Annali di Matematica (2018) 197:61-77 @ CrossMark
https://doi.org/10.1007/s10231-017-0668-x

On certain non-hypoelliptic vector fields with
finite-codimensional range on the three-torus

Rafael B. Gonzalez!

Received: 30 January 2017 / Accepted: 3 May 2017 / Published online: 11 May 2017
© Fondazione Annali di Matematica Pura ed Applicata and Springer-Verlag Berlin Heidelberg 2017

Abstract We study the finiteness of range’s codimension for a class of non-globally hypoel-
liptic vector fields on a torus of dimension three. The linear dependence of certain interactions
of the coefficients is crucial. This condition is close to condition (P) of Nirenberg and Treves.
Certain obstructions of number-theoretical nature involving Liouville numbers also appear
in the results.
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1 Introduction and main results

Our purpose is to present non-globally hypoelliptic vector fields with finite-codimensional
range on a torus of dimension three. We recall that a vector field L on T" >~ R" /277" is a
linear operator on ¥’°°(T") which satisfies the Leibniz rule. As in [2], we refer to the fact that
the codimension of L% *°(T") is finite by saying that L is strongly solvable in T", while we
say that L is globally hypoelliptic if the conditions u € 2'(T") and Liu € €°°(T") imply
that u € €°°(T").

The existence of non-globally hypoelliptic vector fields with finite-codimensional range
on T? is already known. In [2—4,8] it has been exhibited vector fields with this property.

The operators in [2] are of the form d; +ib(x, t)d,, where (x, t) are the coordinates in T2
and the function b is real-valued and smooth. Since the Nirenberg—Treves condition (P) is
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necessary for the range to have finite codimension (see Corollary 26.4.8 from [11]), for each
x € T the function t — b(x, t) cannot change sign on T!; moreover, when the characteristic
set is the union of a finite number of one-dimensional orbits which are diffeomorphic to the
unit circle, the approach to study the range of this class of operators involves the order of
vanishing of b.

In [3,8] the operators are of the form d; + (a(x) + ib(x))d,, while in [4] they are of the
form 9, + (a(x, t) +ib(x, t))dy, Where a and b are real-valued and smooth. For these vector
fields, in addition to the condition (P) of Nirenberg—Treves, certain relations between the
order of vanishing of @ and b are connected to the study of range’s codimension.

In dimension three, let us start by considering the vector field d; +ib(x, 1)0y + (o +iB)0y
on T%x,v’ " where o and § are real numbers. Notice that we have added a constant part to
the vector field treated in [2]. When 8 # 0, condition (P) of Nirenberg—Treves implies that
a necessary condition for the strong solvability is that the function r € T! — £b(x, ) 4+ nf
does not change sign, for all x € T! and &, n € R. Hence, it follows from Lemma 3.1 of [6]
that the function b must depend only on the variable x. The operator d; +ib(x)dx + (a +if8) 0y
on T? is a particular form of

(x,y.0)
L =0 + (a1(x) +ib1(x))dx + (a2(x) + ib2(x))dy, ey

where a; and b; are smooth real-valued functions on T!, j=172.

In this article, we study the strong solvability of (1).

The case in which ay 4+ iby = A(a; +iby) (A € R) was treated in a recent work.! In this
case, we have an operator of the form

L =0 + (a(x) +ib(x))(0x + Ady).

When (a + ib)~'(0) = @, this operator is strongly solvable if and only if it is globally
hypoelliptic. Indeed, this result follows from [5] by considering #ﬁf . On the other hand,
when a +ib is not identically zero, but vanishes at some point, then the operator .Z is neither
strongly solvable nor globally hypoelliptic, since the distributions § (x —x*) @ 8(y — y*) ® 1,
belong to the kernel of the transpose operator ! Z, for all (x*, y*) € (a; + ib))~10) x T!,
and Z(6(x —x*) ® 1, ® 1;) = 0. Hence, a weaker notion of solvability was considered,
which is the closedness of the range. As in [7], when an operator has closed range we say
that it is globally solvable. For the global solvability, condition (P) is not necessary in general
(for instance, in [5] we have vector fields of tube type which are globally solvable but do not
satisfy condition (P); e.g., d; + i cos(t)dy + i sin(¢)dy on T3). Without assuming condition
(P), b may change sign between two consecutive zeros of a + ib. However, for the global
solvability of .Z, b may change sign at most once between consecutive zeros; moreover, this
change of sign is connected with relations between the order of vanishing of a and b.

