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Abstract In this paper, we study the asymptotic behavior of supremum distribu-
tion of some classes of iterated stochastic processes {X (Y (¢)) : ¢ € [0, c0)}, where
{X(¢) : t € R} is a centered Gaussian process and {Y (¢) : t € [0, c0)} is an indepen-
dent of {X (¢)} stochastic process with a.s. continuous sample paths. In particular, the
asymptotic behavior of ]P’(supse[o’T] XY (s)) >u)asu — oo, where T > 0, as well
as limy— 0o P(Supg¢po. uy X (Y (s)) > u), for some suitably chosen function (u)
are analyzed. As an illustration, we study the asymptotic behavior of the supremum
distribution of iterated fractional Brownian motion process.
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1 Introduction

Let {X () :t € R}and {Y(¢) : t € [0, o0)} be two independent stochastic processes.
This contribution is devoted to the analysis of asymptotic behavior of supremum
distribution of iterated process {X (Y (¢)) : ¢ € [0, 00)}.
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452 M. Arendarczyk

Originated by Burdzy (1993; 1994) for the case of iterated Brownian motion, the
problem of analyzing the properties of iterated processes was intensively studied in
recent years. Motivation for the analysis of the process {X (Y (7))} in case of {X (r)}
and {Y (¢)} being independent Brownian motions was delivered by its connections to
the 4th order PDE’s (see, e.g., Funki 1979; Allouba and Zheng 2001; Nourdin and
Peccati 2008). A vast literature is devoted to the analysis of many interesting proba-
bilistic properties of iterated Brownian motions (see, e.g., Burdzy and Khoshnevisan
1995; Hu et al. 1995; Shi 1995; Bertoin 1996; Khoshnevisan and Lewis 1996; Eisen-
baum and Shi 1999; Khoshnevisan and Lewis 1999). We also refer to (Curien and
Konstantopoulos 2014) where convergence of finite dimensional distributions of nth
iterated Brownian motion is studied and (Turban 2004) where infinite iterations of
i.i.d. random walks are analyzed.

Recent studies also focus on properties of {X (Y (¢)) : t € [0, 0co)} for the case
of more general Gaussian processes { X (¢)}. One of interesting example of such pro-
cesses is fractional Laplace motion {By (I'(¢t)) : t € [0, 00)}, where {I"(¢¥) : t €
[0, 00)} is a Gamma process. Motivation for analyzing fractional Laplace motions
stems from hydrodynamic models (see, e.g., Kozubowski et al. 2004). This kind
of processes were described in (Kozubowski et al. 2006), see also (Arendarczyk
and Debicki 2011) where asymptotic behavior of exit-time distribution for the pro-
cess {By(['(¢))} was found. Another important class of iterated processes are the
so-called a-time fractional Brownian motions {Bg (Y (¢))}, where {Y (¢)} is a-stable
subordinator independent of the process { By (¢)} (see, e.g., Linde and Shi 2004; Nane
2006; Linde and Zipfel 2008; Aurzada and Lifshits 2009). We also refer to (Michna
1998) and (Debicki et al. 2014) where the process {By (Y (¢))} was analyzed in the
context of theoretical actuarial models.

The process { By (Y ())} in the case of {Y ()} not being a subordinator was studied
in (Aurzada and Lifshits 2009). In this case, the small deviations asymptotics was
found for the so-called iterated fractional Brownian motion process {Bp, (By, (1))},
where {Bp, (1)}, {Bu,(t)} are independent fractional Brownian motions with Hurst
parameters Hi, Hy € (0, 1] respectively.

In this paper, we focus on the analysis of asymptotic behavior of supremum dis-
tribution of the process {X (Y (¢)) : t € [0, 00)} for general classes of stochastic
processes { X (¢)}, {Y (¢)} with a.s. continuous sample paths.

Notation and organization of the paper:

In Section 2, we study the asymptotic behavior of

}P’( sup X(Y(s)) > u) as u — 00, (D)

s€[0,T]
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where 7 > O and {X(z) : t € R}, {Y(¢) : t € [0, 00)} are independent stochastic
processes. This problem is closely related to the analysis of asymptotic behavior of
the supremum distribution of the process {X (¢)} over a random time interval (see,
e.g., Debicki et al. 2004; Arendarczyk and Degbicki 2011; 2012; Tan and Hashorva
2013; Debicki et al. 2014).

We start in Section 2.1 by giving general result for the case of {X(¢)} being
Gaussian process with stationary increments and convex variance function (see
Section 2.1, assumptions A1 — A3). In this case, under some general conditions on
the process {Y (t)} (see Section 2.1, assumptions L1, L2), we show that (1) reduces to

Pl sup X(s) >u) asu — oo, 2)
s€[0,71

where 7 is a non-negative random variable independent of {X ()} with asymptoti-

cally Weibullian tail distribution, that is,

P(T > u) = Cu? exp(—Bu®)(1 + o(1)) 3)

asu — oo, where o, 8, C > 0,y € R (see, e.g., Arendarczyk and Debicki (2011)
for details). We write T € W(a, B, y, C) if T satisfies (3).

