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Unfortunately, there was an error in the proof of Theorem 6 of [2]. In this paper a
corrected proof is presented.

We will use ‖α‖2 to denote the standard Euclidean norm of α ∈ R
m, and write αT

for the transpose of α. We will use the following convention for the Fourier transform
and inverse Fourier transform of a function:

̂f (ξ) :=
∫

Rn
f (x)e−ixTξ dξ, f̌ (x) := 1

(2π)n

∫

Rn
f (ξ)e iξT xdξ.

Let X = {x1, . . . , xN} ⊂ R
n be a set of distinct points. We let qX denote the separa-

tion radius of X, which is defined by

qX := 1

2
min
i �= j

‖xi − x j‖.

We will say an m × m matrix-valued function � is positive definite on R
n if given any

finite, distinct set of points X, we have

N
∑

j,k=1

αT
j �(x j − xk)αk ≥ 0

for all α1, . . . , αN in R
m. This is equivalent to saying that the mN × mN matrix

whose ( j, k)th m × m block is given by �(x j − xk) is positive definite. This matrix
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will be denoted by AX,�. If a positive definite function φ : R
n → R is radial, i.e.

φ(x) = φ(‖x‖2), then we call φ a radial basis function (RBF).
Given an RBF φ defined on R

n, one can construct the matrix-valued func-
tion �div = (−� + ∇∇T)φ. This function is positive definite, and its columns are
divergence-free [1]. The stability of the matrix AX,�div has been studied, and recently
the following result was presented [2, Theorem 6].

Theorem 6 Let φ be an even positive definite function, which possesses a positive
Fourier transform ̂φ ∈ C(Rn/0). With the function

M(σ ) := inf‖ξ‖2≤σ

̂φ(ξ)

a lower bound on the smallest eigenvalue of the interpolation matrix is given by

λmin(AX,�div ) ≥
(

σ 2

16π

)(n+2)/2 M(σ )π

(4π)n
 ((n + 2)/2)

for any σ > 0 satisfying

σ ≥ ˜C/qX ,

where ˜C is a constant independent of φ and X.

It has come to the attention of the author that there was an error in the proof.
Below is a corrected version.

Proof To condense our notation, we define the constant

Cσ := M(σ )
((n + 2)/2)

σ nπn/2

Let χ σ
2 ,n(ξ) be the characteristic function for the ball B(0, σ/2) ⊂ R

n, and define ψ

by ψ := Cσ χ̌2
σ
2 ,n. Note that ψ is positive definite and the support of ̂ψ is in B(0, σ ). It

follows then that ̂φ(ξ) ≥ ̂ψ(ξ) for ‖ξ‖2 > σ . If ‖ξ‖2 ≤ σ , we have

̂ψ(ξ) ≤ Cσ vol(B(0, σ )) ≤ M(σ ) ≤ ̂φ(ξ).

This shows us that

N
∑

j,k=1

αT
j �div(x j − xk)αk = (2π)−n

∫

Rn

∥

∥

∥

∥

∥

∥

(I − eξ eT
ξ )

⎛

⎝

N
∑

j=1

α jeiξT x j

⎞

⎠

∥

∥

∥

∥

∥

∥

2

2

‖ξ‖2
2
̂φ(ξ)dξ

≥ (2π)−n
∫

Rn

∥

∥

∥

∥

∥

∥

(I − eξ eT
ξ )

⎛

⎝

N
∑

j=1

α jeiξT x j

⎞

⎠

∥

∥

∥

∥

∥

∥

2

2

‖ξ‖2
2
̂ψ(ξ)dξ

=
N

∑

j,k=1

αT
j div(x j − xk)αk,

where α j ∈ R
n and div is defined by div = (−� + ∇∇ t)ψ.

From the calculations done preceding equation (11) in [2, Section 4], we see that

div(0) = Cσ (n − 1)A(0)I,
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where A(0) is given by

A(0) =
(

σ 2

16π

)n+1
8π

(n + 2)
2 ((n + 2)/2)
.

Now we use [2, Lemma 3] to get:

N
∑

j,k=1

αT
j div(x j − xk)αk ≥ ‖α‖2

2Cσ (n − 1)A(0) −
∑

j�=k

|αT
j div(x j − xk)αk|

≥ ‖α‖2
2Cσ (n − 1)A(0) − n‖α‖2

2 max
k

∑

j�=k

Cσ �(x j − xk)

= ‖α‖2
2

(

Cσ (n − 1)A(0) − Cσ

n − 1

2
A(0)

)

= ‖α‖2
2

1

2
Cσ (n − 1)A(0),

where � is defined in [2, Equation (13)]. The result now follows by rewriting Cσ and
A(0) to get

λmin(AX,�div ) ≥ 1

2
Cσ (n − 1)A(0)

= 1

2

(

M(σ )
 ((n + 2)/2)

σ nπn/2

)

(n − 1)

(

(

σ 2

16π

)n+1
8π

(n + 2)
2((n + 2)/2)

)

=
(

(n − 1)

2(n + 2)

)

M(σ )

σ nπn/2

(

σ 2

16π

)n+1
8π


 ((n + 2)/2)

≥ M(σ )

σ nπn/2

(

σ 2

16π

)n+1
π


 ((n + 2)/2)

=
(

σ 2

16π

)(n+2)/2 M(σ )π

(4π)n
 ((n + 2)/2)
.

Here we have used the fact that (n − 1)/(n + 2) ≥ 1/4 for n ≥ 2. 
�
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