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Abstract In boundary integral methods it is often necessary to evaluate layer poten-
tials on or close to the boundary, where the underlying integral is difficult to evaluate
numerically. Quadrature by expansion (QBX) is a new method for dealing with such
integrals, and it is based on forming a local expansion of the layer potential close to
the boundary. In doing so, one introduces a new quadrature error due to nearly sin-
gular integration in the evaluation of expansion coefficients. Using a method based
on contour integration and calculus of residues, the quadrature error of nearly sin-
gular integrals can be accurately estimated. This makes it possible to derive accurate
estimates for the quadrature errors related to QBX, when applied to layer potentials
in two and three dimensions. As examples we derive estimates for the Laplace and
Helmholtz single layer potentials. These results can be used for parameter selection
in practical applications.
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1 Introduction

At the core of boundary integral equation (BIE) methods for partial differential
equations (PDEs) lies the representation of a solution u as a layer potential,

u(x)=/FG(x,y)0(y)dSv, ey

where T is a smooth, closed contour (in R?) or surface (in R3), o(y) is a smooth
density defined on I', and G (x, y) is a Green’s function associated with the current
PDE of interest. The Green’s function is typically singular along the diagonal x = y,
which leads to the integrand being singular for x € I'. We will refer to this as a sin-
gular integral. The layer potential u is smooth on either side of I", but the error when
computing it using a regular quadrature method grows exponentially as x approaches
I'. This is because G develops an increasingly sharp peak, which requires more and
more quadrature points to be accurately resolved, even though it is smooth. In this
case we say that the integral is nearly singular, since we evaluate G close to its sin-
gularity. For an introduction to methods for nearly singular integration, we refer to
[11, 14] and the references therein.

In this paper we discuss the use of residue calculus for estimating the error com-
mitted when computing a nearly singular integral using a regular quadrature method.
The error estimates are derived in the limit n — 0o, n being the number of discrete
quadrature points, but turn out to be accurate also for moderately large n. Throughout
we shall use the symbol >~ to mean “asymptotically equal to”, such that

a(n) ~b(n) if ng&%%%zl. )

The discussion is limited to the Gauss-Legendre rule and the trapezoidal rule, which
are perhaps the two most common quadrature rules in the BIE field. The kernels that
we consider are related to a new method for singular and nearly singular integra-
tion, called quadrature by expansion (QBX) [2, 8, 11]. Specifically, we consider two
classes of kernels that appear when applying QBX to the single layer potential of
Laplace’s equation in two and three dimensions, also referred to as the single layer
harmonic potential,

log |x — y| inR?,

Ix —y|~! inR3. 3)

Gx,y)= {

This paper is organized as follows: In Section 2 we introduce QBX and the relevant
kernels for studying the quadrature errors associated with the method. In Section 3 we
discuss the required framework for estimating quadrature errors, and use it to derive
error estimates for our kernels. Finally, in Section 4 we show how our results can be
used to compute quadrature error estimates that are useful in practical applications.
The results provided in Section 4 are for model geometries; in Appendix we include
results for a more complex geometry.

@ Springer



Error estimation for quadrature by expansion 197

2 Quadrature by expansion (QBX)

The central principle of QBX [11] is the observation that a layer potential is smooth
away from I', such that it locally can be represented using a Taylor expansion around
an expansion center x¢o. Given a quadrature rule and a target point x on I, the method
can be summarized as:

1. Pick an expansion center x( at a distance r from x in the normal direction, such
that xq lies in the quadrature rule’s region of high accuracy.

2. Compute a local expansion of the potential around xg, truncated to some
expansion order p.

3. Evaluate the local expansion at x.

The expansion is convergent inside the ball of radius r centered at xg, and at the point
of intersection of the ball and I' [8], as illustrated in Fig. 1. We can therefore use
QBX to compute the potential both when it is singular and nearly singular, as long as
our target point lies inside the domain of convergence of a local expansion.

Two-dimensional single layer potential In two dimensions it is convenient to let
R? = C, and work with the complex version formulation for the single layer
potential,

u(z) = Re/ o(w(t))log(z — w(t))de, 4)
r

where w(t) is an arc length parametrization of the contour I' € C. at a center zg using
the series expansion of log(1 — w), |w| < 1, we get [8]

u(z) = Re Z a;j(z —z0), &)

j=0

r

Fig. 1 QBX geometry. The local expansion formed at x is valid inside the ball of radius r and at x
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198 L. af Klinteberg and A. -K. Tornberg

where the expansion coefficients a; are given by

w = [ oo o, ©
[ _oww) .
Y frj(w(l)—zo)j @ I=0 @

Truncating the expansion to order p and denoting by a; the coefficients computed
using a quadrature rule, we define our QBX approximation of the potential as

P
ii(z) =Re Y a;(z—z0)’. ®)

j=0

Three-dimensional single layer potential In three dimensions an expansion of the
Green’s function about a center x¢ is formed using the spherical harmonic addition
theorem [9],

21+ 1 |y—x|l‘*‘1

° i
4r lx —xol" __
Ix — y| Z Z YO0, 0)Y]" 0y, 0y), 9)
=

where Y;" is the spherical harmonic of degree / and order m,

2A+1(01 - |m))!

Y"e = _—
r®.9) dr U+ mD!

P (cos 0)e™?. (10)

Here P/" is the associated Legendre function, and (0x, ¢x) and (8y, ) are the
spherical coordinates of x — xp and y — xg. The local expansion is then

u(x) = Z|x—xo| Za’"Y,‘m(ex,wx>, (11)

m=—I[

with the expansion coefficients ;" given by

m

“ 2l+1

Again truncating the expansion at order p and letting ;" denote coefficients
approximated by quadrature, we get our QBX approximation

— x0T 0y, 0y)0 (1)dS,. (12)

ii(x) = Z|x—xo| Z“z Y, " (0, 1) (13)

m=—1
2.1 Error analysis of QBX

The error when computing a layer potential using QBX can be divided into two com-
ponents: the truncation error and the quadrature error. The truncation error comes
from limiting the local expansion to a finite number of terms, and was analyzed by
Epstein et al. [8]. The quadrature error comes from evaluating the integrals (7) and
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Error estimation for quadrature by expansion 199

(12) using a discrete quadrature rule. To see the separation of errors we add and sub-
tract the exact expansion coefficients to the QBX approximation. For the single layer
in two dimensions we then get the separation as

p P
u(z) —u(z) = u(z) — Rezaj(z — z0)’ +ReZ(aj —aj)(z —z20) .

j=0 j=0 (14)

truncation error ey quadrature error eg
In [8, Thm 2.2] it is shown that there is a constant M,  such that if o € CP(I"), then
p+1 1
ler| < Mp rllollcear?™ log - (15)

where r is the distance from I' to the expansion center. In three dimensions we
similarly have (assuming for the moment xo = 0)

)4 1
er = u(x)— Y |xI' Y oY Or, 02), (16)
=0 m=—I
P / .
eo = Y IxI' D (@ — )Y, " (Or. ¢2) (17)
=0 m=—I1

Here a generalization of the results in [8, Thm 3.1] gives that there is a constant Mr s,
8 > 0, such that if o belongs to the Sobolev space H3T7+3(I"), then

ler| < Mpslloll ga+pisryr?™. (18)

If we let i be a characteristic length of the discretization of I', and furthermore keep
the ratio /h constant under grid refinement, then a consequence of the truncation
error estimates is that ey converges with order p + 1 under refinement,

er=0 (h!’“). (19)

In [8] and [11] it is argued that if the quadrature error can be maintained at a fixed
level €, then

u — i =O<e+h”+l), (20)

such that QBX is convergent with order p + 1 until hitting the “floor” given by €.

Turning to the quadrature error eg, one can in practical applications observe that
it grows with the expansion order p, such that there for a given problem exists an
optimal p where the total error ey + e has a minimum. To control e (and thereby
the minimum error) one can interpolate o to a finer grid before computing the coef-
ficients, a technique usually referred to as “upsampling” [2] or “oversampling” [11].
This works because at large p the difficulties lie in accurately resolving the kernels
in Egs. 7 and 12, not o itself.

The quadrature error e has for the two-dimensional case been discussed in [8]
and [2]. In [8] an upper bound, which did not explicitly show the dependence on
p, was derived for the case when I' is discretized using Gauss-Legendre panels. In
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200 L. af Klinteberg and A. -K. Tornberg

[2, Thm 3.2], a bound including the p-dependence was derived for I'" discretized
using the trapezoidal rule.

