.2) and Lemma 4.9 with U := Pc (E_(D)). O

4.4 The C-hyperbolic spaces Pc(E_ (V1)) and Pc(E_(\V2))

Let (C, V, J) be an associative J 2C-module structure. We define two specific non-degen-
erate, indefinite C-sesquilinear hermitian forms W; and W, and consider the manifolds
Pc (E, (v j)) defined in Sect. 4.3. For each space we choose a set of representatives and a
Riemannian metric on it such that Pc (E_(W1)) is essentially the ball model from Sect. 2.5
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and Pc (E_(¥;)) becomes the Siegel domain model for hyperbolic space, which is essen-
tially the model D from Sect. 2.4.
We denote by GL¢ (E) the group of all C-linear invertible maps E — E. Set

U(W;,C):={geCLc(E) |Vz1,22 € E: ¥j(gz1, 822) = Vj(z1,22)},

and let Z(¥;, C) denote the center of U(¥;, C). Recall that G denotes the full isometry
group of B, respectively D. In this section, we establish a natural and explicit isomorphism
between the quotient group PU(Y;, C) := U(¥;, C)/Z(¥;, C) and a subgroup G™ of G.
Moreover, we explicitly characterize G™. In Sect. 4.5, this isomorphism is used to show that
the definition of isometric spheres in literature is subsumed by our definition.

Let B3: W x W — C be the sum of 1 and f§,, that is,

B3 ((n1, v1), (72, v2)) == Bi(n1, 12) + B2 (v, v2).
We define themaps W;: E x E — C (j =1,2) by

Wi (61,11, v1), (62, 12, v2)) = —B1(S1, ¢2) + B1(1, 12) + Ba(v1, v2)
= —B1(¢1, &) + B3 ((n1, v1), (172, v2))

and
W2 (1, m1,v1), (82, m2, v2)) i= =11, m2) — Bi1(n1, §2) + Pa(vi, v2).
Let g; denote the associated quadratic forms. For all (¢, w) = (¢, n, v) € E we have
g1 (G, w) = @1 (G, 1, 0) = =[P+ Il + o = —[¢]” + |w]*.

Employing Proposition 4.4, we see that
a2 (6.1, v)) = —2Re B (¢, m) + o] = =2(¢.m) + v,

Lemma 4.11 For j = 1,2, the map V; is a C-sesquilinear hermitian form on E which is
non-degenerate and indefinite.

Proof Propositions 4.4 and 4.7 imply that ¥ is C-sesquilinear hermitian. Suppose that there
is (¢, n, v) € E such that for all (o, 7, u) € E we have

Vi (€, n,v), (0, 7,u)) = 0.
Propositions 4.4 and 2.11 show that
0= W1 (¢, 7, v), (0,7, ) = nf* + o],
Hence (1, v) = (0, 0). Further
0= (5,7, v), (£,0,0) = —|¢ |,

and therefore ¢ = 0. This shows that W is non-degenerate. Suppose now that there is
(¢, n,v) € E such that for all (o, 7, u) € E we have

"IJ2 ((§5 n, U)a (Uv T, M)) = 0
Then

0=V ((¢, 7, v),(0,0,v)) = [v]?
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and therefore v = 0. Moreover,

0= 92 ((¢,7,v),(0.£,0) = —[¢ .
Thus ¢ = Oand analogously = 0. Hence W5 is non-degenerate. Finally, for (any) v € V~\{0},

q1((1,0,0) =—1 and ¢ ((0,0,v)) = [v|*> > 0,
g2 ((1,1,0)) = =2 and ¢ ((0,0,v)) = [v|> > 0.

Therefore, ¥; and W, are indefinite. O

4.4.1 Set of representatives for Pc(E_ (V1))

Proposition 4.10 shows that we have

Pc (E_(V))) = Pc (E_(¥})) U Pc (Eo(¥)))

for j € {1,2}. If z = (¢, w) € E_(Vy) U Eg(¥y), then ¢ # 0. Therefore, the element
[z] € Pc(E_(¥))) U Pc (Eo(W))) is represented by (1, ¢ 'w), and this is the unique
representative of the form (1, x). If z € E_ (W), then

0> q (l,{flw) =1+ w

This shows that 1 > |¢ ~'w|2. Conversely, if w € W with |w|? < 1, then [(1, w)] is an ele-
ment of Pc (E_(W))).Recall theunitball B = {w € W | |[w| < 1}in W. Then P¢ (E_(¥}))
and B are in bijection via the map

(& w)]— ¢ .
The same argument shows that d P¢ (5_(\111)) = Pc (Eo(W1)) is bijective to d B via this
map. We define tp: Pc (E_ (V1)) — B as
5 (1. w)]) = ¢ "w.

Its inverse is
w5 (w) = [(1, w)].

In comparison with Sect. 4.3, we see that Pc (E_(W1)) is a subset of U and tp a restriction
of ¢1. Therefore, tp is a diffeomorphism between the manifolds Pc (E_(W¥1)) and B, and
also between the manifolds with boundary Pc (E_ (V1)) and B.

4.4.2 Riemannian metric on B

Since B is an open subset of the vector space W, we may and shall identify the tangent space
at a point of B with W. We define a Riemannian metric p on B by

(X,Y)  (B(X,p), B3, p))
1—|p|? (1 —1p»?
1
= m Re ((1 - |P|2)/33(X7 Y) + B1(B3(X, p), B3(Y, P)))
forall p € Bandall X,Y € T,B = W. Proposition 4.13 below shows that p essentially
coincides with the Riemannian metric defined in (2.11).

p(p)(X,Y) =

Lemma4.12 Letx,y € W. Then B3(x, y) = 0 ifand only if y € (Cx)™*.
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Proof Let ¢, n, & € C. Proposition 4.4 yields
(¢71,&) =Re f1 ({77, §) = Re (¢7§) = Re (¢€n) =Re Bi1(¢, &n) = (¢, &n).
By Riesz’” Representation Theorem we know that 83 (x, y) = 0 if and only if
(B3(x,y),E) =0 forall& € C.

Supposing that x = (£, v), y = (n, u) € C @V, it follows from the definitions of 83, B, B2
and the inner product on W that

(B3(x,y), &) = (B1(&. 0, E) + (Bo(v,u), &) = (¢T, &) + (Eu, v)
= (£, &n) + (v, Eu) = (EC,n) + (Ev, u)
= (Ex, ).

