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Abstract In this paper, we study the Cauchy problem for the generalized Keller—Segel
system with the cell diffusion being ruled by fractional diffusion:

ou+ Au+V-wVy) =0 in R" x (0, 00),
—AY =u in R" x (0, 00),
u(x,0) = ug(x) in R",

In the case 1 < a < 2, we prove local well-posedness for any initial data and global well-

n

. =0T =
posedness for small initial data in critical Besov spaces B 4 P(R") with 1 < p < o0,

. —a+2
1 < g < o0, and analyticity of solutions for initial data ug € Bp,(; P(R")with 1 < p < o0,
1 < g < co. Moreover the global existence and analyticity of solutions with small initial data
in critical Besov spaces Bo_o‘f’l (R™) is also established. In the limit case @ = 1, we prove global

L —142
well-posedness for small initial data in critical Besov spaces Bp’1 PRy with1 < p < 00
. .
and B;ol,l (R™) and show analyticity of solutions for small initial data in B,, " (R™) with

1< p<ooand Bo_ol1 (R™), respectively.
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1 Introduction

In this paper, we are concerned with the nonlinear nonlocal evolution equations generalizing
the well-known Keller—Segel model of chemotaxis:

ou+ Au+V-wVy)=0 in R" x (0, 00),
—AY =u in R" x (0, 00), (1.1
u(x,0) = up(x) in R",

where n > 2, u and i are two unknown functions which stand for the cell density and the
concentration of the chemical attractant, respectively, and the anomalous (normal) diffusion
is modeled by a fractional power of the Laplacian with 1 < o < 2. The positive operator
AY = (—A)? is defined by

SO = fO)

A*f(x) :==c(a,n)P.V. S T

and c(«, n) is a normalization constant. A simple alternative representation is given through
the Fourier transform as A% f = F~![|£|*F £ (£)], where F and F —1 are the Fourier trans-
form and the inverse Fourier transform, respectively.

Obviously, the choice & = 2 in the system (1.1) corresponds to a simplified system of

oiu — Au=—V - (uVy) in R" x (0, 00),
oY — Ay =u—y in R" x (0, 00), (1.2)
u(x,0) =uo(x), ¥(x,0)=1vox) in R".

The system (1.2) is a mathematical model of chemotaxis, which is formulated by Keller
and Segel [35] in 1970, while it is also connected with astrophysical models of gravitational
self-interaction of massive particles in a cloud or a nebula, see Biler et al. [6].

In biology, chemotaxis is the directed movement of an organism in response to ambi-
ent chemical gradients that are often segregated by the cells themselves. The system (1.2)
describes the manner in which cellular slime molds aggregate owing to the motion of the
cells, which move toward higher concentration of a chemical substance which they produce
themselves. In those cases where the chemical products are attractive (and they are called
chemoattractants), they lead to the phenomenon known as chemotactic collapse: the cells
accumulate in small regions of space giving rise to high density configurations. This phe-
nomenon exhibits that the system (1.2) admits finite time blowup solutions for large-enough
initial data. It was actually conjectured by Childress and Percus [18] that in a two-dimensional
domain © C R2, there exists a threshold ¢( such that if the initial massm = f g uo(x)dx < co,
then the solution exists globally in time, while if m = fQ ug(x)dx > cop, then the solution
blows up in finite time. For various simplified versions of the Keller—Segel system (1.2),
the conjecture has been essentially verified, see [27,28] for a comprehensive review of these
aspects. Jager and Luckhaus [33] considered the system (1.2) with Neumann boundary con-
ditions in a bounded domain €2 C R? and showed that for sufficiently small ﬁ fQ uo(x)dx,

there exists a unique smooth global positive solution, while for large ﬁ fQ uo(x)dx, there
exists radial solutions which explode in finite time. Herrero and Veldzquez [25,26] studied
the system (1.2) with no-flux boundary conditions on a disk and showed by the method
of matched asymptotic expansion that there exists a nonnegative radial initial data (uq, ¥o)
with fQ uo(x)dx > 8 such that the solution (u, ) corresponding to the initial data (u, Vo)
blows up only at the origin in finite time and u has a Dirac delta-type singularity at the origin.
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Biler [4], Gajewski and Zacharias [24], Nagai et al. [45] subsequently proved global exis-
tence of nonnegative solution under the condition fQ uog(x)dx < 4w and existence of radial
solutions on a disk under the condition fQ ug(x)dx < 8m. Moreover there exists a detailed
description of the asymptotic behavior of solutions of (1.2) in the case fQ uo(x)dx < 8m to
[15], in the limit case fQ uop(x)dx = 8m to [14] and in the radially symmetric case to [8,9].
For more results related to this topic, we refer the reader to see [10,21,40,41,44,53].

Since the chemical concentration ¥ is determined by the Poisson equation, the second
equation of (1.1) gives rise to the coefficient Vi in the first equation of (1.1), when ¥ is
represented as the volume potential of u:

1 u(y,t)
w(X, t) = (_A)ilu(x, t) = n(n 2wy fRn [x—y|"— zdy’ nz= 31
271 Jr2u(y,)loglx — yldy, n=2,

where w,, denotes the surface area of the unit sphere in R”, the system (1.1) amounts essen-
tially to the following differential-integral Fokker—Planck system:

t
u=e"u —/ e TNV L [uv(-A)u] dr, (1.3)
0

where e 1A% .= F~1 [e”"é‘a}']. We may find the solution of (1.3) by using the contraction
mapping argument for the mapping u — F(u) with

t
F(u) :=e " ug —/ e TNV L [uV(—A) U] de
0

The invariant space for solving the integral equation (1.3) requires us to analyze the scaling
invariance property of the system (1.1). Set

w (x, 1) := A%uOx, A%0), Y (x, 1) := A2y (hx, A%1).

Then if u solves (1.1) with initial data ug (¢ can be determined by u), so does u; with initial
data ug; (1, can be determined by u; ), where ug; (x) := A%ug(Ax). In particular, the norm

of ug € Bp q+ (R™) (1 < p, g < 00) is scaling invariant under the above change of scale.
Notice that in the case of classical Brownian diffusion o = 2, the solvability of the system
(1.1) has been relatively well developed in various classes of functions and distributions,
such as the Lebesgue space L' R"H N L%(R”) by Corrias et al. [19], the Sobolev space
LY®R" N WZZ(RM) by Kozono and Sugiyama [36], the Hardy space HI(R2) by Ogawa
and Shimizu [46], the Besov space B?’Z(Rz) by Ogawa and Shimizu [47], the Besov space

B P’g ”(R™) and Fourier-Herz space B; 2 (R™) by Iwabuchi [30] and the pseudomeasure
space PM"2 (R™) by Biler et al. [5], for more results, see Lemarié-Rieusset [39] and the
references therein. We mention here that, for the drift—diffusion system (1.2) of bipolar type,
recently, the author of this paper, Liu and Cui [57], proved that small data global existence and

large data local existence of solutions in critical Besov space B; g ? R withl < p <2n
and 1 < g < oo. Subsequently, Deng and Li [20] established a dichotomy for well-posedness
and ill-posedness issues in two dlmensmns more precisely, they proved that the bipolar type

drift—diffusion system is well-posed in B, 45 (Rz) and ill-posed in B 4. -3 (R?) for2 < g < 0.
Very recently, Iwabuchi and Ogawa [32] finally proved that the bipolar type drift-diffusion

+
system is ill-posed in qu PR") with2n < p < ocoand 1 < g < o0, or p = 2n and
2 <q <o0.
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For general fractional diffusion case 1 < o < 2, the system (1.1) was first studied by
Escudero [22], where it was used to describe the spatiotemporal distribution of a population
density of random walkers undergoing Lévy flights. Moreover the author proved that the one-
dimensional system (1.1) possesses global in time solutions not only in the case of « = 2 but
alsoin the case 1 < o < 2. Biler and Karch [7] proved local and global solutions with small
initial data of the system (1.1) in critical Lebesgue space La(@R") forl <a <2 they also
proved the finite time blowup of nonnegative solutions with some initial data imposed on
the large-mass or high-concentration conditions. Biler and Wu [11] established global well-
posedness of the system (1.1) with small initial data in the critical Besov spaces B (Rz)
for 1 < o < 2. Wu and Zheng [51] proved a local well-posedness with any initial data and
global well-posedness with small initial data in critical Fourier—Herz space 5’;_2“ (R™) for
l <o <2and2 < g < oo and proved ill-posedness in B’CI_Z(R”) and Bgo%q (R") withae =2
and 2 < g < 00. Zhai [55] proved the global existence, uniqueness and stability of solutions
with small initial data in critical Besov spaces with general potential type nonlinear term.
Parts of these results were also generalized for the fractional power drift—diffusion system of
bipolar type, please refer to [11,43,48,50] and the references therein.