Following the historical aspects, the properties described in the second, third, and last
paragraph will also appear in our results. Indeed, the approach used in this article is inspired
by the results in dimension two, but mainly it is inspired by the new developments in higher
dimension mentioned in the paragraph above (see also [5,6]).

Certain necessary conditions for the solvability of L are derived from the results in dimen-
sion two. For instance, results of [3,7] imply that d; 4+ (a1 (x) + ib1(x))dx is not globally
solvable when a +ib; does not vanish identically and aj +ib; has a zero of infinite order. As
a consequence, by using partial Fourier series in the variable y, it follows that our operator L
[given by (1)] is not globally solvable in this case; hence, it is not strongly solvable. Since L is
trivially non-strongly solvable when a; +ib; vanishes identically, we may assume that either
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ay + iby never vanishes or (a1 + ib;) 1 (0) # ) and a1 + ib; has only zeros of finite order.
Only in this second case, we find non-globally hypoelliptic vector fields which are strongly
solvable, which makes this case the most interesting one. In fact, when a; + ib; never van-
ishes, L is strongly solvable (resp. globally hypoelliptic) if and only if L= /(a+1ib))L
is strongly solvable (resp. globally hypoelliptic). From [5] we see that L is strongly solvable
if and only if it is globally hypoelliptic.

Note that the condition (a; + iby)(x*) = 0 implies that L(§(x —x*) ® 1, ® 1;) = 0;
hence, L is not globally hypoelliptic on any neighborhood of {x*} x T' x T!.

Throughout this article, we will assume that (a; + ib; )~1(0) # ¥ and that a; + ib; has
only zeros of finite order.

We write

(a1 +ib1)71(0) ={x; <xy<---<xny} and xyy; =x; + 27

At each zero x; € (a; + ib1)~1(0), we denote by n, and m, the order of vanishing of a
and b, respectively.

As mentioned above, by using partial Fourier series in the variable y, we may verify that L
is not strongly solvable if the vector field 8, + (a; +iby)(x)dy is not strongly solvable on T?.
Hence, results from [3,8] imply that L is not strongly solvable if there exists £ € {1, ..., N}
such that either my = 1 or my > 2 and my > 2ny — 1 (see Theorems 1.1, 2.2 and 3.1, and
Proposition 4.1 in [8]). Likewise, L is not strongly solvable if b| changes sign between two
consecutive zeros of a; + ib;.

We will verify that the linear dependence of b and axb| — a1 b> (as functions belonging to
¢ (T, R)) is crucial for the strong solvability of our operator L. In contrast with [5], this
linear dependence takes into account both the real and the imaginary part of the coefficients
of the operator.

Similar to what happens in [1,5-7,9,10,12], and many others, certain obstructions of
number-theoretical nature, such as Diophantine conditions, also appear. We recall that an
irrational number « is said to be a Liouville number if there exists a sequence (p,, ¢,) € ZxN
such that g, — oo and |p, — a/qu| < (gn)™", foralln € N.

We will prove the following description related to the strong solvability of (1):

Theorem 1 Let L be the operator given by (1) and assume that (a; + ib1) ™' (0) # @. If L
is strongly solvable, then the following conditions hold:

(1) a1 + iby vanishes only of finite order; moreover, by does not change sign between two
consecutive zeros of a + iby, and at each zero x; € (a1 + ib))~1(0) = {x1 <x <
- < xny}wehave2 <my <2ng — 1.
(ii) for each £, either by(x¢) # 0 or ba(xg) = 0 and az(x¢) is a non-Liouville irrational
number.
(iii) by and arby — a1bs are R-linearly dependent; moreover, ayby — ajby = Aby with A an
irrational number.

Under conditions above, L is strongly solvable provided A is a non-Liouville irrational
number. In this case, we note that the range’s codimension of L is 1 + Z?’zl min{my, ng}.

The proof of Theorem 1 is given in Sects. 2 and 3.

Example 1 For a € R, it follows from Theorem 1 that the operator
0 +i(1 —cos(x))dy + (o + i sin(x))dy

is strongly solvable on T3 if and only if « is a non-Liouville irrational number.
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In contrast, for any o € R, the operator of tube type
0y +i(1 —cos(t))dy + (o + i sin(?))dy

is never even globally solvable on T3, since the functions 1 —cos(r) and sin(¢) are R—linearly
independent and the first of them has nonzero mean (see Theorem 1.1 of [5]).

We may also destroy the strong solvability of a vector field of tube type when we exchange
the dependence on the variable ¢ by a dependence on the variable x.

