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Abstract The main purpose of this paper is to study the finite-dimensional solvable Lie
algebras described in its title, which we call minimal non-N'. To facilitate this we investi-
gate solvable Lie algebras of nilpotent length k, and of nilpotent length < k, and extreme Lie
algebras, which have the property that their nilpotent length is equal to the number of con-
jugacy classes of maximal subalgebras. We characterise the minimal non-/ Lie algebras in
which every nilpotent subalgebra is abelian, and those of solvability index < 3.
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1 Introduction

Let L be a Lie algebra, and let LO = [ LG+D — 1O O] be its derived series. Recall
that L is solvable if there exists r such that L") = 0; the smallest such r is called the
derived length of L. Similarly, L' = L, L'*! = [L?, L] is the lower central series of L; L is
nilpotent of nilpotency index r if "' = 0 but L” # 0. Throughout, L will denote a finite-
dimensional solvable Lie algebra over a field . The symbol ‘@’ will denote an algebra
direct sum, whilst ‘+* will denote a direct sum of the underlying vector space structure
alone. If U is a subalgebra of L we define Uy, the core (with respect to L) of U, to be the
largest ideal of L contained in U. We say that U is core-free in L if Uy, = 0.
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736 D.A. Towers

We denote the nilradical of L by N(L). We define the upper nilpotent series of L by

No(L) =0, N;(L)/Ni—i(L) = N(L/N;—(L)) for i = 1,2, ...
The nilpotent length, n(L), of L is the smallest integer n such that N, (L) = L.

We define the nilpotent residual, Yy~ (L), of L be the smallest ideal of L such that
L/y~o(L) is nilpotent. Clearly this is the intersection of the terms of the lower central series
for L. Then the lower nilpotent series for L is the sequence of ideals I'; (L) of L defined by
I'o(L) = L, Ti41(L) = yeo(TNi (L)) for i > 0. First we note that this series has the same
length as that of the upper nilpotent series.

Lemma 1.1 Suppose that r is the smallest integer such that N, (L) = L, and that s is the
smallest integer such that T's(L) = 0. Then

(i) Ts—i(L) S N;(L)fori=0,...,r;

(ii) Ti(L) € Ny—i(L) fori =0,...,s; and
(iii) r =s.

Proof

(i) Clearly I'y_(L) is a nilpotent ideal of L and so I'y_{(L) € N;(L). Suppose that
s (L) € Ni(L) for some k > 1. then
Cs—x—1(L) + Nr(L)
Ni(L)

is a nilpotent ideal of L/Ni(L) and so is contained in Ny41(L)/Ni(L). Hence
Is_x—1(L) € Ng4+1(L), and the result follows.

(i) Clearly I'1 (L) € N,_1(L). Suppose that I'x (L) € N,_r(L) for some k > 1. Then

Pk(L) + N1 (L) o I'x(L)
Ny—g—1(L) ~ TR(L) N Np_g—1(L)

is nilpotent, whence I'y41(L) € N,_;—_1(L), and the result follows.

(iii) From (i) we have that I’y (L) € N, (L), sos —r > 0; from (ii) we see that 'y (L) C
Ny_s(L),sor —s > 0. Thusr = s.

O

Although the upper and lower nilpotent series have equal lengths, n say, we do not
necessarily have that I',_; (L) = N;(L) fori =0, ..., n, as the following example shows.

Example 1.1 Let L be the metabelian Lie algebra over C with basis x1, x2, x3, x4 and non-
zero products [x1, x2] = x3, [x1, x3] = x3, [x1, X4] = x4, [x2, x3] = x4. Then Ny (L) =
Cxp +Cx3 +Cxyq, Np(L) =L, T (L) = Cx3 + Cxyq, T2 (L) =0.

From now on we choose to work with the upper nilpotent series. In Section 2 we investi-
gate properties of this series, particularly its relationship to maximal subalgebras, and of Lie
algebras with nilpotent length k or < k. In considering factor algebras, a complication arises
because, unlike the situation in group theory, there are solvable Lie algebras L in which, for
an ideal / of L, N(I) may not be contained in N(L). To overcome this obstacle we intro-
duce the notions of nilregular and strongly nilregular subalgebras of L; in particular, it is
shown that if a maximal subalgebra of L has a strongly nilregular core, its nilpotent length
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Minimal non-N Lie algebras 737

is at most one less than that of L. The section concludes with a fundamental decomposition
theorem for Lie algebras with a given nilpotent length.

In Section 3 we introduce the class of extreme Lie algebras in which N;(L)/¢;(L)
is a chief factor for each i = 1,...,n(L). These are characterised in relation to the
decomposition result from the previous section and described explicitly in two special cases.

The final section then considers the algebras in the title of the paper. By considering
their relationship to extreme Lie algebras the minimal non-\ Lie algebras in which every
nilpotent subalgebra is abelian, and those of solvability index < 3, are characterised. The
last result is that a homomorphic image of a minimal non-A Lie algebra is minimal non-A/
if it has a complemented minimal ideal.

Much of this is inspired by corresponding work in group theory in [5] and [4], but there
are significant differences encountered in the Lie case.

2 Properties of the Upper Nilpotent Series

The Frattini subalgebra of L, ¢ (L), is the intersection of the maximal subalgebras of L.
Since L is solvable, this is an ideal of L ([2, Lemma 3.4]). The Frattini series of L is given
by

@i (L)/Ni—1(L) = ¢(L/N;—1(L)) fori =1,2,...

Lemma 2.1 Let B be an ideal of L with B < ¢(L). Then N;(L/B) = N;(L)/B and
¢i(L/B) = ¢;(L)/B foreveryi =1,2,...,n(L).