In this paper, we aim at studying well-posedness and Gevrey analyticity of the generalized

Keller—Segel system (1.1) with initial data in critical Besov spaces B pf; P(RMforl <a <2
and 1 < p, g < oo. The first novelty of this paper is that we resort to the Fourier localization
technique and the Bony’s paraproduct theory to address well- posedness 1ssues of the system
(1.1) in critical Besov spaces either B (R") withl <o < 2or B (]R”) with @ = 1.
These critical spaces are marginal cases adapted to the system (1.1). The second novelty of
this paper is that we employ the Gevrey class regularity to prove analyticity of solutions. The
choice of this argument is motivated by the work of Foias and Temam [23] for estimating space
analyticity radius of the Navier—Stokes equations (similar results were extended by many
authors to various equations, see [1,2,12,13,29,37] for more details). The result characterizes
space analyticity radius of solutions and has an important physical interpretation: at this length
scale, the viscous effects and the nonlinear inertial effects are roughly comparable; below
this length scale the Fourier spectrum decays exponentially. As a consequence of analyticity
result, we obtain temporal decay rates of higher-order Besov norms of solutions.

Now we state main results of this paper. Let us denote by A the Fourier multiplier whose
symbol is given by |£]; = |&1] + - - - + |&,], and we refer the reader to see Sect. 2 for the
definitions of the stationary/time dependent homogeneous Besov spaces.

Theorem 1.1 Letn > 2, 1 < a < 2. Assume that ug € By " (R") with 1 < p,q < oo.
Then we have the following results:

(i) (Well-posednessfor1l < p < oo)Letl < p < 0. ThenthereexistsaT* = T*(ug) > 0
such that the system (1.1) has a unique solution u € X7+, where

~ L —at+2 ~ . ~ .
Xpv = L (0, T B,y "(R”)) Nz (0, T*: B;,[q(R")) nLe (0, T*; B;,%q(R"))

(1.4)
with
s = —1+ﬁ+8, = —1+£—8, p1 = L, = L, O<e<a—l.
p p a—1+¢ a—1—¢
IfT* < oo, then _
||M||Lm( )ﬂz’}i@ffq) = 00.

.o+
Moreover if ug € sz P (R™) is sufficiently small, then T* = oo
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(ii) (Analyticity for 1 < p < 00) Let 1 < p < o0o. Then the solution obtained in (i) satisfies
1
My e Xy (1.5)

. —a+2
Moreover if ug € BP.Z P(R™) is sufficiently small, then T* = oc.
(iii) (Well-posedness for p = oo0) Let 1 < a < 2 and p = oco. Suppose that ||Lt()||l~rcz1 is
0,

sufficiently small. Then the system (1.1) has a unique solution u satisfying
wel® (0, o0: Bgo?l(R")) NL' (0,00 B | (RY). (1.6)

(iv) (Analyticity for p = o0) Let | < o < 2 and p = oc. Then the solution obtained in (iii)
satisfies

1 ~ . ~ .
My e T (o, 00; B;of‘l(R")) NL'(0,00; BL  (RM). (1.7)

(v) (Decay rate for 1 < p < o0o) Foranyo > 0,1 < p <oocorp =o00andq =1, the
global solution obtained in (i) and (iii) satisfies

IIAUM(t)IIBﬂH% = Cotia”u()”l‘.}—uﬂr%, (1.8)

Pq P4
where Cy = | Ae™ |1

Remark 1.1 We mention here that Bourgain and Pavlovi¢ [17] proved ill-posedness for the
3D Navier—Stokes equations in B‘ «(R?). Subsequently, Yoneda [54] proved ill-posedness
in some function spaces, which are larger than BOO 2(Rg) but smaller than B ! (R3) with
2 < g < oo; Wang [49] finally proved ill- posedness for the 3D NaV1er—Stokes equations
in Boo’q(R3) forall 1 < g 5 2. Note that when o = 2, Boo’q (R™) for the Navier—Stokes
equations corresponds to B (R”) for the system (1.1); therefore, we cannot expect the well-
posedness of the system (1. 1) in B (R") for 1 < g < oo. However, when 1 < o < 2,
Theorem 1.1 shows that the system (1.1) is well-posedness in BOO",‘1 (R™).

1
Remark 1.2 We emphasize here that the exponential operator ¢'* ! is quantified by the
operator A, whose symbol is given by the / U norm |&|; = Z:’z 1 1&i1, rather than the usual

1
operator A = 4/—A, whose symbol is given by the 12 norm |£| = (er'lzl |§i|2)2. This
approach enables us to avoid cumbersome recursive estimation of higher-order derivatives
and intricate combinatorial arguments to get the desired decay estimates of solutions, see
[52,56].

Remark 1.3 The method we shall use to prove well-posedness of (1.1) in critical Besov

.o+
spaces B ,,,Z 7 (R™) is the Chemin mono-norm method, which is different from the methods
used in [30,55].

Remark 1.4 In [34], Kato obtained the first and second asymptotic profiles of solutions to
the parabolic system (1.2) in the Lebesgue framework; particularly, the optimal asymptotic
rate of the first asymptotic profiles is established. Similar results have been extended to the
fractional power drift—diffusion system of bipolar type, see Ogawa and Yamamoto [48].
Compared with the decay result in Theorem 1.1, (1.8) gives us the decay rates of solutions
in critical Besov spaces and is compatible with the decay rates of solutions to the linear
fractional power dissipative equation, and the result is an immediate by-product of Gevrey
regularity of solutions.

Corresponding to Theorem 1.1, in the case « = 1, we obtain the following results.
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n

R A
Theorem 1.2 Letn > 2, a = 1. Assume that ug € Bp’1 P(R™) with 1 < p < 00. Then we
have the following results:

(1) (Well-posedness for 1 < p < oo) Let 1 < p < oo. Suppose that |uo| 14 is
B
p,1
sufficiently small. Then the system (1.1) has a unique solution u satisfying

~ e e
ue L™ <O, o0; B, | b (]R”)) . (1.9)
(i1) (Analyticityfor1 < p < oo)Let1 < p < o0o. Then the solution obtained in (i) satisfies
1 ~ +n
e My e L (0 00 B, " (R”)) (1.10)

(iii) (Well-posedness for p = oo) Let p = oo. Suppose that ||u0||3711 is sufficiently small.

Then the system (1.1) has a unique solution u satisfying
wel® (0, o0: B;ofl(R")> NI (0, 00; B | (RY). (1.11)
(iv) (Analyticity for p = o0) Let p = 00. Then the solution obtained in (iii) satisfies
L ~ . ~ .
e My e 1% (0, 001 B, (R) N (0, 005 B2, 1 ®"). (1.12)

(v) (Decay rate for 1 < p < o0o) Forany o > 0and 1 < p < oo, the global solution
obtained in (i) and (iii) satisfies
IATu@I . 1vn < Cot™ lluoll 111, (1.13)
B
p.1 p.1

where Cy 1= | A%~ 2| 1.
Remark 1.5 In the case o = 1, since the dissipative operator e=2' is not strong enough to
dominate the operator /A1, we need to define Gevrey operator more carefully. By noticing a
simple fact that . sl <3 |S | forall ¢ € R", the Gevrey operator can be defined by e 2 A u.
Remark 1.6 In Miao and Wu [42], by making use of modulus of continuity and Fourier
localization technique, the authors proved that the critical Burgers equations d;u + ud,u +

Au = 0is well-posed in critical Besov space B If | with p € [1, 00), while the well-posedness
in the limit case p = oo is successfully addressed by Iwabuchi [31]. The main crux in their
proof is an optimal a priori estimates for the transport—diffusion equation, which is distinct
from the method used in our paper; our proof is based on the fundamental estimates of the
linear fractional power dissipative equation in the Chemin—Lerner mixed type space, see
Sect. 4.

