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Abstract
Continuity as appears to us immediately by intuition (in the flow of time and in motion) 
differs from its current formalization, the arithmetical continuum or equivalently the set of 
real numbers used in modern mathematical analysis. Motivated by the known mathemati-
cal and physical problems arising from this formalization of the continuum, our aim in this 
paper is twofold. Firstly, by interpreting Chaitin’s variant of Gödel’s first incompleteness 
theorem as an inherent uncertainty or fuzziness of the arithmetical continuum, a formal 
set-theoretic entropy is assigned to the arithmetical continuum. Secondly, by analyzing 
Noether’s theorem on symmetries and conserved quantities, we argue that whenever the 
four dimensional space-time continuum containing a single, stationary, asymptotically flat 
black hole is modeled by the arithmetical continuum in the mathematical formulation of 
general relativity, the hidden set-theoretic entropy of this latter structure reveals itself as 
the entropy of the black hole (proportional to the area of its “instantaneous” event horizon), 
indicating that this apparently physical quantity might have a pure set-theoretic origin, too.

Keywords Continuum · Chaitin incompleteness · Noether theorem · Black hole entropy

1 Introduction

In his struggling with Zeno’s paradoxes introduced into the Western thinking in an 
apparently never-more-removable way by the Eleatic school, Aristotle declared that 
even by performing an infinitude of successive divisions the extension of time or space 
cannot be dissolved or destroyed (this is one particular form of Aristotle’s general prohi-
bition of the appearance of actual infinities). In other words the Aristotelian description 
of the continuum considered the (temporal or spatial) extension as a primitive, irreduci-
ble concept. This Aristotelian or let us call synthetical concept of the continuum is how-
ever in sharp contrast with our contemporary analytical approach to the continuum used 
in both mathematics and theoretical physics. Accepting and making good use of the 
concept of the analytical continuum when solving mathematical or physical problems 
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means that one declares that the ultimate constituents of the (temporal or spatial) con-
tinuum are the points without possessing any extension and the analytical continuum 
with its all pleasant properties arises as the disjoint union of its ultimate constituents, 
the extensionless points.

Taking a rapid overview of its history, the synthetical approach to the continuum seems 
to had been accepted after Aristotle till Descartes (recall his dualistic philosophy based on 
the res extensa and the res cogitans). However in a sudden sharp transition, the next gen-
eration, hallmarked by such names as Leibniz and Newton, began to replace the synthetical 
description with the analytical one and this new but intuitive approach was finally strictly 
formalized by Dedekind in 1858. Concerning the character and a possible root of this tran-
sition let us quote from Russell (1910, Chapter IX):

Even among philosophers, we may say, broadly, that only those universals which 
are named by adjectives or substantives have been much or often recognized, while 
those named by verbs and prepositions have been usually overlooked. This omis-
sion has had a very great effect upon philosophy; it is hardly too much to say that 
most metaphysics, since Spinoza, has been largely determined by it. The way this has 
occured is, in outline, as follows: Speaking generally, adjectives and common nouns 
express qualities or properties of single things, whereas prepositions and verbs tend 
to express relations between two or more things. Thus the neglect of prepositions 
and verbs led to the belief that every proposition can be regarded as attributing a 
property to a single thing, rather than as expressing a relation between two or more 
things. Hence it was supposed that, ultimately, there can be no such entities as rela-
tions between things. Hence either there can be only one thing in the universe, or, if 
there are more than one things, they cannot possibly interact in any way, since any 
interaction would be a relation, and relations are impossible.
The first of these views, advocated to Spinoza and held in our own day by Bradley 
and many other philosophers, is called monism; the second, advocated to Leibniz but 
not very common nowadays, is called monadism, because each of the isolated things 
is called a monad. Both these opposing philosophies, interesting as they are, result, in 
my opinion, from an undue attention to one sort of universals, namely the sort repre-
sented by adjectives and substantives rather than by verbs and prepositions.

It therefore seems that the passage from the synthetical to the analytical approach at least 
in part was a consequence of the slow decline of the influensive and in the beginning deep 
and from the conceptional viewpoint colourful universalia-realia debate of the previ-
ous scholastic centuries hence it was not so sharp. Nevertheless the central figure of this 
conceptual shift was surely Leibniz who played an important role in the developments of 
both seventeenth–eighteenth century philosophy with his monadism and mathematics with 
his fundamental contributions to mathematical analysis. Indeed, there is a more or less 
straightforward analogy between the purely metaphysical concept of a monad and the for-
mal mathematical concept of a(n extensionless) point: Both philosophically and mathemat-
ically speaking, they represent sort of irreducible terminal elements of reality, nonetheless 
possessing the character of totality in the sense that they are the only constituents of exist-
ing things, moreover they are disjoint entities without interacting with each other.

The great success of modern mathematical analysis and theoretical physics based on the 
utilization of the analytical continuum is well-known and cannot be overestimated; how-
ever the present-day analytical formalization of continuity, which dissolves it into the col-
lection of extensionless points, is not obvious intuitively at all since its acceptance in math-
ematics. As Weyl calls attention (Weyl 1994, pp. 23–24):
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But as things now stand we must point out that, in spite of Dedekind, Cantor, and 
Weierstrass, the great task which has been facing us since the Pythagorean discovery 
of the irrationals remains today as unfinished as ever; that is, the continuity given to 
us immediately by intuition (in the flow of time and in motion) has yet to be grasped 
mathematically as a totality of discrete “stages” in accordance with that part of its 
content which can be conceptualized in an “exact” way. More or less arbitrarily axi-
omatized systems (be they ever so “elegant” and “fruitful”) cannot further help us 
here. We must try to attain a solution which is based on objective insight.

