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Abstract Bell-type inequalities on orthomodular lattices, in which conjunctions of
propositions are not modeled by meets but by maps for simultaneous measurements
(s-maps), are studied. It is shown, that the most simple of these inequalities, that
involves only two propositions, is always satisfied, contrary to what happens in the
case of traditional version of this inequality in which conjunctions of propositions are
modeled by meets. Equivalence of various Bell-type inequalities formulated with the
aid of bivariate maps on orthomodular lattices is studied. Our investigations shed new
light on the interpretationof variousmultivariatemapsdefinedonorthomodular lattices
already studied in the literature. The paper is concluded by showing the possibility of
using s-maps and j-maps to represent counterfactual conjunctions and disjunctions
of non-compatible propositions about quantum systems.
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1 Introduction

Lindenbaum–Tarski algebras of theories inwhich propositions obey the rules of classi-
cal logic are Boolean algebras (BAs). In particular, meet (∧) in these Boolean algebras
describes conjunction of propositions. The same is usually assumed in the case of
orthomodular lattices (OMLs) which are non-distributive generalizations of BAs, also
in the case of lattices L(H) of projections onto closed linear subspaces of Hilbert
spaces H used to describe quantum systems. Only rarely it is noticed that careless
interpretation of meets in OMLs as always representing conjunction of propositions
may lead to difficulties (see, e.g., [9]). Impossibility of simultaneous verification (non-
compatibility) of some propositions about a physical system is a remarkable feature
of quantum systems. However, in OMLs meet is a global operation, therefore it can
be applied also to non-compatible elements of these lattices, which in the case of
Hilbertian lattices L(H) makes its interpretation as a conjunction of propositions
doubtful from the physical point of view.

Bell-type inequalities, studied intensively also in the realm of OMLs [3,5,6,22–
25,30,31] always contain terms interpreted as probabilities of conjunctions of
propositions. In view of above-mentioned doubts concerning unrestricted treating of
meets in OMLs as representing conjunctions of propositions, also interpretation of
these inequalities becomes doubtful.

In order to get mathematical tools suitable for constructing virtual ‘joint’ proba-
bilities of pairs of non-compatible propositions in OMLs, Nánásiová [12] introduced
a notion of an s-map (map for simultaneous measurements) subsequently studied in
numerous papers [1,13–17]. The aim of the present paper is to study Bell-type inequal-
ities on OMLs in which probability of conjunction of propositions is modeled as a
value that an s-map takes on a pair of these propositions instead of a probability of
their meet.

2 Bivariate Maps on Orthomodular Lattices

We recall that an orthomodular lattice (OML) is a lattice L with 0L and 1L as the
smallest and the greatest element, respectively, endowed with a unary operation a �→
a′ such that the following conditions are satisfied:

(i) a′′ := (a′)′ = a;
(ii) a ≤ b implies b′ ≤ a′;
(iii) a ∨ a′ = 1L ;
(iv) a ≤ b implies b = a ∨ (a′ ∧ b).

Condition (iv) is called the orthomodular law. Elements of anOMLare traditionally
called propositions, although in the case when an OML is used as a basic structure of
a generalized probability calculus, the name events is more appropriate. If an OML L
is closed under countable lattice operations, then L is called a σ -orthomodular lattice
(σ -OML). However, since in Bell-type inequalities only finite meets are concerned, in
this paper we shall regard only the most basic case. In the quantum logic approach to
quantum theory,σ -OMLs are considered asmathematicalmodels of quantummechan-
ical propositions (see, e.g., [2,21]. In the traditional Hilbert space approach, this OML
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is a lattice L(H) of projections onto closed linear subspaces of the corresponding
Hilbert spaceH. More generally, the set of projections in every von Neumann algebra
forms a complete OML [8].

Let L be an OML. Two elements a, b ∈ L are called orthogonal (denoted a ⊥ b)
iff a ≤ b′, and a, b are called compatible (denoted a ↔ b) iff a = (a ∧ b) ∨ (a ∧ b′).
Notice that two projections on a Hilbert space are orthogonal iff the product of them
is zero, and compatible iff they commute.