Before ending this section, let us sketch, for example, the proof of analyticity part in

1
Theorem 1.1. Setting U(¢) = e'* My (r). Then we see that U(r) satisfies the following
integral equation:

U = e’éA‘_’Aauo _/Ze[(“L re)a=t- T)AW]V
0
1 1 1
xet M (e,m M U(r)e*f“AIV(—A)*IU(r)> dr
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l o
Note that since e’ “ ¥l can be dominated by eI provided that |&| is sufficiently large, the
l o [*3
behavior of the linear term e’ * A1 71A% closely resembles that of e~ A%Yo. In order to tackle
with the nonlinear term, we resort to [38] and [2] to find out the nice boundedness property

of the following bilinear operator:
1 1 1
Bi(f.g) :=e'" M (e"“A'fe"”A'g>

(2711)’1 /n/neix'(f""’)e’%(|E+”“_|‘§|‘_|”“)f($)§($)d$dn.

Based on the desired properties of B;( f, g), we can modify the argument of the proof of
well-posedness results in Theorem 1.1 to obtain Gevrey regularity.

This paper is organized as follows: We shall collect some basic facts on the Littlewood—
Paley dyadic decomposition theory and the various product laws in Besov spaces in Sect. 2
and then prove Theorem 1.1 in Sect. 3 and Theorem 1.2 in Sect. 4.

2 Preliminaries
2.1 Notations

In this paper, we shall use the following notations. For x = (xy, ..., x,;) € R", we denote

1
x|, = (x1|” 4+ -+ + [x41”)? and |x| = |x|2, and thus, we denote by A; the Fourier
multiplier whose symbol is given by |§; = >/, |§| and by A = /—A the Fourier

1
multiplier whose symbol is given by |&] = (3_7_, |&|*)2. For any function space X and the
operator 7 : X — X, we denote

TX:={Tf: feX} and [[fll7x =7 fllx-
The linear space of all multipliers on L? is denoted by M, and the norm on which is defined
by
1S llam, = sup {IF ' [fFelllLr : Vg € SR, ligler =1}.

For two constants A and B, the notation A < B means that there is a uniform constant C
(always independent of x, ¢), which may vary from line to line, such that A < CB.

2.2 Littlewood—Paley theory and Besov spaces

The proofs of Theorems 1.1 and 1.2 are formulated by the dyadic decomposition in the
Littlewood—Paley theory. Let us briefly explain how it may be built in R”. Let S(R") be the
Schwartz class of rapidly decreasing function and S'(R") of temperate distributions be the
dual set of S(R"). Let ¢ € S(R") be a smooth radial function valued in [0, 1] such that ¢ is
supported in the shell C = {& € R", % < g < %} and

Y p@7E) =1, ¥EeR"\(0}.

jez
Then for any f € S’'(R"), we set for all j € Z,

Ajf=¢Q7D)f and S;fi= Y Aif. @.1)

k<j—1
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By telescoping the series, we have the following homogeneous Littlewood—Paley decompo-
sition:
f= Z A f for feS®RY/PRY,

JEL
where P(R") is the set of polynomials (see [3]). We remark here that the Littlewood—Paley
decomposition satisfies the property of almost orthogonality, that is to say, for any f, g €
S'(R™)/P(R"), the following properties hold:
AiA;jf=0if [i—j|=>2 and A;(Sj_1fA;jg)=0 if |i—j|>5. (2.2)
Using the above decomposition, the stationary/time-dependent homogeneous Besov space

can be defined as follows:

Definition 2.1 Lets € R, 1 < p,g < oo and f € S'(R"), we set

1
Ifllgs = (Zjez 2/Sq||Ajf||Z,,)‘1 for 1 < g < oo,
" supez 2714 i for g = oo,

Then the homogeneous Besov space B;',’ 4(R") is defined by

e Fors <%(ors:%ifq: 1), we define

By R = e S®RY/PR): Iflz, <oo.

o Ifk € Nand%—i—k <s < %—i—k—i—l(ors = %—i—k—i—lifq = 1),thenB;‘q(R")is
defined as the subset of distributions f € S'(R") such that 3# f € B ¥ (R") whenever
1Bl = k.
Definition 2.2 For0 < T < 00,5 < % (resp. s € R), 1 < p,q, p < co. We define the
mixed time-space L (0, T B;,’ q (R™)) as the completion of C([0, T]; S(R™)) by the norm

1

4\ q
P

T
> 2 (/O IIA_;f(-,t)Ilﬁpdt) <0

I z0 (g =
LT(Bpx/) jez
with the usual change if p = oo or ¢ = oo. For simplicity, we use || f ||th)( B ) instead of
P.q
”f”Lﬁo(B;',,q)'

In what follows, we shall frequently use the following Bony’s homogeneous paraproduct
decomposition, which is a mathematical tool to define a generalized product between two
temperate distributions (see [16]). Let f and g be two temperate distributions, the paraproduct
between f and g is defined by

Trg=Y SisifAjg=Y. > AcfAjsg.
jez JELZ k<j-2

Formally, we have the following Bony’s decomposition:

fe=Trg+ T, f + R(f, &),

R(L,9):=) Y Ajfhje

JEZ1j—j'I=1

where
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2.3 Essential lemmas

For the convenience of the readers, we list some basic facts of the Littlewood—Paley theory,
one may refer to [3,38] for more details.

Lemma 2.3 [3,38] Let B be a ball, and C a ring in R". There exists a constant C such that
for any positive real number A, any nonnegative integer k and any couple of real numbers
(p,r)ywithl < p <r < oo, we have

1_1
supp F(f) C AB = sup ||a°‘f||u§c’<+‘x"+"(ﬂ ’)Ilfllm, (2.3)
la|=k

supp F(f) CAC = CTVFR | flle < sup 18% fllze < CHRK| £l (2.4)
la|=k

Lemma 2.4 [3,38] Let f be a smooth function on R"\{0} which is homogeneous of degree
m. Then forany s e R, 1 < p,q < 0o, and

n n
s—m<—, or s—m=— and q =1,
p

the operator f (D) is continuous from B;’q (R™) to B;;lm (R™).

Lemma 2.5 [50] Let C be a ring in R". There exist two positive constants k and K such that
for any p € [1, 0o] and any couple (t, \) of positive real numbers, we have

supp F(f) € AC = 1€ fllzr < Ke ™| . 2.5)

3 The case 1 < a < 2: Proof of Theorem 1.1

In this section, we prove Gevrey analyticity of the system (1.1) in critical Besov spaces

B,,,Z PR withl <o <2,1 < p <oocand1 < ¢ < oco. The proof is based on an
adequate modification of the proof of local in time existence with any initial data and global
in time existence with small initial data to the system (1.1), and thus, we begin with the
detailed proof of the first part of Theorem 1.1.