Hence f3(x,y) =0ifandonly if y € (Cx)*. O

Proposition 4.13 The map p coincides, up to a multiplicative factor of 4, with the Riemann-
ian metric given by (2.11) on B.

Proof For p=0andall X,Y € ToB we have

~ 1

PO)X,Y)=(XY) = Z<X’ Y)o-.
Suppose that p = (¢, v) € B~ {0}. We claim that the equivalence class Cp (see Sect. 2.5)
coincides with the C-orbit C - p of p. For ¢ = 0 this is obviously true. Suppose that ¢ # 0.
For each t € C~.{0}, we have tp = (t¢, tv) and

@) vy =t ru = ¢,

Hence (¢, v) ~ (t¢, tv). If T = 0, then Tp = 0 € Cp by definition. Conversely, suppose
that (n, u) € Cp~{0}. Then

n¢'p=ne e, v) = (00 7M) = (noan ) = (g, w).

Thus, (n,u) € C - p.Clearly, 0 € Cp N C - p. This shows that Cp = C - p.
Now let p € B\{O}and X, Y € T), B. Suppose firstthat X, ¥ € (Cp)*. Then Lemma4.12
shows that
(X,Y) 1

pP(P)X,Y) = R = Z<X’ Y)p.

Suppose now that X € Cp and Y € (Cp)= (or vice versa). Then

0 XY—<X’Y>—0—1XY
p(p)(X, )—W— _Z< Y.

Finally suppose that X, Y € Cp. Then X = 7ip and Y = 1 p for some 71, 70 € C. From
Lemma 2.12, Propositions 4.4 and 4.7 it follows that

(X,Y) = ReB3(X,Y) = Re B3(t1 p, 2p) = Re (11 B3(p, p)T2) = |p* Re(1172)
= Ipl* (1, ).
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Then
X, Y T T
F(p)(X.Y) = 1<_,|p|>2 n (B3( 1}(7111),“/;3?2()2217’ p))
_IplX L n) | (@Bi(p. p). 2Bs(p, p))
1= pP? (1—1|p*)?
_pPLm) | eI, )
o 1—|pP? (I—1pI*?
_IplAr )
(A =1pP)?
— ﬂ — l(X Y),_.
(A—[pP? 477
This completes the proof. O

4.4.3 Induced Riemannian isometries on B

Letmp := tpom: E_(¥;) — B and suppose that g € U (¥, C). Since g is C-linear,
it induces a (unique) map g on B by requiring the diagram

E_(¥) —= E_(¥))

g

B e > B.

to commute. Our next goal is to show that each such induced map is a Riemannian isometry
on B.

To simplify proofs we fix an orthonormal C-basis B(V) := {vy, ..., v,—1} for V. Then
B(E) :={e1,ea, ..., ent1}, given by

e1:=(1,0,0), e :=1(0,1,0), er:=(0,0,v,—) fork=3,...,n+1,

is an orthonormal C-basis for E. In the following we will identify each element in £, W
and V, and each map g € U (¥, C) with its representative with respect to B(E). Since E
is a left C-module, the representing vector of z € E is a row, and the application of a map
g € U(¥q, C) to z corresponds to the multiplication of the row vector of z to the matrix of g
(and not vice versa, as usually in linear algebra). Further we use the notation z* for 7' (the
conjugate transpose of z).

Lemma4.14 Letv = ([,..., 1), u=(1,...,00—1) € V. = C" "\ Then
n—1
Bo(v,u) = ZCJUT =vu’*.
j=1

Proof Let vj,vx € B(V). If j = k, then B2(vj, vx) = |vj|2 = L.If j # k, then v; is
orthogonal to Cvy, hence

(B2(vj, Vi), ) = (v, vj) =0

for each & € C, hence B>(v;, vy) = 0. The claim now follows by the C-sesquilinearity
of 8. ]
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Remark 4.15 Let g € U (W1, C) and suppose that

_fa b
§=\cT A

w.r.t. to B(E), where a € C,b,c € C" and A € C"*". Then the induced map g: B — B
is given by

g(p) =@+ pcH) b+ pA). 4.3)

Further, the representing matrix of W is (_1 I ) where / denotes the n x n identity matrix.
Since g preserves Wy, we find the conditions

—1 _f(a b —1 a ¢
1]~ \cT A 1) \b* A*
_ (—lal®> +|b]* —ac+bA*
- (—Ja+ Ab* —cTT+ AA* 44
on the entries of g.

The following proposition is proved by a long but straightforward calculation. We omit
this proof here.

Proposition 4.16 Let g € U (¥, C). The induced map on B is a Riemannian isometry.

In the following we will determine which elements in U (¥, C) induce the same isometry
on B. We denote the center of C by Z(C) and set

ZY(C):={a e Z(C) | |la| = 1},

which are the central elements in C of unit length. Further we let Z (W, C) denote the center
of U(¥y, C).

Lemma 4.17 We have Z(V1,C) = {aidg | a € Z](C)}.

Proof Clearly, {aidg | a € ZY(C)} C Z(Wy, C). For the converse inclusion relation let

a b
g= (CT A) € Z(¥y,0).

Foreachd € C, |d| = 1, and each matrix D € C"*", DD* = I, the matrix

d o0
= (50)
isin U (W, C). So necessarily,

ad bD — oh = he — da db
cTd AD) = 8" ="8 = \pcT pA)

The left upper entries show that a € Z(C). Choosing different values for d, but the same
(invertible) D, we find b = ¢ = 0. If D runs through all permutation matrices and all rotation
matrices, then we see that A is a diagonal matrix diag(x, ..., x) with x € Z(C). By (4.4),

la] =1 = |x|. Then
_fa O
§=\ox1)
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um:(dlquwLOTMn

w' B
ad au da ux
(wa xB) =8h=hg = (wTa Bx) ’
Therefore, au = ux = xu. For u # 0 it follows that ¢ = x. Hence g = aidg for some

aezZY0). o

Proposition 4.18 Let g1, g2 € U(V1, C). Then g1 and g induce the same isometry on B if
and only if g1h = go for some h € Z(V1, C).

Proof 1t suffices to show that exactly the elements in Z(W¥, C) induce idp. Let g be an
element of U (¥, C) and suppose that

_fa b
§=\cT A

w.r.t. B(E), where a € C,b,c € C" and A € C"*". Then the induced isometry on B is

~ |B—> B
p = (a+ pcH~ b+ pA).