Proof We have N(L)/B = N(L/B), by [1, Theorem 5], and ¢(L)/B = ¢(L/B), by
[8, Proposition 4.3]. Suppose that Ny (L)/B = N¢(L/B) and ¢x(L)/B = ¢y (L/B). Then
B < ¢i41(L) and

)

Nit1(L/B) _ N( L/B ) _ Nen(L)/B
Ni(L/B) Ni(L)/B Ni(L)/B
whence Niy1(L)/B = Ni41(L/B). Similarly,
dri1(L/B) _ ¢< L/B ): dri1(L)/B
Ny (L/B) Ny(L)/B Ni(L)/B
which yields that ¢x41(L)/B = ¢x+1(L/B). O

)

Lemma 2.2 If A is an ideal of L with N,_1(L) € A € N,(L), thenn(L/A) = n(L) —r
orn(L) —r + 1.

Proof Put K;/A = N;(L/A). Then it is easy to see that K;/K;_1 = N(L/K;_1), and a

straightforward induction argument shows that
Ny1(L) S A S Ni(L) S Ky € Net(L) € ... € Knryr € Naqry(L).

If Kyy(1)—r = Np)(L) wehave n(L/A) = n(L)—r;otherwise,n(L/A) = n(L)—r+1. O

Lemma 2.3 Let M be a maximal subalgebra of the solvable Lie algebra L. Then

(i) Ni(L)yNM < Ni(M);
(it)  Ni(M)L < Ni(L);
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738 D.A. Towers

(iii)  if Ni(L) € M then N;(M)L = N;(L);
(iv)  if k is the smallest positive integer such that Ni(L) € M then Niy(M)r = Ny(L) N
M; and
(v) ifN(L) € M then N(M) acts nilpotently on L.

Proof (i) This is a straightforward induction proof.

(i) Itis easy to see that this holds for i = 1. So suppose it holds for i < k (k > 2). Then
there is an r € N such that (Ny(M)r)" € Nix(M)" C Ni_1(M), so (Nx(M)p)" C
Ni—1(M);, € Ni_1(L) by the inductive hypothesis. Thus Ny(M)r < Ni(L) and
the result follows by induction.

@iii)  This follows from (i) and (ii).

(iv)  Suppose that k is the smallest positive integer such that Ny(L) € M. Then L =
Ni(L) + M and Ni_1(L) € M, so ¢ (L) € M. Moreover, N1<2 C ¢x(L) C M,
by Lemma 2.1 and [8]. It follows that Nx(L) N M is an ideal of L and hence that
Ni(L) N M C Ni(M)r. The reverse inclusion follows as in (ii).

(v) Let N(L) € M. We show that N(M) acts nilpotently on L. Suppose not, and let
L = Lo+L be the Fitting decomposition of L relative to N(M). Then Ly = M and
[N(L),Li] € MNLy =0.Hence L; € CL(N(L)) € N(L), giving L = M, a
contradiction.

O

In general, over a field of characteristic p > 0, N(L) is not a characteristic ideal of L.
The best known example is due to Jacobson and first appeared in [7]; however, it is not
solvable. We shall see next that N (L) is characteristic in L whenever ¢ (L) is. First we need
some lemmas.
Lemma 2.4 Let L be a Lie algebra over a field of characteristic p > 2, let I be an abelian
ideal of L and let D be a derivation of L. Then I + D(I) € N(L).
Proof This follows easily from [6, Theorem 1]. O
Lemma 2.5 Let I be a characteristic ideal of L, and let D be a derivation of L. Then
D:L/I - L/I:x+ 1w D(x)+1isaderivation of L/I.

Proof This is easy to check. O

Proposition 2.6 Let L be a ¢-free Lie algebra over a field of characteristic p > 2. Then
N(L) is a characteristic ideal of L.

Proof Since L is ¢-free, N(L) = A1®...® A,, where Ay, ..., A, are the minimal abelian
ideals of L, by [8, Theorem 7.4]. But D(A;) € N(L) forall D € Der(L) andi =1, ...,r,
whence the result. O

Corollary 2.7 Let L be a Lie algebra over a field of characteristic p > 2, and suppose that
¢ (L) is characteristic in L. Then N (L) is characteristic in L.
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Minimal non-N Lie algebras 739

Proof This follows easily from Lemma 2.5 and Proposition 2.6. O

However, there are solvable Lie algebras L in which N (L) is not a characteristic ideal,
as the following example shows.

Example 2.1 Let L be the four-dimensional Lie algebra with basis x;, x2, x3, x4 and non-
zero products [x4, X2] = x1, [x3, x1] = x1 and [x3, x2] = x» over a field F of characteristic
2. Then N(L) = Fx1+ Fxy+ Fxq andif D(x1) = x2, D(x3) =0, D(x3) =0, D(x4) = x3
then the extension of D to L by linearity is a derivation of L. Clearly, D(N(L)) = Fx> +
Fx3. Note that ¢ (L) = Fxi, so this leaves open the question of whether Proposition 2.6
holds over a field of characteristic 2.

If we form the split extension X = Fd +L, where [d, x] = D(x) forall x € L, then L is
an ideal of X, but N (L) is not.

Consequently, we shall need the following result from [12].

Proposition 2.8 Let I be a nilpotent subideal of a Lie algebra L over a field F. If F has
characteristic zero, or has characteristic p and L has no subideal with nilpotency class
greater than or equal to p — 1, then I C N, where N is the nilradical of L.

Let L be a Lie algebra over a field F and let U be a subalgebra of L. We call the largest
integer r such that N,.(L) C U the compatibility index of U. As in [13], if F has characteris-
tic p > 0, we will call U nilregular if the nilradical of U has nilpotency class less than p—1.
If U has compatibility index r, we say that U is strongly nilregular if Nx(U)/Ny—1(U) has
nilpotency class less than p — 1 for k = 1, ..., r. If F has characteristic zero we regard
every subalgebra of L as being nilregular. Then we have the following result.

