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                    Abstract
Block coordinate update (BCU) methods enjoy low per-update computational complexity because every time only one or a few block variables would need to be updated among possibly a large number of blocks. They are also easily parallelized and thus have been particularly popular for solving problems involving large-scale dataset and/or variables. In this paper, we propose a primal–dual BCU method for solving linearly constrained convex program with multi-block variables. The method is an accelerated version of a primal–dual algorithm proposed by the authors, which applies randomization in selecting block variables to update and establishes an O(1 / t) convergence rate under convexity assumption. We show that the rate can be accelerated to \(O(1/t^2)\) if the objective is strongly convex. In addition, if one block variable is independent of the others in the objective, we then show that the algorithm can be modified to achieve a linear rate of convergence. The numerical experiments show that the accelerated method performs stably with a single set of parameters while the original method needs to tune the parameters for different datasets in order to achieve a comparable level of performance.
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                    Notes
	In fact, [15] presents a more general algorithmic framework. It assumes two groups of variables, and each has multi-block structure. Our method in Algorithm 2 is an accelerated version of one special case of Algorithm 1 in [15].


	Besides the scenario that g and h are strongly convex, h is smooth, and B is of full row-rank, [13, Theorem 3.1] also shows linear convergence of the linearized ADMM under three other different scenarios.
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Appendices
Appendix A: Technical proofs: Sect. 2
                
In this section, we give the detailed proofs of the lemmas and theorems in Sect. 2. The following lemma will be used a few times. Note that when \(S=[M]\), the result is deterministic.

                  Lemma 7.1

                  Let S be a uniformly selected subset of [M] with cardinality m and \(x^o\) be a vector independent of S. Suppose \(x^+\) is a random vector dependent on S and its coordinates out of S are the same as \(x^o\). Let \(\beta \in \mathbb {R}\), \(\lambda ^o\) and \(r^o\) be vectors independent of S, and W a positive semidefinite \(M\times M\) block diagonal matrix. If
$$\begin{aligned} \nabla _{S} f(x^o)+\tilde{\nabla }g_S(x_S^+)-A_S^\top (\lambda ^o- \beta r^o)+W_S(x_S^+-x_S^o)=0, \end{aligned}$$

then for any x, it holds that
$$\begin{aligned} \begin{aligned}&~ \mathbb {E}_S\left[ F(x^+)-F(x)+\frac{\mu }{2}\Vert x^+-x\Vert ^2-\left\langle A(x^+-x), \lambda ^o-\beta r^o\right\rangle \right] \\&\quad \le ~ (1- \theta )\left[ F(x^o)-F(x)+\frac{\mu }{2}\Vert x^o-x\Vert ^2-\big \langle A(x^o-x), \lambda ^o-\beta r^o\big \rangle \right] \\&\qquad ~-\frac{1}{2}\mathbb {E}_S\left[ \Vert x^+-x\Vert _W^2-\Vert x^o-x\Vert _W^2+\Vert x^+-x^o\Vert _{W-L_m I}^2\right] , \end{aligned} \end{aligned}$$

                    (45)
                

where \(\theta =\frac{m}{M}\), \(L_m\) is given in Assumption 4, and the expectation is taken on S.

                
                  Proof

                  For any x, we have
$$\begin{aligned} \left\langle x_S^+-x_S, \nabla _{S} f(x^o)+\tilde{\nabla }g_S(x_S^+)-A_S^\top (\lambda ^o- \beta r^o)+W_S(x_S^+-x_S^o)\right\rangle =0. \end{aligned}$$

We split the left hand side of the above equation into four terms and bound each of them as below. First, we have
$$\begin{aligned}&~\mathbb {E}_S\left\langle x^+_S-x_S, \nabla _{S} f(x^o)\right\rangle \\&\quad =~\mathbb {E}_S\left\langle x^+-x^o, \nabla f(x^o)\right\rangle + \mathbb {E}_S\left\langle x^o_S-x_S, \nabla _S f(x^o)\right\rangle \\&\quad \ge ~\mathbb {E}_S \left[ f(x^+)-f(x^o)-\frac{L_m}{2}\Vert x^+-x^o\Vert ^2\right] + \theta [f(x^o)-f(x)]\\&\quad =~ \mathbb {E}_S\left[ f(x^+)-f(x)-\frac{L_m}{2}\Vert x^+-x^o\Vert ^2\right] - (1- \theta )[f(x^o)-f(x)], \end{aligned}$$

                    (46)
                

where the first equality uses the fact \(x_i^+=x_i^o,\,\forall i\not \in S\), and the inequality follows from the uniform distribution of S, the convexity of f, and also the inequality (18).

                  Secondly, it follows from the strong convexity of g that
$$\begin{aligned} \left\langle x^+_S-x_S, \tilde{\nabla } g_S(x_S^+)\right\rangle \ge g_S(x_S^+) - g_S(x_S) + \sum _{i\in S}\frac{\mu }{2}\Vert x_i^+-x_i\Vert ^2. \end{aligned}$$

                    (47)
                

Since \(g_S(x_S^+) - g_S(x_S)=g(x^+) - g(x^o) + g_S(x_S^o)- g_S(x_S)\) and \(\mathbb {E}_S[g_S(x_S^o)- g_S(x_S)]=\theta [g(x^o)-g(x)]\), we have
$$\begin{aligned} \mathbb {E}_S[g_S(x_S^+) - g_S(x_S)]=&~\mathbb {E}_S[g(x^+) - g(x^o)]+\theta [g(x^o)-g(x)] \\=&~\mathbb {E}_S[g(x^+)-g(x)]-(1-\theta ) [g(x^o)-g(x)]. \end{aligned}$$

                    (48)
                

Similarly, it holds \(\mathbb {E}_S\sum _{i\in S}\frac{\mu }{2}\Vert x_i^+-x_i\Vert ^2=\frac{\mu }{2}\left( \mathbb {E}_S\Vert x^+-x\Vert ^2-(1-\theta )\Vert x^o-x\Vert ^2\right) .\) Hence, taking expectation on both sides of (47) yields
$$\begin{aligned}&~\mathbb {E}_S\left\langle x^+_S-x_S, \tilde{\nabla } g_S(x_S^+)\right\rangle \nonumber \\&\quad \ge ~\mathbb {E}_S \left[ g(x^+) - g(x)+\frac{\mu }{2}\Vert x^+-x\Vert ^2\right] \nonumber \\&\qquad -(1-\theta )\left[ g(x^o) - g(x)+\frac{\mu }{2}\Vert x^o-x\Vert ^2\right] . \end{aligned}$$

                    (49)
                

Thirdly, by essentially the same arguments on showing (48), we have
$$\begin{aligned} \mathbb {E}_S \left\langle x^+_S-x_S, -A_S^\top (\lambda ^o-\beta r^o)\right\rangle= & {} -\,\mathbb {E}_S \left\langle A(x^+-x), \lambda ^o-\beta r^o\right\rangle \nonumber \\&+\, (1-\theta ) \big \langle A(x^o-x), \lambda ^o-\beta r^o\big \rangle . \end{aligned}$$

                    (50)
                

Fourth, note \(\left\langle x^+_S-x_S, W_S(x_S^+-x_S^o)\right\rangle =\left\langle x^+-x, W(x^+-x^o)\right\rangle \), and thus by (6),
$$\begin{aligned} \mathbb {E}_S\left\langle x^+_S-x_S, W_S(x_S^+-x_S^o)\right\rangle =\frac{1}{2}\mathbb {E}_S\left[ \Vert x^+-x\Vert _W^2-\Vert x^o-x\Vert _W^2+\Vert x^+-x^o\Vert _W^2\right] . \end{aligned}$$

                    (51)
                

The desired result is obtained by adding (46), (49), (50), and (51), and recalling \(F=f+g\). \(\square \)
                    

                1.1 Proof of Lemma 2.1
                    
From (7a), we have the optimality condition
$$\begin{aligned} \nabla f(x^k)-A^\top (\lambda ^k-\beta _kr^k)+\tilde{\nabla } g(x^{k+1})+P^k(x^{k+1}-x^k)=0. \end{aligned}$$

Hence, for any x such that \(Ax=b\), it follows from the definition of \(\Phi \) in (3) and Lemma 7.1 with \(S=[M]\), \(x^o=x^k\), \(\lambda ^o=\lambda ^k\), \(\beta =\beta _k\), \(x^+=x^{k+1}\), and \(W=P^k\) that
$$\begin{aligned} \Phi (x^{k+1},x,\lambda ) \le&~ \left\langle Ax^{k+1}-b,\lambda ^k-\beta _kr^k\right\rangle - \left\langle Ax^{k+1}-b, \lambda \right\rangle \\&-\frac{1}{2}\mathbb {E}_S\left[ \Vert x^{k+1}-x\Vert _{P^k+\mu I}^2-\Vert x^k-x\Vert _{P^k}^2+\Vert x^{k+1}-x^k\Vert _{P^k-L_f I}^2\right] .\nonumber \\ \end{aligned}$$