Suppose that g = idp. Then
0=2(0) =a'b,
which yields that b = 0 and, by (4.4), |a| = 1. Hence

_[a O
8= CT Al
Now (4.4) shows that 0 = —ac, which implies that ¢ = 0. Thus,
Z(p)=a'pA

,,,,,

- 1 _
p=8(p)=5a" @, ajn).

Therefore, a;; = 0 fori # j and a;; = a. This shows that A = al.
Now let ¢ € C with |¢| < 1. Then (¢, 0) € B and therefore,

.0 =3,0 =a'(¢,0a.

Hence a¢ = ¢a. By scaling, this equality holds forall ¢ € C. Thusa € Z'(C), which yields
that g € Z(Wy, C). Conversely, each element of Z(W1, C) clearly induces idp on B. ]

Let
PUW,C) :=UW,C)/Z(Yy,C)

and denote the cosetof g € U (W, C) by [g]. As before we use the notation g for the isometry
on B induced by g € U(W¥, C). Recall that G is the full isometry group of B.
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Corollary 4.19 The map

[ PUWLC) G
M el g

is a monomorphism of groups.
The next goal is to characterize the subgroup of G to which PU(W¥q, C) is isomorphic.

For this it is most convenient to work with the space Pc (E_(\W>2)).

4.4.4 Set of representatives for Pc (E_ (V7))

If z = (¢, n, v) € E_(¥7), then

0> g2 (¢, n,v) = =2(¢, 1) + vl

which shows that ¢ # 0. Thus, [z] € Pc (E_(W,)) is represented by (1, 27", ¢~ 'v) and
this is the unique representative of the form (1, %, %). We note that

0>gq (1, " ¢ ') = =201, ¢ 7'y + 17w = —2Re@ ') + ¢ "ol
and therefore
Re(¢™"m) > 51l
Hence, if we define
H:= {(T,u) € C@V‘Re(t) > %|u|2],

then

¢ 'n ¢y eH.

Conversely, if (t,u) € H, then [(1, T, u)] € Pc(E_(V2)).

If z = (¢,n,v) € Eo(¥2), then either ¢ # 0 or z = (0, 7n,0) with n # 0. Applying
the previous argumentation we see that the set of elements in Pc (Eg(W2)) which have a
representative (¢, n, v) € Eo(Wy) with ¢ # 0 is bijective to

‘(t, weCapv ‘ Re(r) = %IMIZ]
via
[0, 01— (&', ¢ M),
If z = (0, 7, 0) with n # 0, then [z] is represented by (0, 1, 0). Let
HE = ((r, ueCav ‘ Re(t) > %|u|2] U {oo}

denote the closure of H in the one-point compactification (C @ V) U {oo} of C @ V. Then
the map 77 : Pc (E_ (V7)) — H®,

(¢~ 'n, ¢ ) if¢ #0,

i (€0 ) = [oo e Zo
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is a bijection with inverse map
15 (00) = [0, 1,0)] w5 (z,w) = [(1, 7, w)].

Since Ty | po(E_(w,)) i arestriction of the chart map ¢ from Sect. 4.3, Ty is a diffeomorphism
between Pc (E_(W;)) and H.

4.4.5 Riemannian metric and induced isometries on H

Recall the model D from Sect. 2.4. The map
H® —>D*
B o0 >0

(&, v) = (£, V/2v)

is clearly a diffeomorphism between the manifolds H* and D® with boundary, and hence
a diffeomorphism between H and D. We endow H with a Riemannian metric by requiring
that 8 be an isometry.

Let my := tgom: E_(Wy) — H. As before, each g € U(W;, C) defines a (unique)
map g on H which makes the diagram

E_(¥)) —= E_(¥y)
ﬂH\L i]‘[y
H g “““““ > H

commutative.
Let Z(W»,, C) denote the center of U (W¥,, C) and set

PUW,, C) :=U¥,,C)/Z(V7, C).

In the following we will use the results from the previous subsections to show that PU(W;, C)
is isomorphic to a subgroup of the full isometry group G of H. We consider the map

- E — F
 Conv) = (%5(;“ -, ﬁ(( +n),v)-

Then T is C-linear and invertible with inverse map T-': E—>E,
1 1
NG V2

The following lemma is shown by a straightforward calculation.

T_I(Z,W,U)Z( € +m), (—§+n),v)-

Lemma 4.20 The map T transforms Vy into Wy, i.e., Wy o (T x T) = Wy. Further, we have
T(E_(V1)) = E_(W2) and T (Eo(¥1)) = Eo(W2).

Proposition 4.21 The map

L v o » v o
B —>TogoT !

is an isomorphism with A (Z(V1, C)) = Z(\¥», C).
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Proof Let g € UV, C). Since T € GL¢(E), we have A(g) € GL¢(E). Lemma 4.20
shows that

W0 (TgT ' x TgT™ ) = W0 (T xT)o (7" x gT™")
=Wio(gxgo(T ' xT)=wo(T ' xT"
= Y.

Hence A(g) € U(W,, C). Clearly, X is an isomorphism of groups, which shows that
MZ(W1, C) = Z(¥2,0). O

For the proof of the following proposition recall the Cayley transform C: B — D from
Sect. 2.8. For each ¢ € C~ {1} we have

-0+ =1-¢20 -0+ =1-¢20 =T +¢— ¢
=[1-¢|72(1 +2Im¢ — 2.
Hence
Ct,v)=>10-9""1+¢,2v).

Proposition 4.22 Let g € U (W, C). Then the induced map g on H is an isometry. Further,
the map

. [ PU(¥,, C) - G
M g =g
is well-defined and a monomorphism of groups.

Proof The map T induces the map T: Pc (E_(V1)) = Pc (E_(Vy)) given by

~ 1 1
T (& n v = [(ﬁ(i -, E(E +m), v)]

and the map T:B—>H given by

~ ~ 1 1
T ((n,v) =t (TI(1, 7, v)]) =t ([ﬁ(l =), ﬁ(l + ), v])

=1 ([(1 A=A+, 14 - Wlﬁ”)])
= (1= (14n,v2v).