A probability measure or state on L is a mapping m : L → [0, 1] such that

(i) m(1L) = 1;
(ii) a ⊥ b implies m(a ∨ b) = m(a) + m(b).

A state m is σ -additive if m(a) = ∑∞
i=1 m(ai ) whenever a = ∨∞

i=1 ai for any
sequence {ai } of pairwise orthogonal elements.

Let L be an OML. A map p : L × L → [0, 1] is called a map for simultaneous
measurements (abbr. s-map) [12] if the following conditions hold:

(s1) p(1L , 1L) = 1;
(s2) if a ⊥ b, then p(a, b) = 0;
(s3) if a ⊥ b, then for any c ∈ L:

p(a ∨ b, c) = p(a, c) + p(b, c),

p(c, a ∨ b) = p(c, a) + p(c, b).

The following properties of s-maps proved in [12] will be of utmost importance in
our considerations:

(N1) The map m p : L → [0, 1] such that m p(a) = p(a, a) = p(1L , a) = p(a, 1L)

is a state on L . Such a state will be called a state generated by p.
(N2) Ifa ↔ b, then p(a, b) = m p(a∧b) = p(b, a). This property shows that s-maps

can be seen as providing probabilities of ‘virtual’ conjunctions of propositions,
even non-compatible ones, for in the case of compatible propositions (a ↔ b)
the value p(a, b) coincides with the value that a state m p generated by p takes
on the meet a ∧ b, which in this case really represents conjunction of a and b.

(N3) p(a′, b′) = 1 − p(a, a) − p(b, b) + p(a, b) for all elements of an OML.

Let us note that s-maps on OMLs resemble copulas (see, e.g., [19]) that are used
in classical probability and statistics to construct joint probability distributions from
the given marginal probability distributions.

It was shown many years ago by Greechie [7] that there exist OMLs admitting no
states. Of course also no s-map can be defined on such OMLs, otherwise the above-
mentioned property of s-maps (N1) would not hold. On the other hand, there exist
OMLs with abundance of s-maps, e.g., it was proved by Nánásiová and Pulmannová
[15] that any tracial state on a von Neumann algebra with no type I2 direct summand
generates an s-map on the lattice of projections of this algebra. Also from Propositions
1.1 and 2.1 of Nánásiová [12] it follows that there exist a lot of s-maps on OMLs with
unital sets of states.

In general the problem of existence of s-maps on various OMLs is far from being
settled and deserves further investigations. However, since authors of numerous papers
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in which Bell-type inequalities on OMLs are formulated with the use of meets never
bother about the existence of probability measures they use, we shall adopt the same
position w.r.t. s-maps.

In ([18], see also [16,17]) the following notion of a join map (j-map) on an OML
has been introduced:

Let L be an OML. A map q : L × L → [0, 1] is called a join map (abbr. j-map) if
the following conditions hold:

(j1) q(0L , 0L) = 0, q(1L , 1L) = 1;
(j2) if a ⊥ b, then q(a, b) = q(a, a) + q(b, b);
(j3) if a ⊥ b, then for any c ∈ L:

q(a ∨ b, c) = q(a, c) + q(b, c) − q(c, c)

q(c, a ∨ b) = q(c, a) + q(c, b) − q(c, c).

It was proved in [16] that if p is an s-map on an OML, then qp(a, b) = p(a, a) +
p(b, b) − p(a, b) = m p(a) + m p(b) − p(a, b) is a j-map,1 i.e., it maps L × L into
[0, 1]. This fact will be used as a straightforward justification of the most basic of
Bell-type inequalities concerning s-maps on OMLs, that will be studied in the next
section.