Still quoting Weyl (1994, p. 49):

If, as I have advocated, we give a precise meaning to the concept “set”, then the fol-
lowing assertion gains a substantial content: “To every point of a line (given an ori-
gin and a unit of length) there corresponds a (distance-measuring) real number [...] 
and vice versa”. This assertion establishes a noteworthy connection between some-
thing given in the intuition of space and something constructed in a logical concep-
tual way. But, clearly, this assertion far exceeds everything which intuition teaches, or 
can teach, us about the continuum. For it does not offer a morphological description 
of what presents itself in intuition (that being, first and foremost, a fluid whole rather 
than a set of discrete elements). Instead, it gives an exact construal of an immediately 
given reality which by its nature, is inexact—a process which is fundamental to all 
exact knowledge of (physical) reality and through which alone mathematics acquires 
significance for natural science.

These worries are not of pure academic nature taking into account that the concept of the 
analytical continuum, or as we shall call in its currently formalized form here from now 
on, the arithmetical continuum (or equivalently the set ℝ of real numbers), is widely used 
everywhere in mathematics, physics, engineering sciences, mathematical biology, econ-
omy and sociology, etc., etc. Indeed, in spite of its success, the utilization of the arith-
metical continuum leads to various problems in pure mathematics (Weyl 1994) and in its 
applications, too (for an excellent survey see Baez 2016). Perhaps the most relevant prob-
lem related with the arithmetical continuum on the pure mathematical side is the (in our 
opinion) unsettled status of Cantor’s continuum hypothesis; while a simple example from 
theoretical physics is the divergence of the total electric energy of an electrically charged 
point particle in Faraday–Maxwell electrodynamics (leading eventually to the complicated 
renormalization issues in classical and quantum field theories). Fortunately, by performing 
simple experiments, we know that this and the various other occurences of divergences in 
classical and quantum electrodynamics are nothing but artifacts originating from the math-
ematical formulation (which uses the arithmetical continuum) of these theories hence we 
can identify and isolate these divergences quite easily. But what about the singularities or 
other phenomena (mathematically) predicted by general relativity for instance? Lacking 
unambigous experimental evidences yet we cannot make a commitment about their onto-
logical status.

The purpose of this paper is to examine whether the several conceptional, technical, 
etc. problems related with black hole entropy (Bardeen et al. 1973) at least in part emanate 
from the tacit fact that mathematically general relativity rests on the structure of the arith-
metical continuum. The paper is organized as follows. In Sect. 2 we recall Chaitin’s refor-
mulation of Gödel’s first incompleteness theorem and interpret its content as the presence 
of an inherent uncertainty or fuzziness within the arithmetical continuum (which might be 
a consequence that its final constituents are extensionless). This allows us to introduce a 
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statistico-physical analogy and to talk in this context about the pure “set-theoretic entropy” 
of the arithmetical conntinuum. Then, in Sect. 3 we recall and refine Noether’s theorem on 
symmetries and conserved quantities and prove that within general relativity a conserved 
quantity to diffeomorphisms can be assigned which is not zero if a stationary black hole is 
present and can be identified with its entropy (proportional to the area of the “instantane-
ous” event horizon, Hawking 1971). Then we argue that, based on their common diffeo-
morphism invariance, the “set-theoretic” and the black hole entropy are in fact the same. 
This suggests that the latter entropy might be a consequence of the former one and the 
long-sought physical degrees of freedom responsible for black hole entropy have simply a 
pure mathematical origin corresponding to the artificial decomposition of the space-time 
continuum into points.

2  Chaitin Incompleteness and the Entropy of the Continuum

Accepting the structure of the arithmetical continuum or equivalently the set ℝ of real num-
bers,1 it is the totality of, or more precisely the disjoint union of, its individual constituents 
called real numbers or—speaking geometrically—its points:

If indeed this is its optimal mathematical structure, then one would expect that using math-
ematical tools only, one is able to “locate” the individual constituents x within their total-
ity ℝ or equivalently, one is able to make a mathematical distinction between them in an 
effective way. We know from our elementary university studies that upon fixing a nota-
tional convention every real number admits a well-defined (for instance decimal) expan-
sion which means that this expansion exists for all real numbers and is unique in the sense 
that two expansions coincide if and only if the corresponding two real numbers are equal. It 
is however a quite surprising observation that in general the existence of this well-defined 
and unique expansion is the only available property of a “truely generic” real number i.e. 
a typical element x ∈ ℝ . Therefore our question about an effective mathematical way of 
“picking” a single element x ∈ ℝ is in fact a question about the effectiveness of making 
distinctions between generic real numbers in terms of their (decimal) expansions.

To approach this problem first let us recall the idea of Kolmogorov complexity or algo-
rithmic compressibility or computability of a real number. Let x ∈ ℝ be given and denote 
by �x the (probably empty) set of those Turing machines which reproduce x in the sense 
that if �x ≠ ∅ and some Tx ∈ �x is given with an input n ∈ ℕ then the output Tx(n) ∈ ℕ 
consists of e.g. precisely the first n digits of the expansion of x. Denoting by |Tx| ∈ ℕ the 
length of the Turing machine (considered as an algorithm or program in some program-
ming language) define

ℝ =
⨆
x∈ℝ

{x}.

