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Abstract The main purpose of this paper is to develop a fast numerical method for
solving the first kind boundary integral equation, arising from the two-dimensional
interior Dirichlet boundary value problem for the Helmholtz equation with a smooth
boundary. This method leads to a fully discrete linear system with a sparse coefficient
matrix. We observe that it requires a nearly linear computational cost to produce and
then solve this system, and the corresponding approximate solution obtained by this
proposed method preserves the optimal convergence order. One numerical example
demonstrates the efficiency and accuracy of the proposed method.
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1 Introduction

In this paper, we establish a fast numerical solution for the first kind boundary inte-
gral equation, induced from a single layer approach for solving the interior Dirichlet
problem for the Helmholtz equation

AU(P)+«?U(P)=0, Pe D, (1.1)
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satisfying the boundary condition
U(P)=h(P), PeS:=0dD, (1.2)

where D is a bounded, simply connected open region in R? with a smooth bound-
ary S. We seek a solution U € C%(D) N C (D) for the boundary value problem (1.1)—
(1.2). k¥ in (1.1) is a given positive constant, and the function % in (1.2) is assumed
to be given and continuous on the boundary S. As shown in [1, 2, 5, 20, 21], if the
transfinite diameter Cs of the boundary S is not equal to 1, then —«? is not the eigen-
value of the Laplace operator, and then the boundary value problem (1.1)—(1.2) has
a unique solution, otherwise, this boundary value problem can be rescaled to another
Dirichlet problem for the Helmholtz equation, with the curve whose transfinite di-
ameter is not 1. Hence, in this paper, without loss of generality, we assume that the
boundary value problem (1.1)—(1.2) has a unique solution.

Among all methods for solving the two-dimensional Dirichlet boundary value
problem for the Helmholtz equation with a smooth boundary, the boundary integral
equation method is one of the most fundamental treatments. As shown in [17], the
single layer method to the solution of the Dirichlet problem for the Helmholtz equa-
tion leads to a first kind boundary integral equation. This integral equation can be
split into three parts. The first part in the kernel is a logarithmic term with a constant
coefficient, and the second smooth part are familiar with the integral equation arising
from the single layer approach to the Dirichlet problem for the Laplace equation, and
the third part in the kernel function is a product of a logarithmic singular function and
a smooth function, which requires our special attention.

For this arising boundary integral equation, various numerical methods have been
developed in the literature. In [17], a fully discrete Fourier-Galerkin method is pro-
posed. In [1, 5, 20, 21], the quadrature method and the modified quadrature method
are considered. In [22, 23], the qualocation method has been developed as a new ap-
proximation, which tries to combine the advantage of the Galerkin method and the
collocation method into a new scheme.

All these numerical methods enjoy nice convergence properties but at the same
time suffer from having large computational costs due to the density of the coef-
ficient matrix of the discrete linear system. To overcome this shortcoming, in [6],
a fast truncated Fourier-Galerkin method is presented for solving the singular bound-
ary integral equations, which are induced from the two-dimensional interior Dirichlet
and Neumann boundary value problem for Laplace equation with a smooth bound-
ary. This fast truncated Fourier-Galerkin method preserves the optimal order of the
approximate solution, and leads to a semi-discrete linear system with a sparse coef-
ficient matrix. In [14], they continue the theme of [6] and obtain a fast fully discrete
Fourier-Galerkin method. This method generates a fully discrete sparse linear system
with a nearly linear computational complexity, and preserves the optimal order of the
approximate solution. In [24], following the ideas coming from [6, 14], a fast fully
discrete Fourier-Galerkin method is used for solving first-kind logarithmic-kernel in-
tegral equation, induced from the two-dimensional Dirichlet problem for the Laplace
equation on open arcs. In this paper, we shall continue the work of [6, 14, 24] and
develop a fast numerical solution for the first kind boundary integral equation, arising
from the interior Dirichlet problem for Helmholtz equation.
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We organize this paper as follows. In Sect. 2, we introduce some notations and
review the boundary integral equation method for solving (1.1)—(1.2). For the linear
system produced by the Fourier-Galerkin method, we propose the matrix truncation
strategy in Sect. 3. This truncation strategy leads to a semi-discrete linear system
with a sparse coefficient matrix. Moreover, we give a few necessary technical results
so as to analyze this truncation algorithm. In Sect. 4, we construct an efficient nu-
merical integration scheme to compute all nonzero entries in the semi-discrete sparse
linear system produced in last section. This scheme combining the matrix truncation
strategy leads to a fully discrete sparse linear system. We prove that it requires a
nearly linear computational cost to generate this fully discrete sparse linear system.
In Sect. 5, the stability of this linear system and the convergence of this approxi-
mate solution are considered. We establish that this fully discrete linear system has
a unique solution, and the approximate solution produced by this proposed method
remains the optimal convergence order. Moreover, a precondition for the compressed
coefficient matrix is proposed to obtain a preconditioned matrix having a uniformly
bounded spectral condition number. In Sect. 6, the numerical example is presented to
show the efficiency and accuracy of this method. In Sect. 7, we give a conclusion.

2 The Fourier-Galerkin method for solving singular boundary integral
equations

In this section, as shown in [17], we first review the boundary integral equation refor-
mulation of the boundary value problem (1.1)—(1.2) by a single-layer approach, and
then describe the Fourier-Galerkin method for solving this arising boundary integral
equation.