Proposition 2.9 If [ is a nilregular ideal of L then N(I) C N(L).

Proof This is [13, Proposition 2.1]. O

We shall call L primitive if it has a core-free maximal subalgebra. It is said to be primitive
of type 1 if it has a unique minimal ideal that is abelian; since L is solvable this is the only
type that can occur here (see [11]). If B is an ideal of L and U/B is a subalgebra of L/B,
the centraliser of U/Bin Lis CL(U/B) ={x € L : [x,U] C B}.

Proposition 2.10 Let L be a solvable Lie algebra over a field F, and let M be a maxi-
mal subalgebra of L of compatibility index r. If My is strongly nilregular, then N;(M) =
N,'(ML) = Ni(L)fori = 1, S o8

Proof First we show that if My is nilregular then N(M) = N(Mp) = N(L). We have that
N (M) acts nilpotently on L, by Lemma 2.3 (v). Now L/M| is primitive of type 1, and so
L/M; = A/My+M/Mp, where A/M is the unique minimal ideal of L/ M and is self-
centralising, by [11, Theorem 1.1]. Since L = A + M, we have that A + N (M) is an ideal
of L,andso [A, N(M)]|+M; =[A, A+ N(M)]+ My = My or A, since A/M is a chief
factor of L.
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740 D.A. Towers

The former implies that [A, N(M)] € My, whence

N(M)+ My, A A
— C Crm, <*> =—.
My My My
Thus N(M) CANMC M;.

The latter gives that [A, N(M)] + M; = A. But then an easy induction shows that
AC A(@dNM))" + My forevery r € N, whence A = M|, since N (M) acts nilpotently
on L. But this is impossible, so N(M) € Mp.

It follows that N(M) € N(Mp) and hence N(M) € N(L), by Proposition 2.9. Hence
N(M)=NMp)=N(L).

So suppose now that Ny (M) = Np(Mp) = Np(L) for some 1 < k < r. Then
(M /Ny (L)) = My /Ny (Mp) is nilregular, so, by the above,

(vem) = (wm) = (i) = (5)
N =N =N =N s
Ny (M) Ny (L) Ni(Mp) N (L)

whence
Nit1t(M) — Nii(ML) — Niya (L)
Ni(M) Ni(Mp) Ni(L)
and Niy1 (M) = Ni+1(Mp) = Ni41(L). The result follows by induction. O

Note that the above result is not true for all maximal subalgebras, as is shown in the next
example.

Example 2.2 Let X be as in Example 2.1. Then M = Fd + Fx; + Fx; and L are both
maximal subalgebras of X of compatibility index 1. However, N(L) # N(X) = Fx1+Fx3,
and Mx = Fx;1+ Fxa,soN(Mp) = My # M = N(M).

Let N (k), N'(< k) denote the classes of Lie algebras of nilpotent length k and of nilpo-
tent length < k respectively. Of course, over a field of characteristic zero, every Lie algebra
L e N(<2). However, over a field of characteristic p > 0 it is easy to construct Lie
algebras L € N (k) for any k € N.

A class H of finite-dimensional solvable Lie algebras is called a homomorph if H con-
tains, along with an algebra L, all epimorphic images of L. A homomorph H is called a
formation if L/A, L/B € H implies that L/A N B € H, where A, B are ideals of L. A
formation H is said to be saturated if L/¢ (L) € H implies that L € H.

Proposition 2.11 The class N (< k) is saturated formation for each k > 1.

Proof It is shown that N'(1) is a saturated formation in [2, Lemma 3.7]. Suppose that it
holds for k = r. Then N (< r + 1) is clearly a homomorph. Suppose that L/A, L/B €
N(Er+1).Let S/A = N(L/A) and T/B = N(L/B). Then L/S, L/T € N (< r),
so L/SNT e N(< r). But there exist m, n € N such that S € A and T" C B, so
(SNT)Y"™™ C AN B.Hence L/ANB e N(<r+1),and N(< r + 1) is a formation.
Suppose now that L/¢(L) € N(< r 4+ 1). Then N(L/¢(L)) = N(L)/p(L), by [8,
Theorem 6.1], s0 L/N(L) e N(< r) and L € N (< r + 1). It follows that N'(< r + 1) is
saturated. O

Corollary 2.12 Let L € N (k) have more than one minimal ideal. Then there is at least one
minimal ideal A of L such that L/ A € N (k).
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Minimal non-N Lie algebras 741

Proof If Ay, ..., A, are minimal ideals of L, where n > 1, and L/A; € N (< k — 1) for
alll <k <nmn,then L e N(<k—1), by Proposition 2.11. O

Proposition 2.13 Let L be a solvable Lie algebra over a field F. If M is a maximal
subalgebra of L for which M is strongly nilregular, thenn(M) = n(L)—i wherei € {0, 1}.

Proof Let r be the compatibility index of M. Then L = M + N,41(L) and L/N,+1(L) =
M/M N Nyyy(L) = M/Nry1 (M), by Lemma 2.3 (iv). Now N,(L) = N,(M) by
Proposition 2.13, so N,(M) € Nyy1(M), € Ny41(M). It follows from Lemma 2.2 that
n(M/Nypy1(M)) =n(M) —r —lorn(M) —r.Hencen(L) —r — 1 =n(M) —r —1lor
n(M) — r, which gives the result. O

Lemma 2.14 Let L € N'(n). Then we can write L = Ny (L)+Uy, where Uy is a subalgebra
of L, Ne(LYN Uy € ¢(Ug) = Pr1 (L) NUg, Uy C Ug—1 foreachk =1, ..., n. Moreover,
N(Uy) = Ng41(L) N Uy foreachk =0, ...,n — 1.