                    (52)
                

Using the fact \(\lambda ^{k+1}=\lambda ^k-\rho _k(Ax^{k+1}-b)\), we have
$$\begin{aligned} \left\langle Ax^{k+1}-b,\lambda ^k-\lambda \right\rangle =&~\frac{1}{\rho _k}\left\langle \lambda ^k-\lambda ^{k+1},\lambda ^k-\lambda \right\rangle \\\overset{(6)}{=}&~\frac{1}{2\rho _k}\left[ \Vert \lambda -\lambda ^k\Vert ^2-\Vert \lambda -\lambda ^{k+1}\Vert ^2+\Vert \lambda ^k-\lambda ^{k+1}\Vert ^2\right] . \end{aligned}$$

                    (53)
                

In addition, we write \(r^k=r^k-r^{k+1}+r^{k+1}=r^{k+1}-A(x^{k+1}-x^k)\) and have
$$\begin{aligned}&~\left\langle Ax^{k+1}-b,-\beta _k r^k\right\rangle \\&\quad =~-\beta _k\Vert r^{k+1}\Vert ^2+\beta _k\left\langle A(x^{k+1}-x), A(x^{k+1}-x^k)\right\rangle \\&\quad \overset{(6)}{=}~-\beta _k\Vert r^{k+1}\Vert ^2+\frac{\beta _k}{2}\left[ \Vert A(x^{k+1}-x)\Vert ^2-\Vert A(x^k-x)\Vert ^2+\Vert A(x^{k+1}-x^k)\Vert ^2\right] \nonumber \\ \end{aligned}$$

                    (54)
                

Substituting (53) and (54) into (52) gives the inequality in (8).
1.2 Proof of Theorem 2.2
                    
First, we have
$$\begin{aligned}&\sum _{k=1}^t\frac{k+k_0+1}{2\rho _k}\left[ \Vert \lambda -\lambda ^k\Vert ^2-\Vert \lambda -\lambda ^{k+1}\Vert ^2\right] \nonumber \\&\quad = \frac{k_0+2}{2\rho _1}\Vert \lambda -\lambda ^1\Vert ^2-\frac{t+k_0+1}{2\rho _t}\Vert \lambda -\lambda ^{t+1}\Vert ^2\nonumber \\&\qquad +\sum _{k=2}^t \left( \frac{k+k_0+1}{2\rho _k}-\frac{k+k_0}{2\rho _{k-1}}\right) \Vert \lambda -\lambda ^k\Vert ^2 \nonumber \\&\quad \overset{(10)}{\le }\frac{k_0+2}{2\rho _1}\Vert \lambda -\lambda ^1\Vert ^2 . \end{aligned}$$

                    (55)
                

In addition,
$$\begin{aligned}&-\sum _{k=1}^t\frac{k+k_0+1}{2}\left( \Vert x^{k+1}-x\Vert _{P^k-\beta _k A^\top A+\mu I}^2-\Vert x^k-x\Vert _{P^k-\beta _k A^\top A}^2\right) \nonumber \\&\quad = \frac{k_0+2}{2}\Vert x^1-x\Vert _{P^1-\beta _1 A^\top A}^2-\frac{t+k_0+1}{2}\Vert x^{t+1}-x\Vert _{P^t-\beta _t A^\top A+\mu I}^2\nonumber \\&\qquad +\frac{1}{2}\sum _{k=2}^t\left( (k+k_0+1)\Vert x^k-x\Vert _{P^k-\beta _k A^\top A}^2-(k+k_0)\Vert x^k-x\Vert _{P^{k-1}-\beta _{k-1}A^\top A+\mu I}^2\right) \nonumber \\&\quad \overset{(11)}{\le }~\frac{k_0+2}{2}\Vert x^1-x\Vert _{P^1-\beta _1 A^\top A}^2-\frac{t+k_0+1}{2}\Vert x^{t+1}-x\Vert _{P^t-\beta _t A^\top A+\mu I}^2. \end{aligned}$$

                    (56)
                

Now multiplying \(k+k_0+1\) to both sides of (8) and adding it over k, we obtain (12) by using (55) and (56), and noting \(\Vert \lambda ^k-\lambda ^{k+1}\Vert ^2=\rho _k^2\Vert r^{k+1}\Vert ^2\) and \(\Vert x^{k+1}-x^k\Vert _{P^k-\beta _k A^\top A - L_f I}^2 \ge 0\).
1.3 Proof of Theorem 2.3
                    
From the choice of \(k_0\) and the condition \(P-\beta A^\top A \preceq \frac{\mu }{2} I\), it is not difficult to verify
$$\begin{aligned}&(k+k_0+1)\left[ kP-k\beta A^\top A+L_f I\right] \\&\quad \preceq (k+k_0)\left[ (k-1)P-(k-1)\beta A^\top A+(L_f+\mu )I\right] ,\,\forall k\ge 1. \end{aligned}$$

Hence, the condition in (11) holds. In addition, it is easy to see that all conditions in (9) and (10) also hold. Therefore, we have (12), which, by taking parameters in (14) and \(x=x^*\), reduces to
$$\begin{aligned}&\sum _{k=1}^t(k+k_0+1)\Phi (x^{k+1},x^*,\lambda )+\sum _{k=1}^t\frac{k(k+k_0+1)}{2}\beta \Vert r^{k+1}\Vert ^2\nonumber \\&\quad +\frac{t+k_0+1}{2}\Vert x^{t+1}-x^*\Vert ^2_{t(P-\beta A^\top A)+(L_f+\mu ) I} \le \phi _1(x^*,\lambda ), \end{aligned}$$

                    (57)
                

where we have used the fact \(\lambda ^1=0\).
Letting \(\lambda =\lambda ^*\), we have from (5) and (57) that (by dropping nonnegative \(\Phi (x^{k+1},x^*,\lambda ^*)\)’s):
$$\begin{aligned} \frac{t(t+k_0+1)}{2}\beta \Vert r^{t+1}\Vert ^2+\frac{t+k_0+1}{2}\Vert x^{t+1}-x^*\Vert ^2_{t(P-\beta A^\top A)+(L_f+\mu ) I} \le \phi _1(x^*,\lambda ^*), \end{aligned}$$

which indicates (15). In addition, from the convexity of F and (57), we have that for any \(\lambda \), it holds \(\frac{t(t+2k_0+3)}{2}\Phi (\bar{x}^{t+1},x^*,\lambda )\le \phi _1(x^*,\lambda ),\) which together with Lemmas 1.2 and 1.3 implies (16).
Appendix B: Technical proofs: Sect. 3
                
In this section, we give the proofs of the lemmas and theorems in Sect. 3.
1.1 Proof of Lemma 3.1
                    
From the update in (17a), we have the optimality condition:
$$\begin{aligned} \nabla _{S_k} f(x^k)-A_{S_k}^\top (\lambda ^k-\beta _k r^k)+\tilde{\nabla } g_{S_k}(x_{S_k}^{k+1})+\eta _k (x_{S_k}^{k+1}-x_{S_k}^k) = 0. \end{aligned}$$

                    (58)
                

It follows from the update rule of \(\lambda \) that
$$\begin{aligned} -\langle Ax^{k+1}-b, \lambda ^k\rangle = - \langle Ax^{k+1}-b, \lambda ^{k+1}\rangle - \rho _k\Vert r^{k+1}\Vert ^2. \end{aligned}$$

Plugging (54) and the above equation into (45) with \(S=S_k, \lambda ^o=\lambda ^k, \beta =\beta _k, x^o=x^k\), \(x^+=x^{k+1}\), \(W=\eta _k I\), and x satisfying \(Ax=b\), we have the desired result by taking expectation and recalling the definition of \(\Delta \) in (2) and \(\Phi \) in (3).
1.2 Proof of Theorem 3.2
                    