Therefore, T = B~ o C. From Propositions 2.9 and 4.13 it follows that the isometry group
of B and that of H are identical. Then Propositions 4.16 and 4.21 imply that for each
g € U(Wy, C), the induced map g is an isometry on H. Moreover, Proposition 4.21 shows
that A factors to a map

*: PU(Y,, C) — PU(Wy, O).
Recall the map jy, from Corollary 4.19. Then the diagram

PU(Y, O) S S PU(Y,, C)

\/

commutes, which completes the proof. O
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4.4.6 Lifted isometries

In this section, we determine which isometries on H are induced from an elementin U (V», C).
To that end we need explicit formulas for the action of an element g € G on H, which are
provided by the following remark.

Remark 4.23 Let g € G. Section 2.8 provides explicit formulas for the action of g on D.
Using the isometry §: H — D, the action of g on H is given by

gH::ﬂ_logoﬂ:H—>H.

Evaluating this formula, we find the following action laws. For the geodesic inversion o
we have

oz, v)=¢7', -v).
For a; € A we get
aSH(g, v) = (s{, sl/zv) .

Forn = (¢, w) € N it follows

nf(c,v) = (g“ +&+ %lez + B2 (v, %w) , %w + v).
Form = (¢, ¥) € M we have
mf (¢, v) = @), ¥ ().
Proposition 4.24 A representative of o™ in U (W, C) is
g, n,v) = ¢ —v).
Proposition 4.25 Let a; € A. Then
gt ) = (s72¢, 512, v)

is a representative of as in U (W7, C).
Proof Obviously, g is C-linear and induces a; on B. Further

W (g(g1, . 1), 882, M2, v2)) = Wa (57221, "2, o), 571200, 520, 12))
= —s V2gms' 2 — 572 5s 12 + Ba (v, v2)
= —8m —méy + fa(vi, v2)
= W ((¢1, n15 v1), (82, M2, V2)) -

Hence g € U (¥, C). O
Proposition 4.26 Letn = (£, w) € N. A representative of n in U (¥, C) is

1
V2

1

B2 (v, w), 7

1
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Proof The map g is clearly C-linear and induces n on B. To see that W, is g-invariant,
we calculate

W (g(¢1, M1, v1), g(82, M2, v2))

=W |:(§lv a1 (E + %IWIZ) +n+ %ﬂz(vl, w), %le + Ul) :
(Cza %) (5 + %lez) +m+ \%ﬂz(vz, w), %Zzw + vz)}
=0 [(—s + §|w|2) Gt \%ﬂz(w, v2>]
- [Cl (5 + %lez) +m + \%ﬂz(vl, w)] o+ P2 (%ﬁw +v1, \%izw + vz)
= 0160, — %lwﬁ:@ ~ 1l — %5152(10’ v2) = 41685 — %IwIQQEz
—n1¢s — \%ﬂz(vl, w)¢s + %|w|2;122 + %;lmw, v2)
+\Lf2ﬂz(v1, w)gy + Ba(vi, v2)
=W (€1, m1, v1), (82, M2, 02)) -
This completes the proof. O

The remaining part of this section is devoted to the discussion which elements of M have
arepresentative in U (W3, C). The situation for M is much more involved than the proofs of
Propositions 4.24-4.26. In particular, it will turn out that in general not every element of M
can be lifted to U (W5, C).

Lemma 4.27 Letm = (¢, ¥) € M and suppose that ¢ is an inner automorphism of C. Then
{B2 (Y (1), ¥ () [vi, 2 € V}=C.

Proof Let a € C~.{0} and suppose that ¢(¢) = a~'¢a forall ¢ € C. Choose v € V with
|[v] = 1. For each ¢ € C we find

B2 (V(ata™'v), ¥ (v)) = B2 (plata™HY ), Y (v)) = B2 C Y (), ¥ (v))
= PP (v), Y (v) = CIY ) = ¢|vf?

=¢.
Therefore,
Cc{BW@@), ¥y@)) v, v eV}.
The converse inclusion relation clearly holds by the range of 8,. O

Letiy: H® — E_(¥) U Eg(¥,) be any section of

g =ty on: E_(Vy)U Eo(V) — HS.
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Letg € G and recall from Proposition 2.14 that g extends continuously to HE.1If the element
g € U(Wy, C) is a representative of g, then the diagram

E_(¥2) U Eg(W) —5> E_ (W) U Eg(W)

H® H®

commutes. We will make use of this fact in the proof of Proposition 4.28 below. For
convenience we define iy by

ig(o0) :=(0,1,0) and ig(n,v):=(,n,v). 4.5)

Proposition 4.28 Letm = (¢, V) € M. Then there exists a representative of m in U (Y3, C)
if and only if ¢ = id. In this case,

8¢, n,v) = (&, n, ¥ )

is such a representative.

Proof Suppose first that m = (¢, ¥) with ¢ = id. We will show that

¢, n,v) = (& n, ¥ ()
is an element of U (¥;, C). To that end let (¢1, 1, v1), (&2, 12, v2) € E and ¢ € C. Then

8 (C (&1, m,v1) + (82, m2, v2)) = (C&1 + &2, i + m2, Y (Gvr + v2))
= (£&1, ¢m1, Y (Cvn) + (G2, m2, Y(v2))
= (&1, ¢m, ()Y (v1) + g(&2, n2, v2)
= (&¢1, ¢m, Sy () + g(82, m2, v2)
= ¢g(C1, n1, v1) + g(&2, M2, v2).

E — F
g:

This shows that g is C-linear. The map g is obviously invertible, hence g € GLc(E).
Lemma 3.14(ii) implies that W, is invariant under g. Hence g € U (W, C). Clearly,
g induces m.

Suppose now that m = (¢, ) € M and that there is a representative g of m in U (W2, C).
We have to show that ¢ = id. Since m(0) = 0, it follows that

g (in(0)) = g(1,0,0) € 75" (0) = (C~{0}) x {0} x {O}.

Thus, there is @ € C ~ {0} such that g(1,0,0) = (a, 0, 0). Further m(co) = oco. The same
argument shows that there is b € C . {0} such that

g (in(00)) =¢(0,1,0) = (0,5,0).
Then for each ¢ € C with Re ¢ > 0 we have

(©(6),0) =m(,0) =7y (g (£, 0) =7y (g(1,¢,0)) = 7y ((a, §b, 0))
= (a"'¢b,0).