The third map d : L × L → [0, 1] which will be useful in our considerations, in
Boolean case is a probability of symmetric difference a � b = (a ∧ b′) ∨ (a′ ∧ b) of
two propositions. This is the reason for which it was called in [16,17] (a difference
map or simply a d-map. It is defined by the following conditions:

(d1) d(a, a) = 0 for any a ∈ L , and d(1L , 0L) = d(0L , 1L) = 1;
(d2) if a ⊥ b, then d(a, b) = d(a, 0L) + d(0L , b);
(d3) if a ⊥ b, then for any c ∈ L:

d(a ∨ b, c) = d(a, c) + d(b, c) − d(0L , c)

d(c, a ∨ b) = d(c, a) + d(c, b) − d(c, 0L).

It was shown in [17] that as in the case of j-maps, each s-map p on anOML induces
a d-map dp by the formula: dp(a, b) = p(a, b′) + p(a′, b) (the reverse assertion is
not true).

The following properties of the d-map dp induced by an s-map p will be used in
the sequel:

Lemma 1 Let p be an s-map on an OML and dp be a d-map induced by p. Then

(a) dp(a, b) = p(a, a) + p(b, b) − 2p(a, b);
(b) dp(a, 0L) = dp(0L , a) = p(a, a) = m p(a).

1 It is easy to see that if a ↔ b, then qp(a, b) = m p(a) + m p(b) − m p(a ∧ b) = m p(a ∨ b) which
explains its name.
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Proof To show (a) it is enough to notice that from the condition (s3) of the definition
of an s-map and its property (N1) it follows that p(a, a) = p(a, 1L) = p(a, b ∨
b′) = p(a, b) + p(a, b′), so p(a, b′) = p(a, a) − p(a, b). Analogoulsly, p(a′, b) =
p(b, b) − p(a, b). By inserting these differences into the definition of dp we get (a).

Equalities (b) follow from (a) and from the fact that for any a in an OML, a ⊥ 0L ,
which by the condition (s2) of the definition of an s-map implies that p(0L , 0L) =
p(a, 0L) = 0. 
�

3 Bell-Type Inequalities in Which Probability of Conjunctions
is Modeled by an s-Map

We shall study s-map counterparts of the following Bell-type inequalities involving
meets, that were studied already by Pitovsky [20] (see also [5,6,23]):

(B1) m(a) + m(b) − m(a ∧ b) ≤ 1
(B2) m(a) + m(b) + m(c) − m(a ∧ b) − m(a ∧ c) − m(b ∧ c) ≤ 1
(C1) m(b) + m(c) ≥ m(a ∧ b) + m(b ∧ c) + m(c ∧ d) − m(a ∧ d)

(C2) m(a ∧ b) + m(b ∧ c) + m(c ∧ d) − m(a ∧ d) − m(b) − m(c) ≥ −1.

Inequalities (B1) and (B2) are usually called inequalities of Bell–Wigner type while
(C1) and (C2) are usually called inequalities ofClauser–Horne type. All these inequal-
ities are satisfied by any probability measure on a BA.

Our aim is to study analogs of these inequalities in which, because of properties of
s-maps mentioned in the previous section, probabilities of single events m(a), m(b),
etc. are replaced, respectively, by p(a, a), p(b, b), etc., and probabilities of joint
occurences of events are modeled by values that an s-map p takes on pairs of events.
This means that we shall study the following inequalities:

(B1′) p(a, a) + p(b, b) − p(a, b) ≤ 1
(B2′) p(a, a) + p(b, b) + p(c, c) − p(a, b) − p(a, c) − p(b, c) ≤ 1
(C1′) p(b, b) + p(c, c) ≥ p(a, b) + p(b, c) + p(c, d) − p(a, d)

(C2′) p(a, b) + p(b, c) + p(c, d) − p(a, d) − p(b, b) − p(c, c) ≥ −1.