Proof Put Uy = L. Then L = Nj(L) + U, for some subalgebra U; of L with N(L) N
Ui € ¢(Uy), by [8, Lemma 4.1]. Having constructed U; we construct U;; such that
Ui = Njzi(L)NUj + Ujgp and Nj (L) N Ujy1 S ¢(Ujy1), which we can do, by
using [8, Lemma 4.1] again. Now, it is easy to see inductively that L = Ni(L) + Uy,
Ni(L)NUr € ¢(Ug) and Uy C Uy_; foreach k =1, ..., n. Furthermore

Get1 (L) VU Ni(L) + et (L) N Uk pr1 (L)
Ne(L)NU; Ni(L) Ni(L)

:¢< L >2¢< Uk ): ¢ (Ur)
Ne(L) ) 7 \Nk(L) N U Ne(L) N U

50 ¢ (Ux) = ¢x+1(L) N Ug.
Clearly Ni(L) + N(Ur) € Ni4+1(L) so N(Ux) S Ni4+1(L) N Ug. But also, there is a
natural number r such that

(Ni+1(L) N U)" S Ni(L) N Uk € (Ui,

S0 Ni4+1(L) N Uk /¢ (Uy) is nilpotent. It follows from [8, Theorem 6.1] that Ny (L) N Uy
is a nilpotent ideal of Uy, so Nx41(L) N Uy S N(Ui) and equality results. O

Next we have a fundamental decomposition result.

Theorem 2.15 L € N (n) if and only if there are nilpotent subalgebras B; of L for i =
1, ..., n such that

(i) Ni(Ly=B1+...+Bjfori=1,...,n,

(i) L=Bi+...+ B,

(iii) [Bi,Bj]C Biforl <i <j <n,and

(iv) Ni(L)NU S ¢U;) = ¢iv1(L) N U;, where U; = Biy1 + ...+ By, fori =
1,...,n—1.

Proof Let L € N (n), U; be as in Lemma 2.14 and put B; = N (U;_), where Uy = L.
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742 D.A. Towers

(i) Clearly By = Ni(L). Suppose that By + ... + By = Ni(L). Then
By + ...+ Bit1 = Ni(L) + N(Ui) = Ni(L) + Niw1 (L) N U = Nig1(L).

(i) Bj+...+By=NuL)=L.

(iii) [B;, Bj] =[NU;), N(U))] € [NWU;),U;] € NU;) = B;.

(iv)  We have Uy = Ugs1 + Ngy1 (L) N Uy = Ugy1 + N(Uy) = Ugy1 + Biy1. Hence
Ui =Uit1+Bit1 = Uip2+Biy2+Biy1 = -+ = Biy1+-- -+ By, and N;(L)NU; C
¢ (U;) from Lemma 2.14.

The converse is clear. O

3 Extreme Lie Algebras

The Lie algebra L is monolithic if it has a unique minimal ideal A, the monolith of L. If B
is an ideal of L and A/B is a minimal ideal of L/B we say that A/B is a chief factor of L.
The series

{0}=ApCcA;C...CA, =L

is called a chief series if A;/A;_1 is a chief factor of L foreach 1 <i < n.

Lemma 3.1 Let L be a Lie algebra such that N(L)/¢ (L) is a chief factor of L. Then L has
at most one complemented minimal ideal, and if A is one such, then ¢ (L/A) = ¢2(L)/A.

Proof 1f ¢(L) = 0, then N(L) is the monolith and the result follows easily from [8, The-
orems 7.3 and 7.4]. So assume that ¢ (L) # 0 and let A be a complemented minimal ideal
of L. Then A € ¢(L),s0 A+ ¢(L) = N(L). Let M be a maximal subalgebra of L, and
suppose that ¢»(L) € M. Then N(L)  M,soL = M + N(L) = M + A + ¢(L), giv-
ing M + A = L. Thus A € M. It follows that every maximal subalgebra of L /A contains
¢ (L)/A.Put T/A = ¢p(L/A). Then ¢po(L) C T.

Let M /N (L) be a maximal subalgebra of L /N (L) and suppose that (T+N(L))/N (L) €
M/N(L). Then M + T + N(L) = M+T = L.Butnow T € M, so ¢(L/A) £ M,
whence A € M. It follows that L = M + A = M, a contradiction. Hence ¢»(L)/N (L) =
¢(L/N(L)) 2 (T + N(L))/N(L), which yields that T = ¢, (L).

Now suppose that B is another minimal ideal of L with B # A. Then

B = (A+ B)/AC N2(L)/A = N(L/A),

by the above. It follows that No(L) € Cr(B). Suppose that B € ¢(L). Then, as before,
we have that B + ¢ (L) = N (L) and hence that B = N(L)/¢(L). But CL(N(L)/¢ (L)) =
N(L), by [8, Theorem 7.4], since N(L/¢(L)) = N(L)/¢(L). This yields that N(L) =
C(B), a contradiction. Hence B C ¢ (L) and L has, at most, one complemented minimal
ideal. O

We call L extreme it N;(L)/¢;(L) is a chief factor of L foreachi =1,2,...,n(L).

Lemma 3.2 Every factor algebra of an extreme Lie algebra is extreme.