Thus ¢(¢) = a~'¢b forall ¢ € C withRe¢ > 0. Now
l=¢p(1)=a'b
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and therefore b = a. Hence ¢(¢) = a~'¢a for all ¢ € C with Re¢ > 0. Suppose now that
(n,v) € H is arbitrary. Then

gn(m,v) =g, n,v)=¢g(1,n,0 +g(@O,0,v)
=(a,na,0)+ (o, t,u) =(a+o +na+rt,u)

where (o, 7, 1) depends only on v. From

(@ 'na, ¥ () = (e(), ¥ (v)) = T (a+ o, na +t,u)
= ((a + o)fl(na + 1), (a+ J)flu)

it follows that
a_lna = (a +0)_lna +(@a+o0) 't
for all  with Re(n) > 3|v|?. Pick k € R with k > |v|>. Then
k=a 'ka = k(a + 0)71a + (a + o)flr
and
2k =2k(a+o) la+ (a+o) 't

Solving this system for o and 7, we find 0 = v = 0. Hence

g1, n,v) = (a,na, ay(v)).
Since g has to be C-linear, it follows that

g, n,v) = (Ca, na, ay (v))

for all (¢, n,v) € E. We derive further properties of a. Let v € V ~ {0}. Then g being in
U (W, C) yields that

]2 = g2 (0,0, v)) = g2 (8(0,0,v)) = lay (V)|* = |al*|¥ V)[* = |al*|¥ (V)]

hence |a|? = 1. Again using that g € U(W;, C) we find that for all vi, v, € V

B2 (Y (v1), ¥(v2)) = W2 ((0, 0, v1), (0, 0, v2))
= W, (g(0,0,v1), £(0,0,v2)) = W2 ((0, 0, ayr (v1)), (0, 0, ayr (v2)))
= B2 (ay(v1), ay (v2)) = afz (Y (v1), ¥(v2)) a
= apy (Y (v1), Y (v2)a .
Before we can apply Lemma 4.27 we have to show that ¢(¢) = alcaforall ¢ € C. Let

¢ € C with Re ¢ < 0 and consider the decomposition { = ¢ + ¢, with ¢ € Rand ¢, € C.
Then the R-linearity of ¢ yields

9(¢) = 9(t1 + &) = 9(¢1) + 9() = —p(=¢1) +a ' a
=—a(~tpa+a'na=a"qa+a ' pa=a"" G+ )a=a""za.

Then Lemma 4.27 implies that a € Z(C). Therefore, ¢ = id. O
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We set
M™ = {(p,¥)e M| ¢=1id} and G'™ := NoM™ AN UM"SAN.

Further we define a map ¢g : G™ — PU(Wy, C) as follows: Forg = 0,g € A,g € N or
g € M™ we set g (g) := [g], where g is the lift of g as in Propositions 4.24-4.26 or 4.28,
respectively. For g = npomagn; € No M™ AN we define

0H () = o (n2)en (o) (M)H (as)ew (1), (4.6)

and likewise for g = masn € M™ AN we set

oH () = ou(m)en (ag)pu (n).

In other words, we extend ¢ to a group homomorphism. Since the Bruhat decomposition
of an element g € G™* is unique and the Bruhat decomposition of G™* can be directly trans-
fered to PU(W,, C), the map ¢g is indeed well-defined. By our previous considerations,
@y is even a group isomorphism.

The following remark shows that M"™* is not necessarily all of M.

Remark 4.29 The classification [15, Theorem 3.1] of division algebras arising from associa-
tive J2C-module structures (C, V, J) shows that C is either real or complex or quaternionic
numbers. In the following we show that M = M™S for C = R, but M # M™ for C = C or
C = H (quaternions).

(i) LetC = R and suppose thatm = (¢, ) € M. We claimthat ¢ = id. Since¢: R — R
is a norm-preserving endomorphism of R, the map ¢ is either id or —id. Assume for
contradiction that ¢ = —1id. Let (£, v) € C x V such that ¢ # 0 and v # 0. Then

PP ) = =ty () = =¥ () # ¥ ().

Hence m ¢ M. This is a contradiction and therefore ¢ = id.

(i) Let C = C =V and suppose that ¢ = y are complex conjugation. For all elements
(¢,v) € COV = C? we have p(0)Y(v) = £V = Cv = ¥ (¢v). Clearly, ¢, ¥ are
R-linear endomorphisms of the Euclidean vector space C. Therefore,m = (¢, ) € M,
butm ¢ M™.

(iii)) LetC=H =V.Definegp: C - Candy: V — V by

ola+ib+ jc+kd) :==a—ib— jc+kd
Y@a+ib+ jce+kd) ;= —a+ib+ jc—kd
fora +ib + jc+ kd € H. Clearly, ¢, Y are R-linear endomorphisms of the Euclid-
ean vector space H. We claim that J o (¢ X ¥) = ¢ o J. To thatend let ¢ = a; +
ibi + jci +kdy e Candv =ay +iby+ jcr + kdr € V. Then
¢v = ajay — b1by — cica — dida +i(a1by + braz + c1dx — dic2)
+jlaicy — bidy + craz + diba) + k(arda + bica — c1by + diaz).

Therefore,
Y(¢v) = —a1ax + b1by 4+ ci1cx +dydy - i(a1by + braz + c1dy — dic3)
+j(aica — bidy + crap +diby) + k(—aydy — bicy + c1by — dyaz).
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On the other side we get

e(Q)Y(v) = (a1 —ibi — jei +kdi)(—az +iby + jer — kda)

= —ajay +biby +cicr +dida +i(a1by + brax + c1dy — dic2)
+jlaica — bidy + craz +diby) + k(—ayda — bicy + c1by — dyaz)
= Y (¢v).

Therefore, m = (¢, ¥) € M,but m ¢ M"™5.