Let us note, that since s-maps are in general non-commutative, each term m(x ∧ y)

in inequalities (B1)–(C2) yields two generalizations to s-maps: p(x, y) and p(y, x).
Therefore, there are two s-map counterparts of inequality (B1), eight of (B2), and
sixteen of (C1) and (C2), and inequalities (B1′)–(C2′) form only a sample of them.
However, we expect that this sample is a faithful representative of them all and we
restrict our considerations to (B1′)–(C2′). Moreover, it occurs that some particularly
interesting problems concerning Bell-type inequalities for s-maps, that will be dis-
cussed in details in Sect. 4 appear only in the case of commuting s-maps, in which
case inequalities (B1′)–(C2′) are the unique s-map generalizations of inequalities
(B1)–(C2).

It is straightforward to see that the expression on the left-hand side of inequality
(B1′) is a j-map generated by an s-map p. Since any j-map takes values in the interval
[0, 1], we obtain
Proposition 1 Inequality (B1 ′) is satisfied by all s-maps defined on an OML.
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This result is of utmost importance since it shows that s-maps, invented to describe
probabilities of virtual ‘joint’ occurence of non-compatible events, are more close
to classical probabilities than values m(a ∧ b) usually interpreted as probabilities
of coincidence of events a and b. We stress once more that if events a and b are
incompatible, the value m(a ∧ b) cannot be checked in any experiment, so it can
be replaced by any value that a bivariate map p : L × L → [0, 1] takes on a pair
a, b ∈ L , provided that p(a, b) = m(a ∧ b) if a ↔ b. This requirement is met by
s-maps. Actually, s-maps were invented just to meet this requirement! In view of this
result, the fact that inequality (B1) may be violated by probability measures defined
on an OML is for quantum physics of no importance at all, since it shows that this
violation can occur only for non-compatible propositions, i.e., it can be never checked
experimentally.

3.1 Bell–Wigner Inequality (B2′) for s-Map is a Triangle Inequality for Induced
d-Map

In the case of compatible propositions (a ↔ b) the expression in the part (a) of Lemma
1 takes the form: dp(a, b) = m p(a) + m p(b) − 2m p(a ∧ b), therefore, if a ↔ b,
dp(a, b) coincideswith thenotionof separationofa andb defined in thiswaybySantos
already in 1986. Santos in his paper [31] proved that if an OML is a Boolean algebra,
then separation fulfills triangle inequality, in fact it is a pseudometric on an OML.2

Moreover, he proved that triangle inequality for a separation is equivalent to the Bell-
type inequality (C1). Since our d-map dp(a, b) coincides with Santos’ separation for
a state m p on all pairs of compatible propositions, it is interesting to study connections
of Bell-type inequalities for an s-map p(a, b)with triangle inequalities for the induced
d-map dp(a, b). In this respect we get the following:

Lemma 2 Let L be an OML, let p be an s-map on L, and dp be a d-map induced by
p. Bell–Wigner inequality (B2 ′) for the s-map p is equivalent to the following triangle
inequality for the d-map dp:

(�) dp(a, c) ≤ dp(a, b′) + dp(b′, c).

Moreover, the Clauser–Horne type inequalities (C1 ′) and (C2 ′) are equivalent,
respectively, to the following inequalities:

(�′) dp(a, d) ≤ dp(a, b) + dp(b, c) + dp(c, d);
(�′′) dp(a, b) + dp(b, c) + dp(c, d) ≤ 2 + dp(a, d).

Proof The proof of equivalence (B2′) ⇔ (�) goes through the following sequence of
equivalent inequalities, where the differences of the type p(a, b′) = p(a, a)− p(a, b),
already used in the proof of Lemma 1, and also the fact that p(b′, b′) = m p(b′) =
1 − m p(b) = 1 − p(b, b) are applied:

2 A mapping d : L × L → [0, 1] is a pseudometric on L if for all a, b, c ∈ L: d(a, a) = 0; d(a, b) =
d(b, a); d(a, b) ≤ d(a, c) + d(c, b).
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dp(a, c) ≤ dp(a, b′) + dp(b
′, c)

p(a, a) + p(c, c) − 2p(a, c) ≤ (p(a, a) + p(b′, b′) − 2p(a, b′))
+ (p(b′, b′) + p(c, c) − 2p(b′, c)).