LetZ:={...,—1,0,1,..., N:={1,2,...,},Ng:=NU{0}, Z] :={1,2,...,n}
and Z, := Z} U {0} for each n € N. We introduce the Bessel function Jy(z), the
Neumann function Ny(z) and the Hankel function Hél)(z) as follows

(_1)” z 2n
Jo(z) := Z 2 <§) ,

neNy

and

' 5 z 2 1 (_l)n+l z 2n
No(z) = ; (log E + CEuler) Jo(2) + ; Z(Z 7) (n|)2 E ’
neN ezt
and

H§"(2) := Jo(x) +iNo (),

in which cgyler :=0.57721 ... and i is the imaginary unit.
Let

W (01, 0y) 1= %Hé“(mgl — 0al). 01# 0.
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be the fundamental solution to the Helmholtz equation (1.1). Using a single-layer po-
tential method, the solution U of the boundary value problem (1.1)—(1.2) is expressed
in the form

U(P):= /S (P, Q)p(Q)dsg, PeD, 2.1

where dsg denotes the differential of the line element along S with respect to Q.
In (2.1), letting P tend to a point on the boundary S, and using the boundary
condition (1.2), we obtain a first kind boundary integral equation

/SW(P, Q)p(Q)dsg =h(P), PeS. 2.2)

If the function ¢ on the boundary S is the solution for the first kind boundary
integral equation (2.2), then the single-layer representation (2.1) gives the solution U
of the boundary value problem (1.1)—(1.2).

In order to give the operator form of (2.2), we let I := [0, 2] and introduce a
parameterization

X(t) == (x1(0), x2(0)), tel,

for the boundary S. We assume that each component of x is in C3> (1), the space
of 27 -periodic functions in C°°(I). Choosing P := x(¢) and Q := x(s), then (2.2)
becomes

/w(x(t),x(s))u(s)ds =f@t), tel, (2.3)
1

where u(s) := ¢ (x(5))|x'(s)| and () := h(x(?)).
Let (s, t) := |x(s) — x(¢)|, and we have that

W (x(1), x(5)) = %Hél)(/cr(s, n).

Likewise, in [17], we decompose the kernel function %Hé”(xr(s, t)) into three

parts. For this we let
1 4  ,s5—1t
a(s,t) := —log| —sin ,
e

2 2
and
b(s, 1) = %Hél)(/cr(s, 1) —als, 1) Jo(kr (s, 1), (2.4)
and
c(s, t):= %Hél)(icr(s, t)) —a(s,t) —b(s,t)
=a(s, 1) (Jo(kr(s, 1)) — 1)
=sin Ta(s,t)c (s, 1),
with

Jo(kr(s,t))—1 _
*(5.1) :2! gy S iFImT melL, @.5)

—k2X/'(1)|*, others.
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If the curve S and its parameterization x(¢), ¢ € I are smooth, so is the function ¢* in
(2.5). Now we define three integral operators <7, % and ¢ defined by the following
equations

(A w)(t) :=/a(s,t)a)(s)ds, (Bw)(t) ::/b(s,t)w(s)ds,
I I

(Cw) (1) ::/c(s,t)w(s)ds.
I

Using these notations, we rewrite (2.3) in the operator form
(A + B+ C)u=f. (2.6)

In order to study (2.6), we need an appropriate space of functions. For v € L>(I),
we denote its /-th Fourier coefficient by

Fi1(Y) 1=/1¢(t)€_1(t)dt,

where

1 .
a(t) = —=e", rel

V21
Following [1, 16, 17], we denote by H”(I)(p > 0) the Sobolev space of functions
¥ € L2(I) with the property
Do (14+2) | Zi@) [ < +oo.
leZ
The inner product of space H? (I)(p > 0) is defined by
@.¥)p =) (1+1P) Fi@FW), o.¥eH D,

leZ

1
and the corresponding norm is given by [|[¥ ||, := (¢, w)f,.
For any ¥ € H%(I) having the following expression

V@) =) Fie),

leZ

applying the result (7.2.24) in [1] we have
(GO ==Y

leZ

a7
AW ), @7
max{1, |/|}
which implies that operator <7 is a bijective mapping from H°(I) onto H'(I).

By the smoothness of the boundary S, it follows from Theorem 3.1 in [17] that
and € are two compact integral operators from H(I) to H'(I) and &7 + B + € -
HO(I)— H'(I) is an isomorphism.

Next we describe the Fourier-Galerkin method for solving (2.6). For each n € N
we define a finite-dimensional subspace sequence

X, :=span{e; : |l| € Zy}.
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Let &, be the orthogonal projection operator from space H°(I) to X,. By Theo-
rem 8.2 in [16], for all w € H* V(1) with i, v > 0, we have

lo — Zpolly < lollpron™". 2.8)

The Fourier-Galerkin method for solving (2.6) is to seek a solution

Un(s) := Z aje;(s) € X, (2.9)
ll|€Z,
satisfying
P+ B+ Cun= P, f. (2.10)

By (2.7), the operator .2/ has the Fourier basis functions as its eigenfunctions, which
implies &7 &2, = &,</ . Hence, (2.10) has the form

(A + P PB+ PyCu, = Py f. (2.11)
Letting B, := 2, B|x,, €, := P, €\x, and f, := P, f, (2.11) is rewritten as
(o + By + C)un = fu- (2.12)

The related stability and convergence results regarding the Fourier-Galerkin
method can be obtained by the result in Chap. 7.3.3 in [1].

Theorem 2.1 Suppose that (2.6) has a unique solution u, then there exist a positive
integer no and a positive constant ¢ such that for n > ng and for any w € X,,,

(o + B+ C)w|, = sllwllo, (2.13)

and

1

Moreover, if the solution u to (2.6) belongs to space H1(I) with q > 0, then we have

1 —q
lu —unllo < Ellullqn .

At the end of this section, we present the matrix form of (2.12). For this pur-
pose we use the notation v := [vg, v_,k € Z;]T € C* to denote the vector
(w1, v_1,..., U, v_p]T and v := [vg, v_r, k € Z,]7 € C***! by [vg, v1,v_1,...,
Un, V_nlL . For my, mo € Z, we let

T (@) = f (s, 02, (5)em, (0,
1
and then set
A =[Zo0@)]. A" :=[Fo (@), Fo,(a),l € L],
A" = [Fro@), Frol),keZf].
Fork,l e N, set
A= ( Fr-1(@)  Fri(a) )
T\ G @) Fp(a))’
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and we define matrix A* of order 2n
A* = [Ak,l, k,le Z:{]
Using these matrix notations, we denote matrix A by
A/ A//
A= (A/// A*> .