Example 2 If « is a non-Liouville irrational number, then Theorem 1.3 of [5] implies that
B + (cos(t) + i cos>(1))dy + ady )

is globally hypoelliptic. For this class of operators global hypoellipticity is equivalent to
strong solvability. Hence, operator (2) is strongly solvable. On the other hand, by Theorem 1
we see that the operator

0r + (cos(x) +1i cosz(x))3x + ady

is not strongly solvable, since the order of vanishing at each zero does not satisty condition

).

Notice also that, even in the case of constant coefficients, in general the assumption that the
constant A [given in (iii)—Theorem 1] is a non-Liouville irrational number is not necessary
for the strong solvability of L. For instance, consider L = 9; +idy + (o + i)d,,. For this L
we have A = «. If « and g are Liouville numbers such that the vector («, §) is not a Liouville
vector, then L is strongly solvable (see [1] for a construction of two Liouville numbers such
that the pair is not a Liouville vector). On the other hand, if « is a non-Liouville irrational
number, then L is strongly solvable.

The next results are other consequences of Theorem 1.

Corollary 1 Consider the operator
L =0+ (a1 +ib1)(x)dy + az(x)dy

and assume that (a1 +ib1) 1 (0) % 0. Then L is strongly solvable if and only if the following
conditions hold:

(i) ai + iby vanishes only of finite order and at each zero xy € (a1 + ib)~1(0) = {x1 <
Xy < --- < xy}wehave2 < my < 2ng—1, where my and ng are the order of vanishing
of a1 and by, respectively, at x;.

(i) by does not change sign between two consecutive zeros of a; +iby, and ay = o, where
o is a non-Liouville irrational number.

For the next result, we consider the operator
L =09+ (a1 +ib))(x)dx + (@ +ipf)dy, acR, BeR\{0}, 3)
and we assume that (a; + ib; )‘1 (0) # @ and that a; + ib; vanishes only of finite order.

Corollary 2 Consider the operator L given by (3). If L is strongly solvable, then ay = y by,
with y € R such that o« — yp is an irrational number. Moreover, by does not change sign
between two consecutive zeros of ay + iby, and by vanishes only of finite order greater
than two. On the other hand, under conditions above, L is strongly solvable if « — yf is a
non-Liouville irrational number.
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We point out that even operators with a very similar structure may diverge with respect to
the strong solvability.

Example 3 By Corollary 2 we see that the operator

O 4 (V2 4 i) cos? (x)dy + iv/20,
is not strongly solvable, while the operator

3 + (V2 +1i) cos>(x)dy + iv/39,

is strongly solvable.

2 Necessary conditions

In this section, we establish necessary conditions for the strong solvability of operator (1),
which is given by

L =0 + (a1(x) + ib1(x))dx + (a2(x) + iby(x))dy,

under the general assumptions that (a; + ib 1)~10) # ¢ and that a; + ib; vanishes only of
finite order. Recall that, in this case, we are writing (a1 +ib)~! 0)={x1 <x2<---<2xn},
XN+1 = X1 + 27, and we are denoting by ny (respectively my) the order of vanishing of a
(respectively b) at x; € (a; + ib1)~1(0).

As we have already mentioned in the previous section, it follows from the results in
dimension two (see [3,8]), that the conditions given in item (i) in Theorem 1 are necessary
for the strong solvability of our operator L.

From now on we will deal with the new conditions which appear in (ii) and (iii) in
Theorem 1.

Lemma 2, Propositions 1, 2 and item (i) in Proposition 3 show the necessity of condition
(iii) in Theorem 1, while the necessity of item (ii) in Theorem 1 follows from Lemmas 1
and 3.

Before we proceed, we recall that L is globally solvable if and only if L€ (T3) =
(ker’L)°, where 'L: 2'(T%) — 9'(T?) denotes the transpose operator of L. Moreover, L
is strongly solvable if and only if L is globally solvable and dim ker 'L < 0o. Both this two
characterizations will be used throughout this article.

Lemma 1 Ifthere exists £ such that by(xg) = 0and ay(x¢) is rational, then dimker ! L = oo.

Proof Since a;(xg) is a rational number, there exists a (infinite) sequence (j,,k,) €
Z2\{(0, 0)} such that k, + jhas(x¢) = 0, for all n. By using partial Fourier series in the
variables y and ¢, we may verify that the distributions

8(x — x¢p) @ €Y @ etnt
belong to ker ’ L, which implies that dim ker ' L = oo.

The proof that condition (ii) in Theorem 1 is necessary for the strong solvability of L will
be completed in the end of this section.