Proof Let B be an ideal of the extreme Lie algebra L. Suppose first that B € ¢ (L). Then
N;(L/B)/¢i(L/B) is a chief factor of L/B for each i, by Lemma 2.1, and L/B is extreme.
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Minimal non-N Lie algebras 743

So suppose that B Z ¢(L). Then ¢ (L/B) = ¢»(L)/B, by Lemma 3.1, and the result again
follows. O

We say that the chief factor A/ B is complemented if there is a maximal subalgebra M of
L suchthat L = A4+ M and ANM = B. We define c(L) to be the number of complemented
chief factors in a chief series for L. This is independent of the particular chief series chosen,
by [11, Theorem 2.3].

Letx € L and let ad x be the corresponding inner derivation of L. If F has characteristic
zero suppose that (adx)” = 0 for some n; if F has characteristic p suppose that x € [
where [ is a nilpotent ideal of L of class less than p. Put

oo

exp(adx) = » %(adx)’.

r=0

Then exp(ad x) is an automorphism of L. We call the group Z(L) generated by all such
automorphisms the group of inner automorphisms of L. Two subsets U, V are conjugate in
LifU = a(V) for some a € Z(L).

Then we have the following characterisation of extreme Lie algebras.

Theorem 3.3 Let L be a solvable Lie algebra. Then the following statements are equiva-
lent:

(i) L is extreme;

(ii) n(L) = m(L), the number of conjugacy classes of maximal subalgebras of L;
(iii) n(L) =c(L); and
(iv) if Bisanideal of L, then L/B has at most one complemented minimal ideal.

Proof (1) = (ii)) :Let L be extreme and consider the series
OCcor(LYcNi(L)yC...C¢i(LYCN;(L) C....

There is a unique conjugacy class of maximal subalgebras of L complement-
ing the chief factor N;(L)/¢; (L) foreachi = 1,2, ...,n(L), by [1]. Buteach
maximal subalgebra of L must complement one of the complemented chief
factors in the above series, and must, therefore, belong to one of these n(L)
conjugacy classes. Hence n(L) = m(L).

(i) = (iii) : We use induction on the dimension of L. Suppose that L is a Lie algebra
satisfying n(L) = m(L) and assume that the implication holds for Lie alge-
bras of smaller dimension than that of L. If ¢ (L) 7# 0, we have n(L/¢ (L)) =
n(L) = m(L) = m(L/¢(L), and so, by induction, n(L) = n(L/¢(L)) =
m(L/$(L)) = c(L/$(L)) = c(L).

So suppose that ¢ (L) = 0. Then N(L) = Asoc(L) and each of the r (say)
minimal ideals in Asoc(L) is complemented, by [8, Theorem 7.4 and Lemma
7.2]. It follows that n(L) = m(L) > m(L/N(L))+r > n(L) — 1+ r. Hence
r = 1 and, by induction, ¢(L) = 1+ c¢(L/N(L)) = 14+n(L/N(L)) = n(L).

(iii) = (1)  : This follows from the fact that there is at least one complemented chief factor
A/ B satisfying ¢; (L) < B < A < N;(L) foreachi =1,2,...,n(L).

(i) & (iv) :If L is extreme, then so is L/B, by Lemma 3.2. Hence L /B has at most one
complemented minimal ideal, by Lemma 3.1.
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744 D.A. Towers

Conversely, suppose that L satisfies (iv) and consider L/¢;(L). Since
N;(L)/¢i(L) is the direct sum of complemented minimal ideals of L/¢; (L),
as above, it follows that N;(L)/¢; (L) is a chief factor of L/¢;(L). Hence L
is extreme. O

Lemma 3.4 Let L be an extreme Lie algebra.

(i) If L is nilpotent, then dim L = 1.
(ii) IfL e N(n) then N,_1(L) =T1(L) = LF has codimension one in L, forallk > 2.

Proof (i) Since L is nilpotent, ¢ (L) = L% andsodim L / L? = 1. The result follows.
(ii))  This follows from Lemma 3.2 and (i).
O

Theorem 3.5 The Lie algebra L € N (n) is extreme if and only if L has the decomposition
given in Theorem 2.15, dim B, = 1 and N (Uy)/¢(Uy) is a chief factor of Uy for each
k=0,...,n—1.

Proof We have that
Nipi(L) — Nipt (L) N U+ Ni(L)  (Ngg1 (L) N Ug + Ni(L))/Ni(L)

$r1(L) Pt (L) NUg + Ni(L) — (der1 (L) N Ug + Ni(L))/Ni(L)
~ Nig1t (L) N U/ Ni(L) N U Niet (L) N U N(Up)

T okt (D NU/ N NUx — e (D NU— ¢(Up)
Also dim B, = 1 by Lemma 3.4 (ii). (I

If S is a subalgebra of L, we will denote by S the image of S under the canonical
homomorphism from L onto L/¢(L). We have the following characterisation of those Lie
algebras L € N (< 2) that are extreme, which includes all extreme Lie algebras over a field
of characteristic zero.

Corollary 3.6 Let L € N (< 2). Then L is extreme if and only if one of the following holds.

(i) gim L=1or B - - B
(i) L = A+U where A = N(L) is the monolith of L and U is a one-dimensional
subalgebra of L which acts irreducibly on A.

Proof This is just the cases n = 1, 2 in Theorem 3.5. O

Corollary 3.7 Let L be supersolvable. Then L is extreme if and only if one of the following
holds.

(i) dimL=1;or
(ii) L/¢(L) is the two-dimensional non-abelian Lie algebra.

Proof Let L be supersolvable and extreme. Then dimN(L) = 1 and so
dimL/Cz(N(L)) = 1. But N(L) = N(L), so Cz(N(L)) € N(L). It follows that

@ Springer



Minimal non-N Lie algebras 745

dim(L/N(L)) < 1 and L € N(<2). But now either dimL = 1 or L = A4U where
dimA =dimU =1, by Theorem 3.5. In the latter case dim L = 2 and L cannot be abelian.