In what follows of this paper we shall develop quadrature error estimates, not
bounds, that accurately predict the order of magnitude of |a; — a;| and |o]" — oz;m|
in the asymptotic region of n — oco. We will do this for the n-point trapezoidal and
Gauss-Legendre quadrature rules on certain geometries. To that end, we will consider
two different classes of kernels (depicted in Fig. 2),

L
(z —z20)P°

1
((x = x0)2 + (v —y0)2)"

where the respective singularities zg and (xg, yp) of the kernels are assumed to lie
close to, but not on, the interval of integration. The kernel f), is relevant when ana-
lyzing the computation of a;, which we will refer to as the complex kernel. The
corresponding kernel for a;" is gp, and we will refer to it as the Cartesian kernel.

fr@) = 2,20 € C, (21)

gp(xv)’) = -xvyv-x()vyOERv (22)

3 Estimating quadrature errors

The purpose of quadrature is to numerically approximate the definite integral of a
function f over some interval I',

I[f]= fr f()dx, (23)

where I is typically a subset of the real line or a closed curve in the complex plane.
This approximation is computed through an n-point quadrature rule, using a set of
nodes x; € I' and weights w;,

Qlf1=)_ fxwi. (24)

i=1

200 [~

100 |-

Re fo
-~ -Refy
Re f2 ||

I
0.5 1 071

Fig. 2 Examples of the kernels f), (21) and g, (22) on [—1, 1], with zg = iyo and (xo, yo) = (0, 0.4).
The real part of the complex kernel f), is shown to illustrate how it oscillates (in absolute value | f2, = g, |
on this interval)
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Error estimation for quadrature by expansion 201

For an n-point interpolatory quadrature rule, the weights w; are determined by inte-
grating the polynomials of degree n — 1 that interpolate f at the nodes x;. The error
of the approximation is given by the remainder term

R, =1-Q,, (25)

which converges to zero as n — oo unless the function is ill-behaved in some way,
e.g. if f has a singularity on I'. As practitioners of quadrature, we typically want to
know the relationship between R, and f in order to make our computations efficient
and reliable. Luckily, most quadrature rules come equipped with a number of error
bounds involving f in one way or another. However, most such bounds are useful
only if f is analytic in the whole complex plane, or in a large region around I'. In
Section 3.1.1 we give an example where an error bound for the Gauss-Legendre rule
wildly overestimates the actual error.

We now consider what happens when f is meromorphic, i.e. analytic everywhere
except for at a set of poles. The focus of our present work is the case when f has
poles close to I". Then the best way of obtaining accurate estimates of R,, is to use
contour integrals in the complex plane, using the theory of Donaldson and Elliott
[6]. The key principle is that the quadrature rule Q, can be connected to a rational
function g, (z), which has simple poles at the quadrature nodes x;, and residues at
those poles equal to the quadrature weights w;. If C is a contour enclosing I, on and
within which the complex continuation of f is analytic, then

1
Q,lf1= 2—/ f(@Dgn(z)dz. (26)
i Je

There also exists a characteristic function m(z) such that we can express the integral
over I" as a contour integral,

1
111= 5 [ Femee @7)
i Je
We define the remainder function

kn(2) = m(z) — qn(2), (28)

which is analytic in the complex plane with I" deleted. Using &, we can express the
remainder as a contour integral,

1
Ralfl=7—~ /c f(@kn(z)dz. (29)

As |z| tends to infinity, k,, tends to zero at least like O(|z|™") for interpolatory quadra-
ture [7], so by taking C to infinity we see that interpolatory quadrature is exact for
polynomials of degree < n. If f has one or more poles z; enclosed by C, we deform
the contour integral to include small circles enclosing those poles (see e.g. the illus-
tration in [7]). Letting the radius of the circles go to zero, the remainder is given by
the integral over C minus the residues at the poles,

Rilf] = 5 /C F(kn(2)dz — ijRes [F ka2, 2] (30)
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202 L. af Klinteberg and A. -K. Tornberg

For reference we here state the definition of the residue of a function g(z) which has
an order p pole at zo:

p—1

lim
(p — D! z>z0 dzP~1

Res[g(2), z0] = ((z —20)78(2)) . 31)
If the poles of f are close to I', then the remainder R, [ f] is typically dominated by
the corresponding residues, and the contribution from the contour integral is negli-
gible. If f(2)k,(z) goes to zero as C is taken to infinity for some n > N, then the
remainder is equal to the sum of the residues for those 7.

Given a meromorphic integrand f and a quadrature rule Q,,, our ability to estimate
R, depends on our knowledge of k,(z) and our ability to compute the residues of
f(2)k, (z) at the poles. For some quadrature rules we have closed form expressions
for k, (z), while for others we only have asymptotic estimates valid for large n. In
what follows we shall summarize the relevant formulas for the Gauss-Legendre and
trapezoidal quadrature rules and apply them to our model kernels.

3.1 The Gauss-Legendre quadrature rule

The n-point Gauss-Legendre quadrature rule [1, ch. 25] belongs to the wider class of
Gaussian quadrature, and is extensively used in applications where the integrand is
not periodic. It is by convention defined for the interval [—1, 1],

1
I[fl= /1 f(x)dx. (32)

The weights and nodes of the quadrature rule Q,, are associated with P,(x), the
Legendre polynomial of degree n. The nodes are the roots of P,

P,(x;)=0, i=1,...,n, (33)
and ordered, such that x; < x;41. The weights are given by

2

_— 4
(1 = x2) P} (x;)? G4

w; =

In our analysis of the kernels f), and g, we will stay on the standard interval
[—1, 1] on the real axis. Setting

z0 =a +1ib, (xo, yo) = (a, b), (35)
with
—co<a<oo, b>0, (36)

our target kernels are then

1
fr@) = ——. (37)

(z —z0)?
1

((x —a)2+b2)P° (38)

gpx) =
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Error estimation for quadrature by expansion 203

3.1.1 Classic error estimate

There exists a classic error estimate for the Gauss-Legendre rule, available in e.g.

Abramowitz and Stegun [1, eq. 25.4.30], stating that on an interval of length L the
error is given by

2n+1( y)4 on)

Rilfll € —m—————= "MNoo- 39

Rl = G 1 e (39)

The most important interpretation of this result is that n-point Gauss-Legendre
quadrature will integrate polynomials of degree up to 2n — 1 exactly. In practice the
estimate is only useful for very smooth integrands, due to the high derivative of f in
the estimate. Consider the example of f = g with @ = 0, which can be found in
Brass and Petras [5],

The norm of the derivative is given by
2n)!
1 oo =172 O) = 3555 S

Inserting this into the estimate and applying Stirling’s formula,

V2t re™ < pl < 2ﬁn”+%e_”, (42)
we get that

4
R[]I = 2 (43)

(2b)2" :
This bound goes to infinity exponentially fast for b < 1/2, while in practice Gauss-
Legendre quadrature exhibits exponential convergence for this integrand.

There exists a large number of error estimates involving lower order derivatives of
the integrand, available in the work by Brass et al. [4, 5]. Alternatively, one can esti-
mate the error through a contour integral, which is what we will do in the following
section.

3.1.2 Contour integral

An expression for estimating the error of Gaussian quadrature as a contour integral
was found by Barrett [3] for certain cases, and later generalized by Donaldson and
Elliott [6]. The below derivation follows that of Barrett [3].

It can be shown for Gauss-Legendre quadrature that the weights are given by

Pt) |
e (xl) / T “

where x; are the zeros of P, (x). The weights can also be computed as the residues of
the function

L T P2 = Pu(0)
q"(Z)_Pn(z)/_l P )
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204 L. af Klinteberg and A. -K. Tornberg

at the nodes x;,

w; = Res[gy, x;] = ZILH} (z — xi)qn (2). (46)
It follows that
n
1
Wlf1=D i = — / f(@an(2)dz, (47)
i=1 T Je
where C now contains [—1, 1]. It can also be seen that since
1 f@)
= — —d 48
O (48)
we can write
1
If1= e / S (@m(z)dz, (49)
i Je
where
Udr
m(z) = — (50)
12—t
It follows that the remainder function k, (z) in Eqgs. 28-30 is given by
k() = m(2) — gu(2) = Ry, (51)
7)) =m(z
" = ( AT

While we do not have a closed form expression for &, (z), it can in the limit n — oo
be shown to satisfy [3, 6]

kn(z) ~ (52)

Cn
(z+ /72 — 1)2n+1 ’
where
27(T 1))?
cn = 7L+ 1) ~ 2. (53)
'm+1/2)I'(n 4+ 3/2)

While this is an asymptotic result valid for n — oo, we shall see that it provides an
accurate approximation of k,, also for moderately large n.

In the following analysis we will need derivatives of k,, for the residue at high
order poles. The first two derivatives are

K@) = k() — ot D) (54)
T
2
C© ~ <(2n + 1)2 Lt 13)) 55)
V21 V2 -1

From Egs. 54 and 55 we can induce that the gth derivative of k,, will have the form

q
KD (2) ~ k, (2) ((— %) ) ((2n n 1)‘1‘)> , (56)
oo
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such that we for large n can use the approximation

q
KD (2) ~ & (2) <—2"—+11> . (57)

Z2_

3.1.3 Complex kernel

We now wish to study the Gauss-Legendre rule applied to the complex kernel (37)
on [—1, 1]. The integral is then

! dx
I = TS—— 58
= [ ¥

which has a pole of order p at zg. Letting C in Eq. 30 enclose [—1, 1] and zp, the
integrand f,(z)k,(z) vanishes as we take C to infinity. The remainder is given by the
residue, i)
Ru[fy] = —Res [M’ Zo] — M (59)
(z —z0)? (p—D!
Using the estimate (57) for the derivatives of k,, we get the following estimate for
the remainder:

Theorem 1 Let f,(x) = (x — z0)™? with zo = a + ib, with —00 < a < o9,
b > 0 and p € N. The magnitude of the remainder when using the n-point Gauss-
Legendre rule to compute fj] Sfp(x)dx is then in the asymptotic limit n — o0 given
by

p—1

2 2n+1 1
IRy [fpll = TN : (60)
p AN |20 + /23 — 1]2+!