We now focus on the condition (iii), which is related to the linear dependence of b{ and
aby; — a1by. We claim that L is not strongly solvable if by and axb; — a;b; are R-linearly
independent functions.
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Lemma 2 Suppose that by and aby — ayby are R-linearly independent. There exist an
interval (xy,, X¢y+1) and nonzero integers p and q such that gby(x) + p(a2by — a1b2)(x)
changes sign on (xy,, X¢y+1). Moreover, we may choose p and q so that ax(x,)p/q # —1,
fork = Lo, Lo+ 1.

Proof If by and axb; — a1b; are linearly dependent on (x¢, x¢41), then there exists A, € R
such that (axb; — a1b2)(x) = A¢b1(x), for all x € (x¢, xp41). Since b vanishes of finite
order at each xy, it follows that Ay = A;, for every j,£ = 1,..., N. This implies that
b1 and axb; — a1 by are linearly dependent on T!. Hence, if they are linearly independent,
then there exists £9 € {1, ..., N} such that they are linearly independent on (x¢,, X¢y+1)-
By applying the proof of Lemma 3.1 of [6] on the interval (xy,, x¢,+1), we obtain infinitely
many nonzero integers p # g, which produce infinitely many rationals p/q, so that 6 (x) =
qb1(x) + p(axby — a1by)(x) changes sign on (x¢,, Xgg41)-

Proposition 1 Let p and g be nonzero integers suchthat 6 (x) = qby(x)+ p(axb1—a1b2)(x)
changes sign only once on (xg,, Xgy+1). In this case we have dimker’ L = oo.

Proof We will exhibit infinitely many linearly independent distributions in ker’ L.

Assume that there is n € (xy,, X¢y+1) such that @ > 0 on (x¢,, n) and 0 < 0 on (1, xgy+1)
(the other case is analogous).

For x € (x¢y, Xeg41), set

o) :/x i 9(s)2 +i(q+paz(sz)a1(s)42-pb1(s)b2(s) ds.
n o \aj(s) +by(s) ai(s) + bj(s)

For each positive integer n, the function

exp{n@(x)}, x € (xg, Xeg+1)
0, X € Tl\(xzo, Xeg+1)

Yn(x) = [

belongs to L>®(T!) ¢ 2/(T"). We will find distributions w, such that

(ﬂizbl - Mn> (x) @ e~ "PYHD e ker'L\(0} € 7'(T). )

Note that since aj +ib; vanishes only of finite order, we may take v, /(a1 +iby) € @’(’JI‘I)
so that (a; + ib1)Y¥, /(a1 + ib1) = 1 and satistying supp(¥,, /(a1 + ib1)) C supp(¥y,). By
defining w, = ¢, —inqyn /(a1 +ib1) —inp(az +iby) ¥, /(a1 +ib1) we obtain supp(w,) C
{x¢y, Xeo+1). Hence, there exist positive integers r¢, and rg,1, and constants aZ‘) and ozZ’J e
such that

reg Feg+1
Wy = Z ozZ’)(S(m)(x — Xgp) + Z aZ)HS(m)(x — Xg+1)-
m=0 m=0

Finally, we claim that we may take constants Bj; and g | such that the distribution

r(() r(0+l
n =Y BRs(x = xe) + Y By 8" (x = xgpr1)
m=0 m=0

satisfies ((a; + iby)un) — ingu, — inp(az + ib2) i, = w, and, therefore, it satisfies (4).
Indeed, the constants must satisfy the following: for x = €g, o + 1, 0 < m < r,, and with
G V()
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al = BX(Cl* (a1 +ib) (xe) — ing — inpCyf (az + ib2) (x,))
= B [CTd) (xe) + npba(x)] + B [CY b (xe) — n(g + paz(xe))], (&)
ay = B (CT' (a1 +ib) (xe) — ing — inpCy (az + ib2) (x,))

T
+ Y. B [Cj_,,,+]<a1 +ib)V " () — inpCl_, (a2 + ib2><f*'"><xk>]
j=m1

= B¢ [CT'd) (xe) +npba(x) | + i [CT'b] (x) — n(g + paz(xc))]

s
+ Y B[O+ bV w0 = inpCl, (a2 + ib2) T (0]
j=m+1

(6)
and

s
af = —plin(g + plaz + ib2)(x,)) — inp y_ BLCl(ar +ib)" (x,). )
j=1
By Lemma 1, we may assume that either by (x,) 7# 0 or by(x,) = 0 and ax(x) ¢ Q.
Hence, for n large enough, we may solve Egs. (5), (6), and (7) above.
Since the distributions given in (4) are linearly independent, it follows that
dimker!L = oo.