Clearly, the formula (2.7) produces that

1 1 1 1
A:=diag| —-1,—-1,—-1,— =, — =, ..., —, —— ).
22 n n
Likewise, for m1, my € Z, setting
Fmymy (b) == fz b(s,t)em,(s)em, (t)dsdt, (2.14)
I
and
Fmymy (€)= /2 c(s,t)em, (s)ey, (t)dsdt, (2.15)
I

we can define matrix B and matrix C and their corresponding blocks. We let
f:=[Fu(f). Fi(f)kely],
and then denote the coefficient vector in the approximate solution (2.9) by
u:=|[a,a_;:le Zn]T.
Using these matrix and vector notations, (2.10) has the matrix form
A+B+Cu=Hf. (2.16)

The Fourier-Galerkin numerical method for solving (2.6) is equivalent to solve
the linear system (2.16). Due to the density of matrix B and matrix C, we observe
that storing this linear system requires &'(n2) of computational complexity, and then
generating its fully discrete form needs & (n? log, n) number of multiplications by the
fast Fourier transform, and at last, solving the fully discrete linear system of (2.16)
requires &'(n” log, n) number of multiplications. Moreover, the spectral condition
number of the coefficient matrix A + B 4 C is &'(n). When the order n is large, the
computational cost for solving (2.16) is huge at the sane time the linear system (2.16)
is extremely ill-posed. Hence, it is of great importance to develop a fast and stable
algorithm for solving (2.16).

The issues about the fast and stable algorithm includes: (1) Can the dense coef-
ficient matrix A + B + C be replaced by a sparse one so as to yield a semi-discrete
sparse linear system? (2) Can the semi-discrete sparse linear system be fully dis-
cretized with a quasi-linear computational cost? (3) Can the fully discrete sparse lin-
ear system be solved efficiently and steadily while the approximate solution remains
the optimal convergence order? We are going to answer these three questions in the
next three sections, respectively.

@ Springer



858 H. Cai

3 The matrix truncation strategy and its analysis

In this section, we first compress these two full matrices B and C into two sparse
ones by using two different matrix truncation strategies, and then analyze these two
truncation strategies.

For the dense matrix B, since the kernel function b is smooth, we use the hy-
perbolic cross approximate method in [6, 14, 15, 19] to compress matrix B into a
sparse matrix B without loss of critical information encoded in the matrix. Specif-
ically, we introduce an index set IL,E = [(my,my) € Zf : lmymy| < n], where
Z;z = [(k1, k2) : |k1], |k2| € Zy], and then define matrix B by preserving the entry
Fm\.m,(b) in B for (m1, my) € Lf and replacing others by zeros.

If we use the symbol .# (G) to denote the number of the nonzero entries for any
matrix G, then Theorem 3.1 in [6] shows that .Z (B) is & (nlog, n).

For the matrix C, since the kernel function c is not smooth, we are going to develop
another matrix truncation strategy different form that of matrix B. Similarly, we first
introduce an index collection ILS given by

ILS = [(ml,mz) € ZZZ : |(m1 —mg)m2| < nlogzn],

and then define matrix C by preserving the entry .%,, m»,(c) in matrix C for
(my1,mp) € ]LS and replacing others by zeros.

In the next theorem we show that the matrix C is a sparse matrix. To this end, we
denote by .4(S) the cardinality for any set .

Theorem 3.1 For each n € N, we have that .# (C) is O(n 1og§ n).

Proof Noting the fact that .# (é) =N (LE), as a result, we only need to estimate
the latter. Let

= [(Im11,0) : |m1| € Zy],
[m1,m2) € Z2 :my #0,

I
.

(mi —mp)ms| <nlogyn].
Clearly,
C
Ly =J,Ul, 7,0l =0,
which implies that
(L) =A () + A (3)- G.1)
A direct estimation produces that
JV(J;) =2n+1. (3.2)
On the other hand, we have that
4nl 1
N (I7) =2 Z <w + 1) =2n+8nlog,n Z =,
Jey / jezit?
which combining the fact that ) jezt = O (log, n) yields that
N (1)) = O(nlog3n). 3.3)
A direct combination of (3.1)—(3.3) leads to the desired result. Il
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Fig. 1 (a) The sparse matrix B of order 1025 and (b) The sparse matrix C of order 1025

Figure 1 shows the sparsity of matrix B and matrix C.

Let 53’,1 and ‘5;1 be the linear operators such that their matrix representations under
the Fourier basis X, are B and C, respectively. Below we give the estimations of
By — B, and €, — %,. To this end, we let H™V(1%), u, v > 0 denote the Sobolev
space of functions ¥ € L*(I%) with the norm

1

W= 3 (1+m%)“(1+m§)”|3zml,m2<¢)|2)2<+oo.

(m1.m2)eZ?

The next result concerns the difference %, — @n

Lemma 3.1 Suppose that the kernel function b € H111-9t1(12), then there holds
(B — B) Pow])| < 41bllg 41441 1wl (3.4)

forw e H(I) withv :=0 or q.

Proof By Lemma 4.4 in [6], we obtain that
(B, — %) Paw]||| < 4Bl gr1.g+1lwllon ™,

which and the fact that |w]|p < [[wll4 lead to the desired conclusion. O

Next we consider the difference between %, and %:1. For this purpose, let

0, Jj=0,
1 .
o= 75 j==L1 (3.5)
m, OtheI'S,

and we present a few technical results.
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Lemma 3.2 Assume that the function ¢* € L>(I%), then every entry Fmy.my(€) In
(2.15) can be rewritten as

1
g\mlqmz(c) = E%Z:“muﬂﬁ—j,m—m—j("*) (36)
J

Proof Since ¢* € L?>(I?), then its Fourier expansion has the following form

D= Y Fip(ce e, ).