It means that

−2p(a, c) ≤ 2p(b′, b′) − 2p(a, b′) − 2p(b′, c)

p(a, b′) + p(b′, c) − p(a, c) − p(b′, b′) ≤ 0

(p(a, a) − p(a, b)) + (p(c, c) − p(b, c)) − p(a, c) − (1 − p(b, b)) ≤ 0

p(a, a) + p(b, b) + p(c, c) − p(a, b) − p(b, c) − p(a, c) ≤ 1.

The proof of equivalence (C1′)⇔ (�′) also goes through the sequence of equivalent
inequalities. Let us begin with (�′):

dp(a, d) ≤ dp(a, b) + dp(b, c) + dp(c, d).

By condition (a) of Lemma 1 this inequality is equivalent to the following inequality:

−2p(a, d) ≤ 2p(b, b) − 2p(a, b) + 2p(c, c) − 2p(b, c) − 2p(c, d).

It means that

2p(a, b) + 2p(b, c) + 2p(c, d) − 2p(a, d) ≤ 2p(b, b) + 2p(c, c),

so

p(a, b) + p(b, c) + p(c, d) − p(a, d) ≤ p(b, b) + p(c, c).

The proof of equivalence (C2′) ⇔ (�′′) is analogous.

�

Remark 1 Let us note that equivalences (C1 ′)⇔ (�′) and (C2 ′)⇔ (�′′) are ‘faithful’
ones, in the sense that the same elements appear on both sides of these equivalences.
This does not happen in the case of equivalence (B2 ′) ⇔ (�), but of course the
following corollary holds:

Corollary 1 If one of the inequalities (B2 ′) or (�) is satisfied by all triples of elements
of an OML, the same happens for the other one.
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3.2 Equivalence of Bell-Type Inequalities Involving More Than Two Elements

According to Proposition 1 the simplest Bell-type inequality (B1′) that involves only
two elements is always satisfied by any s-map defined on an OML. The following
example shows that this does not have to happen in the case of Bell-type inequalities
that involve more than two elements.

Example 1 Let L be a horizontal sum of three Boolean algebras 22:

a1 a1 a2 a2 a3 a3

0L

1L

Let p be a commutative bivariate map defined on L in the following way ∀i, j =
1, 2, 3; i �= j :

p(1L , 1L) = 1, p(0L , 0L) = 0, p(1L , 0L) = 0;
p(0L , ai ) = p(0L , a′

i ) = p(ai , a′
i ) = 0;

p(ai , ai ) = p(a′
i , a′

i ) = p(ai , 1L) = p(a′
i , 1L) = 0.5;

p(ai , a j ) = 0.1;
p(ai , a′

j ) = p(ai , ai ) − p(ai , a j ) = 0.4;
p(a′

i , a′
j ) = 1 − p(ai , ai ) − p(a j , a j ) + p(ai , a j ) = 0.1.

It is easy to check that p is an s-map which, however, does not satisfy Bell–Wigner
inequality (B2 ′):

p(a1, a1) + p(a2, a2) + p(a3, a3) − p(a1, a2) − p(a2, a3) − p(a1, a3) ≤ 1

because

3 · 0.5 − 3 · 0.1 > 1.

However, due to results obtained in the previous subsection, we can prove the follow-
ing:

Proposition 2 Bell–Wigner inequalities (B2 ′) and triangle inequalities (�) are satis-
fied for all triples of elements of an OML if and only if inequalities (�′) and (C1 ′) are
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satisfied for all quadruples of elements of an OML. Moreover, if an s-map involved in
these inequalities is commutative, also inequalities (�′′) and (C2 ′) are satisfied.