Proof The proof follows from Egs. 52, 57 and 59. U

We have (see e.g. [3]) that the factor |z + +/z2 — 1|2”+1 is constant on an ellipse
with foci at =1, and consequently that it has a minimum when Re z = 0. The decay
rate for a general zo = a+1ib is therefore bounded by the decay rate given by zg = ib,

1 1
< .
|zo + Z%— 1|2n+1 |b+vb2+ 1|2n+1

(61)

Assuming b < 1 and discarding O (bz) terms, we can simplify the result of Theorem
1 to -
RSS2y
where a(n) < b(n) now denotes “approximately less than or equal to” in the
limit n — o0, in the sense that for a K(n) such that a(n) < K(n), then
lim,—00 K(n)/b(n) = 1. Although just an approximation, the result in Eq. 62
compares very well to numerical experiments, as shown in Fig. 3.

(2n)P~ e, (62)
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fi(@) = (= — (0.20) " fro(z) = (x = (0.20)) 710

1071 « Error (rel.) 1071 *-'/" - Error (rel.)
Estimate / Estimate
bl
1075 |- 1073 *‘
|
|
|
|
1079 |- 10-9 |-
10713 - 10-13 |-
10-17 | | | | J 10-17 . |
0 20 40 60 80 100 0 50 100 150 200
n n

Fig. 3 Gauss-Legendre rule quadrature error for f,(x) on [—1, 1], with estimate computed using (62)

3.1.4 Cartesian kernel

Let us now consider the Cartesian kernel (38) and the quadrature error when
computing

! dx
1= Gy ©

using Gauss-Legendre quadrature. The case of p = 1 was studied by Elliott, Johnston
& Johnston [7], and following their example we write the complex extension of g, as

1 1
e (e vl P VTR 4

which has poles at zg and Zp,

z0:=a+ib. (65)

Letting the contour C enclose [—1, 1] and the poles, we see that the integrand vanishes
as we take C to infinity, and we are left with a remainder determined by the residues,

Rulgpl=— ) Res[ ) w] (66)

_ (z —20)P(z —Z0)P’
w={z0,20}

with &, as defined in Eq. 52. These residues are easily evaluated as

-1
Res [ knl2) ,Z()i| - & ( kn(2) ) . (67
(z —20)P(z — Zo)P (p—D'dzr=! \(z 20" ) —,,
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Error estimation for quadrature by expansion 207

Carrying out the full computations for p = 1, 2, 3, we get

1

Rlgi] = — Ik o)l (68)
Re (k! Im [k,

Rulga] = — e[z,fz(Z)] PR (69)
Im[k” 3Re[k! 3i Im[k,

Rutp = IO IR )] by 0

For large n, the dominating term will be the one with the highest &, -derivative, so we
can make the approximation

1 kP o)
(p— D! (z0 —Z0)P
We combine (57), (71), zo — zo = 2ib and k,(zo) = k, (z0), to get

Res (g, (2)kn(2), 20] (71)

Theorem 2 Let gp(x) = ((x — a)?> +b*) 7P with —o0 <a < o0, b > 0and p €N,
and let R, [gp] denote the remainder when using the n-point Gauss-Legendre rule to

compute fil gp(x)dx. Then, in the asymptotic limit n — o0,

2 Im(kS" " if p odd,
IRalgpll > ————— x | Il oIl )
(p — DI2b)P | Re[k,” " (zo)]l if p even,
where zo = a + ib and
@) 2n+ 1 )t] 2
kn''(z) = (— . (73)
" /ZZ -1 (z+ /ZZ _ 1)2n+1
Proof The proof follows from Egs. 57, 66 and 71. O

Repeating the argument of Section 3.1.3, we can by assuming b < 1 estimate the
largest error for all a as

2

Raligpll S = ppn? e (74)
which provides a relatively clear view of how the error depends on p, b and n.
Figure 4 shows experimental results using both this estimate and Theorem 2, as well
as the results obtained when including all terms of the differentiation in Eq. 67. The
left column of Fig. 4 shows results for a # 0, in which case the error has an oscilla-
tory behavior in n. These oscillations are bounded by the case a = 0, shown to the
right. The top row shows results for p = 1, where our estimates are very accurate.
The center row shows that our estimates lose accuracy for small n at p = 5, though
that loss can be recovered by including all derivatives, as in the bottom row.

3.2 The trapezoidal rule

For periodic integrands, the trapezoidal rule is typically the quadrature rule of choice.
It is easy to implement, has an even point distribution and converges exponentially
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100

10-4

108

10712

g91(z) = ((z — 0.1)> + (0.2)*) "

Error (rel.)
—— Estimate

|t

—16
107105
100 =

10-4

10712

N

20 40 60 80
n

g5(z) = ((z — 0.1)% + (0.2)%)~°

|
100

Error (rel.)
—— Estimate

™
Y

—16
10 0

10—12

100

g5(z) = ((z — 0.1)% + (0.2)%)~°

Error (rel.)
—— Full expression

10—16

g1(z) = (2® +(0.2)°) 7"

100 5
Error (rel.)
—— Simple estimate
1074
1078 [
10712 -
10-16 | | | | ]
0 20 40 60 80 100
n
g5(x) = (2 +(0.2)%) 77
100 reees
\ Error (rel.)
/ Y, —— Simple estimate
1074 [
1078 |-
10712 -
_16 | | e o
10 0 50 100 150
n
g5(x) = (2 +(0.2)*) 77
100

Error (rel.)
—— Full expression

Fig. 4 Gauss-Legendre quadrature error for g,(x) on [—1, 1], “Full expression” is computed using
Eqgs. 6667, “Estimate” using Eq. 72 and “Simple estimate” using Eq. 74
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fast. In our analysis we will assume the interval of integration to be the unit circle,
parametrized in an arc length parameter . Without loss of generality we can then
assume the singularity to lie on the x-axis at a distance b from the boundary,

20 =14b, (x0, y0) = (1 +b,0), (75)

with b > 0. Our target kernels are then

fp() = (76)

(z(t) — zo)?’

1
((x(®) = x0)* + y()HP~
The kernel fj corresponding to p = 1 is essentially that of the Laplace double
layer potential. A bound on the quadrature error for this potential was derived in

[2, Thm 2.3] for " a general curve discretized using the trapezoidal rule. This bound
corresponds to the result in Theorem 3 (below) for p = 1 and I the unit circle.

gp(x(®), y@) = (77)

3.2.1 Contour integral

We here state the necessary results for error estimation using contour integrals for
two cases: integral over a periodic interval and integral over a circle in the complex
plane. These results and more can be found in the thorough review by Trefethen
and Weideman [15]. It is worth noting that the remainder functions (79) and (82)
for the trapezoidal rule are exact, in contrast to the asymptotic results used in the
Gauss-Legendre case.

Integral over a periodic interval For a 27 -periodic function f we approximate the
integral I[ f] = 02 & f (x)dx using the trapezoidal rule

2 n
Qulf1= =23 fw). x =2mk/n. (78)
k=1

To compute R, [ f], we let C be the rectangle [0, 2] &+ ia, a > 0, traversed in the
positive direction. The sides of rectangle cancel due to periodicity, so we need only
consider the top and bottom lines. The appropriate remainder function is given by
[15]

1 [mz> 0,

PSR e
i { einzl,il Imz < 0. (79)

Integral over circle in the complex plane For a function f(z) on the unit circle we
have z = ¢'!, such that

2 )
I[fl1= | f(eM)dt, (80)
and

27 .
QA= =23 f G, z= e, (81)
k=1
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For the contour integral we let C be the circle |z| = r > 1, and the remainder function
is then given by [15]

-2
() = ——. 2
k@ = s (82)

3.2.2 Complex kernel

Integrating f, (76) on the unit circle in the complex plane, we wish to compute

2 dt
= —< 83
= o ®)

with z(t) = ¢’ and zo = 1 + b. Letting C enclose the unit circle and zo, we can
compute the remainder of the trapezoidal rule as
1 kn(z kn(z
Rolfpl = o~ [ =294 —Res [4 ZO} , (84)
27i Je (z — z0)P (z —z0)?
with &, as defined in Eq. 82. Taking C to infinity the integral vanishes, and the error
is given by the residue at zp, where there is a pole of order p such that

Rulfp] = — kPV A+ b). (85)

(p—D!
If we evaluate the derivative analytically, this expression is exact. For large n we can
estimate k,, as,

kn(z) ~ =2z~ (D (86)
such that
_ - -1
kP~ og(—1)p! D ttp=D —ep) (87)
(p— D!
We can simplify the product in the numerator through
(n+D--(n+p-—D=n+pr " (88)

Putting it all together, we get the following result:

Theorem 3 Let f,(z) = (z —z0) P with p € N, [zl = 1 +band b > 0, and

let R, [ fp] be the quadrature error when computing f02” I (e'")dt using the n-point
trapezoidal rule. In the limit n — oo we then have that

p—1
Rul ]l = 2 L2 (g gy, (89)
g (p =1
Proof The proof follows from Egs. 85, 87 and 88. O