(J1.j2)€2?
Substituting the right hand side of the equation above into (2.15) with ey e, =
1 S ~ 1 S :
Tz em—i and ey,ej, = T bma— yields

1
yml,mz (C) = E Z yjl ,J2 (C*
(Jj1.j2)€Z?
. 28—t _ _
x / i sin? —5 (S, Dems— s (8)em; -y (t)dsdt. (3.7)
I
Again substituting the result (3.12) in [17],

55—
/Sln2
1

into the right hand side of (3.7) confirms (3.6). O

t _ _
a(s,t)em,—j @)dt =y —jem—j, (5), S€I,

Remark 3.1 By changing the variable of integration in (3.7), %, m,(c) can also be
expressed as

1
T (@) = 5= 3zt Py -ma—j~i (¢"): (38)
JEZL

The next lemma gives three fundamental inequalities.

Lemma 3.3 Fork,l € Z, there holds

k2
(I+ G+ (1+1) =1+, (3.9)
1
> T S 4. (3.10)
1+ k+D
A combination of (3.5) and (3.9) yields that
loera | (14 5%) < 2(1 +12). 3.11)

Proof The equalities (3.9), (3.10) hold and the equality (3.11) holds for the case
|k + [] < 1, obviously. Hence, it only requires us to prove (3.11) for the case
|k + | > 2. In fact, by the definition (3.5), we have that
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2+ =4(1+ )k +1)((k +D* = 1),
lotk 411
lk+1)((k+D>—1)
(k+D*+1
which combining (3.9) and the next inequality for |k + 1| > 2

K+ TG+ =1)

=4(1+P)(k+D*+1)

’

k+D2+1  —7
produces that
2(1 + 12
D S 41442
7]
This completes the proof of this Lemma. g

For a vector v := [vg, v_y : k € Z,]7 , we use the notation ||v| to denote its spectral
© © .
norm and then use v, :=[(1 +EkHZu, 1+k2v_g 1k € 7,17 todenote a weighted
vector for a nonnegative constant j.

Lemma 3.4 Suppose that there exist a sequence B, m,,; and a positive constant 0
independent of my € Z such that for some nonnegative constant (L,

SN (4 Gma—mi = DDA+ T B P <62 (B12)
JEZ mor€eZ

then there holds for any two vectors v, w € C***1 and for v :=0 or pu,
2
Z Z (1+ml)lam1+jﬂm1,m2»jv'n1wm2|
JEZ (my,mp)eZ>\LE

<248'20 vy |[llwy ln " log ** n. (3.13)

Proof Associated with the sequence B, m,, j, we let

pt1

N2 .2 utl 1
gmyma.j =1+ ma—mi = %) 2 (1+%) % 1Buy.ma.jllm 712,
and associated with the vectors v and w, we define
1 1 1 v
N e 12 mD2 4 mD) To (114 m2?)2 wi, |
mp,my,j ~— v
(I +m2) (14 (my —my — HH'T A+ 2"
We denote by . the left hand side of (3.13), that is,

Y::Z Z gml,mz,jhml,mZvj'

JEL (my,mp)eZs\LS

Using the Cauchy-Schwarz inequality to the right hand side of the above equation
yields

1

1 1
7 < (Z > gi.,mz,J-) 2 (Z > hﬁ,,,md) (314

J€Z (my,my)eZi\LE J€ZL (my,my)eZz\LE
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On one hand, employing the inequality

D lem 4l <1,

mi€Z
with the hypothesis (3.12) produces that
2 2
Z Z Emy.ma, j =0°
JEZL (my,my)eZx>\LE
On the other hand, using (3.9) with k :=my —mj and [ := j yields

(may —my)?

(14+ma—my— (1 +%) =1+ yR—

which combining (m, my) € ZZZ\LS obtains that

(14+m3) (14 my —mi — H?) (1 + )" <dn P log, ™

Using (3.10) with k :=my —m and [ := j yields that

Employing (3.11) with k :=m and [ := j produces that
lotm, 151 (1+m7) <2(1 + j?).
A combination of (3.18) and (3.19) obtains that

3 oty 1 (1 + ) s
S A+ A+ ma—mi = j)?) ~

Hence, a direct consequence of (3.17) and (3.20) concludes that

2 " 2 2 =2V 2M
S B S48V IWP T logy P,

JEL (my,mp)€Zz\LE

which and (3.14), (3.16) yield the desired conclusion (3.13).

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

The following result concerns the difference between two matrices C and C.

Lemma 3.5 Assume that there exist a positive constant ¢ and some nonnegative

constant (L,

ZZ(I +j2)ﬂ+1(1 +k2)ﬂ+l|35j)k(c*)’2 < 0_2’

jeZkeZ

(3.21)

then for any two arbitrary vectors v,w € C*"*1 and for v := 0 or 1, there holds

V2" (€ — Cyw| < 2o [wyl[IvilIn " log, " n.
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Proof We first observe that
V2T(C — C)WZ Z (1 +m%)§m1,m2(c)vm1wm2’
(m1,m2)€Z;\LE
which combining (3.6) yields that
= 1
T 2
v (C-Ow= EZ Z (1 +ml)amlJrjfjijmz*ml*j(c*)vmlwmz'

JEL (my,mp)eZz\LS
Hence, using the condition (3.21) and the estimation (3.13) with By m,,; =
F_jmy—mi—j(c"), 6 := o confirms that

v.T (€ — Cyw| < 27)~1248" 25 |lw, ||| v In " Tog,  n.

This with 2—{? < 1 yields the desired conclusion. d

Now we give the difference between %, and %:1

Lemma 3.6 Suppose that the function c* € H1TH411(12), then for each w € HY(I)
with v := 0 or q, there holds

| =G Paw]], <271 lge1.q41 Iwllon ™" logy . (323)

Proof By the definition of norm, we have that

”((gn_cél)@nw”l: sup |(((€n_(g~n)gznwvv)1|
veH!(I),|lv]l1=1

= sup ’((‘@—‘@)ynww@nv)l"
veH (), |lv]1=1

For v e H'(I) and w € HO(I), we express their orthogonal projections onto X,, as
(Za) )= > wer(t),  (Zaw))= > wet), tel. (324)
|kl€Zn k| E€Zn

Two coefficient vectors in (3.24) are denoted by v := [vk, v_; 1 k € Z,1" and w :=
[we, w_y 1 k € Z,]7, respectively. Obviously,

vill < vl lwull < llwlly. (3.25)
From (3.24) and the definition of the operators %, and ‘5:1, we obtain that
(G0 — Cn) Puw, Ppv), =v2" (C— C)w.