Section 2.2 is devoted to the special case of the process {By (Y (¢)) : t € [0, 00)},
where {Bg(¢) : t € R} is a fractional Brownian motion (fBm) with Hurst parameter
H € (0, 1], that is, a centered Gaussian process with stationary increments, a.s. con-
tinuous sample paths, By (0) = 0, and covariance function Cov(Bg(¢), Bg(s)) =
% (|s|2H + 12— — s|2H) . Due to self-similarity of the process { By (¢)}, we are
able to provide the exact asymptotics of (1) for the whole range of Hurst param-
eters H € (0, 1]. As an illustration, in Proposition 2.4, we work out the exact
asymptotics of the supremum distribution of iterated fractional Brownian motion
{Bu,(Bu, (1)) : t € [0,00)}, where {Bpy, (¢)}, {Bn,(¢)} are independent fractional
Brownian motions with Hurst parameters Hy, H> respectively. Note that small devi-
ation counterpart of this problem was recently studied in (Aurzada and Lifshits
2009).

In Section 2.3, the case of {X (¢)} being a stationary Gaussian process is analyzed
(see Section 2.3, assumptions D1, D2). In this case the exact asymptotics of (1) can
be achieved under a general condition of finite average span of the process {Y (¢)}
(see Section 2.3, assumption S1). This problem is strongly related to the analysis of

(2) in case of T being a random variable with finite mean. In this case the asymptotics
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of (2) has the form (see Arendarczyk and Debicki (2012), Theorem 3.1, and also

Pickands (1969) for the classical result of Pickands’ on deterministic time interval)

Pl sup X(s)>u)=ETCY*Heu®*Uw)(1 + o(1))
s€[0, 71

as u — oo, where H,, is the Pickands’ constant defined by the limit

1
Hy = lim —Eexp| sup v2Ba(t) —1%],
T—oo T t€[0,T] 2
and ¥ (u) := P(N > u) with N denoting the standard normal random variable.
In the second part of the paper, we study

lim P sup XY(s)>ul, “4)
U=00  \sel0,h(u)]

for some suitably chosen function 4 (u).

First, in Theorem 3.1 we investigate limiting behavior of (4) for the case of {X ()}
and {Y (#)} being independent Gaussian processes with stationary increments that sat-
isfy some general regularity conditions (see Section 3, assumptions B1 — B3). Then,
in Theorem 3.2 and Proposition 3.3, the case of {X (¢)} being stationary Gaussian
process is studied. We analyze {X (Y (¢))} for both weakly and strongly dependent
stationary Gaussian processes {X (¢)} (see Section 3, assumptions D1 — D3). In these
settings we provide (4) in the case of {Y (#)} being a centered Gaussian process with
stationary increments, as well as for self-similar process {Y (¢)} that is not necessarily
Gaussian.

2 Short timescale case

In this section, we study the asymptotic behavior of

IP( sup X(Y(s)) > u) as u — 00, 5

s€[0,T]

where T > 0, for the case of {X(¢) : t+ € R} being a centered Gaussian process
with a.s. continuous sample paths. We focus on two important classes of Gaussian
processes. First, processes {X ()} with stationary increments are studied. Then, we

analyze the case of stationary processes {X (¢)}.
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2.1 The stationary increments case

Let {X(¢) : t € R} be a centered Gaussian process with stationary increments, a.s.
continuous sample paths, X (0) = 0 a.s., and variance function 0)2( (1) == Var(X (1))
that satisfies the following assumptions

Al o3 (1) € CY([0, 00)) is convex;
A2 0}2( (1) is regularly varying at oo with parameter ao € (1, 2);

A3 there exists D > 0 such that 0)2( (t) < Dt%>e foreacht > 0.

To provide general result for (5) we assume that {Y () : ¢ € [0, o)} is a stochastic
process with a.s. continuous sample paths, which is independent of {X ()} and its
extremal distributions belong to the Weibullian class of random variables, that is,

L1 M :=sups ) Y (s) € Wlaa, B1, y1, C1), with a1, B1,C1 > 0,1 € R;

L2 K := —infsep, 71 Y (s) € W(aa, B2, y2. C2), with a2, B2,C2 > 0,2 € R.

Remark 2.1 Note that assumptions L1, L2 cover, e.g., a class of general Gaussian

processes.

In the following theorem we present structural form of the asymptotics. The explicit
asymptotic expansion is presented in Corollary 2.2.

Theorem 2.1 Let {X(t) : t € R} be a centered Gaussian process with station-
ary increments and variance function o)z((t) that satisfies assumptions A1 — A3
and {Y(t) : t € [0,00)} be an independent of {X(t)} stochastic process with a.s.
continuous sample paths that satisfies L1, L2. If

(i) P >u)=o0M > u)) asu — oo, then

IE”( sup X (Y(s)) > u) =PXWM)>u)(1+0()) asu — oo;
5€[0,T]

(ii) PWM > u) =0P(K > u)) asu — oo, then

IP’( sup X(Y(s)) > u) =PXK)>u)(1+0()) asu— oo;
5€[0,T]
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(iii) P(K >u) = ZPM > u)(1 +o(1)), asu — oo, then

]P’( sup X (Y (s))> u): PX M) >u)+P(X(K)>u)) (1+0(1)) as u— oo.
5€[0,T]

The proof of Theorem 2.1 is presented in Section 4.1.

If the variance function of { X (¢)} is regular enough, then the straightforward appli-
cation of Corollary 3.2 in (Arendarczyk and Debicki 2011) enables us to give the
exact form of the asymptotics.

