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Abstract

There are two types of fluctuations in the quantum vacuum: type 1 vacuum fluc-
tuations are on shell and can interact with matter in specific, limited ways that have
observable consequences; type 2 vacuum fluctuations are off shell and cannot inter-
act with matter. A photon will polarize a type 1, bound, charged lepton—antilepton
vacuum fluctuation in much the same manner that it would polarize a dielectric, sug-
gesting the method used here for calculating the permittivity €, of the vacuum. In
a model that retains only leading terms, €, & (64,/7)(8¢*/h)* = 9.10 x 10712 C/
(Vm). The calculated value for € is 2.7% more than the accepted value. The permit-
tivity of the vacuum, in turn, determines the speed ¢ of light in the vacuum. Since
the vacuum is at rest with respect to every inertial frame of reference, c is the same
in every inertial reference frame.

Keywords Quantum vacuum - Vacuum fluctuations - Permittivity of the vacuum -
Speed of light in the vacuum

1 Introduction: The Vacuum as a Dielectric

The idea that vacuum fluctuations' play a role in determining the permittivity of the
vacuum is very old: in 1934 Furry and Oppenheimer [1] wrote that vacuum fluc-
tuations of charged particle—antiparticle pairs would affect the value of the dielec-
tric constant of the vacuum: “Because of the polarizability of the nascent pairs,

! Type 1 vacuum fluctuations, which have observable effects, and type 2 vacuum fluctuations, which
have no observable effects, will be discussed in detail in Sect. 2.
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the dielectric constant of space into which no matter has been introduced differs
from that of truly empty space.” Also in 1934 the idea of treating the vacuum as a
medium with electric and magnetic polarizability was discussed by Pauli and Weis-
skopf [2] and again 2 years later by Weisskopf [3]. In 1957 Dicke [4] wrote about the
possibility that the vacuum could be considered as a dielectric medium. Wilczek’s
2008 book The Lightness of Being [S5] expressed the fundamental characteristics of
space and time as properties of the Grid, “the entity we perceive as empty space.
Our deepest physical theories reveal it to be highly structured; indeed, it appears as
the primary ingredient of reality.” Recently the possibility that the properties of the
vacuum determine, in the vacuum, the speed of light and the permittivity have been
explored by a number of authors [6-9].

A basic postulate of physics is that the properties of a physical system are deter-
mined by the structure of that system. The only events that occur in the quantum
vacuum are the spontaneous appearance and subsequent disappearance of vacuum
fluctuations that occur for every type of particle—antiparticle pair, including pairs for
which the particle is its own antiparticle, as is the case for photons.

The photon has spin 1; a vacuum fluctuation of the electromagnetic field must
have spin 0.% It is important to point out that, other than the preceding comment,
this article does not discuss fluctuations of the QED vacuum, on which there already
exists considerable literature [11-13] and references therein. Accordingly, here it
will not be possible to address questions as to whether the cosmological constant
is affected by or results from QED fluctuations. In this regard, Leonhardt [14] has
shown that the electromagnetic contribution to the cosmological constant need not
include fluctuations of the QED quantum vacuum. It will also not be possible to
address the Casimir force, long thought to be the result of zero-point energy of the
QED vacuum. However, the energy of the QED vacuum is no longer considered to
be responsible for the Casimir force [15—17]. A recent article by Meis [18] provides
insights into understanding the electromagnetic quantum vacuum and the possibility
of eliminating infinities associated with it.

Only fluctuations of the quantum fermion vacuum will be considered here,
and a (real) test photon interacting with those fluctuations will be shown to deter-
mine the values of €, and c. To minimize the violation of conservation of energy
allowed by the Heisenberg uncertainty principle and to avoid violating conserva-
tion of angular momentum, in any inertial frame a vacuum fluctuation consisting
of a charged fermion—antifermion pair must appear with its center of mass at rest
and in the least energetic bound state that has zero angular momentum. In addi-
tion to the above theoretical reason, there is a second, physical reason for expect-
ing charged fermion—antifermion vacuum fluctuations to appear as bound states: the
value of the permittivity € of a physical dielectric is determined by the electromag-
netic properties of the physical dielectric and results from atoms or molecules in
the dielectric being polarized by an electric field (or photons). Just as an effective
spring constant is associated with the resultant relative motion of the constituents

2 Planck was unaware of photon spin, and his original derivations were independent of that spin. For a
thorough discussion of Planck’s derivation consistent with photon spin, see [10].
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of the atoms or molecules, an effective spring constant exists for a bound, charged
fermion—antifermion pair. Transient fermion—antifermion atoms—parapositronium
for an electron—positron pair—are of primary interest in this article, and, as will be
demonstrated, these transient atoms can be observed indirectly by the effect of their
interaction with photons moving through the vacuum.

If the value of the permittivity of the vacuum ¢, is determined by the structure of
the vacuum, it should be possible to calculate ¢, from that structure by examining
the (polarizing) interaction of photons “introduced” into the vacuum as test parti-
cles. The model of the vacuum discussed here yields an approximate formula for the
permittivity of the vacuum?

5 2
€ —<—> =9.10x10712C/Vm. e))

In the above equation e is the magnitude of the (renormalized) charge of an electron,
h is Planck’s constant divided by 2z, and /404 is the permeability of the vacuum. The
calculated value for ¢ is 2.7% more than the accepted value. The calculation of ¢
has been simplified, and the numerical accuracy has been reduced, by including (a)
only contributions to lowest order in what turns out to be an expansion in powers
of the fine-structure constant « and (b) only the interactions of photons with bound
states of charged lepton—antilepton vacuum fluctuations.