K(x) ∶=

{
+∞ if �x = �

inf
Tx∈�x

|Tx| < +∞ if �x ≠ �

1 Here by a real number x we mean by definition a Dedekind slice and by the set of real numbers ℝ the set 
of all Dedekind slices. ℝ can be equipped with the usual structures (addition, multiplication and ordering) 
and posssesses the completeness property rendering it a complete ordered field. It is well-known that ℝ as a 
complete ordered field is essentially unique.
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and call the resulting (extended) natural number K(x) ∈ ℕ ∪ {+∞} the Kolmogorov com-
plexity of x ∈ ℝ . Then K(x) = +∞ corresponds to the situation when no algorithms repro-
ducing x in the above sense exist hence x is not algorithmically compressible or not com-
putable (by simple cardinality arguments the vast majority of real numbers belongs to this 
class) while K(x) < +∞ corresponds to the opposite case (this class contains all “known” 
real numbers like 7, 5

8
 , 
√
2 , � , e,...). It is clear that the only important question about x in 

this context is whether K(x) = +∞ or K(x) < +∞ and in the latter case only the magni-
tude of K(x) is relevant, for its particular value depends on the details of the sort of expan-
sion of x, the programming language for Tx , etc. hence does not carry essential information. 
A remarkable observation about Kolmogorov complexity is the following result (Chaitin 
1992):

Theorem 2.1 (Chaitin’s version of Gödel’s first incompleteness theorem) For any (suf-
ficiently rich, consistent, recursively enumerable) axiomatic system S based on a first order 
language L there exists a natural number 0 < NS < +∞ such that there exists no real num-
ber x for which the proposition 

 is provable within S.  □

Motivated in various ways by Geroch and Hartle (1986) and Schlesinger (2014a, b) we 
interpret this quite surprising mathematical fact from our viewpoint as follows: taking into 
account that the only known property of a generic real number which fully characterizes 
it is its existing (decimal) expansion, but the Kolmogorov complexity of this expansion 
hence the expansion itself generally is not fully determinable (by proving theorems on it 
in an axiomatic system), there is in general no way, using standard mathematical tools in 
the broadest sense, to “sharply pick” any element from the arithmetical continuum. Conse-
quently, from the viewpoint of “effective mathematical activity”, the structure of the arith-
metical continuum i.e. the set  ℝ of real numbers contains an inherent uncertainty or fuzzi-
ness in the sense that its individual disjoint constituents cannot be distinguished from each 
other in a universal and effective mathematical way.

The above interpretation of Theorem 2.1 serves as a motivation to introduce a statistico-
physical analogy for the arithmetical continuum which might offer another insight into its 
structure. First, generalizing the above decomposition of the real line into its points, we 
suppose that every (finite dimensional, real) differentiable manifold M admits a decompo-
sition into its disjoint constituent points:

Speaking intutively, we can make three observations about this decomposition: All the 
points x of M (i) are homologous i.e. “look the same”, (ii) are terminal objects i.e. they do 
not possess any further internal structure nevertheless their collection gives back precisely 
M and (iii) are disjoint from each other i.e. they “do not interact”. Except its cardinality 
this decomposition of M therefore strongly resembles the structure of an ideal gas as usu-
ally defined in statistical physics. Take an abstract set X whose cardinality coincides with 
that of the continuum in ZFC set theory and regard it as an abstract ideal gas X such that 
its elements x correspond to the atoms x of the ideal gas X. Extending this analogy further, 
the left hand side of (1) i.e. the fixed diffeomorphism class of M with its global topological, 

K(x) ≧ NS

(1)M =
⨆
x∈M

{x}.
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smooth, etc. “macroscopic” properties can be regarded as one possible macrostate of X 
while the right hand side of (1) i.e. the particular identification of M with its elements as 
a particular microstate of X within the macrostate M. The dynamics of X in its macrostate 
M is generated by diffeomorphisms; hence another microstate within the same macrostate 
is achieved by picking any diffeomorphism f ∶ M → M and taking the corresponding new 
decomposition

Another differentiable manifold N not diffeomorphic to M (in the broadest sense i.e. pos-
sibly having different dimension, number of connected components, etc.) might be inter-
preted as a different macrostate (with its corresponding assembly of microstates created 
by diffeomorphisms) of the same astractly given ideal gas X. However this abstract ideal 
gas can even appear in completely different i.e. non-geometric, discontinuous macrostates 
as well like e.g. in the form of the Cantor set C ⊂ ℝ or some other abstract topological 
space (with its homeomorphisms creating the corresponding assembly of microstates), or 
just simply in the form of some set (together with its bijections), etc., etc.

In accord with this analogy Theorem 2.1 is interpreted as a fundamental result about the 
indistinguishability of the individual microstates of X belonging to the same macrostate M. 
The next standard step in statistical mechanics is then to introduce a tool, a measure, capa-
ble to grasp the amount of information loss created by the passage from individual micro-
states to their common macrostate. This measure is known as the entropy of the ideal gas 
in a given macrostate. How could we characterize this entropy within our analogy? Pro-
ceeding completely formally along the way of Boltzmann’s classical approach to entropy 
we can argue as follows. Certainly all possible microstates of the abstract ideal gas X are 
parameterized by the elements of the group of its all set-theoretic bijections Bij(X) while its 
possible microstates within the macrostate M are parameterized by its subgroup of diffeo-
morphisms Diff(M) . Thus we formally put

with ΓS being an, at this state of the art admittedly hypothetical, measure on Bij(X) depend-
ing on a particular choice of axiomatic system S in Theorem  2.1. Taking into account 
1 ⫋ Diff(M) ⫋ Bij(X) we expect 1 < ΓS(Diff(M)) < ΓS(Bij(X)) = +∞ to hold such that, 
together with 0 < ConstS < +∞ the resulting formal expression is a finite positive number 
independent of any choice of S as dictated by the universality of Theorem 2.1. Note that 
despite being formally ill-defined, by construction this entropy formula is invariant under 
diffeomorphisms of M.