Conversely, if dim(L /¢ (L)) < 2 then L/¢ (L) is supersolvable, and so L is supersolv-
able, by [1, Theorem 6]. Clearly L is also extreme in each of cases (i) and (ii). O

Example 3.1 1t is easy to check that every three-dimensional Lie algebra as described in
Corollary 3.7 has a basis x, y, z with non-zero products [x, y] = y + z, [x, z] = az for
some 0 # o € F. Moreover, no two of these with different values of « are isomorphic.

4 Minimal Non-A Algebras

If X is a class of Lie algebras, we say that L is minimal non-X if every proper subalgebra
of L, but not L itself, belongs to X'. We say that L is minimal non-N\ if it is minimal non-
N (< k) for some k; in other words, if its nilpotent length is greater than that of any of its
proper subalgebras. Over a field of characteristic zero a Lie algebra can only be minimal
non-A\ (1) and these are described in [9].

Lemma 4.1 Let L be minimal non-N (< k — 1) and let M be a maximal subalgebra of L.
Then

(i) L? = N¢_{(L) has codimension one in L;
(ii) if Ni(M) € Ni—1(L) then Nrx_1(L) N N;(M) has codimension one in N;(M) for
i=1,....,k—1;and
(iii) if N(L) € M then N(M) € Nr_1(L).

Proof (1) Let M be a maximal subalgebra of L containing Ny_1(L). Since L/Ny_1(L)
is nilpotent, M is an ideal of L and has codimension one in L. But Ny_;(M); =
Ni_1(L), by Lemma 2.3 (ii), so, if Nx_1(L) # M, then M has nilpotent length k,
contradicting the fact that it is minimal non-A (k). Hence M = Ny_1(L).

Now let M be any maximal subalgebra containing L2, so M is an ideal of codi-
mension one in L. We have MNN; (L) = N;(M) foreachi =1, ...k—1by Lemma
2.3 (1) and (ii). It follows that M N Nj_1(L) = Np_1(M)p = M,so M C N;_i(L),
whence M = Ny_ (L) = L2.

(i)  Suppose N;(M) € Nr_1(L). Then L = Ny_1(L) + N;(M), so

L _ N; (M)
Ni—1(L) — Ng—1(L) NN (M)’

whence the result.
(i) Let N(L) € M. Then N(M) acts nilpotently on L, by Lemma 2.3 (v). If N(M) &
Ni—1(L) then L = Ny_1(L) + N(M) and L/Ny_>(L) is nilpotent, a contradiction.
O

In group theory, every minimal non-N (k) group is extreme, and so a natural question
is whether this holds for Lie algebras. We show next that this is ‘usually’ the case for Lie
algebras. We call a class H of Lie algebras a semi-homomorph if, for all L € H,

(i) L/N(L) € H;and
(ii) if Aisanideal of L and A C ¢(L),then L/A € H.
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Lemma 4.2 Let H be the class of Lie algebras L in which all maximal subalgebras of L
have strongly nilregular cores. Then H. is a semi-homomorph.

Proof (1) Let M/N(L) be a maximal subalgebra of L/N(L). Clearly we have that
(M/N(L))L/nw) = Mp/N(L) and M /N (L) has compatibility index one less than
that of My, r — 1 say. Then

Ni(MpL/N(L))  Nit1(ML)
Ni-1(ML/N(L)) — Ni(Mp) '

which has nilpotency class < p — 1 fori = 1,...,r — 1, since My is strongly
nilregular. Hence M /N (L) has a strongly nilregular core.

(ii)) Let M/A be a maximal subalgebra of L/A. Then (M/A)pja = Mp/A. Also,
N;(L/A) = N;(L)/A, by Lemma 2.1, so M /A has the same compatibility index as
My, r say. Also N;(M) = N;(Mp) = N;(L) fori =1, ..., r, by Proposition 2.10.

We claim that N; (M /A) = N;j(Mp)/A foreachi =1,...,n(Mp).Put K;/A =

Ni(Mp/A),so Ki+1/K;i = N(Mp/K;). Then K is a subideal of L, A € K1 N¢ (L)
and K;/A is nilpotent, so K is nilpotent, by [8, Theorem 6.1]. It follows that K1 C
N(Mp)and N(Mp/A) = N(Mr)/A. Hence

KiCNML)CK,S...CK; SN M) Kiy1 SN (L) C...
and K;j4+1/K; € Ni+1(L)/K; = Nix1(Mp)/K; fori =1,...,r — 1. It follows that
Nig1t(Mp/A) = Ki+1/A € Njt+1(L)/A. The reverse inclusion is clear and the claim

is established.
Now we have that

Ni(Mp/N(L)) _ Ni(Mp)
Ni—1(ML/N(L)) ~ Ni—1(Mr)’

which has nilpotency class < p — 1 fori =1, ..., r, since My is strongly nilregular.
Hence M /N (L) has a strongly nilregular core.

O

A solvable primitive algebra has a unique minimal, self-centralising, ideal A such that
L = A4U (see [11]). We shall say that a class of Lie algebras H has the primitive quotient
property if, for every primitive algebra L in H with minimal ideal A, L/A is minimal

HOH-N .

Theorem 4.3 Let H be a semi-homomorph with the primitive quotient property, and let
L € H be a Lie algebra which is minimal non-N (< n). Then

(i) L is extreme; and
(ii) L/N(L) is minimal non-N'(< n — 1).