Once €, has been calculated, a formula for the speed c of light in the vacuum is
obtained from ¢ = 1/4/uy€, and the formula for ¢, in (1),

T h S
x>,/ = =2.96x% 10 .
¢ \/;8e2;40 m/s ()

The value of ¢ calculated from this model is 1.4% less than the defined value
¢ =3.00x 108 m/s. Thus the calculation in the following sections shows that a

3 SI units are used throughout this article except in the decay rate calculation in the “Appendix” where,
following convention, # and c are replaced by 1. After reinstating factors of # and ¢, from (A.26) the
electromagnetic decay rate for a photon-excited, parapositronium VF is I}, p, = (&’m,c*)/h. The mean
lifetime of the state is 1/1,_p = 6.2x 107!,

* The value of y, was originally arbitrarily chosen so that the rationalized meter—kilogram—second unit
of current was equal in size to the ampere in the “electromagnetic (emu)” system. As a consequence,
Mo, Which is a measurement-system constant, not a property of the vacuum, was defined to be exactly
U = 4 x 1077 H/m. Since physicists arbitrarily chose the value of u,, s, could neither be measured
experimentally nor calculated theoretically. As of May 20, 2019, y is no longer the defined constant
4z x 1077 H/m. Instead y, is defined by the equation u, = 2ah/(ce?), which follows from the definition
of the fine-structure constant and ¢ = 1/ \/m . Similarly, e, = ?/(2ahc), which follows from the defini-
tion of the fine-structure constant. These new definitions for y and e, satisfy the condition pye, = 1/¢2,
as they must. The quantities ¢, & and e are now defined to have specific values, and « is determined
experimentally. The changes on May 20, 2019, only impact the value of 4 in about the 10th significant
figure and beyond [see Bureau International des Poids et Mesures (BIPM): website (https://physics.nist.
gov/cuu/Units/)]. The permeability u of a magnetic medium can, of course, be determined experimen-
tally and calculated theoretically. In Sect. 6 the effect of vacuum fluctuations on the permeability of the
vacuum is calculated. There is no effect so the value of g, is unaffected by fluctuations of the charged
fermion—antifermion vacuum.
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photon in the vacuum is slowed by interacting with and exerting a polarizing effect
on a bound, charged lepton—antilepton vacuum fluctuation.

An observer in any inertial frame is unable to detect the relative motion of the
inertial frame and the quantum vacuum. Therefore the observer would conclude that
the inertial frame and the vacuum are at rest with respect to each other. As Leon-
hardt et al. [19] state,“In free space the vacuum is Lorentz invariant, so a uniformly
moving observer would not see any effect due to motion, but an accelerated observer
would. The latter is known as the Unruh effect [20].” The interaction of photons
with fermion vacuum fluctuations determines the speed of light in the vacuum, and
in the vacuum fermion vacuum fluctuations are at rest with respect to any inertial
frame. It then follows that c¢ is the same in any inertial frame, which is one of two
postulates in the 1905 paper “On the Electrodynamics of Moving Bodies” [21] in
which special relativity was introduced by Einstein. The derivation here of the value
of ¢ provides a theoretical explanation for why Einstein’s postulate is true, obviating
the need for the postulate as a separate concept.

There is a second theoretical approach for calculating ¢ that would satisfy Ein-
stein’s postulate that c is the same in any inertial frame: if ¢ could be calculated from
an internal consistency condition within QED, then ¢ would be the same in every
inertial frame since the equations of physics are the same in every inertial frame.
Such a calculation has never been completed.

2 Vacuum Fluctuations

Vacuum fluctuations in the quantum fermion vacuum refer to two distinct entities,
labeled here as types 1 and 2, with very different properties. The field-theoretical
proofs that vacuum fluctuations exist allow the two types to be clearly distinguished.
Based on those proofs, a type 1 vacuum fluctuation is defined to be a vacuum fluc-
tuation (net charge zero) that appears as an external particle in a Feynman diagram,
is on shell, and exists only for a time allowed by the Heisenberg uncertainty prin-
ciple [22, 23]. A type 1 vacuum fluctuation can consist of a charged or uncharged
particle—antiparticle pair.

The appearance of a type 1 vacuum fluctuation is a stochastic process: as
such, either a type 1 vacuum fluctuation does not appear at all or it appears on
shell. Once charged lepton—antilepton type 1 vacuum fluctuations spontaneously
appear, as will be discussed in Sect. 3 they can interact with physical particles,
but only in very limited ways. And if they do not interact, the charged pair will
simply annihilate, returning the borrowed energy to the vacuum. The calculation
here relies on the “introduction” of a (real) photon into the quantum vacuum as a
test particle. The interaction of that photon with a bound, charged lepton—antilep-
ton type 1 vacuum fluctuation creates a polarized type 1 vacuum fluctuation that
subsequently decays, emitting a real photon. The polarized, type 1 vacuum fluctu-
ation is a quasi-stationary state, a state for which the lifetime of the state is large
in comparison with the uncertainty in the lifetime [24]. In addition to interacting
with a photon to form a quasi-stationary state, a type 1 vacuum fluctuation can
also interact through the annihilation of a particle and antiparticle. For example, a
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real electron can annihilate with the positron of a type 1 vacuum fluctuation. The
electron that was part of the type 1 vacuum fluctuation then becomes a real elec-
tron with a location different from that of the original, physical electron, giving
rise to zitterbewegung (“trembling motion™) [23].

Texts on field theory define type 2 vacuum fluctuations to be vacuum diagrams
[25], which are the same as vacuum bubbles [22], a class of perturbation effects
in quantum field theories with Feynman diagrams that look like bubbles that orig-
inate from and terminate in the vacuum. Vacuum diagrams do not make a contri-
bution to physical processes [22, 25, 26]; consequently, type 2 vacuum fluctua-
tions do not have observable effects of the type described here.

Vacuum fluctuations are sometimes confused with virtual particles, for which
a widely accepted definition exists. For example Penrose [27] defines a virtual
particle as follows: a virtual particle is “off-shell” and “can occur only in the inte-
rior of a Feynman graph.” A virtual particle—antiparticle pair annihilates within a
time that is “short enough that the energy required to produce the pair falls within
the uncertainties of Heisenberg’s time-energy relation....” Both the definition of
a virtual particle by Langacker [28] and the use of the term “virtual particle” by
Berestetskii et al. [29] and by Gottfried and Weisskopf [30] are consistent with
Penrose’s definition.