The existence of the integers p and ¢ such that gb; (x) + p(a2b; — a1b2)(x) changes sign
between consecutive zeros of aj +ib; was crucial to show that the dimension of the kernel of
"L is not finite. Although dim ker’ L = oo, the range of L might be closed. Indeed, there exist
situations where L is globally solvable (closed range) and, for all (j, k) € Z*\{(0, 0)}, the
function kb (x) + j(a2b1 — a1b2)(x) changes sign (but at most once) between consecutive
zeros of a; + iby (see Remark 1 in the end of Sect. 3).

The next result shows that the range of L may not be closed when there exist integers p
and ¢ such that gby (x) + p(azb; — a1b)(x) changes sign twice or more.

Proposition 2 Let p and g be nonzero integers suchthat 6 (x) = qb1(x)+ p(axb1—a1b2)(x)
changes sign twice (or more) on (xg,, X¢y+1). Suppose also that ax(x,)p/q # —1 and that
2 <my <2n¢ — 1, for k = Lo, Lo + 1. In this case, L is not globally solvable.

Proof With the information that 6 changes sign at least twice on (x¢,, X¢,+1), we will con-
struct a function f € (ker!L)°\L¢>°(T?), which will be given in the form

[y =Y fx.np.ng)e™Prran. ®)

n=1

Each Fourier coefficient f(-, np, ng) will be given in €°°((xgy, X¢g+1))-

Notice that & = gb; 4+ p(axb1 — a1by) vanishes at x,., k = £g, £y + 1. Moreover, since
g + paz(x,) # 0 (by hypothesis), the order of vanishing of 0 at x,., o, satisfies 0, < m.

Since oy, < 0o, we have > 0 or 8 < 0 on (x¢,, x¢, + 8), with § > O sufficiently small.
Without loss of generality, we may assume that 6 > 0 on (xg,, x¢, + 8).

The assumption that 6 changes sign at least twice implies that there exist &; and &, such
that x¢y + 8 < &1 < & < xgy41, 0(61) < 0and 6(§2) > 0.

Set o = inf{x € (£1,&); 0(s) = 0, s € (x, &)} and take ¥ € €°((0, &)) so that
6 > 0 onsuppyy, Y1 = 0 and f;‘;‘;)o“ Y1 (x)dx = 1.
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We now choose 7 < o so that () < 0 and f:@(s)/(alz + b3)(s)ds > 0, for all
x € suppyy. For § > 0 sufficiently small we also have 8 < 0 on (1, n + ). Take ¥» €
€>°((n, n + 8)) so that ¥, > 0 and ij‘v’o“ Yo (x)dx = 1.
0

Set & = supsuppya, M = — [/ 0(s)/(a} + b?)(s)ds > 0. and
L [T 60
d, = —/ Yo (x) exp n/ —————ds ¢ dx,
n e 0 al(s)+bi(s)
and define
fx,np,ng)

= (a; +ib1)(x) exp [—nM — in/
n

* 6(s)
X |:‘//2(x) + dp 1 (x) exp {_”l/r.] alz(s)—l—b%(s)ds}:|’

for all n € N. Note that suppf(-, np,nq) C (Xgy, Xeg41)-

Since
inf suppyr, 0
|dn| < exp I’l/ #dé‘ <1
n ay (S‘) +b1 (9)

and, for all x € suppy/q,
x 0
exp —n/ #ds <1,
n ay(s) +by(s)

it follows that f (-, np, ng) decays rapidly, thanks to e M. Thus, f given by (8) belongs to
% (T3). Moreover, for all u € ker’ L we have

Y qai(s) + plaraz + blbz)(S)d
2 2 §
aj (s) +b1(s)

(AC.—np, —nq). f(.np.ng))
Xgo+1 x
= C ™ /XZON <1//2(x) exp {n/'7 Mds} + d, ¥y (x)) dx =0,
for all n € N. Hence f € (ker'L)°.
Finally, if there exists u € ¢*° (’]I‘3) such that Lu = f, then
f.np,ng) = (a1 +ib))(x)dsii(x, j, k) +inlkqg + pla +ib)()i(x, j k), (9)
for all x € T', which implies that

n[0(x) +i(gai(x) + plaraz + b1b2)(x))] .

fx.np, ng) e np.ng)
a3 (x) + b}(x) T

(a1 +iby)(x)

= d0yi(x, np,nq) +

for all x € (x¢y, X¢y+1) and n € N.
For x € (xg,, X¢9+1), set

E () — T O(s) +ilgai(s) + p(araz + b1b2)(s)]
n(X) = exp n 5 5 ds¢.
n aj(s) + bi(s)
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We may write i(x, np, nq) = wy(x) + v,(x), where
wy(x) =ChE_,(x), Cy € C,
and

Up(x) = E_p(x) / E (X" f(x',np,ng)/(ar + iby)(x")dx’.