To summarize, we have sketched a framework in which the inherent uncertainty or fuzz-
iness of the arithmetical continuum i.e. the set ℝ of real numbers or gemetrically speaking 
the real line or more generally any differentiable manifold, can be interpreted as a non-zero 
entropy of the arithmetical continuum (cf. Schlesinger 2014a, b).

3  Secondary Noether Theory and the Entropy of Black Holes

We would like to make the quite nonsense formula (2) more meaningful by passing from 
mathematics to physics. Namely, we shall consider classical physical theories over physi-
cal space-time such that in the mathematical description of these theories the physical 

M = f (M) =
⨆
x∈M

{f (x)}.

(2)Entropy of the setX in itsmanifold-macrostateM ∶= ConstS ⋅ logΓS(Diff(M))
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space-time is modeled on a differentiable manifold with the property (1). Then, we shall 
ask ourselves: Does the inherent uncertainty or fuzziness of the arithmetical continuum 
recognized in the mathematical model of the physical theory “pop up” somehow among 
the physical propositions of the physical theory? Putting differently: Does this fuzziness 
somehow “lift” from the mathematical level to the physical level of the physical theory? 
Since we have found some similarities between this purely mathematical uncertainty or 
fuzziness of the arithmetical continuum and the physical concept of entropy, we are going 
to seek entropylike phenomena in those physical theories which are particularly sensi-
tive for the physical structure of space-time. If these sought entropylike phenomena hap-
pen to have a pure set-theoretical origin introduced by the mathematical description of the 
physical theory, then we expect them to have something to do with diffeomorphisms of the 
underlying differentiable manifold modeling physical space-time; for the formal expression 
(2) is diffeomorphism-invariant hence the entropy it describes is invariant under diffeo-
morphisms. Apart from this, if diffeomorphisms are in addition symmetries of the physical 
theory we are dealing with then we may as well try to identify these entropylike things 
with Noether charges associated with diffeomorphism symmetry.

By Noether’s theorem in a broad physical sense one means that “to every continuous 
symmetry of a physical theory a quantity can be assigned which is conserved”. It may hap-
pen however that this conserved quantity, the Noether charge, vanishes. Our goal is to dem-
onstrate that even in this trivial case certain non-trivial de Rham cohomology classes can 
still be interpreted as “secondary Noether charges” associated with this symmetry of the 
theory. There is an analogouos situation in algebraic topology. Consider a complex vector 
bundle E over a topological space X. Recall that for all i = 0,… , rkE the ith Chern class of 
E takes value in H2i(X;ℤ) . Therefore, if it happens that X has vanishing even dimensional 
singular cohomology then characteristic classes cannot be used to distinguish complex 
vector bundles over it.2 However if X is a manifold M then one can still introduce the so-
called secondary or Chern–Simons characteristic classes taking values in odd dimensional 
cohomology (Chern and Simons 1974). Motivated by this consideration as well as those in 
Dolan (2018) and Wald (1993) we proceed as follows.

For completeness and convenience let us recall how standard Noether theory works in 
case of a classical relativistic field theory. We are going to skip all the technical details here 
but emphasize that in case of a compact, orientable Riemannian 4-manifold all of our con-
siderations below are rigorous mathematical statements; therefore we have a reason to hope 
that with appropriate technical modifications all the stuff remains valid in physically more 
realistic situations.

So let (M, g) be a four dimensional (non-)compact oriented (pseudo-)Riemannian mani-
fold representing space-time and let Φ denote the full field content of a classical field the-
ory over (M, g) defined by a Lagrangian density L(Φ, g) ∈ Ω4(M) . Note that by definition 
the Lagrangian is not a function but a 4-form over M allowing one to talk about the cor-
responding action S(Φ, g) = ∫

M
L(Φ, g) defined by integration over M. Let M  be the con-

figuration space of all (but belonging to a nice function class) (Φ, g)-field configurations 
over M i.e. its elements are not identified by diffeomorphisms, gauge, etc. transformations. 

2 A simple example for this failure is provided by complex rank two vector bundles with structure group 
SU(2) over the 5-sphere S5 . Then, on the one hand, isomorphism classes of these type of vector bundles are 
classified by the group �4(SU(2)) ≅ �4(S

3) ≅ ℤ2 hence there are precisely two different such bundles up to 
isomorphism over S5 ; meanwhile, on the other hand, Hk(S5;ℤ) ≅ {0} if k ≠ 0, 5 hence all Chern classes of 
these bundles are trivial.
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Consider a differentiable curve C ∶ ℝ → M  . We say that C is a symmetry of the theory 
L(Φ, g) if its action S(Φ, g) is constant along C that is, S(C(t)) = S(Φ(t), g(t)) = Const for 
all t ∈ ℝ . Writing (Φ, g) ∶= (Φ(0), g(0)) and using physicists’ usual notation define “the 
infinitesimal variation of the action at (Φ, g) along C” by

where �CL(Φ, g) ∈ Ω4(M) is the “infinitesimal variation of the Lagrangian at (Φ, g) along 
C”.3 Assume that (M,  g) is smooth and let Δg ∶= dd∗ + d∗d denote its Hodge Lapla-
cian; recall that if � ∈ Ω4(M) the partial differential equation Δg� = � has a smooth 
solution � if and only if ∫