Let \(\beta _k=\beta , \rho _k=\rho \) and \(\eta _k=\eta \) in (19), and also note \(\mu =0\) and \(\eta \ge L_m+\beta \Vert A\Vert ^2\). We have
$$\begin{aligned}&~\mathbb {E}\left[ \Phi (x^{k+1},x,\lambda ^{k+1})+(\beta -\rho )\Vert r^{k+1}\Vert ^2\right] \\&\quad \le ~(1-\theta )\mathbb {E}\left[ \Phi (x^k,x,\lambda ^k)+\beta \Vert r^k\Vert ^2\right] \\&\qquad - \frac{1}{2}\mathbb {E}\left[ \Vert x^{k+1}-x\Vert ^2_{\eta I-\beta A^\top A}-\Vert x^{k}-x\Vert ^2_{\eta I-\beta A^\top A}\right] . \nonumber \end{aligned}$$

Summing the above inequality over \(k=1\) through t and noting \(\rho \le \theta \beta \) give
$$\begin{aligned}&~\mathbb {E}\left[ \Phi (x^{t+1},x,\lambda ^{t+1})+(\beta -\rho )\Vert r^{t+1}\Vert ^2\right] + \theta \sum _{k=1}^{t-1}\mathbb {E}\Phi (x^{k+1},x,\lambda ^{k+1}) \\&\quad \le ~(1-\theta )\mathbb {E}\left[ \Phi (x^1,x,\lambda ^1)+\beta \Vert r^1\Vert ^2\right] + \frac{1}{2}\Vert x^1-x\Vert ^2_{\eta I-\beta A^\top A}. \nonumber \end{aligned}$$

                    (59)
                

By the update of \(\lambda \), it follows that
$$\begin{aligned}&\theta \sum _{k=1}^{t-1} \Phi (x^{k+1},x,\lambda ^{k+1})=~\theta \sum _{k=1}^{t-1} \left[ \Phi (x^{k+1},x,\lambda )+\frac{1}{\rho } \langle \lambda ^{k+1}-\lambda , \lambda ^{k+1}-\lambda ^k\rangle \right] \\&\quad =~\theta \sum _{k=1}^{t-1} \Phi (x^{k+1},x,\lambda )+\frac{\theta }{2\rho }\sum _{k=1}^{t-1} \left[ \Vert \lambda ^{k+1}-\lambda \Vert ^2-\Vert \lambda ^{k}-\lambda \Vert ^2+\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\right] \\&\quad =~\theta \sum _{k=1}^{t-1} \Phi (x^{k+1},x,\lambda )+\frac{\theta }{2\rho }\left[ \Vert \lambda ^{t}-\lambda \Vert ^2-\lambda ^1-\lambda \Vert ^2+\sum _{k=1}^{t-1}\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\right] \end{aligned}$$

                    (60)
                

and
$$\begin{aligned} \Phi (x^{t+1},x,\lambda ^{t+1}) =&~\Phi (x^{t+1},x,\lambda ) - \langle \lambda ^t - \lambda - \rho r^{t+1}, r^{t+1}\rangle \\=&~\Phi (x^{t+1},x,\lambda )- \langle \lambda ^t - \lambda , r^{t+1}\rangle +\rho \Vert r^{t+1}\Vert ^2. \end{aligned}$$

                    (61)
                

Since \(\rho \le \theta \beta \), by Young’s inequality, it holds
$$\begin{aligned} \beta \Vert r^{t+1}\Vert ^2 - \langle \lambda ^t - \lambda , r^{t+1}\rangle + \frac{\theta }{2\rho }\Vert \lambda ^{t}-\lambda \Vert ^2 \ge 0. \end{aligned}$$

Then plugging (60) and (61) into (59), we have
$$\begin{aligned}&~\mathbb {E}\Phi (x^{t+1},x,\lambda ) +\theta \sum _{k=1}^{t-1} \mathbb {E}\Phi (x^{k+1},x,\lambda )\\&\quad \le ~(1-\theta )\mathbb {E}\left[ \Phi (x^1,x,\lambda ^1)+\beta \Vert r^1\Vert ^2\right] + \frac{1}{2}\Vert x^1-x\Vert ^2_{\eta I-\beta A^\top A} + \frac{\theta }{2\rho }\mathbb {E}\Vert \lambda ^1-\lambda \Vert ^2\\&\quad \le ~ \mathbb {E}\phi _2(x,\lambda ), \end{aligned}$$

                    (62)
                

where in the last inequality we have used \(\lambda ^1=0\), \(\theta >0\) and \(\Vert r^1\Vert ^2=\Vert x^1-x\Vert ^2_{\beta A^\top A}\).
Therefore, from the convexity of F, it follows that \(\mathbb {E}\Phi (\bar{x}^{t},x^*,\lambda ) \le \frac{1}{1+\theta (t-1)}\mathbb {E}\phi _2(x^*,\lambda ),\,\forall \lambda \), and we obtain the desired result from Lemmas 1.2 and 1.3.
1.3 Proof of Theorem 3.3
                    
We first establish a few inequalities below.

                    Proposition 8.1

                    If (21e), (21f) and (21g) hold, then
$$\begin{aligned}&-\sum _{k=1}^t(k+k_0+1) \mathbb {E}\left[ \Delta _{\eta _k I-\beta _k A^\top A}(x^{k+1},x^k,x)-\frac{L_m}{2}\Vert x^{k+1}-x^k\Vert ^2\right] \\&\qquad -\frac{\mu (t+k_0+1)}{2}\mathbb {E}\Vert x^{t+1}-x\Vert ^2-\sum _{k=2}^t\frac{\mu \big (\theta (k+k_0+1)-1\big )}{2}\mathbb {E}\Vert x^k-x\Vert ^2\\&\quad \le \frac{\eta _1(k_0+2)}{2}\mathbb {E}\Vert x^1-x\Vert ^2-\frac{(t+k_0+1)}{2}\mathbb {E}\Vert x^{t+1}-x\Vert ^2_{(\mu +\eta _t)I-\beta _t A^\top A}. \end{aligned}$$

                    (63)
                



                  
                    Proof

                    This inequality can be easily shown by noting that for any \(1\le k\le t\), the weight matrix of \(\frac{1}{2}\Vert x^{k+1}-x^k\Vert ^2\) is \( \beta _k(k+k_0+1)A^\top A-(k+k_0+1)(\eta _k-L_m)I\), which is negative semidefinite, and for any \(2\le k\le t\), the weight matrix of \(\frac{1}{2}\Vert x^{k}-x\Vert ^2\) is
$$\begin{aligned}&\big [\beta _{k-1}(k+k_0)-\beta _k(k+k_0+1)\big ]A^\top A\\&\quad +\left[ (k+k_0+1)\eta _k-(k+k_0)\eta _{k-1}-\mu \big (\theta (k+k_0+1)-1\big )\right] I, \end{aligned}$$

which is also negative semidefinite.\(\square \)
                        

                  
                    Proposition 8.2

                    If (21a), (21c) and (21d) hold, then
$$\begin{aligned}&-\frac{t+k_0+1}{\rho _t}\mathbb {E}\Delta (\lambda ^{t+1},\lambda ^t,\lambda )-\sum _{k=2}^t\frac{\theta (k+k_0+1)-1}{\rho _{k-1}}\mathbb {E}\Delta (\lambda ^{k},\lambda ^{k-1},\lambda )\\&\quad \le \frac{\theta (k_0+3)-1}{2\rho _1}\mathbb {E}\Vert \lambda ^1-\lambda \Vert ^2. \end{aligned}$$

                    (64)
                



                  
                    Proof

                    On the left hand side of (64), the coefficient of each \(\frac{1}{2}\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\) is negative. For \(2\le k\le t-1\), the coefficient of \(\frac{1}{2}\Vert \lambda ^k-\lambda \Vert ^2\) is \(\frac{\theta (k+k_0+2)-1}{\rho _k}-\frac{\theta (k+k_0+1)-1}{\rho _{k-1}}\), which is nonpositive; the coefficient of \(\frac{1}{2}\Vert \lambda ^t-\lambda \Vert ^2\) is \(\frac{t+k_0+1}{\rho _t}-\frac{\theta (t+k_0+1)-1}{\rho _{t-1}}\), which is nonpositive; the coefficient of \(\frac{1}{2}\Vert \lambda ^{t+1}-\lambda \Vert ^2\) is also nonpositive. Hence, dropping these nonpositive terms, we have the desired result.\(\square \)
                        

                  Now we are ready to prove Theorem 3.3.