Since ¢ + paz(xg,) # 0, it follows from (9) that ii(x¢,, np, ng) = 0. We also have
vu(xgy) = 0, since suppf(-, np,nq) C (xg,, Xe¢y+1)- On the other hand,

- I IO
|wa (x)] = ICnleXP{ ”/,7 af(s)+b%<s>ds}

and the conditions 6 > 0 on a neighborhood of x, 0g, < my, and 2 < my, < 2ng, — 1
imply that lim + Wy (x) = oo, provided C,, # 0. Hence, we must have C,, = 0.
0

X—)xe
n+4 0
K, =exp{—nM —n/ %ds
n o aj(s) +bi(s)
we have

|12(77 +4,np,nq)| = Ky " 102(-)5/) exp n/X/ %dé‘ dx’
xeg n  aj (S)+b (s)

+3 +3 &
> exp n( /n /n /0) 9(3)2 ds¢ =1,
& " 1) + bis)

where we recall that &y = sup suppy;.
We have a contradiction, since i (-, np, ng) must decay rapidly.

Finally, with

Lemma 2 and Propositions 1 and 2 imply that L is not strongly solvable when b; and
ayby — a1 by are R-linearly independent.

Next proposition implies that L is not strongly solvable if there exists a rational number
A such that apby — a;by = Abp. This completes the proof that condition (iii) in Theorem 1
is necessary for the strong solvability of L.

Proposition 3 Let L be given by (1). Suppose that (ay + iby)~'(0) # @ and that ay + ib;
vanishes only of finite order. Write (a1+ib1) ™1 (0) = {x; < --- < xy}andletny (respectively
my) be the order of vanishing of ay (respectively by) at x¢, £ = 1, ..., N. Assume that either
ba(x¢) # 0 or by(xp) = 0 and ay(x¢) is an irrational number, for each £ =1, ..., N.

(1) If axby — ajby = Aby, with A € Q, then dimker’L = oo.

(i) Suppose that axby — a1by = Aby, with A an irrational number. In addition, assume
2 <my <2ng—1, foreacht =1, ..., N and suppose that by does not change sign
between two consecutive zeros of ay + iby. Under these conditions, dimker'L < oo;
moreover, a distribution |1 belongs to ker' L if and only if

N re—1
p=Ko/(@a+ib) @1, @l +) Y Kmd™x-x0®1,®1,
£=1 m=0
where r¢ = min{mg, ne} and Ko, Koy, m =0, ..., r¢ — 1 are constants.
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Proof (i) If axby — a1by = Aby, with A = p/q (p € Z, q € N), then for & be fixed in
(x¢, xe41) (L € {l,..., N} and forn € N, set

a¥(s)+b¥(s)
0, x € TN\ (x¢, xp41).

exp {in I tll(s)(qaz(S)—p)-Hlbl(S)bz(S)ds}’ X € (e xeat)

Yn(x) =

Since either b2 (xg) # 0 or ax(xy) is an irrational number, we may proceed as before [see
arguments between Egs. (4) and (7)] to verify that there exists a unique u, € 2’ (Tl), such
that

Yn in(gy—pt)
belongs to ker ' L\{0}. Therefore, dimker 'L = co.
(i1) Assume now that apb; — ajbr = Aby, with X an irrational number.

Given u € ker’ L, we use partial Fourier series in the variables y and 7 to write

o= Z Lx, k) ® ' UyHkD,
(j,k)eZ2

It follows that ' Liu = 0 if and only if
(a1 +ib) @) alx, j, k) +ilk + jlaz +ib)(x)(x, j, k) =0, (10)

for all (j, k) € 72. Define vik = (a1 + iby)ja(-, j, k). On each (x¢, x¢41), £ =1,..., N,
we have al%bl = (-, j, k). Hence

ij

Oxvjr +i(k+ jlaz + ibz))m =

)

which implies that

itk + jlaz +ib)) } ‘
ex - dstvig=C% on (xg, xex1),
p{/& (a1 +ib1)(s) ! ik "
where &y € (x¢, x¢4+1) is fixed and ka is a constant.
Since b; does not change sign, 2 < my < 2n¢ — 1 and 2 < myyy < 2np41 — 1, the
function