Virtual particles, real particles, type 1 vacuum fluctuations and type 2 vacuum
fluctuations all have different properties: virtual particles are off shell and transi-
tory, real particles are on shell and their energy is permanently present, type 1
vacuum fluctuations are on shell and transitory and type 2 vacuum fluctuations
are a collection of interacting, virtual particles that arise in and then disappear
back into the vacuum so they are off shell and transitory. Perhaps because vir-
tual particles and both types of vacuum fluctuations are transitory, the two terms
“virtual particles” and “vacuum fluctuations” are sometimes used as synonyms.
They are not. In this article the acronym VF refers exclusively to a type 1 vacuum
fluctuation that consists of a charged particle bound with angular momentum zero
to its antiparticle.

Field theory provides an explanation for the source of the energy available for
the creation of a VF and a proof that VFs must exist. The structure of an atom
that is a VF does not play a significant role in the discussion of the production of
that VE. (Of course, the structure of the VF, which results from the electromag-
netic interaction of the charged lepton—antilepton pair, is important for the cal-
culation of the decay rate of the atom that is a VF.) Thus an atom consisting of a
charged lepton and corresponding antilepton in its ground state with zero angular
momentum can, as far as its creation is concerned, be approximately represented
by a free, neutral, spin-0, Klein—Gordon field ¢(x), as first suggested by Pauli and
Weisskopf [2] and elaborated on by Wentzel [31]. Using a field to describe a par-
ticle with internal degrees of freedom is discussed in [23]; representing a particle
by a quantum field is essential to understanding the mathematical structure of a
VF of a quantum field. Indeed, it is the quanta of a free field that behave as free
particles.
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The vacuum expectation value of the free Hamiltonian H for a neutral, spin-0
field representing an atom with mass M and momentum p = 7Kk can be written in the

form,
1 M?2c4
(OIH|0) = 5 zk: hoy, o = +1/ K2 + o 3)

For a lepton—antilepton VF the mass M in the above equation is twice the mass
of the lepton minus the binding energy of the lepton—antilepton bound state. The
energy in the vacuum, called the zero-point energy, appears on the right-hand side
of (3). The sum over k is infinite because there are an infinite number of cells in k
-space, implying that the energy in the vacuum is infinite. To ensure Lorentz invari-
ance and translation invariance of the vacuum, VFs must be created at rest in any
inertial frame, implying that k = 0. It then follows that the only zero-point energy
available to create a VF at rest is the single, finite term hw,_, = Mc?. The factor of
1/2 in (3) occurs because VFs are, on average, present only for half of the time.

To show that VFs of charged lepton—antilepton pairs must exist, note that the expec-
tation value of the product of the free field ¢p(x) at two different locations x and x’ is [22,
23]

3 - ,
O = [ S, @

ky=o,  (27)3 200y

Equation (4) has the feature that (0|¢?(x)|0) is infinite. However any vacuum fluc-
tuation must have a finite size as will become apparent in the next section. As a con-
sequence, the symbol (0]|¢(x)¢(x')|0) has no physical meaning unless x and x’ are
averaged over the size associated with the vacuum fluctuation. This point is particu-
larly emphasized by [22]. The fact that the vacuum expectation value of the product
P(x)p(x’) is nonzero demonstrates that the free field ¢p(x) in the vacuum is nonzero.

Because VFs occur for noninteracting fields, the quanta associated with the fields
are on shell: note from (4) that the integral over d*k is subject to the constraint k, = .
It then immediately follows that E? — (pc)? = (hw,)* — (hke)? = M? ¢*, which is the
on-shell condition.

VFs only affect properties of the vacuum and do not alter existing predictions of
QED [32]. If a photon were emitted by some process, it could interact with a VF. But
when the VF annihilated, a photon identical to the incident photon would be emitted.
The photon emitted by the original process would just be traveling through the vacuum
as usual. Also, a photon emitted when a VF annihilated could interact with matter. This
would just be the process of an external photon being incident on and interacting with
matter. Thus, the existence of fluctuations of charged fermion fields does not affect
QED calculations. However, if a VF interacted in a manner that supplied energy equal
to or greater than the energy originally borrowed from the vacuum for its creation, the
VF could become a physical particle—antiparticle pair, and the pair would interact as
would any other physical particles.
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3 Calculation of Dielectric Properties of the Vacuum: The
Characteristics of a VF

An electron—positron VF appears in the vacuum at rest as parapositronium [33], a
singlet spin state with the lowest positronium bound-state energy and zero angular
momentum. Here attention is restricted to parapositronium since the corresponding
results for muon—antimuon and tau—antitau VFs immediately follow by replacing the
electron mass with the muon or tau mass, respectively. The non-relativistic binding
energy for parapositronium, E,_p, is obtained from the n = 1 binding energy of hydro-
gen [34] by changing the reduced mass: pygropen = M, = Hy_ps = M, /2, where m, is
the mass of an electron:

(m,/2)e* m,a’c?

PP T T oze P2 T 4

(&)

In(5)a =e?/ (4reyhc) is the fine-structure constant.

From both the classical [35-37] and quantum [38, 39] calculations of the permit-
tivity of physical matter consisting of atoms (or molecules), it follows that for matter
to possess permittivity, the atoms must be able to oscillate when interacting with an
electric field (or photons). Taking the x-axis to point in the direction of the electric
field, since the atom oscillates along the direction of the electric field, only the oscil-
latory properties of the atom along the x-axis are of significance in the interaction.
Thus to first order in «, when calculating permittivity, the interaction of the elec-
tromagnetic field with the atom can be described by a one-dimensional oscillator.
Although parapositronium VFs do not exhibit resonant behavior, the potential that
binds the electron and positron into the parapositronium VF has a relative minimum
and, for small oscillations, acts as if it were a harmonic oscillator with a resonant
frequency.