Proof According to Corollary 1 in this case we can write triangle inequality (�) in the
usual form: dp(a, c) ≤ dp(a, b) + dp(b, c). Then its equivalence with quadrilateral
inequality (�′) can be shown in a standard way: (�) ⇒ (�′) because

dp(a, d) ≤ dp(a, b) + dp(b, d) ≤ dp(a, b) + dp(b, c) + dp(c, d),

and the opposite implication is obtained by substitution d �→ c in the quadrilateral
inequality (�′).

Since (C1′) ⇔ (�′) and (C2′) ⇔ (�′′), to finish the proof it suffices to show that
(C1′)⇔ (C2′) or (�′)⇔ (�′′).We shall show the first equivalence substituting a �→ c,
b �→ b′, and c �→ a in (C1′). Then, using the same substitutions as in previous proofs,
we obtain a sequence of equivalent inequalities, where, however, commutativity of the
s-map that appears in these inequalities, is utilized:

p(b′, b′) + p(a, a) ≥ p(c, b′) + p(b′, a) + p(a, d) − p(c, d)

1− p(b, b)+ p(a, a)−(p(c, c)− p(c, b))−(p(a, a)− p(a, b))− p(a, d)+ p(c, d)≥0

−p(b, b)+ p(a, a)− p(c, c)+ p(c, b)− p(a, a)+ p(a, b)− p(a, d)+ p(c, d)≥−1

−p(b, b) − p(c, c) + p(a, b) + p(b, c) + p(c, d) − p(a, d) ≥ −1.


�

4 Bell-Type Inequalities and Existence of Multivariate s-Maps

In [14] the notion of an s-map was generalized to the notion of n-variate s-map (abbr.
sn-map) in the following way:

Let L be an OML. A map pn : Ln → [0, 1] is called an sn-map if the following
conditions hold:

(sn1) pn(1L , . . . , 1L) = 1;
(sn2) if ai ⊥ a j for some i �= j , then pn(a1, . . . , an) = 0;
(sn3) if ai ⊥ bi for some i , then for all c1, . . . , ci−1, ci+1, . . . , cn ∈ L

pn(c1, . . . , ai ∨ bi , . . . , cn) = pn(c1, . . . , ai , . . . , cn) + pn(c1, . . . , bi , . . . , cn).

The aim of introducing sn-maps was to construct joint probability distributions of
more than two non-compatible observables. The properties of multivariate sn-maps
are the same as properties of bivariate s-maps (which, actually, are s2-maps).

Loosely speaking, in classical probability theory from any joint probability distri-
bution one can obtain marginal probability distributions by replacing some random
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events by the sure event �. Inspired by this, Nánásiová and Khrennikov [14] defined,
for a given sn-map pn and every k < n, a marginal sk-map by the formula:

pk : Lk → [0, 1], pk(a1, a2, . . . , ak) = p(a1, a2, . . . , ak, 1L , . . . , 1L︸ ︷︷ ︸
n

).

Although in general sn-maps are not invariant with respect to permutations, they
proved that this happens when there exist two arguments of an sn-map that are compat-
ible. Therefore, in the definition of a marginal sk-map the maximal element 1L of an
OML can be placed at any position. They also proved that an sk-map that is a marginal
map of some sn-map with n > k is always invariant with respect to permutations. In
particular, this means that in the case of bivariate s-maps, all of them that are marginal
s2-maps of some s3-maps, are commutative.

In numerous papers written by members of the so called ‘probabilistic opposition’3

to the usual interpretation of violation of Bell-type inequalities (see [10] and references
cited therein), violation of Bell-type inequalities is not ascribed to nonlocality or lack
of realism, but rather results from non-existence of a joint probability distribution that
could yieldmarginal distributions being in accordancewith probabilities obtained from
quantum-mechanical calculations. In our ‘meet-free’ approach we get the following
result:

Proposition 3 Let L be an OML and let p be a bivariate commutative s2-map on L. If
for some a, b, c ∈ L Bell–Wigner inequality (B2 ′) is not satisfied, then a trivariate s3-
map with marginal bivariate s2-map p does not exist. On the other hand, if a trivariate
s3-map p′ exists, then Bell–Wigner inequality (B2 ′) is satisfied by all marginal s2-maps
obtained from p′.