A combination of (3.22) and (3.25) with & := |[¢*||441,4+1, 4 := ¢ leads to the de-
sired estimation (3.23). O

Replacing B and C in (2.16) by B and C, respectively leads to a truncated linear
system

A+B+Ca=f, (3.26)

with the unknown solution vector U := [d;,a—; : [ € Z,1T. Because the coefficient
matrix A+ B + C has &' (n log% n) number of nonzero entries, solving (3.26) is a fast
semi-discrete algorithm.

@ Springer



864 H. Cai

4 The numerical integration scheme and its analysis

The numerical implementation of the fast method (3.26) requires an efficient com-
putation of the nonzero elements in this linear system. We observe that %, y, (b),
Fmi.m,(c) and .Z,, (f) are oscillatory integrals. To treat these oscillatory integrals,
we adopt the product integration method so the integrals of the oscillatory factors
are evaluated exactly. For recent development of numerical integration of oscillatory
integrals, see [10-13, 18, 20]. With the product integration method, we can obtain
sufficient precision to ensure that the approximate solution has the optimal conver-
gence order. Specifically, we are going to use three appropriate functions to replace
b, ¢* and f, respectively, so that it requires a quasi-linear computational cost to gen-
erate the fully discrete forms of B, C and f and the approximate solution preserves
the optimal order.

In the next three subsections we are going to present and analyze the efficient
numerical integration algorithm for computing all nonzero entries in B, C and f,
respectively. Accordingly, we use the notation |x | to denote the largest integer not
more than x.

4.1 The numerical integration scheme for matrix B

In this section, we first present the Boolean approximate function of the function b.
This idea comes from [3, 4, 8]. To this end, for any two-dimensional continuous
function g € C(1?) and for Mk eNand | ji| € Zpm,, k= 1,2, we set

wl mwl\ _ i\ wly
M M2, 2 (8) = M1M > X < Mz)e“ <M1)6”<M2)

l1€Zomy —1 b €Ly, —

and then let

(D)= Y Y Ty (e (e (1)

[J11€2pm; | j21€2m,

As shown in [4], let r := |log, n] + 1, and we define the two-dimensional Boolean
approximate function of b by

(Fb)(s, 1) 1= D (Lajpr1-ib)(s.0) = D> (Lajyr-ib)(s. 1), s,tel, (41)

jezt jletl
A direct computation for .%,,, n, (-7;:b) yields that

Ty (FbY=Y " YY" Fj jarri-i jy (OIS myS

FeZT N €Lyj | j2l€Lyr 11—

Z Z Z Faiji2ri gy 081 my8jomys (4.2)

Jez el | pleL,y

where §;, ;, is defined by

PO 1, L=,
Wh=V0, 1 #£0b.
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A fast numerical solution for the first kind boundary integral equation 865

We let B denote the matrix B with Fm,,m,(b) being replaced by %, u,(-7b) for
(my1,my) € ILE. Now we describe the algorithm for generating the fully discrete ma-
trix B.

Algorithm 4.1 Choosing r := [log, n] + 1 forn € N.

2nji 27

2741 r+2—j

27 j 271j, . . . +

21-%, 2H_]jzj) for J1 € Z2j+]_1, 2 € er+l—j_1, VAS] Zr—l'

Step 3: For j € Z}, computing gzzj’jl’errl—j’jz (b) for j1 € Zyj+1_1, jo € Lor42—j_4
by the two-dimensional fast Fourier transform.

Step 4: For j € Z_ |, computing .%y; j o ;,(b) for ji € Znjsr_y, jo € Lyri1-j_,

Step 1: Computing b( ) for ji1 € Zojsi_y, jo € Lorsa—j_y, j ELT.

Step 2: Computing b(

r—1°
by the two-dimensional fast Fourier transform.

Step 5: Computing Fp,, m, (D) for all (my,my) € LE, according to the for-
mula (4.2).

The next theorem concerns on the computational cost used in generating B.

Theorem 4.1 For (s,t) € I2, if the number of multiplications used in computing
b(s,t) is O(1), then the number of multiplications for computing all nonzero entry in
B is O(nlogin).

Proof The number of multiplications used in Step 1 and Step 2 is &' (log, n). Step 3
and Step 4, by FFT method, require &'(n log% n) number of multiplications. In Step 5,
a direct observation infers that the number of multiplications is &'(1). In view of the
total number of multiplications used in Algorithm 4.1 equaling to the sum of that
used in each step, we obtain the desired result. O

Let 32’,, be the linear operator such that its matrix representation under the Fourier
basis X, is B. The next step is to give a few technical results so as to show the
difference between %, and %,,.

Lemma 4.1 Suppose that the kernel function b € H1-9 (I%) such that ¢, > q +3/2,
then there exists a positive integer ng such that when n > ng and for any two arbitrary
vectors v, w € C21+1

[VE B —B)W| < 1bllg, 4, IWI V1[I~ (4.3)

Proof A direct expansion of V2T B - ﬁ)w yields that
ViIB-Bw= > (1+m})(Fmm®) — Ty iy (F7b)) vy Wy
(m ,mz)e]L,l,3

Employing Cauchy-Schwartz inequality to the right hand side of the above equation,
we have

VI (B — B)w|

<tviliwi( Y (1+m%)19ml,mz<b>—%l,mz(%b)ﬁ). 4.4)

B
(my,mp)ely
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Applying Theorem 8 in [4], there exists a positive constant ¢; such that for b €
H491([%),

16— Z:bllo,o < s1llbllg,,qn " logy n, 4.5
which yields that
| Fom1.my (B) = Ty my (F70)| < S111Bll g0~ T Togy 1. (4.6)