As pointed out by Feynman [40], when interacting with an electric field, an atom
in its ground state interacts with the electric field as if it were a harmonic oscillator
with the first two energy levels separated by the binding energy of the atom. Since
adjacent harmonic oscillator energy levels are separated by an energy A, from (5),

0 |E,_ps] 3 m,a’c?

h 4n ©

@

The effective spring constant of parapositronium is K,,_p, = p,,_ ps(@°)? so the Ham-
iltonian H° describing an oscillating parapositronium VF is

-nr & 1 0\2.2
L . .
2p,_p, dx? 2Hp-r (@) )

Using the formula for the energy [34] of a harmonic oscillator in one dimension, the
energy eigenvalues Eg of the above Hamiltonian are

Eg:ha)°<n+%>; n=0,1,2... ®)
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For parapositronium that is a VF, the Heisenberg uncertainty principle is

h
AEp—Ps Atp—Ps b E (9)

Denoting the mass of an electron (or positron) by m,, AE, p, is the energy 2m,c?* for
the production of parapositronium that is a VF.> The minimum time 4t is the average

lifetime At p, for the existence of parapositronium that is a VF. Thus (9) yields

p-Ps
Alpps = 4,,262 - (10)

During the time 47, p,, a beam of light travels a distance L, p, given by
Ly ps = cAtyps = 4’ZEC. (11)

Since a parapositronium VF appears from the vacuum at essentially a single location
and since nothing can travel faster than the speed of light, while they exist the maxi-
mum distance between the electron and positron in parapositronium is L, p;. Having
already borrowed energy 2m,c? from a volume V,ps = (LP_PS)3 of the vacuum, a sec-
ond parapositronium VF is unlikely to form in the same volume while the first still
exists. This suggests the Ansatz,

Number density of parapositronium VFs = ! = \/1 ) (12)

(Lp—Ps) 3 p-Ps

a result that can immediately be generalized to other charged lepton—antilepton VFs
and quark—antiquark VFs.

The center of mass of a VF will remain fixed, accompanied by an internal zitter-
bewegung of the VF, giving the VF its size [41, 42]. The zitterbewegung internal to
the VF has an amplitude [431°

h _ .z
ime = Loops = Lo-ps (13)

where the final equality follows from (11). Eq. (13) allows a length L%_ p, L0 be asso-

ciated with the zitterbewegung. The volume (LI%_PS)3 = (Lypy)’ results from

= p-Ps
zitterbewegung and represents the volume of a VF. Requiring that there be only one
VF in the volume of a VF as calculated from zitterbewegung yields the same for-

mula previously obtained for the number density of VFs. As a result of

> The binding energy of parapositronium, which is small in comparison with 2m,c?, is being neglected.

6 Reference [44] is referring to zitterbegung for spin-1/2 particles, as originally discussed by
Schrodinger. It has long been recognized the zitterbewegung is also associated with Klein—Gordon (spin-
0) particles [42]. This result is also reflected in the paper by Gersch [41].
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zitterbewegung, the VF has a size V, p, over which it must be averaged, thus remov-
ing the infinity in (0|¢?(x)|0) discussed following (4).

The number of lepton—antilepton VFs per unit volume has values from 1.12 x 10%
/m3 for electron—positron VFs to 4.70 x 10**/m? for tau-antitau VFs. In contrast the
number density of atoms or molecules of an ideal gas at STP is 2.68 x 10>/m?. It is
possible for the number density of VFs to be many orders of magnitude greater than
the number density of atoms or molecules of an ideal gas because a VF cannot exert
a force.

First consider the electromagnetic force: if a VF has not already absorbed radia-
tion, it cannot spontaneously emit radiation. If it did, the radiated photons would
exist after the VF has disappeared back into the vacuum, permanently violating con-
servation of energy. If a VF has interacted with a photon, when the VF vanishes
back into the vacuum, the VF must emit a photon identical to the incident photon in
order to conserve energy, momentum, and angular momentum. Since a VF cannot
“permanently” exchange a photon with either another VF or a physical quantum, it
cannot exert a force on either. Similar arguments verify that VFs cannot exert a force
of any type. There is also a simple, classical argument that a VF cannot exert a force
on a physical particle: if it could, the energy associated with the work done by the
force would remain after the VF vanished back into the vacuum, permanently violat-
ing conservation of energy.

The dipole moment (operator) p, of an atom in the presence an electromagnetic
wave with its electric field along the x-axis is p, = e(x, —x_) = ex, where x_ and x,,
are, respectively, the coordinates of the electron and positron. The Hamiltonian H'
describing the interaction of the electric dipole of the atom with the electromagnetic
wave E, = Ej cos wt is

H' = —p - E(t) = —exE, cos wt. (14)

When examining (14), the following question immediately arises: when a VF inter-
acts with a photon, does it typically interact with one or multiple photons? This is
the essential question of photon—VF interactions; the answer is that if a lepton—ant-
ilepton VF interacts with a photon at all, it essentially always interacts with only one
photon. As a result the electric field of each individual photon polarizes each indi-
vidual VF with which it interacts, as suggested by the title of the paper.

To see this consider the photon number density N, of a laser beam with cross-sec-
tional area A and wavelength A. During a time Az the laser emits energy AE, which
equals the energy per unit volume N, hc/A of the beam multiplied by the volume
AcAt of the pulse,

Nyhc
AE = 7 (AcAr). (15)

Solving (15) for N, and noting that the power P = AE/ At,

Pi
N = hea (16)
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In a 6000 W, CO, cutting laser with a wavelength of 10 pm and a beam radius of
0.16 mm, the number density N, of photons is on the order of 10** photons/m®. Even
in such an intense laser beam, the number density of lepton—antilepton VFs is is
much greater than the number density of photons.

4 Calculation of Dielectric Properties of the Vacuum: Dipole Moment
of VFs

When a photon interacts with a parapositroniun VF, for example, and combines its
energy, momentum and angular momentum with that of the parapositroniun VF, the
electric field of the photon that interacts with the parapositronium VF is the electric
field at the instant ¢, that the interaction takes place: E(t;) = E, cos wt; = [E,,. Thus the
electric field E, X describes the interaction of a single photon with a VF and (14) must
be replaced by

H"" = —exE, cos wt; = —exE,,. a7

The polarization of a bound, lepton—antilepton VF (a parapositronium vacuum fluc-
tuation, for example) can be obtained from a quantum mechanics calculation that
is similar to the calculation of the polarization of an ordinary dielectric. There are,
however, two major differences: (1) at the instant a photon interacts with a vacuum
fluctuation, the value of the electric field associated with the photon is the value at
the moment of interaction. (2) Since an atom or molecule in a dielectric usually has
an axis of orientation, a factor of one third is required when averaging over the three
possible axes of orientation of the atom or molecule [45]. Because vacuum fluctua-
tions are spherically symmetric and thus do not have an orientation axis, the factor
of one third is not present.