Corollary 2.2 Let {X(t) : t € R} be a centered Gaussian process with stationary
increments and variance function that satisfies A1 and {Y(t) : t € [0, 00)} be an
independent of { X (t)} stochastic process with a.s. continuous sample paths that satis-
fies L1, L2. Additionally, ifa}zf (1) = Dt¥° 4 0(tY7%), ast — 00, with a € (1,2),

D > 0, and a = min(«y, p), then

sup X(Y(s)) € W@, B, 7, C),

s€[0,T]
where
~ 2a ~ we [(D\#om ([ a \atew e\ e
= = a+doco —_ _ —
T dfas p=F5 (2) ((aoo) +(oz> )’
v
go 2T = ep i | o (% pue) T
o+ oo 2(a 4+ aoo) \ 208
with

(B1, y1, C1) for P(K > u) = o(P(M > u)) as u — o0,
By, C)=3 (B2,12,C2) for P(M > u) = o(P(K > u)) as u — oo,
(B1, y1, C1+C2) for P(K>u)= %IP(M >u)(1+0(1)) as u— oo.

2.2 The case of fBm
Let {By(t) : t € R} be a fractional Brownian motion with Hurst parameter H €

(0, 1]. In this section, we analyze the asymptotic behavior of

P sup By(Y(s)) >u] asu — oo, (6)
s€[0,T]

where T > 0 and {Y(#) : t € [0,00)} is an independent of {By ()} stochastic

process with a.s. continuous sample paths that satisfies assumptions L1, L2. Due to

self-similarity of the process { By (t)}, we are able to provide the exact asymptotics
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of (6) for the whole range of Hurst parameters H € (0, 1], which includes cases of
both convex and concave variance functions.

Proposition 2.3 Let {By(t) : t € R} be a fractional Brownian motion with Hurst
parameter H € (0,1] and {Y(t) : t € [0,00)} be an independent of {By(t)}
stochastic process with a.s. continuous sample paths that satisfies L1, L2. If:

H € (0,1/2), then

B (Y())GW( 20 52a—3aH+2y C)
Su S 9 9 9 9
se[O,pT] H o+ 2H o+ 2H !

H =1/2, then

By (Y(s)) W( 205 o6 )
su S (S s P, ) )
se[O,pT] " o+2H o+2H 2

H e (1/2, 1), then

2a ~ 2y ~
sup By (Y(s)) e W < B C2> ,

s€[0,T] o + 2H’ ’ o + 2H’
where
inar.a).  f=patn (5 (2 )*HH NEAS
= min(aq, s = Bt — (= - ,
« o1, 02 2\H o
1 Y
- 1 2H C a+6H+2y—2 1-2H—y ~ C«/ﬁ H a+2H
Ci=H _ — H 2etH (g a2 (Cp=—r-o-o-ou | — s
! H(z) Jat2H ©h) 2T Jat2H (aﬁ)

with B, y, C as in Corollary 2.2.

The proof of Proposition 2.3 is presented in Section 4.2.

We now apply Proposition 2.3 to calculate the exact asymptotics for the special
case of iterated fractional Brownian motion process { By, (B, (1))}.

Proposition 2.4 Let {Bp,(t) : t € R} and {Bpy,(t) : t € [0, 00)} be independent
fractional Brownian motions with Hurst parameters Hy, Hy € [0, 1) respectively.
Then

sup Bg,(Bg,(s)) e W(a, B,y,C),
s€[0,T]

where

2H| H;

11 H H 1
2 1 T+H, 1\ T+m4; 1 2 T+H, Hy \ T+/1,
o= . B=|= = ol e +\| = ,
Hy +1 T 2 2\ H 2
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and
(y1,C1)  for Hy €(0,1/2), H € (0,1/2),
(y2,2C2) for Hy € (0,1/2), H =1/2,
(y2,C2) for Hy €(0,1/2), Hy € (1/2,1],
(y3,2C3) for Hy =1/2, H € (0,1/2),
(v, C) =1 (v4,4Cy) for Hy =1/2, Hy =1/2,
(v4,2C4) for Hy =1/2, Hy € (1/2,1],
(y3,C3) for Hy e (1/2,1], Hy € (0, 1/2),
(y4,2Cq) for Hy € (1/2,1], Hy = 1/2,
(y4,Cq) for Hy € (1/2,1], Hy € (1/2,1],
with
_I—-H-3HH _ 1-3H C1-3H, 1
S THO+H) O P T HO+H) P 0+m T iy my
_ Hy+Hy+2H| Hy
i = (l)HZ 3HHp LT < ) —amm, HJ ;;jlﬁgxfz
T Hh/n(l + Hy) 2 ’
1 H2—3H1H2 1— 2H|+H1H2
C2 — (_) < ) 2H1(1+H2) ,
T n(l + H>)
C; = TH1H2 HHZ (])21—121 Hif%Hzl
V(1 + Hp) \2
C4 — TH1H2 1 Z(IEZHZ)

2J7(1+ Hy) 2
Proof Due to self-similarity of fBm

s€[0,T] s€[0,1]

IP( sup B, (By, (s)) > M) = P( sup B, (B, (5)) > ﬁ) ’

Moreover, due to Lemma 4.2 in (Arendarczyk and Debicki 2011) (see also Piterbarg
(1996), Theorem D?3)