Proof (i) We use induction on dim L. Suppose first that ¢ (L) # 0. Let A be a min-
imal ideal of L contained in ¢(L). Then n(L/A) = n(L), so L/A is minimal
non-V. By the inductive hypothesis, L/A, and hence L is extreme. So suppose that
¢ (L) = 0. If there are at least two minimal ideals then there is at least one, A say,
such that n(L/A) = n(L), by Corollary 2.12. But then L = A+M for some maximal
subalgebra M of L, and n(M) = n(L/A) = n(L), a contradiction.
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Thus there is a unique minimal ideal A = N (L), L is primitive and n(L/A) =
n(L) — 1. Since H has the primitive quotient property, L/A is minimal non-N.
Moreover, since H is a semi-homomorph, L/ A, and thus L, is extreme, by induction.

(ii)) Consider the series

OCcop(L)yC Ni(L)yC...C¢i(L)CN;(L)C...,

and let M be a maximal subalgebra of L containing Nj(L). Then M must complement
one of the complemented chief factors Ny (L)/¢x (L) for some 2 < k < n in the above
series. But then L = Ny (L) + M, M N Ny (L) = ¢x (L) and N; (M) = N; (L) fori =
I,...,k—1,by Lemma2.3. Thusn(M) —k+1 = n(M/Nr—1(L)) = n(L/Ny(L)) =
n(L) — k, whence n(M/N{(L)) = n(M) — 1 =n(L) —2 =n(L/Ni(L)) — 1 and
L/Ni(L) is minimal non-N (n — 1).

O

Corollary 4.4 Let L be a Lie algebra in which all maximal subalgebras have strongly
nilregular cores and which is minimal non-N (< n). Then L is extreme and L/N (L) is
minimal non-N'(< n — 1).

Proof Let H be the class of Lie algebras whose maximal subalgebras have strongly nilreg-
ular cores. Then H is a semi-homomorph, by Lemma 4.2. Let L be a primitive algebra in
‘H with minimal ideal A = N (L), and let M be a maximal subalgebra containing A. Then
N(M) = A by Proposition 2.10, so L/A is minimal non-N (< n — 1) and H satisfies the
primitive quotient property. The result now follows from Theorem 4.3. (]

A Lie algebra L is called an A-algebra if all of its nilpotent subalgebras are abelian.
These arise in the study of constant Yang—Mills potentials and in relation to the problem of
describing residually finite varieties. The structure of solvable Lie A-algebras was studied
in some detail in [10]. In the case of an A-algebra the lower nilpotent series and the derived
series coincide ([10, Lemma 2.3]), and so the terms “derived length” and “nilpotent length”
are identical.

Corollary 4.5 If L is an A-algebra which is minimal non-N (< n), then L is extreme and
L/N (L) is minimal non-N'(< n — 1).

Proof Let H be the class of A-algebras. Then H is a semi-homomorph, by [10, Lemma
2.1 (iii)]. Let L € H be primitive with minimal ideal A = N (L) and let M be a maximal
subalgebra containing A. Then N (M) is abelian and so [N (M), A] = 0, giving N(M) C
CL(A) = A. It follows that N(M) = A and so H has the primitive quotient property. [

Corollary 4.6 Let L be minimal non-N (< 2) and have solvability index < 3. Then L is
extreme and L/ N (L) is minimal non-N'(< 1).

Proof Let H be the class of Lie algebras of solvability index < 3. Then H is clearly a
semi-homomorph. Let L € H be primitive with minimal ideal A = N (L) and let M be
a maximal subalgebra containing A. If L has solvability index < 2 it is clear that L/A is
minimal non-A/, so assume that L has index 3.
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We have LD = N,(L), by Lemma 4.1 (i) and L®® € N(L) = A, so Na(L)/A is
abelian. Now N (M) € N»(L) by Lemma 4.1 (iii), and so

[Na(L), N(M)] € Na(L)> CAC M.

Then either M # N>(L) or L = N(L) + M, in which case N(M) is an ideal of L and
N(M) = A. In either case M /A is nilpotent and so H has the primitive quotient property.
O

Example 4.1 Note that there are extreme Lie algebras which are not minimal non-A. For
example, let L be the Lie algebra over any field F' with basis x, y, z with non-zero products
[x,y] = y+ 2z [x,z2] = z. Then ¢(L) = Fz and N(L) = Fy + Fz, so L is extreme.
However, if M = Fx + Fzthenn(M) =2 = n(L).

Next we seek to characterise the algebras considered in Corollaries 4.5 and 4.6. We can
characterise the A-algebras that are also minimal non-A as follows.

Theorem 4.7 Let L be a Lie A-algebra of derived length n + 1 over a field F. Then L is
minimal non-N if and only if the following hold.

(i) L = A,+A,_1+...+A+Fx where A; is an abelian subalgebra of L for each
1<i<ns
(i) LY =A,+A,_1+... +A; foreach 1 <i < n;
(iii) [A;, Aj]1C Ajforj>i;
(iv)  A; is an irreducible L/L(i+])—m0dulef0r each 0 <i <n; and
(v) Np—it1(L) = L(i)for each0 <i <n.

Proof Suppose first that L is minimal non-. Since L is an A-algebra of derived length
n+ 1, L = Ay+tA,_1+...+A1+Ag and LD = A,+A,_1+...+A;, where A; is an
abelian subalgebra of L for each 0 < i < n, by [10, Corollary 3.2]. But dimAg = 1,
by Lemma 4.1 (i), so Ap = Fx for some x € L. This gives (i) and (ii). The decom-
position in (i) follows from the splitting of a Lie A-algebra over each term in its derived
series ([10, Theorem 3.1]), so L = A,+B,, where A, = L™, B, = A,_1+B,_1, where
Ano1 = BV, and so on. Butnow [A;, A;1 € LY N Bjyy C A if j > i, giving (ii).