ox {/“‘ i(k—i—j(az—i—ibz))ds}
Pl @ +ibne

. Tk 4+ 2j)bi(s) +ilai(s)(k + jax(s)) + jbi(s)ba(s)]
= exp 5 5 ds
& (a7 +b7)(s)

is flat at either xp or x¢4 provided (j, k) # (0, 0) (recall that A is an irrational number).
Hence, for (j, k) # (0, 0) we have Cj:k =0and (a1 +ib1)a(-, j, k) = Ooneach (x¢, xp+1),
which implies that supp (-, j, k) C (a1 +ib1)~1(0).
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Thus, for (j, k) # (0, 0) we have

N 7
PG, j k) =YY B (x —x0), Bif €C,

=1 m=0

where 7/ is a positive integer.
By using (10) we will show that all the constants ﬂ%’ are zero. Indeed, as above [see
Eqgs. (5)—(7)], (10) implies that, for each £ be fixed, and for 0 < m < 7y, we have

0= B35 (Cff(ar +ib1) (xv0) + ik + €Yl @z + ib2)(x0) )

= ,Bfli"i(k + Jj(az +ib2)(xe)),
0= BY" (C'ar + ib) (xe) + ik + jCJ' @z + iba)(x)))

7y
+ Z ﬂfz [C,’Z_n1+1(a1 +ib) " () + i CE_, (@ + ibz)(”fm)(xz)] ,
n=m+1

and

re
0= BRItk + jaz +ib2)(x0) +ij Y B Clar +iby)™ (xy).

n=1

Equations above imply that all the constants ,Bf,'f are zero, since either by (xp) # 0 or
ay(xg) is an irrational number, foreach ¢ € {1, ..., N}.
Hence, [1(-, j, k) =0, forall (j, k) € Zz\{(O, 0)}.
Finally, since fi(-, 0, 0) satisfies 9y ((a; + ib1)(x)jr(x,0,0)) = 0, it follows that (a; +
ib1)(x)i(x,0,0) = Ko. In particular,
N re—1
p=(Ko/lar+ib) @1y, ® 1L+ Y Y Kimd™x—x)®1,®1,,
¢=1 m=0
with r¢g = min{my, n,}.
Therefore, ker ! L = span{(1/(a; +ib1) ® 1, ® 1,8 (x —x) ® 1, ® I;, 0 <m <
re, £=1,...,N}anddimker'L =1+ 24]3\/:1 re < 00.

Our next result completes the proof that condition (ii) in Theorem 1 is necessary for the
strong solvability of L.

Lemma 3 Under the assumptions in item (ii)-Proposition 3, the operator L is not globally
solvable if there exists £ € {1, ..., N} such that both by(x¢) = 0 and ay(x¢) is a Liouville
irrational number.

Proof If a>(xp) is a Liouville irrational number, then there exists (j,, k,) € Z2\{(0, 0)} such
that | j,| + |kn| > n and |k, + jpaz(x¢)| < (|jnl| + |kn|) ™", for all n € N. Since the sequence
(Ljnl + 1ka])™"/* decays rapidly,

o
FCy ) =Y (nl + lhy )" Uy HHad)

n=1

belongs to ¥°°(T3). Moreover, Proposition 3 implies that f € (ker’L)°.
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Ifu € ¢°(T3) and Lu = f, then

(il + k)72
= (a1 + ib) ()0 (G (X, Jin, kn)) + ik + jul@z + ib2) ()X, Jiu, kn),

foralln € Nand forall x € T!. In particular,
i(kn + juar(ce)aCxe, jus kn) = (Ll + lhn) ™2
Hence
(X, s k)| = (Ll + 1 )2

Since the sequence (|, | + |kn 1)"/2 does not decay rapidly, there isnou € € (T?) such that
Lu = f. Therefore, L is not globally solvable (in particular, L is not strongly solvable).

The proof that conditions (i)—(iii) in Theorem 1 are necessary for the strong solvability of
L is complete.

3 Sufficient conditions

This section is devoted to prove that conditions given in Theorem 1 imply that L, given by
(1), is strongly solvable.

Under the assumptions (i)—(iii) in Theorem 1, Proposition 3 implies that dim ker ' L < oc.
To complete the proof of Theorem 1 we must show that L is globally solvable, that is,
LE>®(T3) = (ker'L)°.