The expression in Theorem 3 gives a very good estimate of the error. In Fig. 5 we
compare it to numerical results for p = 1 and p = 10, and in both cases it captures
the region of exponential convergence very well.
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fi(z) =(z—12)"1 fio(z) = (z —1.2)710
10° Error (rel.) 100 = + Error (rel.)
Estimate / \ Estimate
/ )
/
104 1074
10-8 1078 -
10-12 10-12 |-
16 el 16 | | LNt 1
10 0 100 200 300 10 0 100 200 300 400
n n

Fig.5 Trapezoidal rule quadrature error for f},(z) on the unit circle, compared to the estimate in Theorem 3

3.2.3 Cartesian kernel

Integrating g, (77) on the unit circle with (xo, yo) = (1 + b, 0), our target integral is

27 d
I[g,] = / ! 90)
o

(cost — xp)2 + sin? t)p

where ¢ is an arc-length parameter describing the unit circle. Letting g,(z) be the
complex extension of g, (), we can write

1
(z) = . (C2))
&r (14 x3 —2xo cosz)p
This function has poles at zg and Zo,
z0 = ilogxp =1ilog(l + b). (92)

It is also periodic on the interval [0, 27], so we let C be the rectangle [0, 2] & ia,
a > 0, traversed in the positive direction, and take the remainder function as defined
in Eq. 79. Letting a go to infinity the contribution from the contour vanishes, and the
remainder is given by the residues at the poles,

Ru[g)]=— D Res[g,(ki(2), w]. (93)

w={z0,20}

To compute the residue at zg we begin with the definition (31)

1 dr-1 ( (z —z0)?

R ky, = li
° [gp " ZO] (p—D! zl>nz10 dzr-' \ (1 +x§ — 2xpcosz)P

kn (z)) N
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Taking the limit for the first few p we note that the residues from z¢ and zZg are equal,
such that we can express the remainder as

k(o)
Raleid = 5" 0 95)
_ Zk;(zo) 2i(b(b + 2) + )k, (z0)
Rulead = 320 S, (96)
k! 3(b(b+2 Dk’
Rilg] = ——tn@0) | 3G+ D+ D) oy 0y (o7)

- +
b3(b +2)3 b* (b +2)*
When 7 is large we can estimate the remainder function as

- | =™ Imz > 0,
kn(z) >~ 2mi {e”’z Imz < 0. (98)
such that
KD (z0) ~ —2mi(in)? (1 + b)™". (99)

For large n the remainder will be dominated by the highest derivative of k,, so we
can simplify to get the following result:

Theorem 4 Let g,(x,y) = ((x — x0)2+y) P withpeN xo=1+bandb > 0,

and let | R, [g ]| be the quadrature error when computing fozn gp(cost, sint)dr using
the n-point trapezoidal rule. For n — o0 the error is then asymptotically given by

| Rulgp]l ~ i - (100)
T = DI+ 2b)r (1 by
Proof The proof follows from Egs. 92, 93, 94 and 99. O

Figure 6 shows the estimate of Theorem 4 applied for p = 1 and p = 5 with
b = 0.2. The exponential convergence is well captured, though at low n and large p

gi(z,y) = ((z - 1.2)2 + %) 71 g5(z,y) = ((z — 1.2)2 +y?) 5

Error (rel.) - Error (rel.)
Estimate

Estimate

100 100 o,

10—4 10~4

10-8

10-8

1012 10—12

.o . o ) _16
100 200 300 10

n n

Fig. 6 Trapezoidal rule quadrature error for g,(z) on the unit circle, with estimate given by Theorem 4
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some accuracy is sacrificed by our simplifications. If the point (xg, yp) is not on the
x-axis, but still on the circle of radius 1 + b, then the error has wiggles similar to
those present in Fig. 4. The result in Theorem 4 then follows the maximum of those
wiggles.

3.3 Comments

We now have asymptotically accurate estimates of R, [ f),] and R,,[g,] for the trape-
zoidal and Gauss-Legendre rules on simple model geometries (unit circle and line
segment). The derivations of these four estimates all follow the same basic recipe,
which for an integrand f and remainder function &, can be summarized as follows:

(i) Find the poles {z;} of f.
(i) Take the error to be the residues of &, f at {z;}.
(iii) If necessary, simplify the result by keeping only the term that dominates as
n — oo. In the examples we have considered, this has been the one with the
highest derivative of k.

A few comments are also in order before we move on to applying our results to more
general problems.

Non-integer poles Our derivations of error estimates for f, and g, are only valid
for integer p. In practice we want to estimate the error for kernels like |x — x|~ 9,
g € N, which means that p also takes half-integer values. Instead of carrying out
new derivations for p half-integer, we simply note that the estimates we already have
work well in practice also for half-integers, as long as the factorial is computed using
the gamma function,

(p—DI=T(p), (101)
which is true for integer p.

Taking the density into account When computing the QBX coefficients (7) and
(12), we typically have kernels like f}, or g, times a non-constant density o . For the
2D coefficients a; in Eq. 7 we for example have the integrand o (z) f;(z). With a
pole of order j in f; at zg the residue contains all the derivatives of o up to oD
evaluated at zp, so a minimum requirement is that those derivatives are bounded.
Let us now assume o to be smooth everywhere, which in the BIE setting is quite
reasonable. The only residue to consider is then the one at zg, which is dominated by
the highest derivative of k,,,

Res [0(2) f(2)kn(2), 20] = 0 (z0) Res [ fj(2)kn(2), 20] - (102)

Depending on o, the error may also have a contribution from the contour C, as the
contour integral may be non-vanishing at infinity. This contribution can however be
safely neglected in the asymptotic region, as the contribution from the poles then
dominates the error, at least for poles close to the domain of integration.

As a concrete example, let us now consider the density o (x) = x¥¢!”* multiplied
with g, integrated on [—1, 1] using Gauss-Legendre quadrature. (A density like this
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with k or m nonzero would appear when using a discretization that corresponds to a
polynomial or a Fourier series that is integrated term by term.) The integrand

xkezmx

((x —a)2 +b2)P’
is analytic everywhere expect at the poles zop = a +ib and Zp, so we can compute the
error as the contour integral of kA over C plus the residues. As C tends to infinity
the integral does not vanish for any »n, since then |k, (2)h(z)| ~ |z|k—2p—2n—1gmlz],
Taking C to be a circle of radius R > 1,

h(x) =0 (x)gp(x) = (103)

| /(; kn ()1 (2)dz] =(9(Rk_2”_2”_lemR) < O(Rk_z”e’"R>. (104)

2n—k
m

_ k—2n
|fkn(z>h<z>dz| <0 ((2” k) ) ~ 0 (n), (105)
C me

We have o smooth everywhere, so we use the simplification (102) of keeping only
the highest order derivative in k;,, such that

R[] = 0 (z0) Res(gpkn, 20) + 0 (Z0) Res(gpkn, Z0) + O(n~"). (106)

The last term has faster than exponential decay, so the contribution from the poles
will dominate the error. Inserting (71),

Minimizing the rightmost bound with respect to R gives Rpyin = , such that

kP (20

IRy [h]] = (Jo(z0)| + Ia(zo)l)—(p_ Dib)? (107)
(p—1
= lzol"(e™" +e )(p_l)!(%)p. (108)

We can thus get an error estimate for / by taking our previous results for the kernel
fp, multiplied by the density o evaluated at the poles of f),.

Our experience is that the above reasoning holds true also in the general case, such
that we can estimate the quadrature error for an arbitrary, smooth density using the
error estimate for the kernel times the density evaluated at the poles. In practice we
can simplify this even further by using the values of the density on I', since that is
what we have access to in a numerical implementation. If x, is the point on I" closest
to zg, we then use that o (zg9) & o (x.) if r small and o smooth. For a nearly singular
kernel f this allows us to use existing error estimates by writing

Rulofl~ o(x) Ryl f]. (109)

4 Applications

In the previous section we showed how to develop quadrature error estimates for
the kernels f}, and g,, when integrated on model geometries using the trapezoidal
and Gauss-Legendre quadrature rules. We will in this section show how these error
estimates can be used to estimate the quadrature errors of QBX. Before we do that,
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however, we will show an example of how we can use our results to estimate the error
when evaluating a nearly singular layer potential using regular quadrature.

4.1 Double layer potential in two dimensions

To see how our results can be used when working with the double layer potential, we
now consider an example from Helsing & Ojala [10, sec. 10.1]. We then consider the
two-dimensional double layer potential in complex form

u(z) = / o(w)Im |:d_wi|, (110)
r w Z

where o is the solution to an interior Dirichlet problem with a known reference
solution! uef(z). The boundary is starfish-shaped with parametrization

2(t) = (1+0.3cos50)e', —m<t<m, (11

and is divided into 35 panels I'; of equal length in ¢. Each panel is discretized using

a 16-point Gauss-Legendre quadrature rule, for a total of 560 discretization points.