M
� = 0 . By definition of a symmetry ∫

M
�CL(Φ, g) = 0 

hence there exists an element �C ∈ Ω4(M) satisfying Δg�C = �CL(Φ, g) . However 
Δg�C = dd∗�C + d∗d�C = dd∗�C consequently picking an arbitrary �C ∈ Ω2(M) and 
putting

we succeeded to find an element �C ∈ Ω3(M) such that d�C = �CL(Φ, g) . Note 
first that, although �C is well-defined only up to a harmonic 4-form i.e. an element 
� ∈ KerΔg , the 3-form �C is not sensitive for this ambiguity because taking into 
account its harmonicity, � is both closed ( d� = 0 ) and co-closed ( d∗� = 0 ) hence 
�C = d∗�C + d�C = d∗(�C + �) + d�C . Secondly, the “gauge freedom” i.e. the �C-ambigu-
ity can be fixed as well by imposing the “Coulomb gauge condition” d∗�C = 0 . Indeed, 
d∗�C = d∗

2
�C + d∗d�C = d∗d�C = 0 (together with the Hodge decomposition theo-

rem) implies d�C = 0 . Therefore, given a symmetry C of the theory we come up with a 
�C ∈ Ω3(M) which satisfies

and this 3-form is well-defined in the sense that it depends only on the symmetry repre-
sented by the curve C as expected.4

Proceeding further, we call the Hodge dual 1-form jC ∶=∗ �C ∈ Ω1(M) the Noether 
current associated with the symmery C moreover for a (spacelike) hypersurface-without-
boundary S ⊂ M put qC,S ∶= ∫

S
∗ jC and call it the Noether charge associated with the 

symmetry C. The Noether charge satisfies

�CS(Φ, g) ∶= lim
t→0

1

t
(S(C(t)) − S(C(0))) = ∫

M

lim
t→0

1

t
(L(C(t)) − L(C(0))) =∶ ∫

M

�CL(Φ, g)

(3)�C ∶= d∗�C + d�C

⎧⎪⎨⎪⎩

d�C = �CL(Φ, g)

d∗�C = 0

∫
M
d�C = 0

qC,S1 − qC,S2 = ±∫
W(S1,S2)

d�C = 0

4 If (Φ0, g0) ∈ M  is a critical point of the action then �CS(Φ0, g0) = ∫
M
�CL(Φ0, g0) = ∫

M
�L(Φ0, g0)

(Ċ) = 0 for all curves passing through the critical point. Hence ∫
M
𝛿L(Φ0, g0)(Ċ) = 0 for all Ċ ≠ 0 thus in 

fact �L(Φ0, g0) = 0 which is the resulting field equation of the theory.

3 Using standard notations of differential geometry if Ċ is the derivative of C at t = 0 then 
𝛿CL = Ċ(L) ∶ M → Ω4(M) . By specializing the variation further we can demand �2 = 0 hence we can for-
mally treat � as an exterior derivative on the infinite dimensional manifold M  (Dolan 2018, and references 
therein) and can introduce the Ω4(M)-valued 1-form �L on M  . Then 𝛿CL = 𝛿L(Ċ) ∶ M → Ω4(M) as well.
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by applying Stokes’ theorem on a domain W(S1, S2) ⫅ M with induced orientation and ori-
ented boundary 𝜕W(S1, S2) = S1 ⊔ (−S2) . (Here we strictly speaking assume that the varia-
tion vanishes on the complement M⧵W(S1, S2) hence ∫

W(S1,S2)
d�C = ∫

M
d�C = 0 indeed.) 

Consequently the real number qC ∶= qC,S is a well-defined conserved quantity associated 
with the symmetry of the theory in this sense.

Thanks to the gauge fixing condition d∗�C = 0 the Noether current looks like 
jC =∗ �C = ±d ∗ �C consequently jC ∈ [0] ∈ H1(M) i.e. the current represents the 
trivial cohomology class in the first de Rham cohomology. We may then ask ourselves 
what about �C from the de Rham theoretic viewpoint? Does it represent a cohomol-
ogy class in H3(M) ? Still working in the gauge d∗�C = 0 , assume d�C = 0 holds; then 
via (3) we get Δg�C = 0 implying �C is harmonic hence �C = d∗�C = 0 . Therefore we 
find that d�C = 0 if and only if �C = 0 . Consequently �C ∈ Ω3(M) represents a coho-
mology class [�C] ∈ H3(M) if and only if �C = 0 and the associated Noether charge 
qC = ∫

S
∗ jC = ± ∫

S
�C = 0 is trivial rendering the classical Noether theory useless in 

this situation.
Let us focus attention to this trivial case i.e. when for a symmetry C of the theory 

L(Φ, g) the associated total derivative satisfies [�C] ∈ H3(M) or equivalently (by exploit-
ing the gauge fixing condition d∗�C = 0 ) �C = 0 . This latter equation also implies 
d∗�C = 0 as we have seen hence the general expression (3) reduces to

saying that �C itself represents a cohomology class in H2(M) . Consequently in this situa-
tion—which is trivial from the variational viewpoint in the sense that it yields vanishing 
primary Noether theory, but not trivial from the topological viewpoint in the sense that 
H2(M) ≇ {0} may hold—we can still introduce a secondary or topological Noether current 
JC ∈ Ω2(M) by putting JC ∶=∗ �C . Then taking any (spacelike) two dimensional submani-
fold-without-boundary Σ ⊂ M the corresponding secondary or topological Noether charge 
QC,Σ ∶= ∫