B ()eW(Zl L3 HlelélfIT)f Hy € (0,1/2)
sup Bpy, (s - or Hy , ;
sef01] 2" H; Hi7

1 2
sup By, (s) e W (2, -, —1, —) for H = 1/2;
sef0.1] 2 V2

sup Bm,(s) e W

1 1
2, -,—1,——=) for H; € (1/2,1].
s€[0,1] < 2 \/271)

@ Springer



On the asymptotics of supremum distribution... 459

Additionally, by stationarity of the increments of fBm

— inf By, (s) < sup By, (s).
s€[0,1] s€l0,1]

Now, in order to complete the proof it suffices to apply Proposition 2.3. O
2.3 The stationary case

In this section, we analyze the asymptotic behavior of (5) for the case of {X (¢) : t €
[0, c0)} being a centered stationary Gaussian process with a.s. continuous sample
paths and covariance function r (t) := Cov(X (s), X (s+1)). We impose the following
assumptions on r(t) (see, e.g., Piterbarg 1996):

DI r(®t)=1-—Clt|* +o(t|%) ast — 0, with @ € (0,2] and C > 0;

D2 r(t) < 1forallt > 0.

In this case, we are able to give the exact form of the asymptotics for general class
of stochastic processes {Y (¢) : t € [0, co)} that are independent of {X (¢)}, have a.s.
continuous sample paths and finite average span over interval [0, T']. Therefore, we
assume that

S E[supsepo.r1 Y (5) — infyefo, 71 Y (5)] < 0.

Proposition 2.5 Let {X(t) : t € R} be a centered stationary Gaussian process with
covariance function r(t) that satisfies D1, D2 and {Y(t) : t € [0, 00)} be an inde-
pendent of {X (t)} stochastic process with a.s. continuous sample paths that satisfies
S1. Then

P ( sup X (Y(s)) > u) — B(T)C# Houa W(w)(1 + o(1))
s€[0,T]

as u — 0o, where T = sup,c(o. 11 Y (s) — infsefo,71 Y (5).

Proof Due to stationarity of the process { X (¢)}, we have

Pl sup X(Y@#)>u] =P sup X(@)>u
1€[0,T] telinfsero, 71 Y (5), supgepo, 7 ¥ ()]

=P sup X@#®)>u].
t€l0,77]

Now, in order to complete the proof it suffices to apply Theorem 3.1 in (Arendarczyk
and Debicki 2012). O
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Remark 2.2 Equivalently, Proposition 2.5 states that

te[0,T] te[0,1]

IP’( sup XY (@) > u) = ]E(T)]P’( sup X(¢) > u) (14 0(1))

as u — 00, where T = sup;(o.7) Y (s) — infyeo,77 Y (5).

3 Long timescale case

In this section, we investigate
lim P sup XY (s)) >u @)
U—>0o0 s€[0,h(u)]

for a suitably chosen function £ (u).

In order to formulate the results, it is convenient to introduce the notation
o' (t) == inf{y € [0, 00) : o (y) > 1}

for the generalized inverse of the function o (¢).

We start with the observation that (7) can be straightforwardly obtained for any
independent, self-similar processes {X ()} and {Y (¢)} with a.s. continuous sample
paths.

Remark 3.1 Let {X(t) : t € R} and {Y(¢) : t € [0, 00)} be independent, self-similar
stochastic processes with a.s. continuous sample paths and self-similarity indexes A x

and Ly respectively. Then, for i (u) = wl/2x2y (1 + o(1)) as u — o0, we have

lim IP’( sup XY (1)) > u) = IE”( sup X() > 1) .
tel

=00 \ref0hw)] infscpo,11 Y (), supsefo,1) ¥ ()]

In the next theorem, we extend this observation to the case of {X(¢) : t € R}
and {Y(¢) : t € [0, 00)} being two independent, centered Gaussian processes with
stationary increments, a.s. continuous sample paths, X(0) = 0 and Y(0) = 0 a.s,,
and variance functions 0)2( () :=Var(X(¢)) and cr% (t) := Var(Y (¢)) respectively. We
assume that variance functions of both processes satisfy the following assumptions

Bl o2(t) € C([0, 00)) is ultimately strictly increasing ;
B2 &2(¢) is regularly varying at oo with parameter « € (0, 2];

B3 o2(¢) is regularly varying at 0 with parameter 8 € (0, 2].
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In order to formulate the result, it is convenient to introduce the notation

L(ax,ay) =P ( sup By 2(t) > 1) ,

relinfseo,1] Bay /2(8), supgeqo, 1] Bay /2(s)]

where {Buy2(t)}, {Bay/2(t)} are independent fractional Brownian motions with

Hurst parameters oy /2 and oy /2 respectively.

Theorem 3.1 Let {X(¢t) : t € R} and {Y(¢) : t € [0, 00)} be independent, centered
Gaussian processes with stationary increments that satisfy BI — B3 with parameters
ax, Bx, oy, By respectively. Then, for h(u) = oy_l(a;l(u))(l +o0(1)) asu — oo,
we have

U—00 t€[0,h(u)]

lim ]P’( sup XY (1)) > u) = L(ay, ay).
The proof of Theorem 3.1 is presented in Section 4.3.

The second part of this section focuses on the analysis of limiting behavior of (7)
in the case of {X (¢) : t+ € R} being a centered stationary Gaussian process with a.s.
continuous sample paths and covariance function r(¢) := Cov(X (s), X (s + t)) that

satisfies

DI r(®)=1-—Clt|* +o(t|%) ast — 0, with @ € (0,2] and C > 0;
D2 r(t) < 1forallt > 0;

D3 r(t)log(t) — r ast — oo, with r € [0, 00).