3.1 The case 1 < p < oo: well-posedness

In this subsection, we intend to establish local well-posedness with any initial data and global

. —o+2
well-posedness with small initial data to the system (1.1) in critical Besov spaces B ,,f; P(®R™)
for 1 < p < oo. Firstly, we are concerned with the Cauchy problem of the fractional power
dissipative equation:

{8,u+A“u =f, xeR",t>0, G.1)

u(x,0) =up(x), xeR"
Proposition 3.1 ([11]) Let s € R, 1 < p,q,p1 < coand 0 < T < oo. Assume
. ~, st —
that ug € By, ,(R") and [ € LY (B,s,,qp' a(]R”)). Then (3.1) has a unique solution
u € N Z’;(B;,qz (R™)). In addition, there exists a constant C > 0 depending only

PI=P=00
on « and n such that for any p1 < p < 0o, we have

Il 5oy < € (Iluoll iy, T, (BH;I_Q)) : (3:2)

T P-q
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In particular, if f € ZIT (B‘;,’q(R”)), then we have

iz 5y Yo (5517) = € <||uo|| - ||f||zlr(3)\;#)) . (33)

Next, by using in a fundamental way the algebraical structure of the system (1.1), we aim
at establishing the following crucial bilinear estimates in time-dependent Besov spaces.

Lemma3.2 Lets >0,1<p<oo 1=<gq,p,p1,0 < oowith%: %—f—i. Then for any
e>00<T < o0, we have

—A)! A ulles o < Nullor s msse n
[uV(=A)"v+vV(-A) MIIU;(B: )NIIMIIL;I(B}];)IIUIIZ,TQ(B_HF_S)

P4 Pq

pq

+||u||z;2(371+%,8>||v||zgl(3m. (34)

Moreover if we choose ¢ = 0, then (3.4) also holds for g = 1.

Proof Thanks to Bony’s paraproduct decomposition, we have
uV(=A) v+ ov=A)Tu= L4+ L+ L, (3.5)
where
L= AjuNV(=A)'Sp v+ ApuV(=A) 'S qu,
Jj'er
L= Y S uV(=A) " Ajv+ S vV (=A) A,
J €L
L= Y AuV(=A)Ajv+ AjuV(=A) T A
JeLj—j" =1

In the sequel, we estimate I; (i = 1, 2, 3) one by one. For /1, we need only to deal with the
first term Zj’eZ A.,vuV(—A)’1 Sj_1v, while the second one can be done analogously, thus
using the facts (2.1) and (2.2), and applying Holder’s inequality and Lemmas 2.3 and 2.4,
one has

A AUV (=A) TS v
J'€L

1
<) HAj o o) IV=8) 7S j1vll 2 o)
R

—1+2 )k
S X NAjulegn Y 2(-1+5) 1Al 22 )

1j'—jl<4 k=j'=2
kAl —1+2—c)k
S D Al Do o145 )nAkan;z(L,,)
1j'=jl<4 k<j'=2
i m(ste) i
< Y e IIAj'””L’;l<Lw>”””sz JRT Y (3.6)
1j'—jl<4 r\re

Multiplying (3.6) by 2%, then taking /¢ norm to the resulting inequality, we obtain

—1 - .
D AUV g S lllzn gy 100y, ey
j/EZ Z”(BS ) T p-q

T r-q
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which implies that

Iill~p /- < ullser pstey ||V
I IHL’%(BZ,q) S ||LTI (B,‘,ﬁf)” ”Z?

(B,H%,g) + ”u”Z{? (B,H%,g) ||U||Z/T)1 (B3 3.7

Pq P4

Similarly, for the first term of I, applying Holder’s inequality and Lemmas 2.3 and 2.4 again,
we see that

Aj Y SpuV(=A) A
J'eZ L‘}(Ll’)

nr i
S 2 > 2 Akl w2 1Al o
[J'—jl<4k<j—

< (e (—15 -2 )k “I"IA
S Y, D) 2R Akl o2 oy 2 1A 0l o1 1,
[/ —jl<4k=<j'=2

< Z 98/ p(s+e) Aol on ol ran ey s (3.8)
lj/—jl<4 ! L (B”“’ )

which yields directly that

-1
E SjuV(=A)" Ajv Sllull_, /15— Iolizer gsrey-
el ~p (4 Ly <Bp~q ) AT
J LT(BIY,Yq)

Thus, we obtain

o <l s ot
Uz ) S 0 ) ¥ 3108 2) W0 by P ey G

y2 Pq

Now we tackle with the most tricky term /3. Based on careful analysis of the algebraical struc-
ture of the system (1.1), we can split /3 into the following three terms form = 1,2, ..., n:

I3 = K| + K> + K3, (3.10)

where

K=Y > o[ am) o =n" apm) ],

JEL)j=j"I=1

Ky:=> > 2V-[((—A)_lAj/u)(8,,1V(—A)_1Aj~v)],

J'eL|j'—j"1=1

K3 = Z Z am{((—A)ilA‘//u)Aj//U}.

JEL1j'=j =1
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Moreover since K> can be treated similarly to K3, we treat K; and K3 only. We first consider
the case 2 < p < oo, and by using Holder’s inequality and Lemmas 2.3 and 2.4, it follows
from (2.2) that there exists Ny € N such that

24+2)j -1 -1
IIAjKlllu;(Lp)sz( 2 Yo 2 AT Al oy 10 (AT A vl gy
J'Zj=No lj'=j"I=1
*5)i 255 )7 p(s+e) “lhe)i
D DD DI I T A TN s

J'zj=Nolj'=j"I=1

<2 Y 2 —(2+5+8) 07 R CEIN ulls anlol /}2(.,%,5). 3.11)

J'zj=No r

1+ -1
AjK <2( P) E E —A)7 A A
” J 3||L/;.(LP) ~ A : ”( ) ju”L’;](LF)” Jj v”L;Z(L[J)
J'zj=Nolj'=j"I=1

<2l DD DR o1 e, 'u”Lpl(L”)z(_H—%_S)jN“AJ'”UHL;)-Z(LV

J'Zj=Nolj'=j"1=1

)

i Ths+2) ('~ j)
< Y 2 (14 2) D4 1Al @ IOl ey (3.12)
Jj'zj—=No TP
On the other hand, in the case that 1 < p < 2, we choose 2 < p’ < oo such that % + % =1,
it follows that
1A K1l 1) <2(+5) D DD DI [CON RN PN M CIN RN [

J'Zj—No lj'=j"1=1

S2(2+n——)/ DS H(-2tn(5 =) N

J'zj=Nolj'=j"1=1

< o(2rn=5)i > 2 (s 5) g0

=i .
n? ||A./”””Lf1’,2(Lp)

(71+ﬂfs)j’
2 P HAJ-/UHL{;;(L,,

ey )
J'zj—No
—si 24n+s—2)(j'—j)
LR S e L T S an ol yoreny (3.13)
J'zj=No e
1+n > _
lA; K3||L/’(LI’) <2 Z Z (= A) ”"HL{I’J(Lp’)||Aj”U”L{1’,2(Lp)

J'=j—Nolj'=j"I=1

52(|+n7%)/’ Z Z 2(72%’”(%7%)) HA /u”L/)l (LV)HA ,/UHL/)Z(LP)
J'=j—No lj'—j"I=1

<olttn5)s > SR AR LETS TN

J'=j—No

527“' Z 2*(1+n+s*5)( ])2(v+F)J A /u||Lp1 L,,)||v|| <.,1+%,£). (3.14)
B
Ly

/uHLm wr)

—1+2—¢);)’
2( p ) ||Ajrv||L{l{z<L,,)

J'zj=No e
Under the hypotheses of Lemma 3.2, we have
2+s+ﬁ>0, 1+s+ﬁ>0, 2—|—n+s—z>0, l—l—n—l—s—z > 0.
p 4 p 4
Then we infer from the estimates (3.11)—(3.14) that for all 1 < p < oo,

p.q

< 7 D n
0z 5,) S W0 ) P 15 (3.15)
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Hence plugging (3.7), (3.9) and (3.15) into (3.5), we get (3.4). The proof of Lemma 3.2 is
complete. O

Now we are in a position to prove well-posedness of the system (1.1) in the case that
1l <a <2and1 < p < oo. Define the map

t
F: u@) — e—“‘“uo—f e TNV L (uV(—A)u) de (3.16)
0

in the metric space (I = [0, T']):