Computing u(z) in the interior using the Gauss-Legendre quadrature results in large

errors close to the boundary. This can be seen in Fig. 7a, which shows the relative
pointwise error

e(z) = lu(z) uref(Z)|. (112)

llref(2) loo
An accurate estimate of e(z) for I' discretized using the trapezoidal rule can be

observed in [2, Fig. 1]. To estimate e(z) when using Gauss-Legendre panels, we can
use our results from Section 3.1.3 to estimate the error e; from each panel I';, and
then sum them together,
Npanels
e@= )Y ). (113)
i=1

(In practice it suffices to use the contribution from the two closest panels, as the
closest panel completely dominates the error except for when z is close to the edge
between two panels). Replacing each panel with a corresponding flat panel, we can
generalize the results of Theorem 1 to estimate the error from panel I'; as

27 o |l Loo(ry)

|20 + /25 — 112"+

where z is the location of the pole z under the transformation that takes I'; to [—1, 1].
We approximate the imaginary part of zg as Imzg = 2 d/L, where L is the length of
I'; and d is the shortest distance from z to I';. The real part Re z¢ is approximated as
the real part of z after applying the scaling and rotation that takes the endpoints of T';
to —1 and 1.

Evaluating the estimate (114) in the interior produces an error plot which in “eye-
ball norm” is identical to that in Fig. 7a. If we are more careful and compare the

ei(z) S

(114)

'We refer to [10] for details on s and how to compute o.
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-10

-15

(a) 10-logarithm of the error e(z) in a section (b) Level contours of logyje(z) = {—15, =12, —9, —6, —3} in the
of the starfish. cutout indicated in (a). Actual error (112) in black, estimate (114)
in red. The noise outside the contours are roundoff errors at 10715,

Fig. 7 Error when evaluating the double layer potential on a starfish domain using 35 Gauss-Legendre
panels with 16 points each

level sets of the error and the estimate (Fig. 7b), we see that the correspondence is
extremely good for panels that are close to flat, while the estimate suffers some inac-
curacy for curved panels. Increasing the number of panels improves the accuracy of
the estimate (Fig. 8), as the individual panels then are less curved. By removing the
absolute value in the denominator of Eq. 114 and instead taking the imaginary part
of the whole expression we can also reproduce the small-scale oscillations of the true
error, though that has small practical relevance.

These results suggest that our error estimates are useful for estimating the magni-
tude of quadrature errors due to the near singularity of the integral. This allows for a
cheap way of determining when one needs to use a special quadrature method, such
as QBX or the one outlined in [10].

4.2 QBX in two dimensions
Let us now return to the QBX quadrature error for the single layer potential in two

dimensions, which we introduced in Section 2. We let I be a curve divided into N
panels of length h, and compute the coefficients a; at an expansion center z. from

(a) (b)

Fig. 8 Same plots as in Figure 7, but with 70 Gauss-Legendre panels
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Eq. 7 using n-point Gauss-Legendre quadrature on each panel. We then have from
Eq. 14 that the quadrature error is

P
EQ(Z)=ReZ(aj—&j)(z—zc)], |z —zcl =, (115)
j=0
which is bounded by
p
leol <Y " laj —ajlr/. (116)
j=0

This error is discussed in Epstein et al. [8], where they use the standard Gauss-
Legendre error estimate (39) to get

h 2n
leg| < Cn(p,T) (ﬂ) lelican, (117)

from which it is concluded that r > h/4 is required for the quadrature to converge.
This does however not give any information about the rate at which the quadrature
error grows with p. Nor does it give any practically useful information about the
quadrature error, since it is easy to numerically verify that r < h/4 works just fine
as long as n is large enough. In fact, the standard Gauss-Legendre error estimate is
overly pessimistic for this type of integrand, as discussed in Section 3.1.1.

Using the result in Eq. 62, as follows from Theorem 1, and generalizing as dis-
cussed in Section 3.3, we can estimate the quadrature error on the interval [—1, 1] for
a function of type h(z) = o (z)(z — z0) ~/ as

IR, [1]] S lo(z0) (2n)/~tem im0, (118)

(= D!
under the assumption Im zgp < 1 and o smooth. Using a change of variables from an
interval of length & to [—1, 1] and setting zo = 2ir/ h, we can estimate the quadrature
error for a single coefficient as

s 1 (4n\/™! —dnr/h
|aj—aj|§C(F»h)ﬁ ) e lollos ). (119)

where T, is the strip of width r stretching from I into the domain. In practice we can
use ||o || poo(r,) A ||o || ooy if r small and o smooth. For I' a perfectly flat panel the
constant would be C(I", h) = 2m, and in practice C is close to 2x if the panels on a
general I" are close to flat, since the error is dominated by that from the panel closest
to z.. Putting (116) and (119) together allows us to estimate the quadrature error as

h|< 1<4nr

<CT,h)— —
leol S CT, 1) ,Z -

J
: ) e Mo |l Leqry). (120)
:0]'

Discarding the term corresponding to j = 0 (which is small) and using Stirling’s
formula (42), we can simplify this to

/ hg~ 1 (4nre\’ dnr/h
|eQ|§C<r,h);Zﬁ =) ¢ lorll oo (r, - (121)
j=1
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This expression gives a reasonably clear of view of how the error depends on the
involved variables, and Fig. 9 shows that it captures the behavior of the quadrature
error quite well. The quotient 4r/ h appears here too, but without any type of bound;
the convergence in n will just stall as r/h — 0. Interestingly, the estimate (121) is
similar to the bound on the quadrature error derived in [2, Thm 3.2] for the double
layer potential using the trapezoidal rule.

The sum over j in Eqs. 120 and 121 makes the expressions a bit cumbersome to
interpret, though we can deduce that the error will in some parameter regions grow
exponentially in p. Recognizing that the sum in Eq. 120 is the truncated exponential
sum, we can write

P j
Zl, <4%) < rih, (122)
=07

such that, surprisingly, the quadrature error has an approximate upper bound inde-
pendent of p,

h
legl S C(T, Wl liee,). (123)

Alternatively, we can use the definition of the incomplete gamma function I"(n, x)
for integer n,

n xJ 00
Fn+1,x)=nle” Z 7 = f e~ dr, (124)
j=0"" *

to put the estimate of Eq. 120 in a form that may not be easier to interpret, but at least
is more compact,

h
legl S C(T, h)—4 [Dp+ L dnr/h)||o||lLer,). (125)
np!
1071 .
~ 1076 | . T i
= < o
i | e
= N . L
2 N ,/-//
ia) N . > Jleglloo
10-11 | 2 ot Estimate N
oy llerlloo
R SRS S0Pt log )
\ - - - Upper bound
10-16 | | RN | | | | I I
5 10 15 20 25 30 35 40 45 50
P

Fig. 9 Error components (14) of 2D QBX on the unit circle, using density o = (sin )0, measured at
all nodes by comparing to a highly resolved reference solution. Numerical setup is N = 20, n = 100
and r/h = 0.1. The quadrature error ep and its upper bound are estimated using Eqs. 120 and 123 with

C = 2w, while the decay of the truncation error er roughly follows (15)
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4.3 QBX in three dimensions

For the single layer potential in three dimensions, we need to estimate the quadrature
error in Eq. 12. The surface quadrature on I' is assumed to be a tensor product quadra-
ture rule, such that the surface is sliced into one-dimensional cross sections. We will
here show how to develop estimates for a simple square Gauss-Legendre patch, but
results for the more complicated case of a spheroid can be found in Appendix. Before
doing that, however, we need to work out two preliminaries: (i) How to relate the
remainder of a composite surface quadrature to the remainders of the corresponding
one-dimensional quadrature rules. (ii) How to account for the magnitude and nearly
singular behavior of the spherical harmonics component of the kernel in Eq. 12.

Surface quadrature remainder Let I> denote a composite surface integral that is
independent of the order of integration, and let the subscript Iy denote an integral
carried out in the variable s,

PLf(s, 0] =L L[f(s,0)] = f / (s, dsdr. (126)
r
Applying a tensor product quadrature rule over the surface, we get
P f = Qus Qus [ +Rut Qu £+ Qui R [ +RuiRus f. (127)
—
=Q; f

Assuming the quadratic remainder term to be negligible and that Q,, , ~ I, we can
approximate the remainder of the surface quadrature as

R2f =@ -Q)f ~ (4R + LRy f. (128)

So the surface remainder is approximately equal to the integrals of the one-
dimensional remainders, which is what one would expect.