We study (7) for both weakly and strongly dependent stationary Gaussian pro-
cesses, i.e., for r = 0 and r > 0 respectively. We refer to (Tan et al. 2012; Tan and
Hashorva 2013) for recent results on asymptotic behavior of supremas of strongly
dependent Gaussian processes.

In this settings, in Theorem 3.2, we provide (7) in the case of {Y (¢) : t € [0, 00)}
being a centered Gaussian process with stationary increments and variance function
a)% () that satisfies conditions B1 — B3. Moreover, in Proposition 3.3, we analyze (7)

for self-similar process {Y (¢)} that is not necessarily Gaussian.

Theorem 3.2 Let {X(t) : t € R} be a centered stationary Gaussian process with
covariance function that satisfies D1 — D3 and {Y (t) : t € [0, 00)} be an independent
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462 M. Arendarczyk

of {X (t)} Gaussian process with a.s. continuous sample paths, stationary increments,
and variance function O')% () that satisfies B1 — B3 with parameters ay, By. Then, for

—1 1 2 -1
h(u) = oy ((Ca’}—laua\lf(u)> > (I+o(1)) asu — oo,

we have

u—00 se[0,hu)]

lim IP’( sup  X(Y(s)) > u) =1—FEexp (—Texp(—r + «/ZN)) ,

where T = sup,c(o.1) Bay/2(s) — infsefo,1] Bay/2(s) and N is a normal random
variable independent of T.

The proof of Theorem 3.2 is given in Section 4.4.

Proposition 3.3 Let {X(t) : t € R} be a stationary Gaussian process with covari-
ance function that satisfies D1 — D3 and {Y(t) : t € [0,00)} be a self-similar
stochastic process with parameter Ly, independent of the process {X (t)}. Then, for

1 2 —1/ry
h(u) = [CEHauE\IJ(u)] (1 4+ 0(1)) as u — oo, we have

lim ]P’( sup X (Y(s)) > u) =1—FEexp (—Texp (—r + @J\/’)) ,

u—00 s€[0,h(u))

where T = supyco.1 Y (s) — infsepo,1) Y (s) and N is a normal random variable
independent of T.

Proof Due to stationarity of the process {X ()} and self-similarity of the process
{Y (t)}, we have

P sup XY@®)>u)] =P sup X(@)>u
t€[0,h(u)] IE[Ovsupye[O,h(u)] Y (s)—infse(0,n(u)) Y (5)]

P ( sup X(t) > u)
1[0, (h)*Y T}

=1—-FEexp (—Texp (—r+v2r/\/>), 3)
where (8) follows by the reasoning as in the proof of Theorem 3.2. O

Remark 3.2 Note, that in the case of weakly dependent stationary Gaussian process
{X (1)}, that is, if r = 0 in D3, we obtain the following result

lim IP( sup X(Y(s)) > u) =1-Ee 7,
se[

u—00 O,h(u)]
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where in the setting of Theorem 3.2, h(u) = UY_1 ((C;Haugtp(u))l> (1+o0(1))
asu — oo,and T = SUPse0.1] Byy j2(s) — infgepo,1] Bay/2(s); and in the setting of
Proposition 3.3, h(u) = [CalHaug\IJ(u)]_l/M (1+o0()asu — oo,and 7 =
SUPse0.1] Y (s) —infgeqo,17 Y ().

4 Proofs

In this section, we present detailed proofs of Theorem 2.1, Proposition 2.3, Theorem
3.1 and Theorem 3.2.

4.1 Proof of Theorem 2.1

In view of inclusion — exclusion principle
]P’( sup X (Y(s)) > u) = Pi(u) + P>(u) — P3(u), 9
s€[0,T]
where

Pi(u) =P sup X(s)>u|, Py(u) =P sup X(s)>u],
se[—KC,0] se[0,M]

P3(u) =P sup X(s) >u, sup X(s)>u].
se[—KC,0] s€[0,M]

Observe that by definition of the process {X (7)},

Pi(u) = IP’( sup X(s) > u) . (10)
s€[0,K]

The case (i) is a consequence of the fact that, by (10) and Theorem 3.1 in (Aren-
darczyk and Debicki 2011), P(KC > u) = o(P(M > u)) implies P;(u) = o(P2(u)).
Thus,

Py(u) = IP’( sup X (Y (s)) > M) < Pr(u) + Py(u) = Pa(u)(1 + o(1))
5€[0,T]

as u — oo, which in view of Theorem 3.1 in (Arendarczyk and Debicki 2011),
completes the proof for the case (i). A similar reasoning implies that for the case (ii),

we have

Pi(u) < P( sup X(Y(s)) > u) < Pi(u) + P2(u) = P1(u)(1 + o(1))
5€[0,T]
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as u — oo, which in view of Theorem 3.1 in (Arendarczyk and Debicki 2011),
completes the proof for the case (ii).