Dr = {M : ||H||Z/}1 (B;,‘_,,)HZ’;Z(B;?,,) <n, du,v):=|u-— U”Z‘}‘ (B;‘_,,)OZ’;Z(B;?Q)}

with
o o

, = , 0<e<a—1.
a—1+e¢ P2

n n
si=—1+—+4¢e sn=—-14+——¢, p1 =
4 P a—1—c¢

Applying Proposition 3.1 and Lemma 3.2 by choosing p = 2;‘—_2 forany u, v € Dr, we see
that

IIF(M)||~/)1< )mLﬁz(qu)<||e uo"Z‘/)l(B )N (57 )+IIMV( A)” ullzzgfz([g-w%)

S e wollzpy (s, ) (57,) 10z ()T (52,
3.17)
and
dF @), F(v)) < nd(u, v). (3.18)

Based on these two estimates (3.17) and (3.18), applying the standard contraction mapping
argument (cf. [38]), we can show that if we choose T is properly small, then F is a contraction
mapping from (Dr, d) into itself, and we omit the details here. Therefore there exists u € Dr
such that F(«) = u, which is a unique solution of the system (1.1). Moreover by Proposition
3.1, we have

P X P.q

2
ul| oy Sluoll . err + llull < luoll  —grn +n°.
Il ”L;O<B u+p) Il 0||B ars + I |12 pl(B )mLﬂz(B,,q) S 0”[3 att + 1

Thus the solution u can be extended step by step, and finally there is a maximal time 7* such
that

uel® (0 T+ B4 (R”)) Nz (o, T*: B;{q(w)) nie (0, T* B;%q(R")> .

If T* < oo and ||u||Lpl (B)) 2.y < 00, we claim that the solution can be extended

51 TP
NL (B,
beyond the maximal tlme T* Indeed let us consider the integral equation

t
ut) = e DAY (T — f e DAY L v (—A)  wydr. (3.19)
T
As we have proved before, we can show that if we choose T sufficiently close to 7%, then

~ . ~ . < ~ . ~ .
iz, (.78 )L (.78, ) = e (TN, (.78 )i (1.7 B3,

+ ]l

e (T T*: B )mLﬂz (T,T*;B;%q)' (3.20)
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Note that (3.20) is analogous to (3.17), which yields immediately that the solution exists

on [T, T*]. This is a contradiction to the fact that 7* is maximal. Moreover observe that if

[luo | —atl is sufficiently small, we can directly choose 7" = oo in (3.17) and (3.18), which
B

yields pgliobal well-posedness of (1.1) with small initial data. We conclude the proof of the
first part of Theorem 1.1.

3.2 The case 1 < p < oo: Gevrey analyticity

. —a+Z
In this subsection, we prove analyticity of the system (1.1) with initial data in B p; P (R™)
withl <o <2and 1 < p < co. We first recall the following two elementary results.

o1 1
Lemma 3.3 (Lemma 3.2 in [2]) Consider the operator E, = e W= +s@—t@lA1 g,
0 < s < t. Then Ey is either the identity operator or is the Fourier multiplier with L' kernel
whose LY-norm is bounded independent of s and t.

l o
Lemma 3.4 (Lemma 3.3 in [2]) Assume that the operator F, = e'® A=A fort > 0.
Then Fy is the Fourier multiplier which maps boundedly L — L? for 1 < p < oo, and its
operator norm is uniformly bounded with respect tot > Q.

Proposition3.5 Lets € R, 1 < p < 00, 1 < q p1 <ocoand 0 < T < oo. Assume
that ugy € B (R”) and f e Lp1 (e’a Ay B " (]R”)) Then (3.1) has a unique solution
u € N Lp (! . Al B (]R”)) In addition, there exists a constant C > 0 depending

PI=P=00
only on o and n such thatfor any p1 < p < 00, we have

Pt @A P totA ﬂl
(e M By, AN CERY: N

Proof Since Proposition 3.1 has already ensured that (3.1) has a unique solution u, it suffices

ull . 1 .5+z) =C (Iluollg; + IIfIINpl s+ a)> (3.21)

1
to prove that the inequality (3.21) holds. For this purpose, setting U (t) = e’ “ *1u(t), then
1
applying A je'“ 1 to (3.1) and taking L” norm to the resulting equality imply that

1 o ro1 o
IA; U@ e < [ M7 A Ajug| + / ! TMTUTDATA L f(1)dT (3.22)
LP 0 Lp
It follows from Lemmas 3.4 and 2.5 that there exists k > O such that
1 o L1 o o
SARN A Ajug = etaAlféA eféA Ajug
LP LP
_Laa _ 0
< He 5A Aju()HLp < e 2 A jugll Lo (3.23)
Notice the fact that we can rewrite
etéAlf(tf‘[)Aa _ e_[(t_r)é_'_r%_t%]AH_[U_T)%Al_%Aa]_%AaeréAl'
It follows from Lemmas 3.3 and 3.4 that
ro1 o 1
/ el ¥ M—(=DA Ajf(r)dt / At Mf)| de
0 LP
1
/ = AT M ()| dr (3.24)
Lp
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Combining (3.23) and (3.24), we see that

aj ! % 1
IA; U@ e < e ™ 2 A juollLr +/ e KU A T M f(o)| dr. (3.25)
0 LP
Taking L? ([0, T']) norm to (3.25) and using Young’s inequality,
1 — eflcpZ“jT %
||AjU(t)||L/;(Lp) < e lA juollLr
. 1

1— ef/cp22°‘fT P2 é

+ (W Aje' M f(T) , (3.26)
K02 L?l (LP)

where - + 1 = Finally, multiplying 26457 and taking the /4 norm to (3.26), we

conclude that

1
Z 1 —e*P29T ’ ) !
IUI., /.sv2\ S — ) Q@YIAjuollLr)?
L‘}(B,,_f) Kp

JEZ
) q
_ A—kp2% T\ 2 o
+ Z(le> <2<s+,,la)

1
)q |
K o1
jez 02 L ey
(1 — 9
<o T; e“’ Al B a)

which leads to (3.21) . ]

1,1
pz+p1'

1
‘Aje””\'f

S lluolls  + ||f||

We also need to establish the corresponding result as Lemma 3.2 in terms of the operator
1
ta Ay
e .

Lemma 3.6 Lets >0,1 < p <oo,1<gq,p,p1,p < oowith%: ﬁﬁ—i. Then for any
e>00<T < o0, we have

||I/£V( A)_ U+UV( A) u”zp(e;éAIBs )

<
||M||~p1 (equ,Bers)” ||~p2< g ;W e)
+ ||M||sz (e AIB;yfﬂ) lv ||~p1 (etQAlBS+F)- (3.27)
Moreover if we choose € = 0, then (3.27) also holds for g = 1.

1 1
Proof Set U(t) = e “Mu(r), V() = ¢ **u(r). Then as Lemma 3.2, we use Bony’s
paraproduct decomposition to get

| 1 1 1
ol @Al (uV(—A)_lv + vV(—A)_lu) — ol @A (e—’”AlUG_”" AIV(—A)—IV
1 1
4ot Rty a) )

=J1+ + 3, (3.28)
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where

1 1 1
Jy=e TN e M A L U T MV (=A) TS v
Jj'ez

1 1
+e T TMA Ve MY (—A) TS U,

1 1 1
Jyi=el®M Z e_taAISJ'/—]Ue_tO(AIV(_A)_lAj/V
Jj'er

1 1
+e Mg Ve My (—A) AU,

1 1 1
Jy=el MY N e TMA U MV (—A) T A Y
JeL)j=i"s1

1 1
+e T TMA Ve MY (—A) AU,

To estimate the terms J; (i = 1,2, 3), we use an idea as in [37] and [1] and consider the
following bilinear operator B, ( f, g) of the form

1 1 1
Bi(f.g):=¢"M (e"“"‘fe"“‘g>
1
@)

. 1 N
/ / e’x'(§+")e’a(|E+"“7|E|17'"‘1).f(5)§(n)d$dn. (3.29)

Note that we can split the domain of integration into sub-domains, depending on the sign of £ ;,
of njandof&;+n;.Indeed, for¢ = (g1, ..., Gu)s b = (U1, ..., (n),V = (V1,...,v,) €R"

such that ¢;, ui, v; € {—1, 1}, we denote
D.:={n: ¢gn >0, i=12,...,n},
Dy :={: wn§&=0,i=12,...,n},
D, = {f+'75 Vi(é:i'i'ni) >0, i= 1,2,...,”}.
Let xp be the characteristic function on the domain D. Then we can rewrite B, ( f, g) as

1
@m)"

, 1 . A
Bi(f, g) = / / elx'(§+7))XDvel‘x(|§+ﬂ|1—|5|1—\7]\1)XDHf(g)XDgg(n)dé-dn.