Together with (4.6) and the inequality 1 + m% < 2n? for |my| € Z,, the inequality
(4.4) infers that

1

- N 2
VI (B — B)yw| < V251 bllg, 4, ||v1||||w||( > n‘qu“log%n) :

(k,1)eLB
Since
JV(]LE) = O(nlog, n),
there exists a positive constant ¢ such that
VI B = B)w| < 62l1bllgy V1 [ wlin =73/ 1ogd* n
= G2 bllgr.q IVilIWlA =432 10g3 2. (4.7)

Because —¢q; + ¢ + 3/2 < 0, we obtain that np~71+4+3/2 loggﬂn —0as n—
oo, and then there exists a positive constant no such that n > ng, the value

con~ N tat3/2 log;/ % is bounded by 1. Substituting the above estimate into the right
hand side of (4.7) leads to (4.3). O

Similar to the proof of Lemma 3.6, using Lemma 4.1 leads to

Lemma 4.2 Suppose that the function b € H191(I2), then there exists a positive
integer ng such that when n > ng and for any w € HO(I),

(B = ) Puw]|, < 1bllg,.q0 Iwllon ™. 4.8)
4.2 The numerical integration scheme for matrix C

Similar as in Sect. 4.1, using .%¢* to denote the Boolean approximate function of
c*, we let

Fs= Y Ty () em, (e, (0), 4.9)
(ml,mz)e]L,If
and then set

~ .2 s —1 sk

c(s,t) :=sin 5 a(s,t)c™(s,t). (4.10)
A simple computation for .%,,, n, (¢) by (3.5) yields that
. 1
yml,mg(c) :ZZ ' Z am2+jfm17mzfj,fj(5ﬂrc*)’ 4.11)
JEM(m].mz,n)
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where
My mamy = {J € Z: (mi —ma — j, —j) e LY},

We let C denote the matrix C with Fm,,m,(c) being replaced by %, m, (¢) for
(my1,my) € ILS. Now we describe the algorithm for computing all nonzero entries in
matrix C.

Algorithm 4.2 Choosing r := [log,n] + 1 forn € N.

Step 1: For (m1,mj) € LE, computing %, m, (-7-c*) by Algorithm 4.1.
Step 2: Computing .%,,, m,(€) forall (my, my) € ]LS, according to the formula (4.11).

The next result considers the computational cost for generating C.

Theorem 4.2 For (s, t) € I?, if the number of multiplications used in computing
c* (s, 1) is O(1), then the number of multiplications for computing all nonzero entries
inCis On log§ n(log,(log, n))).

Proof Noting that the computational cost of Step 1 is &'(n log%n) by Theorem 4.1,
it only requires to estimate the cost of Step 2 in Algorithm 4.2. Consequently, let
p :=m1 — m2, and we define an index set M, ,, as

Mp ni= {ZPZ\Zm > Pi —4n <0,
* {ZPI\ZP3}U{Z172\Zp4}, P —4I’l>0,
where
P —Vp*+4n p++/p>+4n
pl =l T _1’ p2:= - A +1s
L 2 i i 2 |
and
p—+/p*—4n p++Vp2—4n
p3 = — -1, P4 = — +1.

Thus we write %, m, (€) of (4.11) as

. 1
tg\p,mz(c) - E Z amz-l—jyp—j,—j (%’C*)» |P| € Zon, |m3| € Zk(p)»
jEMp,n

where

— minln, | 0827
A(p) = mm{”’ {max{l, |p|}J }

Clearly, &/ (M) = O(y/ p2 + 4n) for p* — 4n <0, otherwise, A Mp,) = ﬁ(%).
Let

£(p) == |logy (A (M,.0) +A(p)) | + 1,
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and we infer that the number of multiplications finishing Step 2 by the FFT method
is not more than
> 25Pi(p) = O(nlogsn(log,(log, n))),
|pI€Zon
which yields the desired conclusion. O

Next we concern on the estimation %, m, (¢) — Fm,,m,(¢). For this we set
F.= Y Ty (c*)em, (9)emy (1) (4.12)
(ml,mQ)EIL,]?
By Theorem 1 in [15], there exists a positive constant 7] such that for ¢* € H91-91 ([ 2,
* ~% * —q
le* = loo = mlle*],, 4, n " (4.13)

Again using Theorem 8 in [4], combining (4.9) and (4.12) with (4.5) yields that there
exists a positive constant 7, such that

& = 0 = le” = Fre Lo <l ], @.14)
A combination of (4.13) and (4.14) yields that
le* =& g0 = @+, ,n 7" (4.15)

Lemma 4.3 Suppose that the function ¢* € H1-91(I?), then there exists a positive
constant T such that

| Ty (© = Py O] < T[], ™" logyn. (4.16)

Proof By the definition, the difference between %, m, (c) and %, m,(¢) is written
as

ngml,mz(c) - ﬁml,mz(é)

— /2 (c(s,1) = &(5,1))ém, (1)ém, (s)dsdt
1

.81 * Ak ~ -
=/[2 sin 3 a(s,t)(c (s,t)—c¢ (s,t))eml(t)emz(s)dsdt.

Using Cauchy-Schwartz inequality to the right hand side of the equation above with
letting
1/2
—t
T3 = (/ sin* ul az(s, t)dsdt> ,
12 2

|ym1,mz(c) - g\ml,mz(é” =10 ”C>k - ”0,0'

produces that

Clearly, 13 < 4-00. Substituting the estimate (4.15) into the right hand side of the
equation above with 7 := (11 4 12) 13 leads to the desired conclusion. Il

We denote by ‘fn the linear operator such that its matrix representation under the
Fourier basis X, is C and then estimate the difference between %, and &,.
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Lemma 4.4 Suppose that the function ¢* € H19' (I?), then there exists a positive
integer nq such that when n > ng, for any two arbitrary vectors v,w € C2ntl

V(@€ - Ow| < [le*],, , Iwllivilin ™.
Hence, we also have that for w € HO(I),
|G =G Zaw], <[], 4, Iwlon™. (4.17)

Proof Combining Lemma 4.3, a similar proof of Lemmas 4.1 and 4.2 yields the
desired conclusion. g

4.3 The numerical integration scheme for vector f

We first consider the right hand side vector f in (3.26). For |m| € Z,,, we define fm )

by,
- b4 T\ _ Tj
fﬂu = E f< )em1< )7
n . n n
]6221171

and then let

P @ =" fuyem ).

|my|€Zy

Clearly, we have that for |m| € Z,,, Fp, (fn) = fml . Now we use fml to approximate
fm, and let

t:=[f for keZ,".