The polarization that results when a parapositronium atom in its ground state inter-
acts with a photon is readily calculated. Let w,?(x) be solutions to the time-independent,
one-dimensional, unperturbed Schrédinger equation,

Hoy (x) = E0y (), (18)

where H° and E0 are given by (7) and (8), respectively. From stationary perturbation
theory, to lowest order in the perturbation, the ground-state solution y, I(x) of the
Schrodinger equation corresponding to the Hamiltonian H° + H s [34]

W (x)
Vo =W+ X / A’ ) ()" (—ex g (). (19)

n'#0 0

The only nonzero contribution to the sum occurs for n’ = 1. Then in the above
equation the integral equals —eE,v/7/(2uw®), and the energy difference
E) — EY = —ha”. Thus (19) becomes
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ek,
\2uh(w)3

The expectation value (p*") of the electric dipole moment in the state characterized
by Wé (x)is

W@ = w0 + Wy (). (20)

(e*/wE,

P @21)

v'") = / deyy (0" exyy () =
VFs are not restricted to electron—positron pairs. To allow for more than one type of
charged particle—antiparticle VF that binds into an atom, an index j is added to the
charge, e — qj» the reduced mass, u — Hjs and resonant frequency, @’ - coj(.). Thus
(21) is replaced by

(q7/1)Eq
VR _ "
(P,-) (a);’)z . (22)

Equation (22) is the expectation value of an electric dipole that occurs in the vacuum
as a result of a VF being present, interacting with a photon, and becoming polarized.

The electric field of a photon that interacts with a parapositronium VF is the elec-
tric field of the photon at the instant ¢, that the photon becomes part of the polarized
VF state. The photon released in the decay of that state is identical to the incident
photon. (See the “Appendix”.) The mathematical result is that the calculated expres-
sion for the permittivity €, of the vacuum does not depend on the frequency w of the
incident photon, implying that the behavior is not resonant.

After a parapositronium VF interacts with a photon, the photon-excited paraposi-
tronium VF is much more stable than the original parapositronium VF. From (10)
the average lifetime of a parapositronium VF is Az, p = 3.2 X 10722 s. In contrast,
from Footnote 3 or (A.26), the mean lifetime of photon-excited parapositronium VF
is1/l, p, 262X 10~!'!' s. The photon-excited parapositronium VF is much more
stable than a parapositronium VF and is known as a quasi-stationary state [24].

The energy, momentum and angular momentum of the photon are all transferred
to the parapositronium VF—-photon combination during the interaction. Such a state
with an added photon has been has been described by Dodonov [46]. When the par-
apositronium atom vanishes back into the vacuum, a photon is emitted that is identi-
cal to the incident photon as described by the QED calculation in the “Appendix”.

As (7) indicates, in the center of mass system the parapositronium VF can be
described as a one-dimensional harmonic oscillator. In that description, in addition
to imposing the Heisenberg uncertainty principle of (9) as an equality, because the
harmonic oscillator is one-dimensional there is a second Heisenberg uncertainly
principle

h
AxAp > bR (23)
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to which the equality sign can be applied, producing a state of minimum uncertainty
[41] for the wave packet y(x) of the oscillator. In particular, the one-dimensional
wave packet will not change in character during the time for which the VF exists.
When the photon interacts with the VF, a polarized, photon-excited VF is created,
delaying the progress of the photon until the polarized, photon-excited VF decays.

Note that the polarization of bound, charged lepton—antilepton VFs by the pres-
ence of a real test photon, which has just been calculated in (21) for parapositronium,
is different from vacuum polarization, a subject originally discussed by Serber [47] and
Uehling [48] and treated in many texts [30, 49-51]. Vacuum polarization results from
the presence of virtual, charged lepton—antilepton pairs created from either virtual or
real photons and is calculated using perturbation theory in quantum electrodynamics.
Feynman diagrams for vacuum polarization are, for example, given in [51]. Although
vacuum polarization is a separate process from the polarization of a VF, vacuum polar-
ization must be taken into account when considering charged lepton—antilepton VFs,
in that it is the charge renormalized by vacuum polarization that constitutes the charge
that is indirectly observed.

5 Calculation of Dielectric Properties of the Vacuum: Permittivity
of the Vacuum

In a dielectric [52] the electric displacement D(¢) satisfies
D(1) = eE(1) = eE(1) + P(1), (24)

where
P = Z /p;(1). 25)

In (24) € is the permittivity of the dielectric, and P(¢) is the polarization density. In
(25) N; is the number of oscillators per unit volume of the jth variety that are availa-
ble to 1nteract and p(1) is the average dipole moment of the jth variety of oscillator.

The polarization dens1ty P(¥) is responsible for the increase from eyE(f) to eE(t)
because of photons interacting with oscillators in the dielectric and results entirely from
polarization of the atoms, molecules or both in the dielectric. It then follows that in the
vacuum €,E(¢) must result entirely from the polarization density PY (¢) of atoms, mol-
ecules, or both that are VFs. Thus,

€= Po (26)
07 E@
Using (25) and then (22), (26) becomes
N /") (47 /)
©=X T, =L N )
J J
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The three types of VFs considered first are bound states of a charged lepton and
antilepton, namely, parapositronium, muon—antimuon bound states, and tau—antitau
bound states. Quark—antiquark states will be discussed later. Again, initially atten-
tion is restricted to parapositronium that is a VF.