By this observation, we introduce the monodimensional operators:

1 [t . | A
Kif:= —/ e f(E)dg, K_if = 7/ e f(€)dé,
0 T J—co

21
and
+oo 1 R
Lt,£1,£2f:=f iferer =1, Lt,£1,£2f = 7/ elxge_zmmlf(é_)dg if e1ep = —1.
27 J_ oo
Moreover for ¢t > 0, we define the operator
Zigpu =Ky Ligiuy @+ ® Ky, Li g, - (3.30)

We mention here that the above tensor product (3.30) means that the j—th operator in the
tensor product acts on the j—th variable of the function f(x, ..., x,). Then an elementary
calculation yields the following identity:
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B(f.9)= Y,  Kq® - ®Ke(ZicufZicong) (3.31)
¢, vef—1,1}x3

1
Noticing that for§ +n € D,,& € D, andn € D, e'* (g+nh=lEl=I1) must belong to the
following set:

1 1 1
E .= {17672tﬂ|§[+m‘|1’6*2["‘|Ei|1,6*2[0“7]1"17 i = 1,2,...,n} .

Moreover it is clear that XDo> XDys XD, € Mp, and every element in [E are the Fourier
multipliers on L?(IR") for 1 < p < oo, which yield that the operators K - and Z; ., defined
above are combinations of the identity operator and of the Fourier multipliers on L”(R")
(including Hilbert transform). Hence the operators K ¢ and Z; . ,, are bounded linear operators
on LP(R") for 1 < p < oo, and the corresponding operator norm of Z; ., is bounded
independent of t > 0. Moreover for 1 < p, p1, p» < 00,

. 1 1 1
1B:(f DNy SN Ziguf ZigoglliLr SIS lLeiliglior with — + — = —.
pr p2 p

Since the nice boundedness property of the bilinear operator B;(f, g), we can follow the
proof of Lemma 3.2 to complete the proof of Lemma 3.4. Indeed, we take the first term of
J1 as an example:

1 1 1
Ajel AN e M U MY (= A) TS v

Jj'eZ L/T{(Lp)

=2, Y B (AU V(=A)"'Sj1V)

Jj'ez LY.(LP)
—1
S Z ”Kgl®~-~®Kgn(Zt,gsuAj’UZf&Vv(_A) Sf'/’lv)”L;(L")
1j'—jl<4
—1
S 0 NZesnB iUl o1 Zeso V=271V ] )
1j'—jl=<4
—1+% )k -1
5 Z ||Zta§a/LAj/U”L/;~l(Lp) Z 2( p) ||Zt’§,vV(_A) AkV“L/]’_Z(LD)
1j'—jl<4 k<j—2
k 7l+%7€ k
< > 1A Ul 8 1o > o (=14 )||AkV||L17{2(Lp)
lj'—jl=4 k=j'-2
S 2 22NN IV, gy
li'=jl<4 ! tr (B“ )

The other terms can be established analogously, and thus, we get the desired estimate (3.27).
O
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Combining Proposition 3.5 and Lemma 3.6, returning to the mapping (3.16), we obtain

1
< etaAl—tA“u

IF@ll_, , 1 . I
(e )orp (et v, )

L7 B )NLT (Big)
—1

FluV(=D)ull oo N L

Ly (ela M B}J{q)ﬁLTZ <eta Al Bp2.q>

IAD(

St

T (55 )2 (52,)
2
+ ull

1 1 . (3.32)
2y (e, )i (e 2,

Based on the above estimate (3.32), by applying the standard contraction mapping argument,
we complete the proof, as desired.

3.3 The case 1 < @ < 2 and p = oo: well-posedness

In this subsection, we focus on the limit case p = co. We first intend to prove the following
result.

Lemma 3.7 For1 < a < 2, we have
V(-A)~! VA"l oo < il e o
0V =)0 09 =)l 1) S Bl e 100y )

Proof Following from Lemma 3.2, by applying Holder’s inequality, Lemmas 2.3 and 2.4,
we estimate the terms [; (i = 1, 2, 3) as follows:

||Ajll||L[1(L00)

<Y (18wl am VAT S vl
lj'—jl<4

+ ||Aj’v||L}(LOO)||V(_A)7lS,/'/71M||L§’°(L°°))

5 Z (”Aj’””L}(LOO) Z 2(Ol_l)kz_o{k||Akv||L,°°(L°°)

lj'—jl=4 k=j'=2
—Dk~—ak
+ 1A jroll g1 o0y Z ple-Dkpe ||Aku||L,°c(LOC))
k<j'—2
< pla=1D)j y - " ~
S2 > (uA, o) Ve () 15 v||L;(Lm)||u||L?o<Bmﬁ)) :
lj'—Jjl=4 ’

This along with Definition 2.2 leads to
11 “Z,'(B;;‘;) S lluliz, (B&I)HUHZ?C(BJC“I) + IIMIIZ?O(B;OC,I)IIUIIZJ (82,,)° (3.34)
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Similarly, for 1>, we obtain
||Aj 12”Lr1 (L)

S Y 2 Y (1wl A vl + 1AL oy 1A el
j—il=4 ksj-2

S20hi Y g (nAjfanyo(Loo)||u||z,(30 )18l vl 1)),
t 0. t 00,
lj'—jl=4 ’

which yields directly to

To treat with the remainder term /3, as Lemma 3.2, we split Iz = K| + K> + K3 for
m =1,2,...,nand consider K| and K3 only. It follows from Holder’s inequality, Lemmas
2.3 and 2.4 that

1A K oy S22 D0 D AT Al 1 ooy 10m (=) T A jrv | e o)

J'=j=No lj’'=j"I=1

) L i
S0 Y Al e A vl e
J'zj=No lj'=j"I<1

2707 29N Ajull g ooy 0l e i

J'=j—No
o e
20708 0 2CIUEDA ull g ooy 10 e ey (3.36)
J'=j—No

. 27
1A K3l my S270 ) Y 27 A jull oy 1A vl e oo
J'Zj—=Nolj'=j"I=1

. _
S 2-/ Z 2(0[ )J ||AI/M||LII(L00)”U”Z?O(B,al)
J'zj=No -

< pl=hj Z 9(@=2)(j _j)||AJ"“”L}(L°°)”UHN,M(B;O“I)' (3.37)

J'=j—No

Under the assumption 1 <« < 2, wehavea —3 < 0and ¢ —2 < 0. Hence putting the above
estimates (3.36) and (3.37) together, and multiplying 2(!=*)/ to the resulting inequality, then
taking /! norm yields that

~ < ~ ~
1317 (B5) S IIMIIL}(B&YI)IIUIILIOC(B;C%) (3.38)
Thanks to (3.34), (3.35) and (3.38), we get (3.33). The proof of Lemma 3.7 is complete. O
In order to prove the third part of Theorem 1.1, we consider the resolution space

Z;’o (Bgo‘j‘l R™"HN Ztl (Bgo’ 1 (R™)). Then for the mapping (3.16), we infer from Proposition 3.1
and Lemma 3.7 that

IIF(M)||~;>o(B;o",‘1)”Z}(Bgo_l) S lluoll e, + IIMV(—A)_IMIIZ}(B;?)
12

Lo (B2 )nEH(BY, ) (3-39)

S ol e, + llu
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As before, applying the standard contraction mapping argument, we can show that if ||ug || B2,
is sufficiently small, then I is a contraction mapping from some suitable metric space into
itself, and this leads to that the system (1.1) admits a unique solutioninu € L{® (Bo’o‘f‘1 RN
Z,l (lf?gq1 (R™)). We complete the proof, as desired.