A standard argument in [1, 9] shows that obtaining f'requires O (nlog, n) number of
computational cost by the fast Fourier transform method and there exists a positive
constant & such that for f € H4+!(I) with ¢ > 0,

I fo = Fulli <&l fllgrin™. (4.18)

By replacing the matrices ﬁ, C and fin (3.26) by the fully discrete matrices ﬁ, C
and f, a fully discrete truncated linear system is obtained

A+B+Oua=H, (4.19)

with the unknown solution vector @t := [d;,4_; : 1 € Z,]T.

From the analysis above we observe that generating the linear system (4.19) re-
quires the number of &'(n log% nlog,(log, n)) of multiplications. Moreover, solving
this linear system requires &'(n log% n) number of multiplications by the multilevel
augmentation method proposed in [7]. Hence, it is a fast fully discrete algorithm.

5 The analysis of the proposed fast method
In this section, we first present the stability of the approximate operator .o/ + %A’n + %A,,
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Lemma 5.1 Suppose that the kernel function b € H9v91(1%), then there exists a pos-
itive integer nq such that for n > no and for any w € H(I),

|(B = %) Puw] | <51bllg.q, Iwllon™. (.1

Proof Using the triangle inequality we have that
” (% — 9?")32,111)”1 = H (% — g(?n)‘@ﬂwnl + ”(‘@n - g:?n)f@nw 1

which combining (2.3) and (4.8) with H71:91 (1%) € H9+1.4+1(1?) yields the desired
conclusion. O

Lemma 5.2 Suppose that the function ¢* € H1-91(I1?), then there exist a positive
integer ng and a positive constant y such that when n > ng and for w € H" (I) with
v:=0o0rgq,

| —EnZawl, <vc*], , Wl +n"log, n).  (52)

q1,91

Proof This result is a consequence of Lemma 3.6 and Lemma 4.4. O

Theorem 5.1 Suppose that the functions b, c* € H1-9(I?), then there exists a pos-
itive integer nqo such that n > ng and for any w € X,

[ + %+ %], = Zwlh. (5.3)

where ¢ is given in (2.13).

Proof By the hypothesis on the function b, using (5.1) and the fact that
lim, o n~% = 0, we conclude that there exists a positive integer n such that for
all n > ny and for all w € X,,,

[, — B, < Zlwlo. (5.4)

As mentioned in the above, a consequence of (5.2) leads to the fact that there exists
a positive integer n, such that when n > n, and for w € X,,,

[ —%wl, < SIwlo. (5.5)

When n > ng := max{ni, ny}, these two estimates (5.4) and (5.5) combining with
(2.13) yield that

| + B+ Cyw|,
> (A + B+ Cyw|, — (B — Boyw|, — (G — Gow]
Z%lelo,

proving the desired conclusion. O

This theorem shows that when n > ng, (4.19) has a unique solution. Clearly, the
linear system (4.19) is equivalent to the operator form:

(vQ{ + ggn + %L)ﬁn = fn’ (56)
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where

fy(s) = Z are(s), sel.

/| €Zn
Next we establish the convergence order of the approximate solution i,,.
Theorem 5.2 Suppose the conditions in Theorem 5.1 hold, f € H1t\(I), then there
exist a positive constant n and a positive integer ngy such that for n > no,

lu —dnllo < nllullgn™.

Proof By the triangle inequality we have that
lu —dnllo < llu — Puullo + | Pnu — iinllo- (5.7)

Using (2.8) with  :=u, u := g, v := 0 obtains that the first term on the right hand
side of (5.7) is bounded by |[u|l,n~9. Therefore, it requires us to give an estimate
of the second term on the right hand side of (5.7). Using Theorem 5.1 there exists a
positive integer ng such that n > ng,

A 2 - 5 .
”gnu_un”OfE”(d"‘%n +C€n)(gznu_un)”1- (5.8)

On the other hand, employing operator 2, to both sides of (2.6) and using f, :=
fu+ fu — fu yield that

P+ B+CW= fo+ fr— fo- (5.9)
Combining (5.9) and (4.19) shows that
P + B+ C)u = (A + By +Citn + fr — fu. (5.10)

A direct computation using (5.10) confirms the equation

(A + By +C)( Pyt — i) = Poy(A + B+ CNPutt — )
+ (:%)n - @n)«@nu + (Saﬂn - %z)gnu + (fn - ﬁz)

Together with (2.8), (4.18), (4.8), (4.17) and (5.3) using the triangle inequality for the
equation above shows that there exist a positive constant 11 and a positive integer ng
such that when n > ny,

| Pnu —iinllo < millullgn™ + el fllg+1n™9. (5.11)
Hence, there exists a positive constant 7 such that
mlullgn™ +ell fllgrin™ <nllullgn™,

which and (5.11) lead to the desired conclusion. [l

Theorem 5.2 illustrates that the proposed method preserves the optimal order of
convergence.