Spherical harmonics kernel For 3D QBX, our goal is to compute the quadrature
error eg (17),

p 1
eog = Ix—xol' Y (@ —a")¥ " (br. 0x). (129)
=0 m=—I
where
. 4 -
off —af' = SE R [y =30l 6y o ()] (130)

We can simplify this by using the Legendre polynomial addition theorem [9],

4

P[(COSQ) = ZZ—H

1
> ¥ O 00 6y, 9y), (131)
m=—I[
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where 6 is the angle between x — x¢ and y — x¢. Using this, we can simplify the
quadrature error to

p
eo = lx = xol' R, [y = xo 7~ Pitcos ) ()] . (132)
=0

Our task is then to estimate the quadrature error of the kernel
Pi(cos8)
Ki(x,y) = ——, (133)
ly = xol™*

which we shall refer to as the Legendre kernel. We are mainly interested in the
quadrature error when QBX is used for singular integration, so we will assume x € I,
such that

xo—x=rA and minly — xg| =7. (134)
yell

In order to estimate Rﬁ[K 11, let us now consider the integral along a curve that is
the intersection of I' and a plane containing the expansion center xo = (xg, Yo, 20)-
We name the curve y and assume without loss of generality that it lies in the xz-plane,
such that y = (x, 0, z) and xo = (x9, 0, zo). Then,

ly — x0l = v/(x — x0)2 + (z — 20)2 > 1. (135)

Also assuming xg — x = rz, we have that

(136)

So cos 6 contains the inverse of the distance to x¢, which is nearly singular for small
r. At the same time, the Legendre polynomial P;(cos6) is a degree ! polynomial in
cos 6. From our analyses of the Cartesian kernel g, (22) we know that the quadrature
error increases rapidly with increasing powers of the inverse distance, so we can
approximate it using the leading term of the polynomial. From Rodrigues’ formula

1 d o, !
Pi(x) = 21_1!@()“ -, xel[-1,1], (137)
we can derive that
20)!
Pi(cosf) = 25(”))2 cos' 6 + O(cos' =1 0). (138)

Inserting (136), we get

Pi(cosf) =

; -1
@n! (z — z0) O<(Z—ZO> ) (139)

2y —xoll T \ly—xol !
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Keeping only the leading term and inserting into (133), we see that the quadrature
error for the Legendre kernel K can be estimated by studying the quadrature error of
the function

oy
Yix,2) = By o (140)
((x =x0)2 +(z—20)%) "2
@n!
since on y
Ry [Ki(x, )] ~ Ralyn]. (142)

The magnitude of the spherical harmonics B; can be simplified using Stirling’s
formula n! ~ +/ 27m"+%67”,

1, forl =0,
2L/ rl, forl > 1

An error estimate for v; follows from our results for the Cartesian kernel g, (22) in
Theorems 2 and 4, since

B ~ { (143)

Vi (x.2) = Biz = 20)' g, 1 (x. 2). (144)
In fact, a good estimate of the error is obtained by analyzing the simpler form
Ve, 2) = Bir'g 1 (x.2). (145)

where r = minycr |x — Xgl.
4.3.1 Gauss-Legendre patch

When forming a quadrature rule for a general surface I', a straightforward method
that is often used in BIE methods is to divide the surface into approximately square
patches, and then use an n x n tensor product Gauss-Legendre rule on each patch
(which then looks like Fig. 10). Denoting the patches I';, the QBX expansion
coefficients at a center x( are then computed as

4
o Z[r ly — xol 771 Y8y, )0 ()dS,y, (146)
i i

L=+

with the approximate coefficients o;lm computed using the associated quadrature rule
for each patch. To be able to estimate the QBX quadrature error e (17) we need to

Fig.10 Ann xn
Gauss-Legendre patch
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be able to estimate the quadrature error from each patch when evaluating (146) using
Gauss-Legendre patches.

We now focus on the error from a single Gauss-Legendre patch, in the special
case of it being square and flat. For that we let I" be the patch (x, y, z) € [—1, 1] x
[—1, 1]x {0}, and let xo = (x0, Yo, r) be a point close to I". We consider the simplified
form of the quadrature error (132),

P
eg =Y _|x —xol R} [Ki(x, Yo ()], (147)
1=0
where K; is the Legendre kernel (133). To estimate the quadrature error of K; on the
patch, we consider the quadrature error of the equivalent kernel \¥;,

Wi, y) = Bir'gl ) (x, ), (148)
which is the 2D analogue of Eq. 145 and satisfies R? K; &~ R2 ;. Here glz7 is the
Cartesian kernel over the patch, defined as

1
((x = x0)> + (y = yo)2 +1r2)P’
Evaluating the integral of g,zj on I" using the tensor product Gauss-Legendre rule, we
can expect (and verify) that the error for a given r is largest for xo above the center
of the patch, xo = yo = 0. By symmetry we then have that I, R, , = I, R, ,, so we
can use the results in Eqs. 74 and 101 with 5> = y? + 2 to estimate Ry.x [g%], which
gives us

gy(x,y) = (149)

1 -1
2 nP _ -
Rﬁ[gf,]wzlan,x[g,%]szfl RSl MGy (150)
-1 T(p)(y*+r?)2

We compute an approximation of this integral by expanding the square root around
y=0,
T O+ ) PR gy n pp [ g2/ gy,
=rPe= 2 Jrr/nef(/n/r).

We are considering large n and small r, so erf(\/n/r) =~ 1, such that

1
f (2 + 2PN gy & p P2 (152)
—1

(151)

This means that the result of the integration in y is approximately equal to multiplying
the value of the integrand at y = 0 with § = /7r/n, independent of the integration
bounds (as long as the interval is wider than §). An interpretation of this is that most
of the error comes from a strip of width § centered around y = 0. Finally combining
(148), (150) and (152), we get the estimate for ¥; on a patch,

3
42 -1 _—2nr
T +1/2)

We now consider a slightly more general case, where the patch is of size & x h.
The corresponding change of variables from a unit square patch in the integral of ¥,

R2[W] < (153)
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allows us to use the results in Eq. 153 with the additional factor (2/k)'~! and the
change r — 2r/ h. It follows that the quadrature error for the Legendre kernel K; on
a flat Gauss-Legendre patch with sides & can be estimated as

3 -1

472 B 2

RI[K/] S ——L f(—”) e/t (154)
Fi+3) \h

where r is the distance from the expansion center to the patch.
We now let x; = (xy, ¥, 0), —1 < x;, y; < 1, be a target point on the patch I"' and

xo = (x, y, r) be the corresponding expansion center. Using (109) gives us
Ry[Ki0]~ o (x) Ry [Ki]. (155)
Inserting this, Eqgs. 141 and 154 into (147) gives us the final expression for the QBX

quadrature error,

hd 2mien! nry
eo(x)| < lo(x)|— T E T () eAr/h,
leg(il S | (l)|n;1“(l+%)(l!)2(h>

(156)

The accuracy of this estimate is demonstrated in Fig. 11, which shows the QBX errors
for x; at the center of the patch, x; = (0, 0, 0). The grid has 96 x 96 points, r = 0.2
and o is a two-dimensional polynomial of degree 15 with random coefficients. This
would correspond to using a 16th order patch with factor 6 oversampling.

To put our result in Eq. 156 in a more general form, we simplify it one step further.
From Stirling’s formula (42) we have that I'(/ +1/2) ~ C e !, Combining this with
(143) and discarding the [ = 0 term allows us to estimate the 3D QBX quadrature
error on a Gauss-Legendre patch as

hd< 1 [dnre\! B
el SCL 2 (7) e Mo ller). (157)
=1

This is completely analogous to the 2D QBX result for Gauss-Legendre panels (121).

1071 | .
N U e o
-~ 10-6 |- \\\\ /‘/.,,A//V |
7 = P
: " o=
o) S e
o N
- s eal
10-11 |- o N o leg B
A BN Estimate
e S jer
o0 / \\\ 7770(14#1)
10-16 | | | I I | I | [ o 4 | | 5 )

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

Fig. 11 The error components (16) and (17) of 3D QBX when applied to a Gauss-Legendre patch and
compared against a reference solution. The quadrature error e is well approximated by the estimate (156),
while the decay rate of the truncation error er follows (18)

@ Springer



224 L. af Klinteberg and A. -K. Tornberg

4.3.2 Complex geometries

So far we have developed error estimates for simple geometries, but the frame-
work can be extended to more complex geometries in a straightforward fashion,
though the computations may be cumbersome. As an example of how one can
proceed, in Appendix we develop QBX quadrature error estimates for I' being
a spheroid, discretized using both the trapezoidal and Gauss-Legendre quadrature
rules. Another possibility would be to extend the previous section’s estimates for the
Gauss-Legendre patch, to account for the patch having curvature. This might be use-
ful when estimating quadrature errors on a general surface which has been divided
into patches.