3.4 The case 1 < a < 2 and p = oco: Gevrey analyticity

1
Set U(z) := e'* Au(r). Then U (¢) satisfies the following integral equation

1 » Tr 1 9 1 1
U(r)y=e'®M—iA uo—/ [e’“\l—(f—f)A v.(e—f“AIU.e—f”AIV(—A)—lU)]dr. (3.40)
0

1 g
Consider the linear part, since the symbol ¢’ * 1§11 =261 js uniformly bounded for all £ and
decays exponentially for |£] >> 1, when localized in dyadic blocks in the Fourier spaces,

the Fourier multiplier F, ’“ Ai=grA® maps uniformly bounded from L to L for all

t > 0. Then by Young’s mequahty, we have
el AN S He_%ma%’
(gt 0 (2.,
For the nonlinear part, by proceeding the same line as the proof of Lemma 3.6, and observe
that in general, the operators K. and Z; ., defined in Lemma 3.6 do not map L to L™
boundedly. However, when localized in dyadic blocks in the Fourier spaces, these operators
are bounded in L*°. Therefore we can follow the calculations line by line from (3.34) to
(3.38) in the proof of Lemma 3.7 to deal with the nonlinear term, and finally together with
the estimate of the linear term ensure that

2
||M(l)|| o1 S lluoll g—e +llu@)|l .
(e e M i ) (e, ) T Z,OO(eféAIB;O‘”I)mZ,‘<e’“LAIBgC1)

This completes the proof, as desired.

L°°(B )nL (1’33071) S ”uouéo_fl'

3.5 Decay rate of solution

In this subsection, we focus on the decay rate estimates of solutions obtained in Theorem
1.1. The proof is based on the following result.

1
Lemma 3.8 Forall o > 0 and 1 < o < 2, the operator A%e "M s the convolution
operator with a kernel K, (t) € L'(R") for all t > 0. Moreover

1Ko (D)l < Cot ™5, (3.41)
where Cy i= || A% Izt

Proof Tt suffices to consider the operator Ae™*! and its kernel 12(, &) = |£|°e BN due to

the general case can be obtained by using the scaling: £ +— t«&. It is clear that 12(, &) =
|E1°e" I e L. Thus kg is a continuous bounded function. Moreoverif o > 0, we introduce
a function ¢ € S(R") so that 0 ¢ Supp ¢ and Zjez ¢(27&) = 1. Then |£]°¢ (&) € S(R"),

and if we write [£]7¢ (&) = dADU (§)and O =1 — ijo @ (278), then we have

ko (§) =) 27770, 276)e I +0(8) 15|71

Jj=0

@ Springer



Well-posedness and Gevrey analyticity of the generalized... 541

Hence

kol <D 2777 @0 17 @ ML + 177 0@ IEI7e ) 1 < oo,
Jj=0

We complete the proof of Lemma 3.8. O

Now the existence parts of Theorem 1.1 tell us that if the initial data u is sufficiently small

in critical Besov spaces Bpf; P(R™) foreither ]l <a <2,1 < p <oocand1 <¢g < oo or
1 <o <2, p=o0andq = 1, then the solution is in the Gevrey class. Consequently, for all
o > 0, applying Lemma 3.8, we get the following time decay of mild solution in terms of
the homogeneous Besov norm:

1 1
IATU(@O)| sz = A% A" Mu(r) ,
Bpg " Boa?
’ p.q
g Z‘%A
<Cot o [ Mu@)| a
Bl’vq
_g
< Cot ™ gl —asn- (3.42)
BPJI

This completes the proof, as desired.

4 The case a = 1: the Proof of Theorem 1.2

In this section, we consider the case @ = 1 for the system (1.1) with initial data in critical

L1425
spaces Bp’ 1 "R" (1 < p < 00). The global well-posedness with small initial data and
Gevrey analyticity will be established in the case that 1 < p < oo and p = oo, respectively.

4.1 The case 1 < p < oo: well-posedness

We first recall some time-space estimates for solutions of the linear evolution equation:

4.1)

ou+ Au= f(x,t), xeR" t>0,
u(x,0) =ugx), x € R™.

Proposition 4.1 ([2~9]) Lets e Ri1 < p,g <oo0and0 < T < oo. ANssume that ugy €
B;’q(R”) and f € LlT(B;_q(]R”)). Then (4.1) has a unique solution u € L?O(B}YW(JR”)) N
ZIT (B;‘Zl R™)). In addition, there exists a constant C > 0 depending only on n such that

el g (35 YTy (532) = C <||u0|| B, + ||f||le(B;q)) . 42)

S R
Now for any initial data ug € Bpl P (R"), we consider the resolution space

~ ,—142
L*(B ol ” (R™)). Slightly modifying the proof of Lemma 3.7, we get the following result.

n

Lemma 4.2 Foranyu,v € Z;’O(Bp_l ;), we have

eV (=2)"" v + vV (=) u (.71+%>5nun~ (.,H%)nvMN () (4.3)
>\ B >|B L>*( B

t p.1 t Pl t p.1
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Proof We calculate the estimation of /1 as follows:

lA; Il Leo(Lr)
-1
S Y (1apuliEan VAT S vl
[j/=jl=4
+ ||Aj'v||L;>°(Lﬂ)||V(—A)_1Sj’—1u||L;>°(L°°)>
—14+2)k
s Z (”A,WMHL,M(LP) Z 21 lAkvllLoeLr)
[j/=jl=4 k<j'—=2

,1+1k
+1Aplewn Y 27T Al an)
k=j'—2

< H n He
DN N 1Y ulligeen ol g + 180l lul

t

17—l e

Multiplying 21+ o (4.4), then taking /' norm to the resulting inequality, we get

<
||11||Zw(371+%> < ||u||zm(37,+%)nvuzm

4 p.l t p.l t
Similarly, for /5,

1A L2l Loe(Lr)

-1+

(s

P
p.1

—14+2 )k o
D DY 22 Al o2 1A ol e,

[j/'=jl<4 \k=<j'=2

_1+£ k Y
+ > 2kal1+5) AVl ry2™ 1A jrull Loy
k=j'=2

p.1

< ‘ .
S Z ||A/U||L,°°(LP)||M||Z?C(371+%> + ”AJ/MHL,”O(LF)”UHZOO 5

lj'—jl=4

which leads directly to

t p.l t p.1 t

<
I (%) hull_ (Bfu%)nvuzw

@ Springer
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Moreover for the remainder term I3 = K| + K; + K3. In the case that 2 < p < oo, K1 and
K3 can be estimated as follows (K7 can be done analogously):

1A K1l

242 _ _
<2(2+5)] DD MEAT Al ey 10 (=) T Al e

J'Zj=No lj'=j"I=1

2+lj 27 _an
<2(+3) Yoo > 2 NAullewn2 A e
J'zj=No|j'=j"I<1
2+5)i —(14+2)j 5 (—1+5)J" —144))
52( 7) oot o(1+5) 1A el o2 TPV NA ol
J'=j—=No

p.1

<5(1-%)i > o ()0 =0,y (-1+5)7 1Ay ullge@nmlvll ro—reay.  (4.8)
A LY (B ”)
J'=Zj—No
1A K3l L e
52(”%)1 Z Z I=A) T Ayl oo pm I A jrvll e r)

J'zj=No lj'=j"I=1

<25 5 0 B Al 2 Al
Jj'=j—No

52(17%)1 Z 2(7%)0’7/)2( 1+) ||Aru||Loo(Lp)||v||L (3"*%) 4.9)
t

J'=j—No Pl

In the case that 1 < p < 2, there exists 2 < p’ < oo such that % + % = 1 such that
1A KillLee e