4.5 Isometric spheres via cocycles

For an element g € G™ \ Goo, We give a characterization of the isometric sphere and its
radius via a cocycle. Using the isometry 8: H — D we find for the height function on H
the formula

1
ht’ (¢, v) =Re¢ — §|v|2,

and for the Cygan metric (z; = (¢j, v;))

| | 12
o (z1,22) = ‘§|U1|2 + Elvzl2 + [htf (z1) = ht? (z2)| + Im¢; — Im & — Ba(vy, v2)

4.7

The basis point in H is o = (1, 0). The horospherical coordinates of z € H® {oo},
z=(,v),are

(htH(z),Img, iv> )
V2 /i

In the following we derive a formula for isometric spheres which uses a cocycle.
Let Z!(C) act diagonally on E and suppose that 7V': E — E/Z'(C) is the canonical
projection. Further set

) o) i 78
7= tyomo (n ) : (E_(W2) U Eg(W2)) /Z"(C) — HE.
Recall the section i g of g from (4.5) and set
i =nWoiy: H - E/Z'(0).
Further recall the isomorphism ¢z : G™ — PU(W,, C) from (4.6). For each g € G™" the
map ¢y (g): E — E induces canonically a map E/Z'(C) — E/Z'(C), which we denote

by ¢ (g) as well. For all g € G™ the diagram

E/2' ) YL B 710

o] E

o

70
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commutes, but the diagram

E/zV ) Y B0
i}_})T Ti;y
e & o 7
in general not. The second diagram gives rise to the cocycle
ji G x HS — C¢*/Z2'(0)
defined by

on (@ (i) @) = jg. 0l (62) Yge G=VzeH".

Lemma 4.30 Let g = npoomagn; € G\ Goo. Then

j(g™" 00) =12 mod Z'(C).
Further, R(g) = |]'(gilv O°)|71/2'

Proof Suppose that n; = (&1, wy). From nl_1 = (—&;,—w)) and g_] = nl_laa,mnz_l

it follows that
giloo = nl_lcroo = nI_IO = (—51 + l|w1|2, —Lw]) .
4 V2

Further

or (87") (in(00) = (r”, 112 (—sl + %|w1|2) : —%r”zwl) mod Z'(C).

Hence j(g~!, 00) = ¢'/2 mod Z'(C). Then R(g) =+~ V/* = |j(g_1, oo)|_1/2.

Proposition 4.31 Let 71,25 € H' ~ {00}, zj = (¢}, v;). Then

172
P (a1, 22) = |Wa (i 20), i 22)) + 2 min (b (2, b (22) [

Proof For all k1, ky € R we have
ki +ky — [k — ka| = 2min(ky, k2).
This and the definition of ¥, show that
| W2 (i), i (z2) +2min (bt ), be (20)) |

= [ (1, 21,00, (1, 62, w20) + 0 (@) + e (22) = [ () — el (22|

= |=A10,22) = B D + Foor, v2) + 0 ) + 1 ) — [ @) — e ()|

= Je1 =0 @) + Ty = i 22) = Baw, v2) + [t (2) — e (0)|.
Since

1 1
o —ht'(z)) =4 —Rety + 5|v1|2 =Im¢ + §|U1|2
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and
= H = Lo Lo
¢r —ht"(z2) =¢r —Re o + Elvzl =—Im& + Elvzl :
it follows that
| 2 (i @), i (22)) + 2min (0 @), b (@) |
1 1
- ‘5'”1'2 +Im g+ Sl —Im & — Ba(ur. ) + [t ) - htH(Zz)”
= p"(z21,22)%
Since pf(z1, z2) is nonnegative, the claim follows. ]

For the proof of the following proposition we note that the map

. [ E/Z'(C) x E/Z'(C) — C/Z'(C)
2 | (zi1l, [z2D) — [W2(z1, 22)]

is well-defined. In particular, we have
W (2. feaD)| = 12, 2]

forall z1, zo € E. Further, let
1
0gH = |<c, ecaV ‘ Re(¢) = 5|v|2] U {00}

denote the boundary of H in HE.

Proposition 4.32 Let g € G*\ Go and z € H® ~ {00, g~ 00}. Then

| pH(z, g7 1o0)

-1 OO) _
R(g)

12 _

1j(g. " =1j(g 12pH

, 00)] (z, 8

Proof The second equality is proved by Lemma 4.30. For the proof of the first equality recall
from Proposition 4.31 that

_ . L . _ 172
P! (2, g7"00) = W2 (i (2), 1 (g7 00)) + 2 min (e (), e (7100 )| .
From g oo € 0y H ~ {oo} it follows that ht(g~'oo) = 0. Hence

p(z. 87 "'00)? = [W; (i (2). in (g " 00))].
Suppose that gz = (¢, v). Then

W2 (g (g2), in(00)) = W2 ((1, g2), (0, 1,0))
=—pi1(1, 1) = B1(£,0) + p2(v, 0) = —1.
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It follows that
Pz, g7 00 = s (i (@), i (g~ 00))| = [ Wi (i} @), ) (g7 o0) )|
= Wi (i @, i (g™ c0ren (g 7Mify (00 )|
=1itg™" 00 [V (if) @, en (e ™Hi 00|
=1itg™" 00 |9V (en )iy @), i 00

1 oo) TN (g, )1 W2 (i (g2), i (00))]

,00)|7j (g, 2l

=1j(g
=i
This proves the claim. O

Proposition 4.33 Let g € G\ G . Then

I(g)={zeH|I|jg =1L
extlI(g) ={ze H||jg 2| >1},
intl(g) ={zeH|ljg ) <1}

Proof This claim follows immediately from comparing Definition 3.9 and Proposition 4.32.
]

4.6 A special instance of Theorem 3.18

The most frequent appearance of isometric fundamental regions in the literature is for prop-
erly discontinuous subgroups I' of G™* for which oo is an ordinary point and the stabilizer
s is trivial. We show that under these conditions I" is of type (O) and I' \ ', of type (F).
Theorem 3.18 implies the existence of an isometric fundamental region for I', which will be
seen to actually be a fundamental domain.

Definition 4.34 Let U be a subset of H® and I" a subgroup of G. Then I' is said to act prop-
erly discontinuously on U if for each compact subset K of U, the set K N gK is nonempty for
only finitely many g in I". The group I' is said to be properly discontinous if I" acts properly
discontinuously on H.

Definition and Remark 4.35 Let I" be a properly discontinuous subgroup of G and z € H.
The limit set L(I") of T is the set of accumulation points of the orbit I'z. Since T" is properly
discontinuous, L(I") is a subset of d; H. The combination of Propositions 2.9 and 1.4 in [9]
shows that L (T") is independent of the choice of z. The ordinary set or discontinuity set Q2 (I")
of I' is the complement of L(I") in 9, H, hence Q2(I") := 0, H ~ L(I').