4.4 Helmholtz kernel

As a final example, we shall briefly consider the use of QBX when solving the
Helmholtz equation (V2 4w?)u = 0 in two dimensions. This is the application which
has been considered in the majority of the QBX implementations to date [2, 11, 13].
Jumping straight into the details of the Helmholtz single layer potential (which can
be found in any of the above references), the quadrature error at an expansion center
Xo is then given by
p .
eo(x) = Y Ji(wlx — xole ™" (@ — &). (158)
I=—p

The expansion coefficients are computed as

i .
w= fr HY@ly = xohe™ o (»)dSy, lef-p...p},  (159)

where 6, is the polar angle of y — x¢. Here Hl(l) is the Hankel function of the first
kind and order /, defined as

HV () = ) + Y100, (160)

where J; is the Bessel function and Y; is the Neumann function, both of order /. As
r — 0, J; goes smoothly to zero, while Y; is singular. For our analysis based on
residue calculus, we need the leading order term of the singularity, which is given by
the power series of the Neumann function [12, §10.8],

I _
Yl(r)z—wr_l+(’)<r_l+2), 1>0. (161)
T

We now let I" be the interval x € [—1,1] and x9 = (a,b), b > 0, such that
y = (x,0) and |y — x| = +/(x — a)? + b2. We can then write |y — xg| = |x — 20|,

where z9 = a + ib. Using (161), the Hankel function in the integrand of Eq. 159 can
then be approximated as

2L — 1!
2= (162)
T

1 .
HD @l = zol) ~ 15—
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since we know that the residue at zg will be dominated by the highest order pole. We
futher define 6 to be the angle between x — zp and a — z¢ in the complex plane. The
exponential factor in the integrand is then

N - !
e = (cos6 +ising) = <w> = ( Y ) , (163)
lx — zol lx — zol
such that
, 2L — D! (x —Z0)!
HY (lx — zol)e" ~ —i (y'ra)l ) I(x ZZO|)21 (164)
—20
But
(x — )’ (x —20)! 1

= = ;= fi(x), (165)

Ix —zol?  (x—z0)(x —Z0))  (x —z0)
so the Helmholtz QBX kernel is in fact well approximated by the complex kernel f;
(37) times a factor depending on w and [/,

, 2l — 1!
1 ;
HY (lx — 20" ~ —i T fi(x). (166)
T
Integrating this using the Gauss-Legendre rule, it follows directly from Theorem 1
that

-1

(167)

2)1 2n+1

. 1
‘Rn [Hl(l)(a)pc — zol)e’m]) R 2 (— .
Z%—l lzo + /Z%—1|2"+1

1)
We now let I be a flat Gauss-Legendre panel of length /4, and zp be a point at
a distance r from I'. Including the variable change to [—1, 1] and following the
simplifications in Egs. 62 and 109, we can then write

8n

o1 , h b
o | = 7 |Ry [Hl(l)(a)lx —zo|)e”%]] Sg <%> e 6| Loy, (168)

which is sharpest when zg lies on the line that extends normally from the center of I.

We are now ready to insert (168) into (158). First, however, we assume that |x —

xo| = r and approximate the Bessel function using the first term of its power series
wr\!

[12,§10.2],
Jior) = oL e\ 2o 169
’(“”)_ﬁ(T) + ((1+1)z (7) ) = (169)

Discarding the negligible term corresponding to / = 0, rewriting the sum in Eq. 158
using positive [ (since |J;| = |J—;| and |Y;| = |Y_|), and applying Stirling’s for-
mula /! &~ /271(l/e)!, we finally get the QBX quadrature error for the Helmholtz
kernel,

1 hds 1 [dnre\! _
leol < -y — (—) e Mo || Loory. (170)
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Table 1 Order of magnitude of relative error, scaled with common factor (p—1)!,forh = f, andh = g,

O (IIhllz Rulh1(p — 1)) Gauss-Legendre Trapezoidal
Complex kernel f, (2nb)Pe=2b (mb)P(14+b)™"
Cartesian kernel g,, (nb)Pe=21b (nb/2)P (1 +b)™"

Computed from estimates (62), (74), (89) and (100), using O (|| f»llec) = b~ and O (ligpllcc) = b7,
where b is the distance from I" to the singularity

Remarkably, this estimate is identical (up to a constant) to that of the Laplace sin-
gle layer potential in both two (121) and three (157) dimensions, even though the
underlying PDE is different. It works just as well as the previous estimates, though
the nature of our simplifications makes the accuracy better for small r and w. For
r/h = 1/2 (which is quite large), the estimate seems to have acceptable performance
at least up to wh = 20.

5 Conclusions

The model kernels which we have considered, f),(z, w) = [z—w| P and g, (x, y) =
|x—y|~2P, can be found in two and three dimensional BIE applications in general (for
small p), and in QBX in particular. Using the method of contour integrals, we have in
Section 3 derived accurate estimates (Theorems 1-4) of the quadrature errors when
integrating these kernels close to a singularity using the n-point Gauss-Legendre and
trapezoidal quadrature rules (on [—1, 1] and the unit circle, respectively). These esti-
mates are not in the form of bounds, which is what one classically seeks in numerical
analysis. Instead, they are asymptotic equalities valid in the limit n — oo. Their
key feature is that they predict the magnitude of the errors surprisingly well also for
small n, as we have seen throughout this paper. Extracting the dominating features of
our estimates, we arrive at the summary presented in Table 1, which shows how the
quadrature errors depend on n, b and p.

By applying suitable generalizations, we have in Section 4 of this paper demon-
strated how to use our results when working with BIEs and QBX. These results
are approximations rather than asymptotic equalities, but nevertheless provide error
estimates which are accurate enough to be used for parameter selection in practical
applications. Explicit estimates have been developed for Gauss-Legendre panels in
two dimensions, and for flat Gauss-Legendre patches and spheroids (Appendix) in
three dimensions. Though these results may prove useful by themselves, the more
important result is that the methodology used to derive them can be generalized to
other kernels and geometries in a straightforward manner.

The QBX quadrature error e for the Laplace single layer potential in two (14) and
three (12) dimensions is well captured by our estimates (121) and (157), when using
Gauss-Legendre as the underlying quadrature. For the Helmholtz single layer poten-
tial in two dimensions, the corresponding estimate is Eq. 170. A common feature of
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these estimates is that most of their dependence on the parameters” n, p, r and h is
captured by

hd~ 1 (4nre\ —dnr/h
leol ~ 227 (T ) Mol (171)
=1 !

This is in turn very similar to the results for the spheroid (213) derived in Appendix,
and to the bound for the double layer potential in two dimensions derived by Barnett
[2, Thm 3.2]. Taken together, these expressions provide a better understanding of the
QBX quadrature error, which appears to have similar behavior independent of kernel
and dimension. Previous results by Epstein et al. [8] for the truncation error (15,18)
provide insight into the truncation error and establish the analytic foundation for the
method. Putting these together with the results presented here, it is now possible to
understand the complete error spectrum when working with QBX both in two and
three dimensions.

We have in this paper focused on estimates for the harmonic single layer potential
in two and three dimensions. We have also shown how to derive an estimate for
the Helmholtz single layer potential in two dimensions, and derivation of similar
estimates for other kernels should follow along the same lines.
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Appendix: QBX quadrature error on spheroid

We will now carry out essentially the same analysis as for the Gauss-Legendre patch
in Section 4.3.1, but for the specific case when the surface I' is a spheroid (see
Fig. 12), defined as
2 2 2
# +5 =1 (172)
a c
The spheroid is denoted “oblate” when a > ¢, and “prolate” when ¢ > a. Using a
parametrization {s € [0, ], ¢t € [0, 2)}, we can describe the surface as

X = acosssint, (173)
y = asinssint, (174)
Z = ccost. (175)

2Gauss-Legendre quadrature order n, expansion order p, expansion center distance r and integration
domain size h.
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Fig. 12 A spheroid with
semi-axes (a) and (c)

A straightforward quadrature for this surface is to use a tensor product quadrature
with the trapezoidal rule in the (periodic) s-direction and the Gauss-Legendre rule in
the z-direction. These two quadrature rules will then operate along cross sections that
are circles and half-ellipses, as shown in Fig. 13.

To estimate the 3D QBX quadrature error as formulated in Eq. 132, we will work
with the Legendre kernel K; (133) on the spheroid. Considering the quadrature of
K; (133) on I' with the point xo at a distance r away, we can expect the largest
quadrature errors to come from the two cross sections (a circle in s and a half-ellipse
in t) that are closest to xg. To estimate the total error Rﬁ[K ;] on I we first need to
estimate R,Tl’ s[¥i] and Rfi [r1] on these cross sections, with ; as defined in Eq. 144
and T and G denoting the trapezoidal and Gauss-Legendre quadrature errors. Once
we have those estimates, we can approximate the integrals I; RZ’S [v;] and I R,?’ Lyl
It then follows from the properties of v; (142) and our approximation of the surface
quadrature error (128) that

IRZK ~ | LRy (Wil + 1 L, RS [y (176)

Trapezoidal rule on circular cross section For the trapezoidal rule operating along
the circular cross sections of the ellipse, we can expect the largest quadrature error at

(xc, 2c)

(a) Circle at z = 0, &g on the z-axis. (b) Half-ellipse at y = 0.