Proof If Bell–Wigner inequality (B2 ′) is not satisfied for some a, b, c ∈ L , then
1 − p(a, a) − p(b, b) − p(c, c) + p(a, b) + p(a, c) + p(b, c) < 0. Let us assume
that trivariate s-map p3 with marginal bivariate s-map p exists. Then p3(x, y, 1L ) =
p3(x, 1L , y) = p3(1L , x, y) = p(x, y). Let us denote p3(a, b, c) = α ∈ [0, 1].
Using definition of marginal s2-maps and property (N3) of s-maps we get:

p3(a
′, b′, c′) = p3(a

′, b′, 1L) − p3(a
′, b′, c)

= p(a′, b′) − (p3(a
′, 1L , c) − p3(a

′, b, c))

= p(a′, b′) − p(a′, c) + (p3(1L , b, c) − p3(a, b, c))

= p(a′, b′) − p(a′, c) + p(b, c) − α

= (1− p(a, a)− p(b, b)+ p(a, b))−(p(c, c)− p(a, c))+ p(b, c) − α

= 1 − p(a, a) − p(b, b) − p(c, c) + p(a, b) + p(a, c) + p(b, c) − α.

Therefore, the value of p3(a′, b′, c′) is negative for anyα ∈ [0, 1], which is impossible.
The second part of Proposition follows directly from its first part. 
�

3 A term coined by Khrennikov and used by him, e.g., in [10].
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Proposition 3 shows that even within the, we dare say, more correct approach, in
which probabilities of conjunctions of propositions are not calculated as values that
probability measures defined on OMLs take on meets of elements of an OML, but
rather as values that s-maps take on pairs of these propositions, violation of Bell–
Wigner inequality (B2 ′) means that a (generalized) joint probability distribution that
could be used to describe the experimental situation does not exist.

5 The Logic of Counterfactual Propositions About Quantum Systems

As it was mentioned in the Introduction, in Boolean algebras which are algebraic rep-
resentation of families of experimentally verifiable propositions pertaining to classical
physical systems, meets and joins are proper models of conjunctions and disjunctions
of propositions. However, unrestricted generalization of this statement to OMLs that
are algebraic representations of ‘quantum logics’, i.e., sets of experimentally verifiable
propositions pertaining to quantum systems, leads to numerous difficulties caused by
the fact that it is not possible to verify simultaneously propositions which are repre-
sented by non-compatible elements of an OML. (In order to simplify the language
such propositions about quantum systems will be themselves called non-compatible
in the sequel. We shall also often identify propositions about quantum system with
elements of an OML that represent them). Actually, according to the strict ‘verifica-
tionist’ point of view, conjunctions and disjunctions of non-compatible propositions
should be regarded as meaningless.

According to the traditional approach, originated by Birkhoff and von Neumann in
their historic paper [4] ‘quantum logic’ is regarded as 2-valued logic, which is non-
classical because of non-distributivity. However, one of the authors in a series of papers
(see, e.g., [26–28]) promoted an idea that ‘quantum logic’ can be equivalently regarded
as a specific ∞-valued Łukasiewicz logic, which opens the possibility of working
out a new interpretation of quantum mechanics [29]. In this approach conjunctions
and disjunctions of propositions about quantum systems are modelled by a pair of
partially defined operations used in a specific version of Łukasiewicz many-valued
logic. However, when they are defined, they necessarily coincide with meets and joins
[27]. Therefore, similarly to lattice operations of meet and join, they cannot be treated
as proper models of conjunctions and disjunctions of non-compatible propositions.