Σ
∗ JC is well-defined in the sense that it depends only on the chosen de Rham 

cohomology class [∗ JC] ∈ H2(M) . Moreover

by Stokes’ theorem. (This time W(Σ1,Σ2) ⊂ M is a sub-3-manifold with induced orienta-
tion and oriented boundary 𝜕W(Σ1,Σ2) = Σ1 ⊔ (−Σ2) .) Consequently we have a conserved 
quantity in the sense that the number QC,Σ =∶ QC,[Σ] depends only on [∗ JC] ∈ H2(M) and 
the singular homology class [Σ] ∈ H2(M;ℤ) . Although it is not necessary, just for aestheti-
cal reasons we can suppose without loss of generality that �C is the unique harmonic rep-
resentative of [�C] hence both �C and JC =∗ �C are closed that is, represent cohomology 
classes within H2(M).

Note that, regardless what the symmetry C actually is, in order QC,[Σ] not to be trivial 
i.e., QC,[Σ] ≠ 0 , we need [0] ≠ [Σ] ∈ H2(M;ℤ) as well as [0] ≠ [∗ JC] ∈ H2(M) . Both con-
ditions are met if we demand M to satisfy the topological condition that the free part of 
its second singular homology group H2(M;ℤ)free ≅ ℤrkH2(M;ℤ) be non-zero (i.e., the rank 
of H2(M;ℤ) be non-zero). Moreover, at this level of generality all cohomology classes 
in H2(M) are premitted to play the role of [∗ JC] consequently the number of linearly 
independent secondary Noether currents is equal to b2(M) . Therefore if rkH2(M;ℤ) > 1 
that is, b2(M) > 1 then we have “too many” options to introduce non-trivial secondary 

0 = d�C

QC,Σ1
− QC,Σ2

= ±∫
W(Σ1,Σ2)

d�C = 0
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Noether charges for a given symmetry. Consequently, the optimal situation for this sec-
ondary theory is when rkH2(M;ℤ) = 1 (at this level of generality).

To summarize, we have proved.

Lemma 3.1 Let (M,  g) be a (non-)compact oriented (pseudo-)Riemannian 4-manifold 
satisfying the topological condition H2(M;ℤ)free ≇ {0}. Let moreover a classical relativ-
istic field theory be given over (M, g) defined by its Lagrangian density L(Φ, g) ∈ Ω4(M). 
Assume that C ∶ ℝ → M  is a symmetry of the theory such that the corresponding total 
derivative �C ∈ Ω3(M) satisfying the gauge fixing condition d∗�C = 0 is closed (hence in 
fact �C = 0 ).

Then there exist a 2-form 0 ≠ JC ∈ Ω2(M) representing a non-trivial de Rham coho-
mology class 0 ≠ [∗ JC] ∈ H2(M) as well as a closed oriented surface Σ ⊂ M represent-
ing a non-trivial singular homology class [0] ≠ [Σ] ∈ H2(M;ℤ)free such that the associ-
ated quantity QC,Σ ∶= ∫

Σ
∗ JC ∈ ℝ is not zero and depends only on [∗ JC] ∈ H2(M) and 

[Σ] ∈ H2(M;ℤ)free. We denote this quantity by QC,[Σ] and call the secondary or topologi-
cal Noether charge associated with the symmetry C and the classes [∗ JC] and [Σ]. For a 
given symmetry C the number of linearly independent cohomology classes [∗ JC] is equal 
to rkH2(M;ℤ).   □

Note that what we have done is in fact simple: We interpret the a priori existing coho-
mology classes of M as certain physical quantities whenever a theory L(Φ, g) , possessing 
certain type of symmetries, has been formulated over M.

Let us apply this theory for diffeomorphisms in pure gravity in four dimensions. Let 
�M ∈ Ω4(M) defined by �M ∶=∗ 1 be the volume form of (M, g) and take the usual Ein-
stein–Hilbert Lagrangian LEH(g) ∶= (Scalg − 2Λ)�M with cosmological constant Λ ∈ ℝ 
and consider its variation with respect to a 1-parameter subgroup {ft}t∈ℝ of the orienta-
tion-preserving diffeomorphism group Diff+(M) of the underlying space-time manifold M 
while the metric g is kept fixed. That is we define our curve by C(t) ∶= f ∗

t
g ∈ M  for all 

t ∈ ℝ . The infinitesimal generator of this subgroup is a compactly supported vector field 
X ∈ C∞

c
(M;TM) . Since a diffeomorphism acts on k-forms via pullback and the scalar cur-

vature is invariant under diffeomorphisms, LEH(C(t)) = f ∗
t
LEH(f

∗
t
g) = f ∗

t
LEH(g) hence the 

corresponding infinitesimal variation takes the shape

where LX denotes the Lie derivative with respect to X. Substituting the Lagrangian and 
applying Cartan’s formula we thus get

While �CLEH(g) ≠ 0 in general, nevertheless we find that 
�CSEH(g) = ∫

M
d((Scalg − 2Λ)�X�M) = 0 by Stokes’ theorem hence the Einstein–Hilbert 

action itself is invariant consequently diffeomorphisms are both off or on shell symmetries 
of general relativity with possibly non-vanishing cosmological constant. The associated 
total derivative up to an exact term looks like �C = (Scalg − 2Λ)�X�M in some gauge prob-
ably not satisfying the condition d∗�C = 0.