A straightforward induction argument shows that A; € N,_;_| for0 < i < n. We
now establish (iv) and (v) by induction on n. Then (iv) clearly holds for i = 0, and (v)
holds for i = 0 by Lemma 4.1 (i), so suppose that they hold for all i > k (k > 0). Then
Np—is1(L) = L® = A, 4+ .. . FApand L&D = A, 4+ ... +As41 S Ny_i(L). It follows
that N,,_x (L) = L&+D by the irreducibility of A; and the fact that N,,_; (L) # Ny—x+1(L)
(since L has nilpotent length n 4 1).

Also ¢ (L) € L*D = N,_4 (L), and N,_i(L)/$.—r(L) is irreducible, since
L is extreme, by Theorem 4.3. Hence M = ¢,_;(L)+Ai+...+A4+Fx is a maximal
subalgebra of

A1+ Ax+ .. FAFFx = L/L*D = L/N,_;_1(L).

But L/N,_x_1(L) is minimal non-N (k + 1), by Theorem 4.3 (ii), so M € N(k + 1). It
follows that N(M) = ¢u_i (L)+Ag, 50 [¢n—k (L), Ax] = 0. But Ay is a Cartan subalgebra
of Ags+1+Ay, by [10, Theorem 3.1, so ¢u—x(L) = 0 and Ay is an irreducible L/L*+D-
module. This establishes (iv) and (v).
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Conversely, suppose that (i)-(v) hold and let M be a maximal subalgebra of L. Clearly
L € N(n + 1). Let i be the smallest integer such that L& ¢ M. Then L® /L0+D s
a minimal ideal of L/L¢*D so M/LE*+D complements L® /L¢+D in L/LU+D . Hence
MO c ML c LD But n(LY+D) < n —i 4+ 1by (v). Hence n(M) < n+ 1and L
is minimal non-V. O

Recall the following result from [3].

Theorem 4.8 ([3, Theorem 4]) Let L be solvable and ¢-free. Then L is minimal non-
(nilpotent-by-abelian) if and only if F has characteristic p > 0 and L = A+B, where A is
the unique minimal ideal of L, dim A > 2, A%> = 0, and either B = M-+Fx, where M is
a minimal ideal of B such that M* = 0 (type 1), or B is the three-dimensional Heisenberg
algebra (type II). Moreover, if p > 3 then dim A is divisible by p.

Then we have the following characterisation of the algebras of solvability index 3 which
are minimal non-A\/(2).

Theorem 4.9 Let L be a solvable Lie algebra of solvability index 3. Then L is minimal
non-N'(2) if and only if it is minimal non-(nilpotent-by-abelian) of type I.

Proof Let L be minimal non-V'(2), and denote the image of a subalgebra S of L under the
natural homomorphism onto L/¢(L) by L. Then L = N(L)4U where U is a subalgebra
of L, by [8, Theorems 7.3 and 7.4]. Moreover, U = A+Fx where A is abelian, No(L) =
N(L) + A and L/N(L) is minimal non-nilpotent, by Corollary 4.6. It follows from [9,
Theorem 2.1] that N»(L)/N (L) is irreducible. Now U is a maximal subalgebra of L, so
U € N(2), which yields that N(U) = A and U is nilpotent-by-abelian.

Let M be any maximal subalgebra of L. Then either M = U or N(L) € M. Suppose
that N(L) € M. Then M = Np(L) or L = N(L) + Fx. In either case M is nilpotent-
by-abelian. Hence L is minimal non-(nilpotent-by-abelian). It is of type I, since otherwise
LeNQ).

Conversely, suppose that L is minimal non-(nilpotent-by-abelian) of type 1. Then L has
solvability index 3 and the maximal subalgebras of L are nilpotent-by-abelian, as in the
paragraph above. Clearly L itself is not nilpotent-by-abelian. O

Lie algebras as described in Theorem 4.9 do exist over every field of characteristic p > 0,
as is shown in [3]; over an algebraically closed field they are minimal non-supersolvable
([3, Theorem 5]). Finally we show that a homomorphic image of a minimal non-N" Lie
algebra is minimal non-AV if it has a complemented minimal ideal.

Theorem 4.10 If L is a minimal non-N Lie algebra in which all maximal subalgebras
have nilregular cores, and A/ B is a complemented chief factor of L, then L/B is minimal

I’lOﬂ-N .

Proof Suppose there is a chief series of L through A and B in which A/B is the kth com-
plemented factor, where 1 < k < c(L).If k = 1,then B € ¢(L) and so n(L/B) = n(L),
in which case L/B is minimal non-A\ because L is.
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So let £ > 1 and assume that the theorem holds for the (k — 1)th complemented factor
C/D. Without loss of generality we may assume that D = 0. Then A/B is the second
complemented factor in some chief series of L. It follows from Theorem 4.3 that L and
L/N (L) are extreme, and so every chief series of L has only one complemented chief
factor below N (L), by Theorem 3.3. If N(L)N A € B then N(L)NA/N(L)YN B is a
complemented chief factor of L and L would have a chief series with two complemented
chief factors below N (L), a contradiction. Hence N(L) N A C B.

Letn = n(L). Then L/A and L/B are both extreme, by Lemma 3.2 and so

n(L/B)y=c(L/B)y=n—1 and n(L/A)=c(L/A)=n—-2,

by Theorem 3.3. Let M /B be a maximal subalgebra of L/B. We have B Z ¢(L) and
N(L)/¢ (L) is achief factorof L,so M 2 ¢(L)+B 2 N(L).But L/N (L) is minimal non-
N, by Theorem 4.3, so n(M/N (L)) < n — 2. It follows that N, _»(M) C N(L)N A C B,
whence n(M/B) <n —2 < n(L/B) and L/B is minimal non-\, as claimed. O
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