The notion of an s-map opens a new possibility: if propositions a and b are
non-compatible, the value p(a, b) can be thought of as representing probability of
simultaneous verification of a and b in a ‘counterfactual measurement’: ‘what would
be the probability of simultaneous verification of propositions a and b if we were able
to perform it’ or, according to the approach propounded in [26–28] ‘what would be
the truth-value of the “counterfactual conjunction” of propositions a and b’. Let us
remind that the traditional belief that m(a ∧b) always represents probability of simul-
taneous verification of propositions a and b is based on the tacit, and in the case of
non-compatible propositions erroneous assumption, that this simultaneous verification
is always possible.

Similarly, the value qp(a, b) = p(a, a) + p(b, a, ) − p(a, b) can be thought of
as representing truth-value of ‘counterfactual disjunction’ of propositions represented
by a and b.
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Therefore, we see that an s-map p : L × L → [0, 1] and its associated j-map qp

allow to define for a studied quantum system a kind of a ‘logic of counterfactuals’
in which truth-values of a counterfactual conjunction a�pb and a counterfactual
disjunction a�pb of two non-compatible propositions are modelled by p(a, b) and
qp(a, b), respectively.

Let us note that

p(a′, b′) = 1 − p(a, a) − pp(a, b) + p(a, b) = 1 − qp(a, b)

and

qp(a
′, b′) = p(a′, a′) + p(b′, b′) − p(a′, b′)

= 1 − p(a, a) + 1 − p(b, b) − 1 + p(a, a) + p(b, b) − p(a, b)

= 1 − p(a, b).

If we assume, as usual, that orthocomplementation in an OML represents logical
negation and, as it is always assumed in Łukasiewicz many-valued logic [11], that
truth-values of a proposition and its negation sum up to 1, we recognize in the formulas
written above numerical expressions of both De Morgan laws:

a′�pb′ = [a�pb]′,

a′�pb′ = [a�pb]′.

Since conjunction anddisjunction of compatible propositions are properlymodelled
by their meet and join, the validity of numerous other laws, like the law of excluded
middle, the law of contradiction and the orthomodular law, is secured by properties of
meet and join in OMLs. Therefore, using s-maps and associated with them j-maps,
we have obtained a kind of an ‘extended quantum logic’ in which conjunction and
disjunction is meaningful both in the case of compatible, as well as non-compatible
propositions.

6 Summary

Since interpretation of meets as representing conjunctions of propositions about
quantum-mechanical systems is doubtful when these propositions are non-compatible,
we studied various Bell-type inequalities on OMLs in which probabilities of meets
of propositions were replaced by values that an s-map—an object invented to model
probabilities of simultaneous measurements of incompatible propositions—takes on
these propositions. It is significant that although the simplest Bell-type inequality (B1):
m(a) + m(b) − m(a ∧ b) ≤ 1 may be violated on an OML (of course only by non-
compatible elements), its s-map counterpart (B1′): p(a, a)+ p(b, b)− p(a, b) ≤ 1 is
always satisfied. This shows that replacing m(a ∧ b) by p(a, b) brings us closer to the
situation encountered in classical probability theory, hopefully also closer to reality.
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Nevertheless, Proposition 3 shows that even within our approach violation of Bell–
Wigner inequality (B2 ′) by an s2-map p means that there does not exist an s3-map
for which p would be a marginal s2-map. This is in accordance with numerous papers
written by ‘probabilistic opposition’ to the usual interpretation of violation of Bell-
type inequalities, in which violation of Bell-type inequalities is not ascribed to non-
existence of ‘local realism’, but rather indicates impossibility of constructing a single
probability space in which experiments designed to check Bell-type inequalities could
be embedded. Whether this impossibility follows from, or is equivalent to, the non-
existence of ‘local realism’, should be the aim of further investigations.

Finally, we showed that one can treat values that an s-map p takes on non-
compatible propositions about quantum systems as truth-values of ‘counterfactual
conjunctions’ of these propositions, and similarly values that an associated j-map qp

takes on such propositions as truth-values of ‘counterfactual disjunctions’ of them.
This allows to construct propositional calculus (‘extended quantum logic’) in which
conjunctions and disjunctions of both compatible and non-compatible propositions
are meaningful.
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