Remark 4.36 Let g,h € G and 7z € H®. Since @p is a group isomorphism and ¢y (g) is
C-linear, it follows that

or(gh) (in(2)) = ou(g) (pu(h) (in(2)))
= on(g) (j(h, 2)ig (hz))
= j(h, 2)pn(g) (in(hz))
= j(h,2)j(g, hz)in (hgz).
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Further,
¢r(gh) (in(2)) = j(gh, 2)in (ghz).
Thus,
J(gh,2) = j(h,2)j (g, hz).
The proof of the following lemma proceeds along the lines of [10, Section 17].

Lemma 4.37 Let T be a properly discontinuous subgroup of G™ such that T« = {id} and
oo € Q2(I"). Then

(1) the set of radii of the isometric spheres of I is bounded from above.
(i1) the number of isometric spheres with radius exceeding a given positive quantity is finite.

Proof We start by proving some relations between radii and distances of centers of isometric
spheres. Let g, h € I'\.T's such that g # hA~!. The cocycle relation shows that

(g™ 00) = j(g™" 00)j(h™! g7 00).
Proposition 4.32 yields
i (e 00| = 1ie ™! 00l T2, g ooy 12
= 1j(g~", 007121 (h, 00)| 712 p™ (g7 00, hoo) ™.
Note that gh # id and therefore gh ¢ I'wo. Then Lemma 4.30 shows that
R(gRHK™)

R(gh) = ————. 4.8
&) = 7 e o) (4.8)
Using the same arguments, we find
jg "t 00) = j (h(gh)™ 00) = j ((gh)~", o0) j (h, (gh)'o0)
and therefore
-1 -1/2 . 1 —1/2 . 1 —1/2
R(g) = 1j(g " 00)| 7> =j ((gh)~". 00)| "7 |j (h. (gh)~' o0)]
. — —1/2
= R(gh) |j (. (gh)~"o0)| "% (4.9)
Proposition 4.32 shows that identity
. _ 1/2 _ —_ _
|7 (. (gh)~'o0) | = Ry o™ ((gh) o0, h™"o0). (4.10)
Because R(h) = R(h™1Y), it follows from (4.8) to (4.10) that
_ _ . _ 1/2 R(gh)R(h)
o ((gh) 00, h™100) = | (k. (gh)~'00)|'"* Ry = REWRE)
R(g)
R 2
___R®W7 4.11)

pH(g=1oo, hoo)

Since I' is properly discontinuous and co € Q(I'), [9, Proposition 8.5] shows that there
exists an open neighborhood U of oo in H® such that (I'\TI'e) < H®U.Since H*~ U is
compact, we find m > 0 such that

pH(aoo, boo) <m
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forall a, b € I'\I's. Then (4.11) shows that
R(h)* = p™ ((gh) oo, h™'o0) p (g7 00, hoo) < m*. (4.12)

Thus, for each a € I' \I'sx we have R(a) < m, which proves (i).
Now let k¥ > 0 and suppose that there are a, b € I"'\I' such that 7 (a) # I(b~ 1 and
R(a), R(b) > k. Since a # b~!, (4.8) shows in combination with (4.12) that

H, —1 _ R(a)R(b) ﬁ
p(a oo,boo)—iR(ab) >m.

This means that the distance between the centers of isometric spheres whose radii exceed k
is bounded from below by k%/m. The centers of all these isometric spheres are contained in
the compact set dg H \ U, which is bounded in C x V and hence also w.r.t. pH . 1t follows
that there are only finitely many spheres with radius exceeding k. This proves (ii). O

Proposition 4.38 Suppose that T is a properly discontinuous subgroup of G™* such that
oo = {id} and oo € Q(I"). Then T is of type (O) and I’ \T' of type (F). Moreover,

F = ﬂ extI(g)

gelMNT'w

is a fundamental domain for T in H.

Proof For each 7z € H, the map pH (-,z): H — R is continuous. Therefore, each p” -ball
is open in H. Lemma 4.37(ii) implies that the set {int /(g) | g € '\ '} is locally finite.
Then Remark 3.19 shows that I" is of type (O). Note that here the subgroup (I'\I'o) of T’
which is generated by I'\I'w is exactly I'. Let z € H. Lemma 5 before Theorem 5.3.4 in
[21] states that 'z is a closed subset of H. Since co € Q(I"), Proposition 8.5 in [9] shows
that we find an open neighborhood U of oo in H® such that Tz € H*\ U. Now H*\ U
is compact and therefore I'z is so. The height function is continuous, which shows that the
maximum of {ht(gz) | g € I'} exists. Thus, I'\ ' is of type (F). By Theorem 3.18, F is
a fundamental region for I' in H. By Lemma 4.37(i) the radii of the isometric spheres of I"
are uniformly bounded from above. Hence there is R > 0 such that the arc-connected set
{z € H | ht" () = R} is contained in F. Let w;, wp € F. Then w; + [0, R —ht? (w)] and
wy + [0, R — ht" (w,)] are contained in F by Lemma 3.11(v). Hence, there is an arc in F
from w; to wy. This shows that F is arc-connected, and thus connected. m]

4.7 Isometric spheres and isometric fundamental regions in the literature

For real hyperbolic spaces, definitions of isometric spheres are given at several places,
e. g., the original definition of Ford in [10] for the plane, in [13] for the upper half plane
model and the disk (ball) model of two-dimensional real hyperbolic space, in [17] for three-
dimensional space and in [2] (or, earlier, in [1]) for arbitrary dimensions. The definition for
the upper half plane model is not equivalent to that in the disk model (see [17]). Ford’s defi-
nition is that for the upper half plane model. His definition has been directly generalized to
higher dimensions. Ford and Apanasov show the existence of isometric fundamental regions
for a huge class of groups.

For complex hyperbolic spaces, the (to the knowledge of the author) only existing defini-
tions of isometric spheres are given by Parker in [18], Goldman in [11], and Kamiya in [12].
Kamiya also discusses the existence of isometric fundamental regions for certain groups.

For quaternionic hyperbolic spaces, an investigation of isometric fundamental regions
does not seem to exist. A definition of isometric spheres is provided by [14].
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In this final section, we discuss the relation of the existing definitions of isometric spheres
(for real hyperbolic space only exemplarily) to our definition of isometric spheres, and
we compare the existing statements on the existence of isometric fundamental regions to
Theorem 3.18.

