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                    Abstract
Genomic selection refers to the use of dense markers covering the whole genome to estimate the breeding value of selection candidates for a quantitative trait. This paper considers prediction of breeding value based on a linear combination of the markers. In this case the best estimate of each marker’s effect is the expectation of the effect conditional on the data. To calculate this requires a prior distribution of marker effects. If the marker effects are normally distributed with constant variance, BLUP can be used to calculate the estimated effects of the markers and hence the estimated breeding value (EBV). In this case the model is equivalent to a conventional animal model in which the relationship matrix among the animals is estimated from the markers instead of the pedigree. The accuracy of the EBV can approach 1.0 but a very large amount of data is required. An alternative model was investigated in which only some markers have non-zero effects and these effects follow a reflected exponential distribution. In this case the expected effect of a marker is a non-linear function of the data such that apparently small effects are regressed back almost to zero and consequently these markers can be deleted from the model. The accuracy in this case is considerably higher than when marker effects are normally distributed. If genomic selection is practiced for several generations the response declines in a manner that can be predicted from the marker allele frequencies. Genomic selection is likely to lead to a more rapid decline in the selection response than phenotypic selection unless new markers are continually added to the prediction of breeding value. A method to find the optimum index to maximise long term selection response is derived. This index varies the weight given to a marker according to its frequency such that markers where the favourable allele has low frequency receive more weight in the index.
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Appendix 1
Appendix 1
Effective number of Loci (M
                              
                      e
                    )
The equivalence of the animal model and the genomic selection model shows that the ability to estimate the breeding value of animals without a phenotype depends on the variation between pairs of animals in their realised relationship (i.e. the proportion of genes that they share identical by descent). This is so because, if all pairs of animals had the same relationship, all animals without a phenotype would receive the same EBV. For instance, in a population of full sibs, all the relationships based only on the pedigree are 0.5 and all animals receive the same EBV (i.e. the family mean). Therefore we will consider the effect of the number of loci on the variance of the relationship between pairs of animals or pairs of gametes. In the main text, I use a simple model in which the genome consists of M independent loci. In reality, the loci are not independent due to linkage and pedigree relationship, so I will define the effective number of loci (M
                              
                      e
                    ) as the number of independent loci that gives the same variance of realised relationship as obtained in the more realistic situation. This is the same definition as used by Visscher et al. (2006).
Consider a model of the genetic value (g) of gametes (i.e. a haploid model) controlled by M QTL, g = w′a = (x − p)′a where a ~ N(0, I σ
                      2a
                      
                    ), p
                              
                      i
                     = the allele frequency of the ith locus and x
                              
                      i
                     = 0 or 1 indicating whether the gamete contains allele Q1 or Q2 at the ith locus whose gene effect is a
                              
                      i
                    . The covariance between two gametes j and k is
$$ {\text{cov}}\left( {g_{j} ,g_{k} } \right) = {\text{C}}\left( {w_{j} ^{\prime} a,w_{k} ^{\prime} a} \right) = w_{j} ^{\prime} w_{k}  \sigma _{\text{a}} ^{ 2} . $$


                           The variance of this covariance among random pairs of gametes is σ
                      4a
                      
                     V(w
                              
                      j
                    ′w
                              
                      k
                    ). If gametes j and k are drawn at random from a population with allele frequency of locus i = p
                              
                      i
                    , then for a single locus i, V(w
                              
                      ji
                     * w
                              
                      ki
                    ) = p
                              
                      i
                    
                              2 (1 − p
                              
                      i
                    )2 with average value across loci = H
                              2.
If all gametes were equally related by pedigree and if all loci were unlinked, then w
                              
                      ji
                     * w
                              
                      ki
                     would be independent from one locus to another and so V(w
                              
                      j
                    ′w
                              
                      k
                    ) = H
                              2
                              M. Therefore
$$ {\text{V}}\left( {{\text{cov}}\left( {g_{j} ,g_{k} } \right)} \right) = \sigma _{\text{a}} ^{ 4} {\text{V}}(w_{j} ^{\prime} w_{k} ) = \sigma _{\text{a}} ^{ 4} M_{e}*H^{2} = \sigma _{\text{g}} ^{ 4} /M_{e} . $$