In the remainder of this section, we consider a precondition of the coefficient ma-
trix of the linear system (4.19) so that the resulting matrix has a uniformly bounded
spectral condition number. For this purpose, we introduce a lemma.
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Lemma 5.3 Suppose that the conditions in Theorem 5.1 hold, then there exist two
positive constants 01 and 6, and a positive integer ng such that when n > ng and for
w e X,,

Orlwlo < ||( + By +Cw], < b2llwllo. (5.12)
Proof By Theorem 5.1 we observe that the left hand side of the inequality (5.12)

holds with 8y := ¢ /2. The left issue is to prove the right hand side of this inequality.
By using the triangle inequality, there holds

< |+ 2y +Cow|, + (B0 — Boyw|, + (@ —Cow|,. (5.13)

Noting that &7 + % + ¢ : H(I) — H'(I) is bounded. With the definition of oper-
ators %, and %,, there exist a positive constant £ and a positive integer n; such that
forn>nyand w € X,

| + B+ Goyw|, <Elwllo. (5.14)
Again by (5.1) and (5.2) there exists a positive integer n, such that n > nj,
|(#, — Boyw|, + (€ — Cw], < llwllo. (5.15)

Substituting these two estimates (5.14) and (5.15) into the right hand side of (5.13)
leads to the desired result (5.12) with 6, :=& + 1 and n > ng := max{n, n,}. [l

Now we define a diagonal matrix D by
D :=diag(1.23.2%, ... (1+n2)%, (1+n?)%).
which will be used as a preconditioner for the coefficient matrix (A + B+ é). To this
end, we let
E:=DA+B+0).
Clearly, (4.19) is rewritten as
Ed = Df.
Below we prove that matrix E enjoys a uniformly bounded spectral condition number.

For this purpose, we use the symbol cond(G) to denote the spectral condition number
for any inverse square matrix G.

Theorem 5.3 Suppose that the conditions in Theorem 5.2 hold, then there exists a
positive integer ngy such that when n > nq, the spectral condition number of matrix E
is uniformly bounded, that is

cond(E) <6,/6,. (5.16)

Proof This proof is similar to that of Theorem 4.2 in [13]. For any w := [w;, w_; :
1€7Z,]7, we let
w = Z wrey, vzz(ﬂ—}—@—i—?)w.
|1|€Zy,
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Clearly, v € X,,. Let v:= [%; (v), %_;(v) : k € Z,], and we have that
v=(A+B+Cw,

that is,
Dv=Ew,
which yields
IEw[ = [Dv]| = vl = | (& + Bu + C)w],. (5.17)
A combination of (5.12) and (5.17) with the fact ||w]|o = ||w]|| leads to the estimate
(5.16). O

6 Numerical examples

In this section, we shall adopt the conventional method and the proposed method
respectively to compute one numerical example and then show that our proposed
method is better than the conventional method.

In the conventional method, the fully discrete form of B is obtained by using the
two-dimensional fast Fourier transform algorithm. For the matrix C, we first use
the two-dimensional fast Fourier transform algorithm to compute %, m,(c*) for
(my,mp) € Z*2 and then obtain the fully discrete form of matrix C by using (3.8)
and the fast Fourler transform method. In our proposed method, we obtain the matrix
B and matrix C by Algorithm 4.1 and Algorithm 4.2 respectively.

All computer programs are compiled by Matlab language and run on a personal
computer with a 2.01 GHz celeron CPU and 1 G memory. We solve the fully discrete
linear system by the multilevel augmentation method. We use the notations CT; and
CT; to denote the computing time (measured in seconds), spent in generating the
fully discrete form of matrix B and C in the conventional method and that of B and
C in the proposed method, respectively. We use CTj3 to denote the time (measured in
seconds) spent in solving the linear system (2.16) and (4.19), respectively.

Example Consider solving the boundary value problem (1.1)—(1.2). Assume the
boundary § has a parametrization x(¢) := (2cost, sint), t € I. We choose the bound-
ary function £ in (1.2) so that the exact solution for the boundary value problem
(1.D)—(1.2) is U(P) := No(2| P — Py|), P € D, where Py := (4,0). Let i1, be the so-
lution by solving (5.6), and we define the corresponding approximate solution U, for
the boundary value problem (1.1)—(1.2) by

Un(x,y) = %/IHél)(Z((x —2cos1)? + (y —2sin0)?) ?)a,()dr,  (x,y) e D.

We define the error function §(x, y) as follows

8(x,y)=|U@,y) = Up(x,y)|.  P:=(x,y)eD.

The numerical results for this example obtained by using the conventional method
and the proposed method are given in Tables 1 and 2, respectively, where 8 := §(Px)
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Table 1 Results of the conventional method for Example 2 for « :=2
n 81 ) 83 cond(A+B+C) CT, CT, CT3
64 4.67e—6 6.45e—6 4.27e—5 1.95 1.22 0.013
128 8.92e—8 3.24e—7 4.56e—7 7.26 4.83 0.060
256 1.29e—9 3.08e—9 5.86e—9 29.13 20.08 0.228
512 4.57e—11 6.4%e—11 8.23e—11 1732 119.51 81.51 0.925
1024 3.86e—13 5.23e—13 7.37e—13 3465 482.74 330.08 3.691
Table 2 Results of the proposed method for Example 2 for « :=2
n 81 8 83 cond(E) CT, CT, CT3
64 3.42e-5 3.11e—4 8.43e—4 17.3 0.91 0.20 0.016
128 8.56e—7 1.54e—6 2.33e—6 17.3 2.01 0.42 0.034
256 1.36e—8 4.64e—8 9.45e—8 17.3 4.72 1.09 0.067
512 3.74—-10 8.23e—10 1.57e—-9 17.3 9.67 2.13 0.145
1024 1.76e—12 4.8le—12 8.27e—12 17.3 22.03 4.67 0.315
Fig. 2 Computation times CT 10 T

of conventional and proposed

methods

T
The conventional methordf
— - — The proposed method q

512

1024

at the points Py := pi(cos 7,sin§), k = 1,2,3, where p; := 0, p> := 0.25 and
p3 := 0.5 and the values of Uy at points Py are computed by the trapezoid quadra-

ture formula. Figure 2 illustrates that our proposed method is more efficient than the
conventional method.

7 Conclusion

The proposed method is superior to the conventional numerical method for solving
the first kind boundary integral equation, reformulations of boundary value problems
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of the two-dimensional Helmholtz equation with a smooth boundary. Moreover, this
method may be used to solve other boundary value problems.
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