Fig. 13 Cross sections of a spheroid with x( at a distance r away
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an expansion center outside the middle (equatorial) cross section, which has radius a
(Fig. 13a), since that is where the node distribution is sparsest. That cross section is
described by

(x(s), y(s)) = (acoss,asins), s € [0,2w), a77)

and we can without loss of generality set xo = (a + r, 0, 0), such that

B (a sin s)l

Vi(s) = L (178)
((acoss — (a+r))? + (asins)?) 2
Rewriting the integral (where now |x'(s)| = a),
e B, [T sin’ sds
Vi(s)ads = — g (179)
0 a Jo ((coss — (1 +7/a))? +sin’s) " ?

we can use Theorem 4 withb =r/a, p =1+ % and the factorial generalization (101)
to estimate the quadrature error as

4maB; n'=2

Ry (Wil = : (180)
R sl L+ HQa)/rr+2a) (1 +r/a)*
where we have used that the contribution from the numerator at the poles is
since tog + byl = (222 (as1)
sin(#i lo = .
g 2b+2

To get the surface quadrature error we need to integrate this error across all cross
sections of the spheroid. Knowing that the quadrature error is local due to its fast
spatial decay, we simplify by integrating on the extension of the circular cross section
into an infinite cylinder of radius a, on which we integrate the estimate (180) after
substituting ¥ — +/z2 + r2. We consider only the factor (1 + a~'v/r2 + z2)~1=",
and expand the square root around z = 0. This leaves us with the integral

00 1 2 —l=n 2 rd+n-— 1
/ L= (r+ = g = Y2t nlan—3) g
oo a 2r (I+r/a)*tn Tl +n)
For large n we have
r{4+n-1
M ~n 12, (183)

' +n)
so we can interpret the result as the quadrature error coming from a strip of width
J2rr(a +r)/n. Inserted into (180), this gives us the desired estimate for the
trapezoidal rule quadrature error on the cylinder,

4daB | m(a+r) nl=z
I RT ~ ) 184
| I ns[lpl” F(l+%)(2a)l n(a+r/2) (1 +r/a)l+n ( )

We simplify this under the assumption r < a to arrive at our final error estimate for
the trapezoidal rule error when integrating v; on a spheroid:

B 473/2%q ( n )l 1
2a

LR, [yl ~ ——— (A +r/a)l+
| R, ([l T+ n (1+r/a)t+n

(185)
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Gauss-Legendre rule on half-elliptical cross section When considering the Gauss-
Legendre rule, we can without loss of generality limit ourselves to the cross section
where x > 0 and y = 0 (Fig. 13b), given by

x(t) = (x(t), z(t)) = (asint, ccost), s €[0,m]. (186)

On this curve the outward (non-unit) normal is given by

n(t) = (csint,acost). (187)
Let xo = (xp,zp) be a point at a distance r from the curve, and let (x., z.) =
(x(t.), z(t.)) be the point on the curve that is closest to xq (s.t. |[xg — x.| = r). Then

X0 = a simfi.,

nGo)l) ¢

ra
70 = <c + >COSIC, (189)
In(zc)|

where |n(t.)| = \/ a? cos? . + ¢2 sin? t.. We now want to estimate to quadrature error
for the integral

I[lﬂl]=[0 WY ()]x'(1)|dt, (190)
where
B 1!
i) = ((ccost) , (191)
. 44
((a sint — x0)2 + (ccost — 20)2) 2
Ix'(1)] = Va2 cos?t + ¢ sin’t. (192)

Series expanding the denominator to second order around 7., we get
Bi(ccost — zg)!

(k(tc)z(l — tc)Z + r2)l+% ’

acr + |n(t))?
k(t,) = | 2T IMUIT 194
) = " ol (199

Changing variables from ¢t € [0, ] tou € [—1, 1], we can write the integral as

Vi) ~ (193)

where

21 1 Iyt
(0= w2 )"
where the integrand now has poles at u( and uy,
uy = ur +iu;, (196)
u = 2t —m)/m, (197)
2r
uj = K (198)
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The problem is now in the form considered in Section 3.1.4, such that we can estimate
the quadrature error. Evaluating the numerator at the poles ty = . +ir/k(t.), we get
a contribution that we for r/k(t.) < 1 can approximate as

lecos(te + ir/k(te)) — zol' |x (te + it/ k()| ~ r![x' (t:)] = ! n(te)]. (199)

Insertion into the quadrature error estimate (72) gives, after some refactoring,

—(@2n+1)
M0+,/u(2)—1‘ , (200)

where ug = uo(t.) and k = k(#.). This cumbersome expression accurately captures
both the order of magnitude and convergence rate of the error for all variations of
the geometrical quantities a, c, r, f.. The rate of the exponential convergence in n is

determined by the base
ug + 4/ u(2) —1

The closer the base is to unity, the slower the convergence. To find an upper bound of
the error estimate for a given geometry a, ¢ and distance r, we need to find the point

t* = argmax B(t.). (202)

t.€[0,m]

I-3
B 2732 n(@)| | 2n+1
P+ @h'Vrk | f2

RS [¥]] ~

-1

B(te) = < 1. (201)

By studying the convergence rate for varying aspect ratios a/c and 7. € [0, 7], as
illustrated in Fig. 14, we can divide the problem of determining ¢* into two cases:

(i) a<c

The base 8 has a maximum at t* = /2, i.e. at the middle of the interval,
and our variables then simplify to

In(t™)| = c, (203)
k =+c2+ar, (204)
o = ib (205)

b=2r/mvc2+ar. (206)

Assuming b small and discarding O (b2) terms, we can simplify the resulting
error estimate to

B, w2ch (nb =172 _
G < 2bn
IR S mm s o (T ) o2, (207)

Also approximating k & ¢ (since ar < ¢?), such that b ~ 2r/mc, results in a
Very compact expression:

1

B; 27 (2n\' "2 4 .

IR Wl S —— = (—) etmrime. (208)
P+ ) v \e

(i) a > c The base g is symmetric about 7t /2 with two maxima of equal magnitude

in the interval, as shown in Fig. 14b. Here we have no closed form expression
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SRR T B =luo+\/u — 1|71
T T

—a?/a® + 22/ =1
-~ (zo(te), zo(te))

a>c
a=c
a<c
1 I I 1

-7 0.6

0.4
te/m

0.6 0.8 1

(a) Position of x¢ relative to the half-ellipse
for t. € [0, 7].

(b) Base of exponential convergence as a function of t.
for different aspect ratios.

Fig. 14

for t*, so to find the worst case error estimate for a given a, ¢, r we have to
solve (202) numerically and use the results in Eq. 200.

To get the error contribution from the entire surface, we would need to integrate the
estimate as the cross section of Fig. 13b is rotated around the z-axis. As an approx-
imation, we instead extend the cross section to infinity in the positive and negative
y-directions, and integrate the estimates (200) and (208) on the resulting surface,
with r — /y2 + r2. Repeating the process used for the Gauss-Legendre patch in
Section 4.3.1 and for the circular cross section above, it can be shown that the inte-

L

grated error is approximately equal to that from a strip of width 7, /5.

max(a, c).

(a,c) = (3,1), r = 0.4, lmax = 10 (a,e) = (1,3), r = 0.4, lmax = 10

10t T T T T 10t T T T T
pessteoee, « Tzerr. = Tzerr.
Tz est. Tz est.
GL err. GL err.
1073 —— GL est. [| 1073 —— GL est. [

10—11

10—15

AN

400 500

l
200
n

|
300

|
100

0

(a) Oblate spheroid

10—11

10— 15

\sesengg00ee® . .
* O L LI R S

\ |
200

| | |
100 300 400 500

n

(b) Prolate spheroid

Fig. 15 Legendre kernel quadrature error R2[K;] for the n-point Gauss-Legendre (GL) and trapezoidal
(Tz) rules on one oblate and one prolate spheroid, when the quadrature in the other direction is fully
resolved. Estimates computed using (185), (209) and (210)

@ Springer



Error estimation for quadrature by expansion 233

Putting this together with the above results, we arrive at the final estimate for the
Gauss-Legendre error when integrating 1; on the spheroid:

LR, [yall ~ | RS, o]l [ 5 max(a. o). (209)

where RS’[I//[] is estimated using (207) or (208) for a < ¢ and (200) otherwise. Using
(208) for a < c, the final expression can be written

B, 7% (2n ! _
ILRY Y]l ~ ———— =) etrrlem, (210)
rd+5) n e

Total error To test the estimates for the Legendre kernel K; on a spheroid, we
compute the error estimate (176) using (185), (209) and (210). To isolate the Gauss-
Legendre and trapezoidal rule errors, we vary the number of nodes n in one direction
at a time, while the number of nodes in the other direction is set so large that the
quadrature in that direction is fully resolved. The results, computed for one oblate and
one prolate spheroid up to / = 10 and shown in Fig. 15, confirm that our estimates
are accurate.

Putting the results together in the same way as for the Gauss-Legendre patch of
Section 4.3.1, the estimate for the QBX quadrature error on a spheroid becomes

leo ()| < o)l 0o r! (1L RY (Wil + | I RS [y11]) - (211)
An example of this estimate is shown in Fig. 16. Using the result
B 2¢\!
_ 2L~ () 212)
rd+1/2) l

and applying the (quite crude) approximation (1 +r/a)" ™ ~ /4 to the trapezoidal
rule results, we can see that (211) for a < ¢ behaves like

I _ ) Lo
leol S C Y7 [ s ) el e () e 4"’/6”]nonzoe<r>. (213)

10t
=3 N = ]
= 1076 e - =
5} S Y
3 ~. 1
Z ~_ ) .
[} Sol—
g el
& . sl
1071 - L S > leqlloo
///' T~ Estimate
; e lerlloo
oe S — = - O(rPt1)
10-16 | | | | | | | | 9~ —o-~.9 I I
0 2 4 6 8 10 12 14 16 18 20 22 24
p

Fig. 16 QBX error components (16) and (17) measured on the surface of a spheroid, a = 1, ¢ = 2, with
o =1,r =0.2 and a400 x 200 grid (n; x ng). Estimate computed using (211)
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This is similar to the results for the Gauss-Legendre patch (157).
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