The progress of a photon traveling through the vacuum is slowed when it inter-
acts with and has a polarizing effect on a VF consisting of a charged lepton and
antilepton bound into an atom in its ground state. Isolated ordinary matter is kine-
matically forbidden from absorbing and then reemitting a photon. But an isolated
bound state of a charged particle—antiparticle VF can be polarized by a photon
and then, when the polarized VF annihilates, emit an identical photon, returning
to the vacuum the energy originally borrowed for the creation of the VF. From
the “Appendix”, after reinstating factors of 7 and ¢, the electromagnetic decay
rate I, p for a VF parapositronium atom after it has interacted with the incident
photon to form a quasi-stationary state is

5., o2
p = % (28)
The decay rate of ordinary parapositronium into two photons is half the above rate
[25, 53].

The quantity e 'r»' is the probability that a photon-excited parapositronium
VF has not decayed electromagnetically during a time ¢, and 1 —e~'»»' is the
probability that it has decayed. The number density of parapositronium VFs with

which a photon actually interacts is Nj VF'in (27). The rate for a polarized paraposi-
tronium VF to annihilate and emit a photon equals the rate for a parapositronium
VF to interact with a photon and form a polarized VF state. As a result the quan-
tity 1 — e~ '»»' is the probability that a parapositronium VF absorbs a photon dur-
ing a time ¢.

The quantity NJ.VF for a parapositronium VF, denoted N, p,, equals the number
density of parapositronium VFs times the probability that a parapositronium VF will
interact with an incoming photon during the lifetime Az, p:

~ 1 =1, ps A, pg
P G T @)

Since I', p, Aty p < 1,1 — e~Tor 4% can be replaced by I, p, At p,, with the result
S BV ) ) 30
p-Ps = (Lp-Ps)3 p-Ps“*p-Ps — 4 h . ( )

Substituting (6) and (30) into (27),
83ae?
€= D 31)
J

Note that the mass of the electron has cancelled from the expression for ¢, implying
that bound muon—antimuon and tau—antitau VFs each contribute the same amount to
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the value of ¢, as parapositronium VFs. Including the contributions from the three
types of bound, charged lepton—antilepton VFs yields

8ae?  possible quark-antiquark
hc VF contributions.

€ =3 (32)
Quark—antiquark VFs contribute little to the value of ¢;: for the heavy quarks
Q =c,b, ort it is appropriate to think in terms of static quark potentials for QQ
bound states. An analysis similar to that leading to (31) shows that the contribution
to g, from #,.(1S), the least massive c¢ bound state that has J = 0 and positive charge
conjugation parity [54], is at least 107 times smaller than the combined contribution
from the three charged lepton—antilepton VFs. The corresponding bb and 7 bound
states are estimated to contribute even less. Consider the light quarks ¢ = u, d, and s:
the 70, 5, and #’ are the least massive g bound states that have J = 0 and decay into
two photons. Since the strong interactions are primarily responsible for the bind-
ing of these relativistic states, gg bound state VFs would have much higher natu-
ral frequencies than the electromagnetically bound, charged lepton—antilepton VFs.
Accordingly gg bound state VFs contribute little to €, and to lowest order need not
be considered.

Ignoring the small contributions to ¢, from quark—antiquark VFs, an approxi-
mate formula for ¢, is immediately obtained from (32) using the defining formula
a = e*/(4reyhc) to eliminate @ and then using ¢ = 1/ V/Hoo:

> 2
%g——<—) =9.10x 1072C/Vm. (33)

Only the lowest-order terms in a have been retained in calculating €,. The binding
energy of parapositronium was neglected when calculating 4z,_p, in (10), and only
the leading term was retained when calculating a)j(.). Moreover, only the leading term

in the formula for I, p, has been included.

6 Permeability of the Vacuum

In (2) a formula for the speed of light ¢ was calculated using (1) and ¢ = 1/4/u,€,
which is obtained from Maxwell’s equations provided that the electric displacement
D = ¢)E, where E is the electric field; the magnetic field B = u,H, where H is the
magnetic field intensity. However, in a medium [52]

B = py(H+ M), (34)

where M is the magnetic moment density of the medium. In the fermion quantum
vacuum the medium consists of VFs. Parapositronium has no magnetic moment
resulting from the orbital motion of the electron and positron because parapositro-
nium is a singlet state, the electron and positron have equal masses and the charges
on the electron and positron are equal in magnitude and opposite in sign.
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Also, for parapositronium the expectation value of the combined magnetic
moments of the electron and positron is zero [55]. Thus for parapositronium M = 0.
(Similarly M = 0 for muon—antimuon, tau—antitau and quark—antiquark VFs.) Thus,
in spite of the presence of VFs, the vacuum satisfies the standard vacuum relation
B = pyH, justifying the statement in Footnote 3 that for lepton—antilepton VFs,
1 = My, and justifying the calculations of €, and c in (1) and (2), respectively.

7 Results and Discussion

In the model of the vacuum discussed here, VFs of bound, charged lepton—antilep-
ton pairs are polarized by photons much the way that ordinary matter is polarized.
As a consequence, the permittivity of the vacuum (33) and then ¢ (2) are calculated.
The calculation of ¢ presented here automatically satisfies the condition that c is the
same in any direction in every inertial frame. This eliminates the need for one of the
two postulates on which special relativity is based.

In the early universe when the temperature was sufficiently high that it was dif-
ficult for charged lepton—antilepton VFs to either bind into atoms or remain bound
once they had formed atoms, the number density of charged lepton—antilepton atoms
that are VFs would have been less than today. From (27) it then follows that e, would
also have been smaller. Since ¢ =1/ m, a decrease in the value of ¢, would
increase the speed of light. Variable-speed-of-light cosmology, for example, has
been discussed, originally by Moffat [56] and later by Magueijo [57]. The finite tem-
perature and density corrections to vacuum polarization must be taken into account
when describing the early universe [58]. The results obtained here should provide
additional insight into such investigations.