�CLEH(g) = lim
t→0

1

t
(1 − f ∗

t
)LEH(g) = LX(LEH(g))

�CLEH(g) = �X(d((Scalg − 2Λ)�M)) + d(�X((Scalg − 2Λ)�M))

= d((Scalg − 2Λ)�X�M).
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In order not to get lost in the gauge fixing problem assume instead that (i) we are on 
shell i.e., Einstein’s equation Ricg = Λg is valid hence �C = 2Λ�X�M and (ii) the cosmo-
logical constant vanishes yielding �C = 0 . Consequently the diffeomorphism symmetry 
in on shell pure gravity with vanishing cosmological constant has vanishing associ-
ated (primary) Noether charge. However substituting �C = 0 into (3) (and referring to 
the Hodge decomposition theorem) we get d∗�C = 0 and d�C = 0 consequently in this 
physically important situation we can interpret the cohomology classes [�C] ∈ H2(M) as 
Hodge duals of currents JC in secondary Noether theory.

As we stressed even in the formulation of Lemma 3.1, interesting secondary Noether 
theory emerges only if the underlying manifold is topologically non-trivial in the sense 
formulated there. At this point, by taking e.g. a survey on known solutions (Stephani 
et  al. 2003), we make an observation which is completely independent of our consid-
erations taken so far—hence in our opinion is very interesting!—namely: Apparently 
all explicitly known 4 dimensional black hole solutions in vacuum general relativity 
with vanishing cosmological constant satisfy the topological condition formulated in 
Lemma 3.1. This intuitively means that because of some general reason a black hole is 
even topologically recognizable as a two dimensional “hole” in space-time. In fact with 
an appropriate restriction this observation can be proved (Etesi 1998) and can be con-
sidered as a global topological counterpart of well-known black hole uniqueness theo-
rems (Heusler 1996). In accordance with this provable version (Etesi 1998) we suppose 
from now on that: (M, g) is a 4 dimensional solution of the Einstein’s equation Ricg = 0 
and describes a single stationary asymptotically flat black hole; hence rkH2(M;ℤ) = 1 
(which apparently corresponds to the case that a “single” black hole is present). In this 
case the homology class of the “instantaneous” event horizon of the black hole as an 
(immersed) surface i ∶ Σ ↬ M represents a non-zero element [Σ] ∈ H2(M;ℤ)free ≅ ℤ.

Then we proceed as follows: Like the original volume form ∗ 1 =∗g 1 = �M ∈ Ω4(M) , 
the induced area form ∗i∗g 1 =∶ �Σ ∈ Ω2(Σ) of the “instantaneous” event horizon Σ 
is closed consequently it represents a class [�Σ] ∈ H2(Σ) which is not zero since the 
event horizon has finite area. Then exploiting singleness and stationarity, the “instan-
taneous” event horizon Σ is connected and its area Areag(Σ) = ∫

Σ
�Σ is constant in time 

consequently we can suppose that the area form is proportional to the Hodge dual of the 
secondary Noether current with a time-independent constant. In other words with any 
choice for the Hodge dual of the secondary Noether current JC ∈ Ω2(M) the �Σ satisfies 
that Const [i∗(∗ JC)] = [�Σ] ∈ H2(Σ) ≅ ℝ therefore

offering a natural way to normalize QC,[Σ] to be equal to the entropy of the black hole i.e.

Accepting this choice of normalization therefore a natural physical interpretation of this 
abstract conserved quantity also emerges, namely: If a 4 dimensional space-time (M,  g) 
is a solution of the vacuum Einstein’s equation with vanishing cosmological constant and 
describes a single stationary asymptotically flat black hole then the secondary Noether 
charge associated to an orientation-preserving diffeomorphism of the space-time manifold 

Entropy of the black hole in(M, g) = Const (Areag(Σ)) = Const∫
Σ

�Σ = Const∫
Σ

∗ JC

= ConstQC,[Σ]

(4)Entropy of the black hole in(M, g) = QC,[Σ].
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is not zero and as a secondary conserved quantity is equal to the entropy of the black hole 
(cf. Wald 1993).

We are now in a position to make our crucial observation: Both the previously intro-
duced set-theoretic and the black hole entropy here give rise to conserved quantities 
assigned to one and the same process namely the permutation of the points of a given dif-
ferentiable manifold by diffeomorphisms. This manifests itself in their common diffeo-
morphism invariance. More precisely: (2) as the set-theoretic entropy of the abstract set 
X underlying the black hole space-time M is invariant in the formal sense while (4) as the 
black hole entropy of (M, g) is invariant in the secondary Noether sense. Hence these two 
scalars are expected to obey a functional relation like

and accepting the validity of the implicit function theorem then at least locally the black 
hole entropy can be recovered from this as follows:

Both quantities express entropy hence are subject to positivity, subadditivity, etc. moreover 
(4) depends on both the smooth structure on M and a metric g on it while (2) depends only 
on the smooth structure on M. These properties force the two entropy expressions in fact 
to be proportional. Therefore the (stationary, asymptotically flat, single) black hole entropy 
(4) factorizes like

consisting of a metric term Constg > 0 and the pure set-theoretic entropy term from (2) of 
the underlying manifold continuum. We can even generalize this “formula” for any solution 
of Einstein’s equation by setting the left hand side to be zero if (M, g) does not describe a 
black hole and putting Constg = 0 on the right hand side, too.