                    Proof of Theorem 3.3

                    Multiplying \(k+k_0+1\) to both sides of (19), summing it up from \(k=1\) through t, and moving the terms about \(\Phi (x^k,x,\lambda ^k)+\frac{\mu }{2}\Vert x^k-x\Vert ^2\) and \(\Vert r^k\Vert ^2\) to the left hand side for \(2\le k\le t\) give
$$\begin{aligned}&(t+k_0+1) \mathbb {E}\left[ \Phi (x^{t+1},x,\lambda ^{t+1})+(\beta _t-\rho _t)\Vert r^{t+1}\Vert ^2+ \frac{\mu }{2}\Vert x^{t+1}-x\Vert ^2\right] \\&\qquad +\sum _{k=2}^t\big (\theta (k+k_0+1)-1\big )\mathbb {E}\left[ \Phi (x^k,x,\lambda ^k)+\frac{\mu }{2}\Vert x^k-x\Vert ^2\right] \\&\qquad +\sum _{k=2}^t\big ((\beta _{k-1}-\rho _{k-1})(k+k_0)-(1-\theta )(k+k_0+1)\beta _k\big )\mathbb {E}\Vert r^k\Vert ^2\\&\quad \le (1-\theta )(k_0+2)\mathbb {E}\left[ \Phi (x^1,x,\lambda ^1)+\beta _1\Vert r^1\Vert ^2+\frac{\mu }{2}\Vert x^1-x\Vert ^2\right] \\&\qquad -\sum _{k=1}^t(k+k_0+1) \mathbb {E}\left[ \Delta _{\eta _k I-\beta _k A^\top A}(x^{k+1},x^k,x)-\frac{L_m}{2}\Vert x^{k+1}-x^k\Vert ^2\right] . \nonumber \end{aligned}$$

                    (65)
                

Hence, from (21b) and (63), it follows that
$$\begin{aligned} \begin{aligned}&~(t+k_0+1) \mathbb {E}\Phi (x^{t+1},x,\lambda ^{t+1})+\sum _{k=2}^t\big (\theta (k+k_0+1)-1\big )\mathbb {E}\Phi (x^k,x,\lambda ^k)\\&\quad \le ~ (1-\theta )(k_0+2)\mathbb {E}\left[ \Phi (x^1,x,\lambda ^1)+\beta _1\Vert r^1\Vert ^2+\frac{\mu }{2}\Vert x^1-x\Vert ^2\right] \\&\qquad ~+\frac{\eta _1(k_0+2)}{2}\mathbb {E}\Vert x^1-x\Vert ^2-\frac{t+k_0+1}{2}\mathbb {E}\Vert x^{t+1}-x\Vert ^2_{(\mu +\eta _t)I-\beta _t A^\top A}. \end{aligned} \end{aligned}$$

                    (66)
                

In addition, from the update of \(\lambda \) in (17c), we have
$$\begin{aligned} \langle \lambda ^{k+1}-\lambda , Ax^{k+1}-b\rangle =-\frac{1}{\rho _k}\langle \lambda ^{k+1}-\lambda ,\lambda ^{k+1}-\lambda ^k\rangle =-\frac{1}{\rho _k}\Delta (\lambda ^{k+1},\lambda ^k,\lambda ), \end{aligned}$$

                    (67)
                

and thus
$$\begin{aligned}&(t+k_0+1)\mathbb {E}\langle \lambda ^{t+1}-\lambda , Ax^{t+1}-b\rangle +\!\!\sum _{k=2}^t\big (\theta (k+k_0+1)-1\big )\mathbb {E}\langle \lambda ^k-\lambda , Ax^k-b\rangle \\&\quad =-\frac{t+k_0+1}{\rho _t}\mathbb {E}\Delta (\lambda ^{t+1},\lambda ^t,\lambda )-\sum _{k=2}^t\frac{\theta (k+k_0+1)-1}{\rho _{k-1}}\mathbb {E}\Delta (\lambda ^{k},\lambda ^{k-1},\lambda )\\&\quad \overset{(64)}{\le }\frac{\theta (k_0+3)-1}{2\rho _1}\mathbb {E}\Vert \lambda ^1-\lambda \Vert ^2. \end{aligned}$$

Since \(\Phi (x^k,x,\lambda )=\Phi (x^k,x,\lambda ^k)+\langle \lambda ^k-\lambda , Ax^k-b\rangle ,\) we obtain the desired result by adding the above inequality to (66).\(\square \)
                        

                  1.4 Proof of Proposition 3.4
                    
Note that (24) implies \(k_0\ge \frac{4}{\theta }\), and thus (21a) must hold. Also, it is easy to see that (21d) holds with equality from the second equation of (23b). Since \(I\succeq \frac{A^\top A}{\Vert A\Vert _2^2}\), we can easily have (21f) by plugging in \(\beta _k\) and \(\eta _k\) defined in (23a) and (23c) respectively.
To verify (21c), we plug in \(\rho _k\) defined in the first equation of (23b), and it is equivalent to requiring that for any \(2\le k\le t-1\)
                        
$$\begin{aligned} \frac{\theta (k+k_0+1)-1}{\theta (k-1)+2+\theta }\ge & {} \frac{\theta (k+k_0+2)-1}{\theta k+2+\theta }\Longleftrightarrow 1+\frac{\theta (k_0+1)-3}{\theta k+2}\\\ge & {} 1+\frac{\theta (k_0+1)-3}{\theta k+2+\theta }. \end{aligned}$$

The inequality on the right hand side obviously holds, and thus we have (21c).
Plugging in the formula of \(\beta _k\), (21e) is equivalent to
$$\begin{aligned} (\theta k+2+\theta )(k+k_0+1)\ge (\theta k+2)(k+k_0), \end{aligned}$$

which holds trivially, and thus (21e) follows.
With the given \(\beta _k\) and \(\rho _k\), (21b) becomes \(\frac{6}{6-5\theta }(\theta k+2)(k+k_0)\ge (k+k_0+1)(\theta k+2+\theta ),\,\forall 2\le k\le t,\) which is equivalent to \(\frac{6}{6-5\theta }\ge \frac{(k_0+3)(3\theta +2)}{(k_0+2)(2\theta +2)}\). Note that \(\frac{k_0+3}{k_0+2}\) is decreasing with respect to \(k_0\ge 0\) and also \(\frac{6}{6-5\theta }\ge \frac{(\frac{3}{\theta }+3)(3\theta +2)}{(\frac{3}{\theta }+2)(2\theta +2)}\). Hence, (21b) is satisfied from the fact \(k_0\ge \frac{4}{\theta }\).
Finally, we show (21g). Plugging in \(\eta _k\), we have that (21g) becomes
$$\begin{aligned}&(k+k_0)\left( \frac{\mu }{2}\left( \theta k+2\right) +L_m\right) +\mu \big (\theta (k+k_0+1)-1\big )\\&\quad \ge (k+k_0+1)\left( \frac{\mu }{2}\left( \theta k+2+\theta \right) +L_m\right) ,\,\forall k\ge 2, \end{aligned}$$

which is equivalent to \(k_0+1\ge \frac{4}{\theta }+\frac{2L_m}{\theta \mu }\). Hence, for \(k_0\) given in (24), (21g) must hold. Therefore, we have verified all conditions in (21).
1.5 Proof of Theorem 3.5
                    
From Proposition 3.4, we have the inequality in (22) that, as \(\lambda ^1=0\), reduces to
$$\begin{aligned}&(t+k_0+1) \mathbb {E}\Phi (x^{t+1},x,\lambda )+\sum _{k=2}^t\big (\theta (k+k_0+1)-1\big )\mathbb {E}\Phi (x^k,x,\lambda )\nonumber \\&\quad \le \phi _3(x,\lambda )-\frac{t+k_0+1}{2}\mathbb {E}\Vert x^{t+1}-x\Vert _{(\mu +\eta _t) I-\beta _t A^\top A}^2. \end{aligned}$$

                    (68)
                

For \(\rho \ge 1\), we have
$$\begin{aligned} (\mu +\eta _t) I-\beta _t A^\top A\succeq \left( \frac{(\rho -1)\mu }{2\rho }(\theta t + \theta + 2) + \mu +L_m\right) I. \end{aligned}$$

                    (69)
                

Letting \(x=x^*\) and using the convexity of F, we have from (68) and the above inequality that
$$\begin{aligned} \mathbb {E}\left[ F(\bar{x}^{t+1})-F(x^*)-\big \langle \lambda ,A\bar{x}^{t+1}-b\big \rangle \right] \le \frac{1}{T}\mathbb {E}\phi _3(x^*,\lambda ),\,\forall \lambda , \end{aligned}$$

                    (70)
                

which together with Lemmas 1.2 and 1.3 with \(\gamma =\max (2\Vert \lambda ^*\Vert , 1+\Vert \lambda ^*\Vert )\) indicates (25).
In addition, note
$$\begin{aligned} \Phi (x^{t+1},x^*,\lambda ^*)\ge \frac{\mu }{2}\Vert x^{t+1}-x^*\Vert ^2. \end{aligned}$$