4.8 Real hyperbolic spaces

Ford [10] shows the existence of isometric fundamental regions for groups of isometries
acting on real hyperbolic plane (see [10, Theorems 15 and 22 in Ch. III]). Ford’s definition
of fundamental region is not equivalent to our definition. In fact, each fundamental region
in sense of our definition is a fundamental region in the sense of Ford, but not the other way
round. In particular, the translates of a fundamental region in sense of Ford are not required
to cover the whole space. For this reason the hypothesis of [10, Theorems 15, 22] are weaker
than that of Theorem 3.18. However, the following discussion shows that the definition of
isometric spheres in [10] is subsumed by our definition.
In [2], the model

D' ={(t,Z)eRxj3|t>0}

of real hyperbolic space is used, and the isometric sphere for an element g € G™*, acting on
D', is defined as

I(g):=={zeD'||g' @I =1}

More precisely, Apanasov (as all other references) uses the coordinates in the order 3 x R. In
particular, his model space for two-dimensional real hyperbolic space is the upper half plane,
whereas D’ is the right half plane. Clearly, this difference has no affect on his definition of
isometric sphere. Lemma 4.39 below will show that this definition of isometric spheres is
subsumed by our definition.

The space D' is the symmetric space in Sect. 2.4 constructed from the abelian H -type alge-
bran = (n, {0}) = (3, {0}). In Sects. 4—4.6 we had to work with the ordered decomposition
({0}, v) = ({0}, n) of n. Hence we used the symmetric space

D:[(u,X)e]Rxn

1
u> 7|X|2] ,
4
which is isometric to D’. According to [7], the isometry from D’ to D is

| D —D
Y @ 2) e (2 +1212,22).

Then the action of an isometry g € G™ on D’ is given by vG(g) := v~ o g o v. Recall the
isometry 8: H — D from Sect. 4.4.1.

Lemma 4.39 Letz € D' and g € G™*\G'%. Then
7 (887 0v@)| ™ =60 @)
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Proof Letz = (t,Z) € D' and g = npomagn; € G*\G5y withn; = (1, w;), j = 1,2,
and m = (id, ¥). At first we calculate the value of | (g, 87" o v(z))|. We have

e (@in (B~ ov() = ou(g) (1.2 + 2. V22)
= or(0)0n @0 men @)en ) (1.2 + |2, V22)
= (s”2 (%|w1|2+t2+ |Z|2+ﬁz(z,w1)),*,*).
Thus

1
Z'w1'2 + 2 +1Z)? + Bo(Z, wy)

|7 (g B lo V()| = s1/?

Note that Z and B, (Z, w) have to be seen as element of D (notof D). Hence B2(Z, wy) € R.
Therefore, B>(Z, wy) = (Z, wy) and further
t ! +Z
, =W
S Wi
Let (u, W) € R x 3. For the derivative v (g)’(z) we find

1 -1 1 -1
6 (g) (@) (u, W) = —s 1/ (z, ¥ (Ewl + Z)) (u, Yy (W)) (r, v (Ewl + Z)) .

2 2

lj(g. 7 ov()| =2 _n

2 1

Then
1 —1
[vG (&) (@), W)| = s~/ (r,w(5w1 +Z)) N, Y (W)
| -1
. (w (Ewl +z))
-2
=512 (t,%wl—l—Z) [(u, W)|.
Thus,
1 -2 _
v (9) ()] =s71/2 (r,§w1+2) =i (s. B ov(@)| "
This completes the proof. O

Lemma 4.39 and Proposition 4.33 immediately imply the following characterization of
exteriors of isometric spheres.

Proposition 4.40 Let g € G™*\G. Then
extl(g) ={ze D |lvg(®) ()] <1}.

Hence [2, Theorem 2.30] is a special case of Proposition 4.38. Lemma 2.31 in [2] states
an extension of Theorem 2.30 for subgroups I' of G™ with ', # {id}. Unfortunately,
the hypotheses of [2, Lemma 2.31] are not completely stated, for which reason we cannot
compare this lemma with Theorem 3.18.
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4.9 Complex hyperbolic spaces

The isometric spheres for isometries of complex hyperbolic spaces in [12] are identical to
those in [11]. Kamiya uses the model H and defines the Cygan metric by formula (4.7).
Recall the map ¢y from Sect. 4.4.6. Let f € PU(1, n; C) = PU(W,, C) such that (p;II f
does not fix oo. Further suppose that (a;;); j=1,...,n+1 is a matrix representative of f. Then
Kamiya defines the isometric sphere of f to be the set

I(f):= {z € H ‘ oz 95 (f Hoo) = Rf]

where Ry = |a 12|71/2. One easily proves that this definition does not depend on the choice
of the matrix representative. The following lemma shows that our definition of isometric
spheres covers this one.

Then Ry = R (w,;‘(f)).

Proof Set g := gu;ll(f). We have

0 a2
fl1]=
0 an+1,2
Therefore,
|j (g, 00)| = laizl.
Since |j (g~ !, 00)| = |j (g, 00)|, Lemma 4.30 shows that R(g) = |aj2|~!/2. |

[12, Theorem 3.1] states the existence of isometric fundamental domains for discrete
subgroups I' of G™* for which, after possible conjugation of I", we have co € Q(I') and
' = {id}. By [21, Theorem 5.3.5], I is discrete if and only if I is properly discontinuous.
Therefore, Kamiya’s Theorem is a special case of Proposition 4.38.

In [18], Parker uses a section of the projection map from E~ {0} to horospherical coordi-
nates which is reminiscent of the ball model. Therefore, we expect that, as in the real case,
this definition is not equivalent to the definition from [12].

4.10 Quaternionic hyperbolic spaces

In [14], Kim and Parker propose a definition of isometric spheres for isometries in G'**\ G
of quaternionic hyperbolic space. They use the model H and horospherical coordinates for
the definition.

With the bijection

33X —3X0
(Z,X) v (Z,%X),

our Heisenberg group N and our Cygan metric is transferred into their one. After shuffling
coordinates, they characterize (see [14, Proposition 4.3]) the isometric sphere /(g) of an
element g¢ = (a;);i, j=1,...n+1 in PSp(n, 1; H) with go;ll(g)(oo) # 00 as

yuees

1) =z e H | pz gy (6700) = V2 fanal 2}
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They use a slightly different indefinite form on E for the definition of the hyperbolic space.
Despite this difference we can apply the calculation in Sect. 4.9 we see that our definition of
isometric sphere provides |ajz| 172 a5 radius. The factor +/2 in [14] is due to the factor % in
their choice of the section of the projection from E_(W;) to H.
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