In order to prove (iii), without loss of generality, we assume that
PM > u) > P(C > u)(1 + o(1)) (11)

as u — 00. Due to (9) combined with (10) and Theorem 3.1 in (Arendarczyk and
Debicki 2011), it suffices to show that P3(u) is negligible. We distinguish the case
K < M and the case K > M and obtain

P3(u) =P sup X(s)>u, sup X(s) >u, K <M
s€[0,M]

sup X(s) >u, sup X(s)>u,K>M
se[0,M]

se€[0,M]

+ P

51?’( sup X(s)>u sup X(s)>u>

sup X(s) >u, sup X(s)>u
s€[0,K]

< 2P ( sup  X(s) >u, sup X(s)> u) (1 +o0(1)) (12)
€[-M,0] s€[0,M]

as u — oo, where (12) is due to the assumption (11).

To find an upper bound of (12) it is convenient to make the following decomposi-
tion

]P’( sup  X(s) >u, sup X(s)>u>

se[—M,0] s€[0,M]
a(u) A(u)
= / +/ / sup X(s) >u, sup X(s)>u]|dFp(w)
0 a(u) A(u) s€[—w,0] s€[0,w]
=h+ 5L+ 1,
where
_2 _ 4
a(u) = uet? | A(u) =yt (13)
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Let ¢ > 0. We analyze each of the integrals 11, I», I3 separately.
Integral I1:

a(u)
I 5/ IP’( sup X(s)>u)dFM(w)
0

s€[0,w]

<P sup  X(s) >u
s€[0,a(u)]

2

Consta(u) (L>°" w <L> (14)
ox (a(u)) ox (a(u))

20
exp <—ual+moo +8> (1 4+ o(1))

IA

IA

as u — oo, where (14) is due to (16) in (Arendarczyk and Degbicki 2011) (see also
the proof of Lemma 6.3 in Arendarczyk and D¢bicki 2011).
Integral I5:

I3 < /00 IP( sup X(s)>u)dFM(w)
A

(u) s€[0,w]
P(M > A(u))

C1(A)"" exp (—p1(A@)™') (1 +o(1))

20
< exp <—u”1+°‘°° +£> (I+o(D))

IA

as u — oo.
The above, combined with the observation that for each n > 0 and sufficiently large

u’

PX(M) > 0) = Blox(MN > 1) = B (ox(M) > 7w ) B (N - ua.i‘aw>

20
exp (—u araco +"> ;

leads to the conclusion that /7 and I3 are negligible.
Integral I,: Observe that, due to A1, 0)2((|t|) < 0)2((|t—s|), for each (s, t) € [—w, 0] x
[0, w]. Hence

v

Var(X (s) + X (1)) = 205 (Is|) + 202 (1)) — o2 (|t — s]) < 302 (w), (15)

@ Springer



466 M. Arendarczyk

for (s, t) € [—w, 0] x [0, w]. Thus, according to the Borell inequality (see, e.g., Adler
(1990), Theorem 2.1), combined with (15), I is bounded by

Au)
/ P ( sup [X(s)+ X()] > 2u> dFaq(w)

(u) (s,t)e[—w,0]x[0,w]

AW 2u? I ’
< 2/ exp | -2 1-—E sup [X(s)+X()] dFaq(w). (16)
a(w) 3oy (w) 2u \ (s.)el-w,0]x[0,w]

Moreover,

0<E ( sup [X(s) + X(t)]) <2E < sup X(t)) . (17)
(s,t)e

[—w,0]x[0,w] s€[0,w]

To find the upper bound of E sup, (g ,,; X (£), we use metric entropy method (see,
e.g., Lifshits (2012), Chapter 10). At the beginning, for any T C R define the semi-
metric

d(s,t) :=/E|X(@) — X(s)]2 = ox (|t — s]).

The metric entropy H; (T, €) is defined as log N4 (T, €), where N, (T, €) denotes the
minimal number of points in an e-net in T with respect to the semimetric d.
Observe that for T = [0, w],

2w

— 1 ’

x (€

which, in view of Theorem 10.1 in (Lifshits 2012), implies that

ox (w) 2
E sup X(r) < 42 logfwde
r€[0,w] 0 oy (€)
ZD‘)‘;O w Je
42 / J ¢ %00 (18)

D
— 42 ‘/_“‘x’ =1 /log 2wx dx (19)

1/w

40500va/ x_aooZ+1 dx
1/w

< Bw?, (20)

Ng(T,e) <
o

IA

IA

where B = 8f“°° ,(18) is due to A3, and (19) is by substitution x := D!/%e =2/
Finally, due to (17) combined with (20) and (13)

S N
S BM 2000+ ,

0< i]E ( sup [X(s) + X(t)]) <B

T 2u \ (s.0)e[—w,00x[0,w]
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for each w € [a(u), A(u)], which implies that

2
1
1—-—E sup [X(s)+ X ()] — 1
2u  \ (s,)e[—w,0]x[0,w]

as u — oo, uniformly for w € [a(u), A(u)], and hence

e 2 (1 1g s [X (5)+X(0)] 2 (w( - ))
X I — —_ u N =0
P 307 (w) 2u (s,t)e[—w,l())]x[O,w] ox(w)

(21)
as u — oo, uniformly for w € [a(u), A(u)]. Thus, combining (16) with (21), we

obtain, for sufficiently large u, the following upper bound,

A(u) u
12528/ \IJ( )dFM(w)§28P sup X(s)>u],
au) ox (w) sel0,M]

which in view of Theorem 3.1 in (Arendarczyk and Debicki 2011), implies that

) I
llm sup ——MM8M8M8@M8M8M8M8M8 < 28
P P X M) = ) =

In order to complete the proof it suffices to pass with ¢ — 0. ([

4.2 Proof of Proposition 2.3

The idea of the proof is analogous to the proof of Theorem 2.1, thus we present only
main steps of the argumentation. In view of inclusion — exclusion principle