Hence, letting \((x,\lambda )=(x^*,\lambda ^*)\) in (68) and using (5), we have from (69) that
$$\begin{aligned} \frac{t+k_0+1}{2}\left( \frac{(\rho -1)\mu }{2\rho }(\theta t + \theta + 2)+2\mu +L_m\right) \mathbb {E}\Vert x^{t+1}-x^*\Vert ^2 \le \phi _3(x^*,\lambda ^*), \end{aligned}$$

                    (71)
                

and the proof is completed.
Appendix C: Technical proofs: Sect. 4
                
In this section, we provide the proofs of the lemmas and theorems in Sect. 4.
1.1 Proof of Lemma 4.1
                    
Note \(r^{k+1}-r^k=A(x^{k+1}-x^k)+B(y^{k+1}-y^k)\). Hence by (6), we have
$$\begin{aligned} \begin{aligned} \left\langle A(x^{k+1}-x),-\beta r^k\right\rangle =&~-\beta \left\langle A(x^{k+1}-x), r^{k+1}\right\rangle +\beta \left\langle A(x^{k+1}-x), B(y^{k+1}-y^k)\right\rangle \\&~+\frac{\beta }{2}\left[ \Vert A(x^{k+1}-x)\Vert ^2-\Vert A(x^k-x)\Vert ^2+\Vert A(x^{k+1}-x^k)\Vert ^2\right] . \end{aligned} \end{aligned}$$

                    (72)
                

In addition, \(\langle A(x^{k+1}-x), \lambda ^k\rangle = \langle A(x^{k+1}-x), \lambda ^{k+1}+\rho r^{k+1}\rangle \). Plugging this equation and (72) into (45) with \(x^o=x^k, \lambda ^o=\lambda ^k, x^+=x^{k+1}, W=\eta _x I\) and taking expectation yield
$$\begin{aligned}&~ \mathbb {E}\left[ F(x^{k+1})-F(x)+\frac{\mu }{2}\Vert x^{k+1}-x\Vert ^2-\big \langle A(x^{k+1}-x), \lambda ^{k+1}\big \rangle \right. \nonumber \\&\qquad \left. +(\beta -\rho )\big \langle A(x^{k+1}-x), r^{k+1}\big \rangle \right] \nonumber \\&\qquad ~+\frac{1}{2}\mathbb {E}\left[ \Vert x^{k+1}-x\Vert _P^2-\Vert x^k-x\Vert _P^2+\Vert x^{k+1}-x^k\Vert ^2_{P-L_mI}\right] \nonumber \\&\quad \le ~ (1- \theta )\mathbb {E}\left[ F(x^k)-F(x)+\frac{\mu }{2}\Vert x^k-x\Vert ^2-\big \langle A(x^k-x), \lambda ^k-\beta r^k\big \rangle \right] \\&\qquad ~+\beta \mathbb {E}\left\langle A(x^{k+1}-x), B(y^{k+1}-y^k)\right\rangle ,\nonumber \end{aligned}$$

                    (73)
                

where \(P=\eta _x I-\beta A^\top A\).
From (30), the optimality condition for \( \tilde{y}^{k+1}\) is
$$\begin{aligned} \nabla h( \tilde{y}^{k+1})- B^\top \lambda ^k+ \beta B^\top r^{k+\frac{1}{2}} +\eta _y (\tilde{y}^{k+1}-y^k)=0. \end{aligned}$$

                    (74)
                

Since \({\mathrm {Prob}}(y^{k+1}=\tilde{y}^{k+1})=\theta ,\, {\mathrm {Prob}}(y^{k+1}=y^k)=1-\theta ,\) we have
$$\begin{aligned}&\mathbb {E}\left\langle y^{k+1}- y, \nabla h( y^{k+1})- B^\top \lambda ^{k} + \beta B^\top r^{k+\frac{1}{2}}+\eta _y(y^{k+1}-y^k)\right\rangle \\&\quad =(1-\theta )\mathbb {E}\left\langle y^k- y, \nabla h( y^k)- B^\top \lambda ^k + \beta B^\top r^{k+\frac{1}{2}}\right\rangle , \end{aligned}$$

or equivalently,
$$\begin{aligned}&\mathbb {E}\left\langle y^{k+1}- y, \nabla h( y^{k+1})- B^\top \lambda ^{k+1} +( \beta -\rho ) B^\top r^{k+1}\right. \nonumber \\&\qquad \left. - \beta B^\top B(y^{k+1}-y^k)+\eta _y(y^{k+1}-y^k)\right\rangle \\&\quad =(1-\theta )\mathbb {E}\left\langle y^k- y, \nabla h( y^k)- B^\top \lambda ^k + \beta B^\top r^k\right\rangle \nonumber \\&\qquad +\,\beta (1-\theta ) \mathbb {E}\left\langle B(y^k- y),A(x^{k+1}-x^k)\right\rangle . \end{aligned}$$

                    (75)
                

Recall \(Q=\eta _y I -\beta B^\top B\). We have
$$\begin{aligned}&\left\langle y^{k+1}- y, - \beta B^\top B(y^{k+1}-y^k)+\eta _y(y^{k+1}-y^k)\right\rangle \\&\quad&= \frac{1}{2}\left[ \Vert y^{k+1}- y\Vert _Q^2-\Vert y^k- y\Vert _Q^2+\Vert y^{k+1}- y^k\Vert _Q^2\right] . \end{aligned}$$

Therefore adding (75) to (73), noting \(Ax+By=b\), and plugging (67) with \(\rho _k=\rho \), we have the desired result.
1.2 Proof of Theorem 4.2
                    
Before proving Theorem 4.2, we establish a few inequalities. First, using Young’s inequality, we have the following results.

                    Lemma 9.1

                    For any \(\tau _1,\tau _2>0\), it holds that
$$\begin{aligned}&\langle A(x^{k+1}- x^*), B( y^{k+1}- y^k)\rangle \le \frac{1}{2\tau _1}\Vert A(x^{k+1}-x^*)\Vert ^2+\frac{\tau _1}{2}\Vert B(y^{k+1}-y^k)\Vert ^2, \end{aligned}$$

                    (76)
                


$$\begin{aligned}&\langle B(y^k- y^*),A(x^{k+1}-x^k)\rangle \le \frac{1}{2\tau _2}\Vert B(y^k- y^*)\Vert ^2+\frac{\tau _2}{2}\Vert A(x^{k+1}-x^k)\Vert ^2. \end{aligned}$$

                    (77)
                



                  In addition, we are able to bound the \(\lambda \)-term by y-term and the residual r. The proofs are given in Appendix C.4 and C.5.

                    Lemma 9.2

                    For any \(\delta >0\), we have
$$\begin{aligned}&\mathbb {E}\Vert B^\top (\lambda ^{k+1}-\lambda ^*)\Vert ^2-(1-\theta )(1+\delta )\mathbb {E}\Vert B^\top (\lambda ^k-\lambda ^*)\Vert ^2\\&\quad \le 4\mathbb {E}\big [L_h^2\Vert y^{k+1}-y^*\Vert ^2+\Vert Q(y^{k+1}-y^k)\Vert ^2\big ]+2(\beta -\rho )^2\mathbb {E}\Vert B^\top r^{k+1}\Vert ^2\nonumber \\&\qquad +\,2\rho ^2(1-\theta )\left( 1+\frac{1}{\delta }\right) \mathbb {E}\big [\Vert B^\top r^{k+1}\Vert ^2+\Vert B^\top B(y^{k+1}-y^k)\Vert ^2\big ]. \end{aligned}$$

                    (78)
                



                  
                    Lemma 9.3

                    Assume (38). Then
$$\begin{aligned}&\frac{\sigma _{\min }(BB^\top )}{2}\big [\Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\big ]\\&\quad \le \Vert B^\top (\lambda ^{k+1}-\lambda ^*)\Vert ^2-(1-\theta )(1+\delta )\Vert B^\top (\lambda ^k-\lambda ^*)\Vert ^2+\kappa \Vert B^\top (\lambda ^{k+1}-\lambda ^k)\Vert ^2,\nonumber \\ \end{aligned}$$

                    (79)
                

where \(\sigma _{\min }(BB^\top )\) denotes the smallest singular value of \(BB^\top \).