The time has come to complete the circle of our arguments. On the mathematical side, 
the formal concept of the arithmetical continuum (or the set ℝ of real numbers) contains an 
inherent uncertainty or fuzziness in the sense that the effective identification of the arith-
metical continuum with its individual disjoint constituents, the points, cannot be carried 
out (our interpretation of Theorem 2.1). On the physical side, the nowadays accepted for-
mal mathematical description of our intuitive concept of the spatial or temporal continuum 
in terms of the arithmetical continuum lifts the purely formal—and concerning its origin, 
metaphysical—concept, the same point again, to an ontological level. We may then ask 
ourselves whether or not this sort of description of space-time in a mathematical model of 
a physical theory introduces a similar uncertainty or fuzziness into the physical theory. Let 
us formulate our question more carefully. In the modern understanding by a physical the-
ory one means a two-level description of a certain class of natural phenomena: The theory 
possesses a syntax provided by its mathematical core structure and a semantics which is 
the meaning i.e. interpretation of the bare mathematical model in terms of physical con-
cepts. Consider a physical theory whose semantics contains a description of space and time 
(like general relativity) and its syntax uses the arithmetical continuum to mathematically 
describe the thing which corresponds to the space-time continuum at the semantical level 
of the theory (like general relativity). Then we may ask whether or not the uncertainty or 
fuzziness at the syntactical level of the physical theory (introduced by the utilization of the 
arithmetical continuum) shows up at the semantical level of the physical theory as well? 
To answer this for a given physical theory, we have to search among its physical concepts 

F(Entropy of the black hole in (M, g), Entropy ofX in itsmanifold-macrostateM) = 0

Entropy of the black hole in (M, g) = f (Entropy ofX in itsmanifold-macrostateM).

(5)
Entropy of the black hole in (M, g) = Constg ⋅ (Entropy ofX in itsmanifold-macrostateM)
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which describe uncertainty, fuzziness, or disorder at the semantical level and check their 
counterparts at the syntactical level. Of course the basic physical concept of this kind is the 
entropy.

Therefore, in this context, one can be concerned whether or not entropy within classical 
general relativity, appearing in its semantics in the form of black hole entropy (Bardeen 
et  al. 1973; Hawking 1971), simply comes from its syntax i.e. has a pure mathematical 
origin only (hence probably not corresponding to any “objective” thing in the world)? This 
suspicion is also supported in some extent by the several controversial (geometrical, ther-
modynamical, quantum and information theoretic, etc.) properties of the one and the same 
black hole entropy. Our analysis of the black hole entropy formula in general relativity 
culminating in its formal factorization (5) into the product of a metric term and a pure 
set-theoretic term points at least in part towards a set-theoretic origin. That is, even if the 
metric term in (5) indeed corresponds to the “physical part” of black hole entropy, the next 
term could be a “pure mathematical” or more precisely a “pure set-theoretic” contribu-
tion only. This could be an example of how certain physical statements within the physical 
theory of general relativity are “contaminated” by the underlying mathematical model akin 
to the situation in quantum field theory (Baez 2016).

However if one prefers one can read (5) in two extreme ways as well, going into exactly 
the opposite directions as follows. The first is that black hole entropy is of pure mathemati-
cal origin without any physical content hence e.g. the long-sought as well as quite prob-
lematic physical degrees of freedom responsible for black hole entropy (far from being 
complete cf. e.g. Strominger and Vafa 1996) would in fact be not physical at all but would 
simply coincide with the purely “mathematical degrees of freedom” of the point constitu-
ents of the arithmetical continuum used to formulate general relativity mathematically. We 
have to acknowledge that as long as the physical origin of black hole entropy is not con-
firmed by the experimental discovery of e.g. black hole radiation (Hawking 1975; Wald 
1975) or other thermal phenomena, this possibility cannot be a priori refuted. The second 
extreme reading is that black hole entropy is of pure physical origin without any mathe-
matical content which arises if one rather wishes to accept the physical origin of black hole 
entropy (and e.g. looks forward its experimental discovery). Then (5) can be interpreted 
as an argument for the “physical origin” of what we have called the inherent fuzziness 
or uncertainty within the set of real numbers. This interpretation then could explain the 
expected independence of the set-theoretic entropy (2) of any axiomatic system S which is 
in accordance with the universal character of Theorem 2.1.

Finally, in the realm of the latter extreme interpretation, for future investigation we 
record here another consequence of the entropy formulas (2) and (4), too. Let M be a differ-
entiable 4-manifold with H2(M;ℤ)free ≅ ℤ and equipped with a metric g. Suppose Σ ⊂ M is 
a homologically non-trivial closed minimal surface (mathematical equivalent of the appar-
ent horizon of a single black hole). Consider the hypothetical measure ΓS on the group 
Bij(X) of all set-theoretic bijections of M as a set X. Although we expect ΓS(Bij(X)) = +∞ 
to hold, by the aid of (5) the measure of the subgroup Diff(M) ⫋ Bij(X) of diffeomorphisms 
formally looks like

where 0 < ConstS < +∞ is the constant depending on the axiomatic system S used to 
define ΓS while 0 < Constg < +∞ is the constant depending only on the metric.

ΓS(Diff(M)) = e

Areag (Σ)

ConstS Constg < +∞
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