Various books have summarized physicists’ significantly expanded understanding
of processes involving photons. These include the books by Milonni [11], Meis [13],
Leonhardt [12], Quantum Optics by Garrison and Chiao [59], and Quantum Optics
by Grynberg et al. [60]. There is, however, much yet to be learned. In particular, a
further analysis is needed of fluctuations of the photon vacuum, carried out along
the lines presented here for fermion—antifermion VFs.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.
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Fig. 1 a Photon y; interacts with a positron that then annihilates with an electron, emitting photon y;. b
Photon y; interacts with an electron that then annihilates with a positron, emitting photon y,

Appendix: Calculation of the Decay Rate of a Photon-Excited,
Parapositronium Vacuum Fluctuation

Here the decay rate is calculated for a photon-excited, VF of parapositronium. Single-
photon decay is kinematically forbidden for a photon-excited, quasi-stationary state
of ordinary parapositronium but is allowed for a photon-excited, quasi-stationary
state of parapositronium that is a VF since its energy and momentum are transitory
and thus do not enter into overall energy—momentum conservation. The formula for
the decay rate immediately generalizes to yield decay rates for VFs of muon—anti-
muon and tau—antitau that are bound into atoms in their singlet, ground states.

Labeling the initial (incident) and final (emitted) photons, respectively, by y; and
¥s, to lowest order the two Feynman diagrams that contribute to the process y; + pos-
itronium that is a VF — y; are shown in Fig. 1.7

7 Theorists’ units are used in this “Appendix”, implying that 7 and c are each replaced by 1.
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In the diagrams p_,p,, k;, and k; are, respectively, the four-momenta of the elec-
tron, positron, initial photon, and final photon.

As already mentioned, for ordinary positronium the process is kinematically for-
bidden. In the center-of-mass rest frame of positronium, p_ + p, = 0. Therefore, in

this frame,
p_=(E_p)= <\/m§ + p_z,p_>, (A.la)
pe=(ELpy) = < V m? + p+2’p+>’

(A.1b)

= < V mg + p—z’ _p—> = (E—’ _p—)’
ki = (w;, k) = (|K;], k;), (A.1c)
ke = (w5, Ke) = (Ike|. Ke), (A.1d)

where m, is the mass of an electron. Conservation of energy and momentum
requires p, + p_ + k; = k;. Squaring both sides of the above equation yields

E’+E o, =0. (A.2)

Equation (A.2) cannot be satisfied for ordinary positronium since both terms on the
left-hand side are positive. However, after a photon excites positronium that is a VF,
a photon can be emitted, but only when the positronium vanishes into the vacuum
because only then does E_ — 0, allowing (A.2) to be satisfied.

When performing an electrodynamics calculation, if a factor exp+(ip - x) is asso-
ciated with a particle that is part of a VF when it appears in its initial state, a fac-
tor expF(ip - x) is associated with a particle that is part of a VF when it vanishes
into the vacuum. This just eliminates the contribution of the particle that is part
of a VF to overall energy—momentum conservation. When progressing along an
energy—momentum line in a Feynman diagram, the energy—momentum associated
with a particle that is part of a VF is not further used after the particle vanishes.
Since the parapositronium atom is a VF, it is on shell. That is, as is the case for
physical parapositronium, the electron and positron are on shell and they are bound
by 6.8 eV, the binding energy of parapositronium. Using the notation of [49], the
S-matrix for the transition photon + positronium that is a VF — photon is®

8 The cross section is calculated for positronium that is a VF, and the restriction to parapositronium is
not made until the decay rate is calculated.
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\/7\/7@\/_ S(k; — k)

X VP, s I(—igy) ——————(—igfy) (A.3)

p(+ ]¢l e

+(= lé/f)W —ig)Ju(p_,

In (A.3) the fermion wave functions are normalized to unit probability in a box of
volume V. The equality 1 /(7 + m,) = ( F m,)/(p* — mg) is used to rewrite the above
two propagators. From the identity {y#, y*} = 2g#"I, the equation

dlf = ~bd + 2a - bl (A4)

immediately follows where a and b are four-vectors and [ is the identity matrix.

Using (A4) ¢¢, =—p,¢;+2p, ¢l and p ¢ =—¢p_+2p_-¢l. Also
Vi, s Wy =—v(p,,s,)m, and p_u(p_,s_) =m,u(p_,s_), with the result that

(A.3) can be rewritten as
1/ 1/ ——(2 )45(k,~—k-)
5 T g

i e,y 4
X V(p+’ S+) [_ (p+ I k,-)2 — mg
G2 -+ bih)
otk |

(AS)

To obtain the decay rate to lowest order, in S the respective velocities v_ and v of
the electron and positron can be neglected. Thus

E -m, E, ->m, (A.62)

p. — (m,,0). (A.6b)

The respective polarization vectors ¢; and €, of the initial and final photons are cho-
sen to be space-like: €; = (0, €;), € = O, ef) where

ke =—k - =0, (A.7a)

kf . ef = _kf . €f = 0. (A.7b)
Using (A.6), (A.7), and k; - k; = 0,

(P, + k) —m> =2m,w,, (A.8a)

€-py=0. (A.8b)

With the aid of (A.8), (A.5) becomes
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. 62 1 1 1 4 o4
S, = —i— Q2r)* 6" (k; — k)
"V R, 2w 2meo; ! (A.9)

X V(P 5, )(~GH6) + GRgDu(p_, s_).

Since k; = kf, it follows from (A.4) and (A.7) that ¥, anti-commutes with both ¢, and
q}, allowing (A.9) to be rewritten as

. 62 1 1 1 4 o4
Sp = —i— (2m)" 6" (k; — k)
"V R, 2w 2meo; ! (A.10)

X V(. )G — G Wiu(p_, s_).

Then,

PR N NN WP
fi V4 20, 20, 4’”5“’12 t

X ‘_}(p+’ S+)(€/ﬁ} - 6’}6/,)]%“@_’ S—)
X W(p_. s WG/ — GGV 5.).

(A.11)

In (A.11) the interaction is assumed to occur in the time interval = 7/2 <t < T /2.
Summing over the electron and positron spins, which converts |S;|? into a trace
denoted by 7,

D |2:iLL 1
= 1T V420, 20 16mta?