                  
                    Lemma 9.4

                    Let \(c,\delta ,\tau _1,\tau _2\) and \(\kappa \) be constants satisfying the conditions in Theorem 4.2. Then
$$\begin{aligned}&~\beta \mathbb {E}\big \langle A(x^{k+1}- x^*), B( y^{k+1}- y^k)\big \rangle +\beta (1 -\theta )\mathbb {E}\big \langle B(y^k- y^*),A(x^{k+1}-x^k)\big \rangle \\&\qquad ~+\frac{c}{2}\sigma _{\min }(BB^\top )\mathbb {E}\big [\Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\big ]\\&\quad \le ~ \frac{1}{2}\mathbb {E}\Vert x^{k+1}- x^k\Vert _{P-L_mI}^2+\frac{\beta }{2\tau _1}\mathbb {E}\Vert A(x^{k+1}-x^*)\Vert ^2\\&\qquad ~+\frac{1}{2}\mathbb {E}\Vert y^{k+1}- y^k\Vert _Q^2+\frac{\beta (1-\theta )}{2\tau _2}\mathbb {E}\Vert B(y^k-y^*)\Vert ^2+4cL_h^2\mathbb {E}\Vert y^{k+1}-y^*\Vert ^2\\&\qquad ~+\left[ c\rho ^2\left( \kappa +2(1-\theta )\left( 1+\frac{1}{\delta }\right) \right) +2c(\beta -\rho )^2\right] \mathbb {E}\Vert B^\top r^{k+1}\Vert ^2.\nonumber \end{aligned}$$

                    (80)
                



                  Now we are ready to show Theorem 4.2.

                    Proof of Theorem 4.2

                    Letting \((x,y,\lambda )=(x^*,y^*,\lambda ^*)\) in (34), plugging (32) into it, and noting \(Ax^*+By^*=b\), we have
$$\begin{aligned}&\mathbb {E}\Psi (z^{k+1},z^*)+( \beta -\rho )\mathbb {E}\Vert r^{k+1}\Vert ^2+\mathbb {E}\left[ \Delta _P(x^{k+1},x^k, x^*)-\frac{L_m}{2}\Vert x^{k+1}- x^k\Vert ^2\right] \nonumber \\&\qquad +\,\mathbb {E}\Delta _Q(y^{k+1},y^k, y^*)+\frac{\mu }{2}\mathbb {E}\Vert x^{k+1}-x^*\Vert ^2+\frac{1}{\rho }\mathbb {E}\Delta (\lambda ^{k+1},\lambda ^{k},\lambda ^*)\nonumber \\&\quad \le (1-\theta )\mathbb {E}\Psi (z^k,z^*)+\beta (1 -\theta )\mathbb {E}\Vert r^k\Vert ^2+\frac{1-\theta }{\rho }\mathbb {E}\Delta (\lambda ^{k},\lambda ^{k-1},\lambda ^*)\nonumber \\&\qquad +\,\frac{\mu (1-\theta )}{2}\mathbb {E}\Vert x^k-x^*\Vert ^2 +\, \beta \mathbb {E}\big \langle A(x^{k+1}- x^*), B( y^{k+1}- y^k)\big \rangle +\beta (1 -\theta )\nonumber \\&\qquad \mathbb {E}\big \langle B(y^k- y^*),A(x^{k+1}-x^k)\big \rangle , \nonumber \\ \end{aligned}$$

                    (81)
                

where \(\Psi \) is defined in (36). Note
$$\begin{aligned}&~\frac{1}{\rho }\Delta (\lambda ^{k+1},\lambda ^{k},\lambda ^*)\\&\quad =~\frac{1}{2\rho }\big [\Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\big ]\\&\qquad -\frac{\rho }{2}\left( \frac{1}{\theta }-1\right) \Vert r^{k+1}\Vert ^2 - \frac{\theta }{2\rho }\Vert \lambda ^{k}-\lambda ^*\Vert ^2, \end{aligned}$$

and
$$\begin{aligned}&~\frac{1-\theta }{\rho }\Delta (\lambda ^{k},\lambda ^{k-1},\lambda ^*)\\&\quad =~\frac{1}{2\rho }\big [\Vert \lambda ^{k}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k-1}-\lambda ^*\Vert ^2 +\frac{1}{\theta }\Vert \lambda ^{k}-\lambda ^{k-1}\Vert ^2\big ]\\&\qquad -\frac{\rho }{2}\left( \frac{1}{\theta }-(1-\theta )\right) \Vert r^k\Vert ^2- \frac{\theta }{2\rho }\Vert \lambda ^{k}-\lambda ^*\Vert ^2. \end{aligned}$$

Adding (80) to (81) and plugging the above two equations yield
$$\begin{aligned}&\mathbb {E}\Psi (z^{k+1},z^*)+( \beta -\rho )\mathbb {E}\Vert r^{k+1}\Vert ^2+\mathbb {E}\left[ \Delta _P(x^{k+1},x^k, x^*)-\frac{L_m}{2}\Vert x^{k+1}- x^k\Vert ^2\right] \nonumber \\&\qquad +\mathbb {E}\Delta _Q(y^{k+1},y^k, y^*)+\frac{\mu }{2}\mathbb {E}\Vert x^{k+1}-x^*\Vert ^2-\frac{\rho }{2}\left( \frac{1}{\theta }-1\right) \mathbb {E}\Vert r^{k+1}\Vert ^2 - \frac{\theta }{2\rho }\mathbb {E}\Vert \lambda ^{k}-\lambda ^*\Vert ^2\nonumber \\&\qquad +\left( \frac{1}{2\rho }+\frac{c}{2}\sigma _{\min }(BB^\top )\right) \mathbb {E}\big [\Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\big ]\nonumber \\&\quad \le (1-\theta )\mathbb {E}\Psi (z^k,z^*)+\beta (1 -\theta )\mathbb {E}\Vert r^k\Vert ^2 -\frac{\rho }{2}\left( \frac{1}{\theta }-(1-\theta )\right) \mathbb {E}\Vert r^k\Vert ^2- \frac{\theta }{2\rho }\mathbb {E}\Vert \lambda ^{k}-\lambda ^*\Vert ^2 \nonumber \\&\qquad +\frac{1}{2\rho }\mathbb {E}\big [\Vert \lambda ^{k}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k-1}-\lambda ^*\Vert ^2 +\frac{1}{\theta }\Vert \lambda ^{k}-\lambda ^{k-1}\Vert ^2\big ]\nonumber \\&\qquad +\frac{\mu (1-\theta )}{2}\mathbb {E}\Vert x^k-x^*\Vert ^2+\frac{1}{2}\mathbb {E}\Vert x^{k+1}- x^k\Vert _{P-L_mI}^2+\frac{\beta }{2\tau _1}\mathbb {E}\Vert A(x^{k+1}-x^*)\Vert ^2\nonumber \\&\qquad +\frac{1}{2}\mathbb {E}\Vert y^{k+1}- y^k\Vert _Q^2+\frac{\beta (1-\theta )}{2\tau _2}\mathbb {E}\Vert B(y^k-y^*)\Vert ^2+4cL_h^2\mathbb {E}\Vert y^{k+1}-y^*\Vert ^2\\&\qquad +\left[ c\rho ^2\left( \kappa +2(1-\theta )\left( 1+\frac{1}{\delta }\right) \right) +2c(\beta -\rho )^2\right] \mathbb {E}\Vert B^\top r^{k+1}\Vert ^2. \nonumber \end{aligned}$$

Using the definition in (2) to expand \(\Delta _P(x^{k+1},x^k, x^*)\) and \(\Delta _Q(y^{k+1},y^k, y^*)\) in the above inequality, and then rearranging terms, we have
$$\begin{aligned}&\mathbb {E}\Psi (z^{k+1},z^*)+\left( ( \beta -\rho )-\frac{\rho }{2}\left( \frac{1}{\theta }-1\right) \right) \mathbb {E}\Vert r^{k+1}\Vert ^2\\&\qquad -\left[ c\rho ^2\left( \kappa +2(1-\theta )\left( 1+\frac{1}{\delta }\right) \right) +2c(\beta -\rho )^2\right] \mathbb {E}\Vert B^\top r^{k+1}\Vert ^2\\&\qquad +\,\mathbb {E}\left[ \frac{1}{2}\Vert x^{k+1}-x^*\Vert _P^2+\frac{\mu }{2}\Vert x^{k+1}-x^*\Vert ^2-\frac{\beta }{2\tau _1}\Vert A(x^{k+1}-x^*)\Vert ^2\right] \nonumber \\&\qquad +\,\mathbb {E}\left[ \frac{1}{2}\Vert y^{k+1}-y^*\Vert _Q^2-4cL_h^2\Vert y^{k+1}-y^*\Vert ^2\right] \nonumber \\&\qquad +\,\left( \frac{1}{2\rho }+\frac{c}{2}\sigma _{\min }(BB^\top )\right) \mathbb {E}\left[ \Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\right] \nonumber \\&\quad \le (1-\theta )\mathbb {E}\Psi (z^k,z^*)+\beta (1 -\theta )\mathbb {E}\Vert r^k\Vert ^2 -\frac{\rho }{2}\left( \frac{1}{\theta }-(1-\theta )\right) \mathbb {E}\Vert r^k\Vert ^2 + \frac{1}{2}\mathbb {E}\Vert x^{k}-x^*\Vert _P^2 \nonumber \\&\qquad +\frac{\mu (1-\theta )}{2}\mathbb {E}\Vert x^k-x^*\Vert ^2+\frac{1}{2}\mathbb {E}\Vert y^{k}- y^*\Vert _Q^2+\frac{\beta (1-\theta )}{2\tau _2}\mathbb {E}\Vert B(y^k-y^*)\Vert ^2\nonumber \\&\qquad +\frac{1}{2\rho }\mathbb {E}\left[ \Vert \lambda ^{k}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k-1}-\lambda ^*\Vert ^2 +\frac{1}{\theta }\Vert \lambda ^{k}-\lambda ^{k-1}\Vert ^2\right] . \end{aligned}$$