P ( sup By (Y(s)) > M) = Pi(u) + P2(u) — P3(u), (22)
s€[0,T]
where
Pi(u) = IP’( sup Bpy(s) > u) , Pyu) = ]P’( sup Bp(s) > u)
se[—IC,0] s€[0, M]

and

Pis(u) =P sup Bpy(s) >u, sup By(s) >u].
se[—K,0] se[0,M]

Moreover observe that
Pi(u)=P| sup By(s)>u]. (23)
s€[0,K]

Since the arguments for the cases P(X > u) = o(P(M > u)) as u — oo, and
P(M > u) = o(P(K > u)) as u — oo are similar to those in the proof of Theorem
2.1, then we focus on the case P(K > u) = %P(M >u)(1+o(1)) asu — oo.
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Without loss of generality, we assume that
PM > u) = P(K > u)(1 + o(1))

as u — oo. Due to (22) combined with (23) and Theorem 4.1 in (Arendarczyk and
Debicki 2011), it suffices to show that P3(u) is negligible. In an analogous way to
(12), we obtain the following upper bound
P3(u) < 2P sup Bg(s) >u, sup Bg(s) >u ] +o0(1))
se[—M,0] se[0, M]

as u — oo. Then, we consider decomposition

P sup By(s) >u, sup By(s)>u
s€[—M,0] se[0,M]

a(u) A(u) 00
/ +/ +/ P sup Bpg(s) >u, sup By(s) >u |dFr(w)
0 a(u) A(u) s€[—w,0] s€[0,w]

=10+ 5L+,

where

1 _4
a(u) =ut* A(u) = u*f+a, (24)

Let ¢ > 0. We investigate the asymptotic behavior of each of the integrals.
Integral I1: Due to self-similarity of { By (t)} combined with Lemma 4.2 in (Aren-
darczyk and Debicki 2011), we have, as u — oo,

2
L <P sup By(s) >u|=P| sup Bg(s) > LH < exp (_uu|+H+9> (I14o0(1)).
sel0,a()] 5€0,1] (a(u))

Integral I3: We have, as u — 00,
20
Iy < P(M > Au) < exp (—w“*”) (1 + o(1)).

Observe that, due to Theorem 4.1 in (Arendarczyk and Debicki 2011), for each n > 0
and sufficiently large u,

2u
P sup Bp(s)>u] > exp <—u<x1+1H+n> 1+ 0(1))
se€[0,M]

as u — o0o. Thus, we conclude that /1 and I3 are negligible.
Integral I»: Observe that |¢|*" < |t —s|*H, for each (s, 1) € [—w, 0] x [0, w]. Hence

Var(By (s) + By (1)) = 2|s|? + 21t — |t — s)*H < 3w?H (25)
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for (s, t) € [—w, 0] x [0, w]. Thus, according to the Borell inequality (see, e.g., Adler
(1990), Theorem 2.1), combined with (25), I is bounded by

A(u)
/ P sup [Ba(s) + By ()] > 2u | d Faq(w)
a(u) (s,1)€[—w,0]x[0,w]

A 2u? 1 !
< 2/ exp|— sz [1-—E sup [Bu(s)+Bu®1)) | dFmw)26)
alu) 3w 2u \ (5,1)€[—w,00x0, w]

Moreover, due to self-similarity of { By (¢)}

0<E sup [Br(s)+Bu®)]) <2E| sup Bg(s)| = Bw”,
(s,)e[—w,0]x[0,w] se0,w]

where B = 2E sup,(9. 1 Bu (s), which due to (24), implies that

2
1
1- —FE sup [Bu(s) + B (1)] — 1
2u \ (5,)e[—w,01x[0,w]

as u — oo, uniformly for w € [a(u), A(u)], and hence

?
exp -2 (1- Lz sup [Bu(s)+Bu(n)] (v(=%))
X — =5 - U] H(S H =0 2

3w 2u \ (5,1)e[=w,0]x[0,w] wh

27
as u — oo, uniformly for w € [a(u), A(u)]. Thus, combining (26) with (27), we
obtain, for sufficiently large u, the following upper bound,

A(u) u
12528/ \IJ( )dFM(w)§28P sup X(s)>u],
au) ox(w) sel0,M]

which in view of Theorem 4.1 in (Arendarczyk and Debicki 2011), implies that

) Ig)
llm sup ——MM8M8M8M@M8M8M8M8M8M8 < 28
PP XM >0 =

In order to complete the proof it suffices to pass with ¢ — 0. ]

4.3 Proof of Theorem 3.1

In further analysis we use the following notation

X (ay (h(u))s) Y (h(u)s)

Xoy (h(uy) (8) := o oy (h)) and Y (s) := o h))”

Moreover, we denote

V, = inf Yh(u)(S), Wy = sup Yh(u)(s)»
s€(0,1] s€[0,1]

V:= inf By, () W:i= sup By, ,2(s).
s€[0,1] [0,1]

s€l0,
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Lete > 0and 0 < Ay < 00. We start with the observation that lim,,_, o (1) =
oo, which also implies that lim,_, o, oy (h(#)) = oo. Hence, due to Lemma 5.2 in
(Debicki et al. 2004)