X T, — m, )6 — W + mK(g,dh — gip)]-

Using (A.4) to reverse the order of ¥j/_ and using K&, = k; - k;I = 0, the following
term that appears in the second line above can be simplified:

VT 2n)*6*(k; — k)
(A.12)

Ki— + mK; = 2m ;. (A.13)

As mentioned previously, ¥; anti-commutes with both ¢, and 67} with the result that
(A.12) becomes

et 11 1 4 o4
I1S51* = —5—>— VT Qr)*6*(k; — k)
2 V4 20, 2w, 8m3w; (A.14)

X Trl@7,. — m ) qd; — 9;9)(Gsd; — gy K-

Equation (A.4) is used as necessary to reverse the order of ¢; and ¢; so as to obtain
terms of the form ¢,¢; = ¢, - ¢;1 = —€, - €;,1 = —I and g;¢;, = —I. All nonzero traces
in (A.14) are then either of the form Tr(¢l)) or Tr(dhgdl) that are easily simplified,
yielding the result
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2 et
ZI Sl = ————VT(2:r)454(k —k)
m2 V4 2w, 2w (A15)

X [1 = (¢ ef)Z].

The average cross section is now calculated for photon-excited positronium that is a
VF to annihilate and emit a photon: | |2 is divided by VT to form a rate per unit vol-
ume, divided by the electron—positron flux |[v, — v_|/V, and divided by the number
of target {)articles per unit volume 1/V. Averaging over the spins of the electron and

positron i > ) summing over the polarizations of the final photon { )] ., > averag-

ing over the polarizations of the initial photon % > 2 summing over the number of

states of the final photon in the momentum interval d°k, ( / vd’k s/ (27[)3) and aver-
aging over the number of states of the initial photon in the momentum interval d3k
( / Vd3k, / (27:)3) an expression for the cross section ¢ is obtained:

1 1 Vd'k, [ vdk,
_12252/ @nr | @xr

(A.16)
167 1 1
VT vl 1°
vV
Using (A.15), (A.16) becomes
2
_ _ 2]
o= m2|V m— |ZZ[1 (€;- €)1
(A.17)

ood3k ood3
/ / —54(k kp).
20,

Choosing the z-axis to point in the direction of k;, the unit polarization vectors for
the initial photon € and ef are chosen in the x- and y-direction, respectively.
Because the delta function in (A.17) imposes the condition k; = k;, the unit polariza-

tion vectors for the final photon ej‘? and 6;7 can also be chosen in the x- and y-direc-

tion, respectively. The sum over polarizations in (A.16) is now easily performed:

2 =4 (A.182)
& €

)IPICES

€ €

= (e - 6;)2 + (ef’ . elf,‘)2 + (e - e;?)z + (ef’ . 6;?)2
= (=1 +0+0+ (-1 =2

(A.18b)

Using (A.1d) and the identity [34],
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S(w* —d®) = i[é(a) -a)+8(w+a)], a>0, (A.19)

it is straightforward to show that

o0 dSki © . s
/ — = / d*k; 6(k;)0(kyp)- (A.20)
—00 Za)i —00

The theta function 8(k,) = 0 if k,,(0 and 8(k,5) = 1if k;,)0. With the aid of (A.20),
the second line in (A.17) can be rewritten as

[ d3 0 d3k
/ / 54(k — k)
wa

= [ N 2_ 5(k2) 0(kso)-

(A21)

Factoring k; = kj%o - |kf|2 in the above §-function, using (A.19), rewriting d3kf as
de|kf|2d|kf.|, perfor.ming the angular integration over d€2;, which yields a factor of
4r, and then integrating over |K,|,

00 d3kf o0 d3 .
/ / i} 5 (k- k) = 7. (A22)
20, '

Substituting (A.18) and (A.22) into (A.17) yields the formula for the cross section
for the annihilation into a photon of photon-excited positronium that is a VF,

2ra? 1
m? v, —v_|

o =

(A.23)

From the formula for the cross section, a formula for the decay rate is readily
obtained. The logic is the same as that used to calculate the decay rate for para-
positronium decaying into two photons [25, 53]: parapostronium, orthopositronium,
and a photon have respective charge conjugation parities of +1,—1, and —1. Thus
photon-excited parapositronium has charge conjugation parity of —1 while photon-
excited orthopositronium has charge conjugation parity of +1. Since electromagnetic
interactions are invariant under charge conjugation, photon-excited parapositronium,
but not photon-excited orthopositronium, can decay into a single photon.

In obtaining (A.23) the electron and positron spins were averaged over all four
spins, resulting in the sum being divided by four. But the annihilating state is
parapositronium, the singlet state. Orthopositronium, the triplet state, does not
contribute. Since only one of the four spin states contributes to the cross section,
the formula for the cross section should not have been divided by four, it should
have been divided by the number one. Thus the formula for ¢ in (A.23) should be
multiplied by a factor of four to obtain the cross section, abbreviated O ppss for the
annihilation into a photon of photon-excited parapositronium that is a VF,
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_8ma? 1

p-Ps — .
m? |v, —v_|

o (A.24)

For the annihilation of photon-excited parapositronium that is a VF into a photon,
the electromagnetic decay rate I,_p, is calculated using the mechanism for the
annihilation of ordinary parapositronium [25, 53]. The Schrédinger wave function
y (x) for parapositronium is just the ground-state hydrogen atom wave function with
the reduced mass of hydrogen, which is approximately m,, replaced by m,/2, the
reduced mass of parapositronium:

l ame 3/2 —am, 1
v = —=(52) e (A.25)

\/; 2

In the above formula x is the magnitude of the vector x = x, — X, where x, and x,
are, respectively, the positions of the electron and the positron.

The decay rate I, p, is the product of o, p, and the flux of a parapositronium
atom, which is the relative velocity of approach of the electron and positron in para-
positronium multiplied by |y(0)|?, the probability density that the electron and posi-
tron collide and annihilate.

Fp—Px = o-prslv+ - V—l |W(0)|27

_ 8ma? 1 v, —v |l<ame>3 A6
ST v E\ T ) (A.26)
=a'm

e

It immediately follows that the corresponding decay rates for photon-excited,
muon—antimuon or tau—antitau VFs bound into a singlet, ground state are obtained
by replacing the electron mass in (A.26) with the muon or tau mass, respectively. As
photons travel through the vacuum, these three decay rates characterize how photons
interact with charged lepton—antilepton VFs.
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