                    (82)
                

Since \(\rho = \theta \beta \), it holds
$$\begin{aligned} ( \beta -\rho )-\frac{\rho }{2}\left( \frac{1}{\theta }-1\right) = \frac{\beta -\rho }{2}, \quad \beta (1 -\theta )-\frac{\rho }{2}\left( \frac{1}{\theta }-(1-\theta )\right) \le \frac{\beta (1-\theta )}{2}, \end{aligned}$$

and thus the inequality (82) implies
$$\begin{aligned}&\mathbb {E}\Psi (z^{k+1},z^*)+\frac{ \beta -\rho }{2}\mathbb {E}\Vert r^{k+1}\Vert ^2 \nonumber \\&\qquad -\left[ c\rho ^2\left( \kappa +2(1-\theta )\left( 1+\frac{1}{\delta }\right) \right) +2c(\beta -\rho )^2\right] \mathbb {E}\Vert B^\top r^{k+1}\Vert ^2\\&\qquad +\,\mathbb {E}\left[ \frac{1}{2}\Vert x^{k+1}-x^*\Vert _P^2+\frac{\mu }{2}\Vert x^{k+1}-x^*\Vert ^2-\frac{\beta }{2\tau _1}\Vert A(x^{k+1}-x^*)\Vert ^2\right] \nonumber \\&\qquad +\,\mathbb {E}\left[ \frac{1}{2}\Vert y^{k+1}-y^*\Vert _Q^2-4cL_h^2\Vert y^{k+1}-y^*\Vert ^2\right] \nonumber \\&\qquad +\left( \frac{1}{2\rho }+\frac{c}{2}\sigma _{\min }(BB^\top )\right) \mathbb {E}\big [\Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\big ]\nonumber \\&\quad \le \psi (z^k,z^*; P,Q,\beta ,\rho ,c,\tau _2), \end{aligned}$$

                    (83)
                

where \(\psi \) is defined in (37).

                    From (33), it follows that
$$\begin{aligned} (1-\alpha )\Psi (z^{k+1},z^*)+\frac{\alpha \mu }{2}\Vert x^{k+1}-x^*\Vert ^2+\alpha \nu \Vert y^{k+1}-y^*\Vert ^2\le \Psi (z^{k+1},z^*) . \end{aligned}$$

                    (84)
                

In addition, note that
$$\begin{aligned} \Vert r^{k+1}\Vert ^2= & {} \Vert Ax^{k+1}+By^{k+1}-(Ax^*+By^*)\Vert ^2\\\le & {} 2\Vert A\Vert _2^2\Vert x^{k+1}-x^*\Vert ^2+2\Vert B\Vert _2^2\Vert y^{k+1}-y^*\Vert ^2\\\le & {} \gamma \left( \frac{\alpha \mu }{4}\Vert x^{k+1}-x^*\Vert ^2+\frac{\alpha \nu }{4}\Vert y^{k+1}-y^*\Vert ^2\right) , \end{aligned}$$

and thus
$$\begin{aligned} \frac{1}{\gamma }\Vert r^{k+1}\Vert ^2\le \frac{\alpha \mu }{4}\Vert x^{k+1}-x^*\Vert ^2+\frac{\alpha \nu }{4}\Vert y^{k+1}-y^*\Vert ^2. \end{aligned}$$

                    (85)
                

Adding (84) and (85) to (83) gives the desired result.\(\square \)
                        

                  1.3 Proof of Theorem 4.3
                    
From \(0<\alpha <\theta \), the full row-rankness of B, and the conditions in (41), it is easy to see that \(\eta >1\). Next we find lower bounds of the terms on the left hand of (40). Since \(\eta \le \frac{1-\alpha }{1-\theta }\), we have
$$\begin{aligned} \eta (1-\theta )\Psi (z^{k+1},z^*)\le (1-\alpha )\Psi (z^{k+1},z^*). \end{aligned}$$

                    (86)
                

Note \(\Vert A\Vert _2\le 1\) and
$$\begin{aligned} \left( \frac{\alpha \mu }{2}+\mu -\frac{\beta }{\tau _1}\right) I\succeq & {} \frac{\frac{\alpha \mu }{2}+\theta \mu -\frac{\beta }{\tau _1}}{\eta _x+\mu (1-\theta )}(\eta _x I-\beta A^\top A)\\&+ \frac{\frac{\alpha \mu }{2}+\theta \mu -\frac{\beta }{\tau _1}}{\eta _x+\mu (1-\theta )}\mu (1-\theta )I +\mu (1-\theta )I. \end{aligned}$$

Hence, from \(\eta \le 1+\frac{\frac{\alpha \mu }{2}+\theta \mu -\frac{\beta }{\tau _1}}{\eta _x+\mu (1-\theta )}\) and \(P=\eta _x I-\beta A^\top A\), it follows that
$$\begin{aligned} \eta \Vert x^{k+1}- x^*\Vert ^2_{P+\mu (1-\theta )I} \le \Vert x^{k+1}- x^*\Vert ^2_{P+(\frac{\alpha \mu }{2}+\mu )I-\frac{\beta }{\tau _1}A^\top A}. \end{aligned}$$

                    (87)
                

Similarly, since
$$\begin{aligned} \left( \frac{3\alpha \nu }{2}-8c L_h^2\right) I\succeq & {} \frac{\frac{3\alpha \nu }{2}-8c L_h^2-\frac{\beta (1-\theta )}{\tau _2}}{\eta _y+\frac{\beta (1-\theta )}{\tau _2}}(\eta _y I-\beta B^\top B) \\&+\frac{\frac{3\alpha \nu }{2}-8c L_h^2-\frac{\beta (1-\theta )}{\tau _2}}{\eta _y+\frac{\beta (1-\theta )}{\tau _2}}\frac{\beta (1-\theta )}{\tau _2}I+\frac{\beta (1-\theta )}{\tau _2}I, \end{aligned}$$


                        \(Q=\eta _y I-\beta B^\top B\), and \(B^\top B \preceq I\), we have
$$\begin{aligned} \eta \Vert y^{k+1}- y^*\Vert ^2_{Q+\frac{\beta (1 -\theta )}{\tau _2}B^\top B} \le \Vert y^{k+1}- y^*\Vert ^2_{Q+(\frac{3\alpha \nu }{2}-8cL_h^2)I}. \end{aligned}$$

                    (88)
                

For the r-term, we note from the definition of \(\eta \) that
$$\begin{aligned} \eta \frac{ \beta (1-\theta )}{2}\le \left( \frac{ \beta (1-\theta )}{2}+\frac{1}{\gamma }\right) -\left( c\rho ^2\left( \kappa +2(1-\theta )\left( 1+\frac{1}{\delta }\right) \right) +2c(\beta -\rho )^2\right) . \end{aligned}$$

In addition, since \(\Vert B\Vert _2\le 1\), it holds \(\Vert B^\top r^{k+1}\Vert \le \Vert r^{k+1}\Vert \), and thus
$$\begin{aligned} \eta \frac{ \beta (1-\theta )}{2}\Vert r^{k+1}\Vert ^2\le & {} \left( \frac{ \beta (1-\theta )}{2}+\frac{1}{\gamma }\right) \Vert r^{k+1}\Vert ^2\nonumber \\&-\left( c\rho ^2\left( \kappa +2(1-\theta )\left( 1+\frac{1}{\delta }\right) \right) +2c(\beta -\rho )^2\right) \Vert B^\top r^{k+1}\Vert ^2.\nonumber \\ \end{aligned}$$

                    (89)
                