VW) = VY, W) asu — oo (28)
and
sup  Xoy(hu))(s) = sup Byy,2(s) asu — o0, 29)
selv,w] s€lv,w]

uniformly for (v, w) € [—Awo, 0] X [0, Aso], where = denotes convergence in dis-
tribution.
By continuity of the sample paths of the processes {X (¢)} and {Y (¢)},

]P’( sup XY (1)) > u)
tell

0,h ()]

=P sup X(t)>u
telinfseqo,n@w)) Y (5),8UPsefo,nay) ¥ (9]

= IF’( sup  X(oy(h(u))t) > u)
te[Vuiwll]

= P( sup  Xoy (h(uy (1) > (30)

u
eV Wl GX(GY(h(u)))> '

To find an upper bound of (30) we consider the following decomposition

u
P su Xoy @y (t) > ————
(fem,pwu] ) = G oy ()

— Ao o] 0 Axo 0 o] u
< P X(Ty h(u ———— |4, ws VWu ’
</_oo / +/_Am/o ) W) (fes[‘i,pw] o ”(’)>ax(oy(h(u>>>) Vi (0 0)

=L+ DL+ 1.

We analyze each of the integrals I, I», I3 separately.
Integral I1: Due to (28), for sufficiently large u,

L=PWy=-Ax) =(1+P(V = —Ax).
Integral I3: Due to (28), for sufficiently large u,

I3<PWy>Ax) = (1 +ePW > Ax).
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Integral I: For u sufficiently large,

Aco u
12—/ f SUD Xoy thtu (1) > —————— ) d, i (v, w)
A <,e[va v ox(ay(h(u)))) V)

Ao
<@ +8)/ f ( sup By 2(t) > 1) do, w,) (v, w) 3D
Ao te[v,w]
Aoo
< (1467 / / SUp Bay 2 (1) > 1) dev (v, w) (32)
Axo telv,w]

< (1+&)’P| sup Byyp(t) >1],
e[V, W]

where (31) is due to (29) and the fact that lim,_, o m = 1, and (32)
is due to (28), and the observation that P (supte[v’w] By 2(t) > 1) is bounded and
continuous function with respect to (v, w). Thus, for each ¢ > 0, Ay > O,

limsup P sup XY@)>u)] < —i—e)zlP’ sup  Byy(t) > 1
u— 00 t€[0,h(u)] e[V, W]

+ (1 + )PV = —Ac) + (1 + POV > Acxo).

Analogously,

liminf]P’( sup XY (1)) > u) >(1-— 8)2P( sup  Byy2(t) > 1) .
[

U=00 te[0,h(u)] te[V, W]
In order to complete the proof it suffices to pass with Ay, — 00, and ¢ — 0. ([
4.4 Proof of Theorem 3.2

In further analysis we use the following notation

. Y (h(u)s)
T, := sup Yuun(s) — inf Y,un(s), where Y,u)(s) i= ————=.
u SG[OI,)IJ hu) ( sant h(u) (8) hu) (S) oy (h0)

Lete > 0and 0 < Ap < Ax < 00. Note that due to Lemma 5.2 in (Debicki et al.
2004)

T. =T asu — oo, (33)
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where = denotes convergence in distribution.
It is convenient to consider the following decomposition

IP( sup X(Y(s))>u)

P sup X(s)>u
s€[0,h(u)] se[0, Tuoy (h(u))]

Ao Ao 00
(/ +/ +/ )]P’ sup X(s)>u|dFy, (1)
0 Ag Aco s€[0,tay (h(w))]

L+ DL+ I5.

We analyze each of the integrals 17, I», I3 separately.
Integral I: Due to Lemma 3.3 in (Tan and Hashorva 2013), for sufficiently large u,

I < ]P’( sup X(s) > u)

s€[0,Agoy (h(u))]

< (+s) [1 —Eexp (—Ao exp(—r + «/5/\/'))]

as u — oo.
Integral I3: Due to (33), for sufficiently large u,

L<P(Ty>Ax) (A +)P(T > Ax) -

Integral I:

Aco
L = f P ( sup X(s) > u) dFr (1)
A

0 sel0,toy (h(u))]
Aco

<({1+¢ (1 — Eexp (—texp (—r+@/\f)>) dF (1) (34)

Ao

< (1+e¢)? /AAOO (1 —Eexp (—t exp (—r + @J\f))) dFr(1), (35)

0

where (34) is by Lemma 3.3 in (Tan and Hashorva 2013) and (35) is due to (33), and
the observation that

1—Eexp (—t exp (—r +V2rN )) is bounded and continuous function with respect
tot € [Ag, Aso]. Thus, foreach e > 0, Ao > Ag > 0,

limsupIP’( sup X(Y(s))>u)v < (1+¢)? AOO(] —Eexp <—t exp (—r—i—«/ﬂN)))dFT(t)

Uu—00 s€[0,h(u)] Ag
+ (1+¢9) [1 —Eexp (—Aoexp(—r—k«/g./\/'))]
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Analogously,

=00 se[0,h(u))

lim inf P ( sup X(Y(5)) > u) > (1-¢)? A:m (1 —Eexp (—z exp <—r+@/\f))) dF7(1).

In order to complete the proof it suffices to pass with Ag — 0, Aoc — o0, and ¢ — 0.
|
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