24pn—1); _ —
<oltn3) Yoo > NN A ull e 19 (=) T A vl

J'Zj=No lj'=j"I=1

2+n77 2+n 1_ L))j/ o
<ol Y Y 2 (-7 1A jaell ggeem 2™ 1A jrvll or )
J'=j=No lj’=j"I=1

S (2+n—*) Z - (1))’ 2( 1+ ) ||A /MHLOO(LP)Z( l+%>.j/||Aj/U||L;71

(LP)
J’=j—No
<275 S D D Al ol ey, (410)
J'Zj=No ' ( & )

n j -~
1A K3llLeewry S 2< ") )R DN [CVS lAJ"“||L,°O(LP’)||A./'”U”L,°°(L")

j/>/'—No lj'=j"1=1

l+nfﬂ —1+2)) —1+2))
S Z 2 2 W) ||Aj’u||L;>°(LP)2( ;) A jvllLeer
J'zj—No

S(1-5)i 3 2n<j’j)z(—1+2)/||A.,/u||L,oo(Lp>||v||LOC<BHZ). (4.11)

J'=j—No pl
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Thus putting the above estimates (4.8)—(4.11) together, we obtain for all 1 < p < oo,

M0 cemy S lell gm0l g cenny (4.12)

Lf°<Bp_1 ) LIOC(BPJ ) LIOC(B]J,] )
Combining (4.5), (4.7) and (4.12), we conclude that (4.3) holds. The proof of Lemma 4.2 is
complete. O

Based on Proposition 4.1 and Lemma 4.2, consider the mapping (3.16), we obtain

p.1 p.1 p.1

IF@I_/ reny S luoll —ien + 1uV(=2) " ull o iis
L,OO(B ’) B, L§>°<B ")

S ol ey + 1l s “.13)
‘ = (8")

p.1 p.1
Thus, if |jug]| . _1+n is sufficiently small, we can prove that I is a contraction mapping from

some sultable metrlc space into itself, which implies that the system (1.1) admits a unique

solution in L;’O(B ol ’ (R™)). The proof is complete, as desired.

4.2 The case 1 < p < oo: Gevrey analyticity

Notice that when o = 1, the dissipation term e*# is not strong enough to overcome the
operatore/ 1. Therefore we need to define the Gevrey operator more carefully. Since 2% &l <

%I%‘I for all £ € R", we define
U@ := eﬁ“\'u(t).

Then U (¢) satisfies the following integral equation:

t
1
U(t) — eﬂtAl—lAuo _ /

[eznrm (—0)ny . (e_ﬁrmu.e—%fAIV(—A)—lu)]dr.
0

(4.14)

Notice that the operator e is a Fourier multiplier which maps uniformly bounded
from LP(R") to LP(R") for | < p < oo, and moreover, its operator norm is uniformly

tA1—5tA

bounded with respect to any ¢+ > 0 because the symbol eﬁ”é“_%tlél is uniformly bounded
and decays exponentially for all |§] > 1. Therefore by Proposition 4.1, the linear term can
be treated with

For the nonlinear term, we rewrite

eZntA] —tA

_ltA
woll g reny S e w0l eny Sl g @15)
L?°<Bp_1 p) Lr°°<B,;,1 p) B, "

tA—(t—T)A __ (t—1)A1—(t—T)A rA1

e 2n =& 2n e 2n

tA1—

Thus based on the nice boundedness properties of the operator eZn A and the bilinear

operator B, (f, g) of the form
gt(ﬁ g) = eﬁ”\l (e_i’mfe_ﬁ”\lg) ’

we can proceed along the lines of the proof of Lemma 4.2 to obtain the Gevrey analyticity
of the solution. Indeed, the bilinear operator 5, (f, g) has a similar expression as (3.31), and
moreover, the corresponding operators K ¢ and Z; ., are bounded linear operators on L” (R")
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for 1 < p < oo, and the corresponding operator norm of Z,g,  is bounded independent of
t > 0, thus, for 1 < p, p1, p2 < 0o, we still have

~ ~ ~ . 1 1 1
1B:(f. e SNZigufZicwgllr SUfleliglher with — + — = —.
pr p2 P

This completes the proof, as desired.

4.3 The case p = oo: well-posedness

In the case p = oo, the resolution space ’I:f"(Bofol’ 1 (R™)) can not be adapted to the system

(1.1), and therefore, we turn to consider the resolution space Z;’o (Bgo1 | (R”))ﬂztl (Bgo, L (R™M)).
Firstly, from Proposition 4.1, we see that

< .
le™ uollLoo(B MACHES lluwoll 51 - (4.16)
Secondly, from Lemma 3.7, we get
luV(=A)~ u||~ ( ) S llu ||~ ( 1)023(30 1). 4.17)
Hence consider the mapping (3.16), we deduce from Proposition 4.1, (4.16) and (4.17) that
~ -~ < . _
I e (5.0 oy s, ) S Mol + 10V =)l g
< . 2
S ol + 1% ooy @19

This reveals that, through the standard contraction mapping argument, if | uq]| B! is suf-
,1

ficiently small, then F is a contraction mapping from some suitable metric space into
itself, which means that the system (1.1) admits a unique solution in L;X’(BO_OII(R”)) N

Ztl (Bgo.l (R™)). The proof is complete, as desired.
4.4 The case p = oo: Gevrey analyticity

To treat the Gevrey analyticity of solution in the case p = oo, it suffices to prove that the
following a priori estimate holds:

‘ Le(B))nLH(8Y,)

Since the symbol e !lEli—311E] g uniformly bounded in R” and decays exponentially for
sufficiently large |£| >> 1 with respect to all # > 0, the estimation of linear part is straightfor-
ward due to the fact that when localized in dyadic blocks in the Fourier spaces, the operator

eﬁmlf%m
. ~ < luoll p=1 . (4.20
’ L;’O(B;{l)m} (Bgo_l) Sl 0”3004 (4.20)

For the nonlinear part, following the proofs of Lemmas 3.6 and 3.7, the only difficulty arises
from the following bilinear operator B, ( f, g) of the form

STL ezt (4.19)

re(, )z (s, ) = Mol ¥ |

maps uniformly bounded from L to L°° with respect to r > 0. Thus

Lia— _1
ez M ’Auo‘~Oo N1 50 §He Z”\uo‘
I (Bwl)mL, (Boo‘l)

~ . : 1
Bi(f, g) = ez!M (e*ﬁl/\lfefﬁmlg)
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is not bounded from L> x L* to L>, more precisely, the corresponding operators K
and Z, ¢, in (3.31) do not map L to L* uniformly bounded. However when localized in
dyadic blocks in the Fourier spaces, these operators are bounded in L°°. Therefore we can
follow the calculations line by line from (3.34) to (3.38) with @ = 1 in the proof of Lemma
3.7 to complete the estimation of the nonlinear term, which along with (4.20), we arrive at
(4.19). The proof is complete, as desired.

4.5 Decay rate of solution

In this subsection, we show the decay rate estimates of solutions obtained in Theorem 1.2.

Based on Lemma 3.8, we can show that for all ¢ > 0, the operator A°e™ %A is the
convolution operator with a kernel K, (1) € L' (R") for all ¢ > 0. Moreover

Ko@)l < Cot ™, (4.21)

~ 1 . .
where C, = ||A"e_ﬁAl ;1. Now we know that the existence parts of Theorem 1.2 imply

thatifug € Bp P(R™) (1 < p < o0)is sufficiently small, then the solution is in the Gevrey
class. Consequently for all o > 0, applying (4.21), we get

1 1
1A 1vp = s = |acemtied M|
pl B
~ 1
< Cot™ em™u(r) H gy
B P
p,l
<Cyt™° IIMOIIB-1+%~ (4.22)

p.1

We complete the proof of Theorem 1.2, as desired.
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