                           In a more realistic model, with linkage disequilibria, the terms w
                              
                      ji
                     * w
                              
                      ki
                     are not independent from one locus to another. Therefore,
$$ \begin{gathered} {\text{V}}\left( {w_{j} ^{\prime} w_{k} } \right)\, = {\text{E}}(w_{j} ^{\prime} w_{k} )^{ 2} -\left[ {{\text{E}}\left( {w_{j} ^{\prime} w_{k} } \right)} \right]^{ 2} \hfill \\ \quad \quad \quad \quad = {\text{E}}\left( {w_{j} ^{\prime} w_{k} } \right)^{ 2} \hfill \\ \quad \quad \quad \quad = {\text{E}}\left( {\left( {\sum  w_{ji}\,*\,w_{ki} } \right)^{ 2} } \right) \hfill \\ \quad \quad \quad \quad = {\text{E}}\left( {\sum \sum w_{ji} w_{ki}  w_{jl} w_{kl} } \right) \hfill \\ \end{gathered} $$


                           As the number of loci in these sums increases they are dominated by the terms in which i is not equal to l, so we can ignore terms where i = l. The terms such as w
                              
                      ji
                     * w
                              
                      jl
                     would be zero were it not for linkage disequilibrium between loci i and l. In fact, E(w
                              
                      ji
                     * w
                              
                      jl
                    ) = Cov(w
                              
                      i
                    , w
                              
                      l
                    ) = D
                              
                      il
                    , where D
                              
                      il
                     is the conventional measure of LD between loci i and l. Therefore
$$ \begin{gathered} {\text{V}}\left( {w_{j} ^{\prime} w_{k} } \right)\,=\,\sum \sum {\text{ E}}\left( {w_{ji} w_{jl} } \right)(w_{ki} w_{kl} ) \hfill \\ \quad \quad \quad \quad \,\,\, = \sum \sum D_{il} ^{ 2} \hfill \\ \end{gathered} $$


                           Franklin (1977) also showed that this summation of all pairs of loci gives the variance of the proportion of the genome that is IBD.
Thus the variance of the relationship, based on a large number of loci, would be zero except for LD. LD and variation in relationship occur due to two reasons. Firstly, even in a random mating population, animals vary in pedigree and some pairs share more recent common ancestors than other pairs. We can evaluate the effect of this on the variance of relationship by dropping the assumption that all gametes have the same pedigree relationship while maintaining the assumption that all loci are unlinked. In a random mating population, the E(D
                              
                      il
                    
                              2) = p
                              
                      i
                    (1 − p
                              
                      i
                    )p
                              
                      l
                    (1 − p
                              
                      l
                    )/(1 + 4N
                              
                      e
                    
                              c) where N is effective population size and c is the recombination rate between loci i and l (Sved 1971). However, this approximation breaks down for unlinked loci with c = 0.5, because it neglects one generation of recombination which is important when c is so high. A better approximation is E(D
                              
                      il
                    
                              2) = p
                              
                      i
                    (1 − p
                              
                      i
                    )p
                              
                      l
                    (1 − p
                              
                      l
                    )/(6N) so
$$ \begin{gathered} {\text{V}}\left( {w_{j} ^{\prime} w_{k} } \right) = \sum \sum D_{il} ^{ 2} \hfill \\ \quad \quad \quad \quad \,\,\, = M^{2}*H^{2} /(6N_{e} ) \hfill \\ \end{gathered} $$

where H = the average value of p(1 − p).
                           
Consequently,
$$ {\text{V}}\left( {{\text{cov}}\left( {g_{j} ,g_{k} } \right)} \right) = \sigma _{\text{a}} ^{ 4} {\text{V}}\left( {w_{j} ^{\prime} w_{k} } \right) = \sigma _{\text{a}} ^{ 4} M^{2}*H^{2} /\left( {6N_{e} } \right) = \sigma _{g} ^{4} /(6N_{e} ). $$


                           Comparing this formula with that for the simplified model,
$$ {\text{i}}.{\text{e}}.{\text{ V}}\left( {{\text{cov}}\left( {g_{j} ,g_{k} } \right)} \right) = \sigma _{\text{g}} ^{ 4} /M_{e} , $$

the effective number of loci due to variation is pedigree is M
                              
                      e
                     = 6N
                              
                      e
                    .
This conclusion can be reached by an alternative argument. The probability that two gametes share a common ancestor in the last generation is 4/(2N
                              
                      e
                    ) because each gamete has two ‘parents’. If two gametes do share a common parent, their relationship is 0.25. This variation between pairs of gametes that share a parent (relationship = 0.25) and pairs that do not (relationship = 0) causes a variance of relationship of 1/(8N
                              