Finally, it is obvious to have
$$\begin{aligned} \begin{aligned}&~ \frac{\eta }{2\rho }\left[ \Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\right] \\&\quad \le ~\left( \frac{1}{2\rho }+\frac{c}{2}\sigma _{\min }(BB^\top )\right) \left[ \Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\right] . \end{aligned} \end{aligned}$$

                    (90)
                

Therefore, we obtain (42) by the definition of \(\psi \) and adding (86) through (90).
1.4 Proof of Lemma 9.2
                    
Let \( \tilde{\lambda }^{k+1}=\lambda ^k-\rho (Ax^{k+1}+B\tilde{y}^{k+1}-b). \) Then from the update of y, we have
$$\begin{aligned} \begin{aligned}&~\mathbb {E}\Vert B^\top (\lambda ^{k+1}-\lambda ^*)\Vert ^2\\&\quad =~\theta \mathbb {E}\Vert B^\top (\tilde{\lambda }^{k+1}-\lambda ^*)\Vert ^2+(1-\theta )\mathbb {E}\Vert B^\top (\lambda ^k-\lambda ^*-\rho (Ax^{k+1}+By^k-b))\Vert ^2. \end{aligned} \end{aligned}$$

                    (91)
                

Below we bound the two terms on the right hand side of (91). First, the definition of \(\tilde{\lambda }^{k+1}\) together with (74) implies
$$\begin{aligned} B^\top \tilde{\lambda }^{k+1}=\nabla h(\tilde{y}^{k+1})+Q(\tilde{y}^{k+1}-y^k)+(\beta -\rho )B^\top (Ax^{k+1}+B\tilde{y}^{k+1}-b). \end{aligned}$$

                    (92)
                

Hence, by the Young’s inequality and the condition in (32b), we have
$$\begin{aligned} \begin{aligned}&~\theta \mathbb {E}\Vert B^\top (\tilde{\lambda }^{k+1}-\lambda ^*)\Vert ^2\\&\quad \le ~2\theta \mathbb {E}\Vert \nabla h(\tilde{y}^{k+1})-\nabla h(y^*)+Q(\tilde{y}^{k+1}-y^k)\Vert ^2\\&\qquad +2\theta (\beta -\rho )^2\mathbb {E}\Vert B^\top (Ax^{k+1}+B\tilde{y}^{k+1}-b)\Vert ^2. \end{aligned} \end{aligned}$$

                    (93)
                

Since \({\mathrm {Prob}}(y^{k+1}=\tilde{y}^{k+1})=\theta \) and \({\mathrm {Prob}}(y^{k+1}=y^k)=1-\theta \), it follows that
$$\begin{aligned} \begin{aligned}&~\mathbb {E}\Vert \nabla h(y^{k+1})-\nabla h(y^*)+Q(y^{k+1}-y^k)\Vert ^2\\&\quad =~\theta \mathbb {E}\Vert \nabla h(\tilde{y}^{k+1}){-}\nabla h(y^*)+Q(\tilde{y}^{k+1}{-}y^k)\Vert ^2+(1-\theta )\mathbb {E}\Vert \nabla h(y^k)-\nabla h(y^*)\Vert ^2, \end{aligned} \end{aligned}$$

and thus
$$\begin{aligned}&\theta \mathbb {E}\Vert \nabla h(\tilde{y}^{k+1})-\nabla h(y^*)+Q(\tilde{y}^{k+1}-y^k)\Vert ^2\\&\quad \le \mathbb {E}\Vert \nabla h(y^{k+1})-\nabla h(y^*)+Q(y^{k+1}-y^k)\Vert ^2. \end{aligned}$$

Similarly,
$$\begin{aligned} \theta (\beta -\rho )^2\mathbb {E}\Vert B^\top (Ax^{k+1}+B\tilde{y}^{k+1}-b)\Vert ^2\le (\beta -\rho )^2\mathbb {E}\Vert B^\top (Ax^{k+1}+B y^{k+1}-b)\Vert ^2. \end{aligned}$$

Plugging the above two equations into (93) and applying the Young’s inequality and also the Lipschitz continuity of \(\nabla h\) give
$$\begin{aligned} \theta \mathbb {E}\Vert B^\top (\tilde{\lambda }^{k+1}-\lambda ^*)\Vert ^2 \le 4\mathbb {E}\big [L_h^2\Vert y^{k+1}-y^*\Vert ^2+\Vert Q(y^{k+1}-y^k)\Vert ^2\big ]+2(\beta -\rho )^2\mathbb {E}\Vert B^\top r^{k+1}\Vert ^2. \end{aligned}$$

                    (94)
                

In addition, from the Young’s inequality, it follows for any \(\delta >0\) that
$$\begin{aligned}&\Vert B^\top (\lambda ^k-\lambda ^*-\rho (Ax^{k+1}+By^k-b))\Vert ^2\\&\quad \le (1+\delta )\Vert B^\top (\lambda ^k-\lambda ^*)\Vert ^2+\rho ^2\left( 1+\frac{1}{\delta }\right) \Vert B^\top (Ax^{k+1}+By^k-b)\Vert ^2. \end{aligned}$$

Note \(\Vert B^\top (Ax^{k+1}+By^k-b)\Vert ^2\le 2\Vert B^\top r^{k+1}\Vert ^2+2\Vert B^\top B(y^{k+1}-y^k)\Vert ^2\). Therefore, plugging (94) and the above two inequalites into (91), we complete the proof.
1.5 Proof of Lemma 9.3
                    
It is straightforward to verify
$$\begin{aligned}&~\Vert B^\top (\lambda ^{k+1}-\lambda ^*)\Vert ^2-(1-\theta )(1+\delta )\Vert B^\top (\lambda ^k-\lambda ^*)\Vert ^2+\kappa \Vert B^\top (\lambda ^{k+1}-\lambda ^k)\Vert ^2\\&\quad =~\left[ \begin{array}{c}\lambda ^{k+1}-\lambda ^*\\ \lambda ^{k+1}-\lambda ^k \end{array}\right] ^\top \left[ \begin{array}{cc}(1-(1-\theta )(1+\delta )) &{}\quad (1-\theta )(1+\delta )\\ (1-\theta )(1+\delta )&{}\quad (\kappa -(1-\theta )(1+\delta ))\end{array}\right] \otimes BB^\top \left[ \begin{array}{c}(\lambda ^{k+1}-\lambda ^*)\\ (\lambda ^{k+1}-\lambda ^k) \end{array}\right] , \end{aligned}$$

 and
$$\begin{aligned}&~\left[ \begin{array}{c}\lambda ^{k+1}-\lambda ^*\\ \lambda ^{k+1}-\lambda ^k \end{array}\right] ^\top \left[ \begin{array}{cc}\theta &{}\quad (1-\theta )\\ (1-\theta ) &{}\quad (\frac{1}{\theta }-(1-\theta ))\end{array}\right] \otimes I\left[ \begin{array}{c}\lambda ^{k+1}-\lambda ^*\\ \lambda ^{k+1}-\lambda ^k \end{array}\right] \\&\quad = ~\left[ \Vert \lambda ^{k+1}-\lambda ^*\Vert ^2-(1-\theta )\Vert \lambda ^{k}-\lambda ^*\Vert ^2+\frac{1}{\theta }\Vert \lambda ^{k+1}-\lambda ^k\Vert ^2\right] . \end{aligned}$$

Hence, we have the desired result from (38) and the inequality \(U\otimes V\succeq \sigma _{\min }(V) U\otimes I\) for any PSD matrices U and V.
1.6 Proof of Lemma 9.4
                    
From (39a) and (39b), we have
$$\begin{aligned} \beta (1 -\theta )\frac{\tau _2}{2}\Vert A(x^{k+1}-x^k)\Vert ^2\le \frac{1}{2}\Vert x^{k+1}- x^k\Vert _{P-L_mI}^2, \end{aligned}$$

and
$$\begin{aligned}&4c\Vert Q(y^{k+1}-y^k)\Vert ^2+2c\rho ^2(1-\theta )\left( 1+\frac{1}{\delta }\right) \Vert B^\top B(y^{k+1}-y^k)\Vert ^2\\&\qquad +\frac{\beta \tau _1}{2}\Vert B(y^{k+1}-y^k)\Vert ^2\nonumber \\&\quad \le \frac{1}{2}\Vert y^{k+1}- y^k\Vert _Q^2. \end{aligned}$$

The desired result is then obtained by adding the above two inequalities together with \(\beta \) times of (76), \(\beta (1-\theta )\) times of (77), c times of both (78) and (79), and also noting \(\lambda ^{k+1}-\lambda ^k=-\rho r^{k+1}\).
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