                      e
                    ). The probability that they share a common ancestor in the previous generation is 16/(2N
                              
                      e
                    ) and if they do their relationship is 1/16, so this probability adds 1/(32N
                              
                      e
                    ) to the variance. Adding all previous generation to the variance leads to 1/(6N
                              
                      e
                    ).
The second reason for LD and why pairs of gametes vary in their relationship is linkage. Consider the situation with loci spread continuously along the chromosome, then the sum ΣΣ E(D
                              
                      il
                    
                              2) can be evaluated as an integral. Using
$$ {\text{E}}\left( {D_{il} ^{2} } \right) = p_{i} \left( {1 - p_{i} } \right)p_{l} \left( {1 - p_{l} } \right) /(1\; + \;4N_{e} c) $$

where c is the distance between loci i and l in Morgan, and c = |x
                              1 − x
                              2
                              |,
$$ \sum \sum {\text{ E}}\left( {D_{il} ^{ 2} } \right) = \int \int 1/\left( { 1+ 4N_{e} c} \right){\text{d}}x_{1} {\text{d}}x_{2} \approx { \log }\left( { 4N_{e} L} \right) /\left( { 2N_{e} L} \right) $$

where L is the length of the chromosome in Morgans and both integrals are evaluated from 0 to L (Hill 1993). Thus
$$ \begin{gathered} {\text{V}}\left( {{\text{cov}}\left( {g_{j} ,g_{k} } \right)} \right)=\sigma _{\text{a}} ^{ 4} {\text{V}}(w_{j} ^{\prime} w_{k} ) \hfill \\ \quad \quad \quad \quad \quad \quad \,\;\; = \sigma _{\text{a}} ^{ 4} M^{2}*H^{2} { \log }\left( {4N_{e} L} \right) /(2N_{e} L) \hfill \\ \;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\; = \sigma _{\text{g}} ^{ 4}*{ \log }\left( {4N_{e} L} \right) /\left( {2N_{e} L} \right). \hfill \\ \end{gathered} $$


                           Comparing this formula with that for the simplified model,
$$ {\text{i}}.{\text{e}}.{\text{ V}}\left( {{\text{cov}}\left( {g_{j} ,g_{k} } \right)} \right) = \sigma _{\text{g}} ^{ 4} /M_{e} , $$

the effective number of loci in a gamete of length L is M
                              
                      e
                     = (2N
                              
                      e
                    
                              L)/log(4N
                              
                      e
                    
                              L).
An alternative way to reach this conclusion is informative. Consider comparing two gametes; trace the first locus of each gamete back to their first common ancestor; the coalescence of a second locus, very close to the first, will be the same, leading to the same common ancestor. However, as you move along the chromosome, a recombination will be reached so that the locus being traced has a different common ancestor to previous loci in these two gametes. By continuing this process along the chromosome one can see that the two gametes can be divided into segments that coalesce. Stam (1980) gives the pdf of the length (x) of these segments as
$$ {\text{f}}\left( x \right) = 8N_{e} /\left( { 1+ 4N_{e} x} \right)^{ 3} $$

and the mean length as 1/(4N
                              
                      e
                    ). Thus in a chromosome of length L the average number of segments is 4N
                              
                      e
                    
                              L. However, these segments are not of equal length. If we calculate the probability (two loci chosen at random fall on the same segment), it is approximately log(4N
                              
                      e
                    
                              L)/(2N
                              
                      e
                    
                              L) implying the number of effective segments or loci as M
                              
                      e
                     = 2N
                              
                      e
                    
                              L/log(4N
                              
                      e
                    
                              L) as before. However, the simple number of segments (4N
                              
                      e
                    
                              L) may be important in determining the accuracy of genomic selection and further simulation will be needed to assess this.
Thus, for any two gametes, we can think of the genome as being broken up into Me segments of equal size. This is a consequence of linkage. However, some segments although they coalesce separately, coalesce in the same common ancestor. This happens more often than expected by chance if these two gametes are more related than average i.e. there is a similarity in their pedigrees due to a common ancestor.
The picture of two gametes divided into segments which coalesce without recombining thus explains the two sources of variation in relationship that have been quantified above—variation in pedigree relationship and additional variation in realised relationship due to linkage. If one is predicting the increase in accuracy of EBVs due to markers, above that achieved using the known pedigree, it is the effective number of loci due to linkage that is relevant.
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