We begin with a result about solvability modulo functions which are flat along (a; +
i bl)_1 (0) x T2, By following the same line as Lemma 2.1 of [7], we obtain:

Lemma 4 Consider the operator L given by (1). Suppose that ay; + iby vanishes only of
finite order and (a + ib))~H0) = {x1 <+ <xn}#D.If2 <my < 2n¢ — 1 and either
ba(x¢) # 0 or ax(x¢) is a non-Liouville irrational number; then given f € (ker’L)° there
exists u € €°(T3) such that Lu — f is flat along (a1 + ib1)~'(0) x T2.

Proof As in [7], it is enough to find u smooth in a neighborhood of {xg} x T? such that
Lu — f is flat along {xo} x T2, for each xo € (a1 + ib1)~1(0).

Denote by n and m the order of vanishing of a; and b, respectively, at xg. Set r =
min{m, n} > 2. By using formal Taylor series in a neighborhood £2 = (xo — €, xg +€) X T2,
we may write

ar +ib1 = (aiy +ib1)(x — x0)" + (@ir41 + ibir4)(x — x0)" T 4
ar +iby = (a0 +ib2o) + (a21 + ib21)(x — x0) + -+~
w == uo(y, 1) + ur(y, N)(x = x0) + u2(y, (x — x0)* +---

= o+ A, D& —x0) + O, Dx —x0)> + -+

It follows that Lu — f is flat along {xo} x T2 if and only if

J
duj(y. 1)+ Y (ax +iba)dyuj 4 (v, 1) = fj(y. 1), j=0,....r—1, (11
k=0
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and, for j > r, fi(y,1) =

J J
duj(y, 1)+ Y (ax + iba)dyuj 1 (v, ) + Y (@ +ibu)(j — k + Duj_gy1(y. 1)
k=0 k=r
(12)

For each j = 0,...,r — 1, the distribution ) (x — x0) ® 1, ® 1, belongs to ker L.
Thus,

2 2 .
fi(0,0) = 2m)~2 /0 fo (N8 f(xo, y, H)dydr

=0 2GH D (06— @ 1, @ 1, ) =0.

Moreover, since either byg 7# 0 or apg is a non-Liouville irrational number, we may find
smooth functions u ; (y, t) satisfying Eq. (11) in T2, for j=0,...,r—1

Note that, for any constant C; € C, u; + C; is still a solution.

The next equation is

Our(y, 1) + (a0 +ib20)dyu,(y, 1)

r

= £, 1) = Y_(ax +iba)dyur x(y, 1) = (@1, + ib1) w1 (y, ) + C1).
k=1

In order to obtain a smooth solution u, in T2, it is enough to take C; = fr 0,0)/(arr +
ib1) —11(0,0).
Proceeding in a similar way we may solve all the Eq. (12).

Proposition 4 Suppose that ay + iby vanishes only of finite order and (ay + i b)) =
{x1 < -~ < xn} £ 0. Assume that 2 < my < 2ny — 1 and either by(xy) # 0 or ax(xy) is
a non-Liouville irrational number, for each ¢ = 1, ..., N. Moreover, assume that by do not
change sign and ayby — a1by = Aby, with A a non-Liouville irrational number. In this case,
if L is given by (1), then for each f € (ker!L)° which is flat along (a; + ib;)~'(0) x T?
there exists u € €°°(T?) such that Lu = f.

Proof For each f belonging to (ker’L)° and flat along (a; + ib1)~(0) x T2, in order to
find u belonging to 4> (T3) such that Lu = f, we use partial Fourier series in the variables
y and ¢ so that it is enough to find a rapid decreasing sequence of smooth functions # (-, j, k)
which satisfy the equations

(a1 +ib) ()i (x, j, k) +i(k + j(ar + b)) (X)i(x, j, k) = f(x, j, k), (13)

for (j, k) € Z* and x € T'.
When (j, k) = (0, 0), we have the equation

deli(x,0,0) = f(x,0,0) /(a1 +ib))(x).

Since 1/(a1+ib1)(x)®1,®1, belongstoker’L, we:have:f027r f(x,O, 0)/(a1+iby)(x)dx =
0. Hence

2
i(x,0,0) = £(x',0,0)/(ai + iby)(x")dx’
0

is a smooth solution.
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For (j, k) € Z2\{(0, 0)}, it is enough to find a sequence of smooth solutions (-, j, k)
on each interval (x¢, x¢+1), such that each (-, j, k) is flat at {x;, x¢+} and such that the
sequence (-, j, k) decays rapidly on (xg, x¢41).

On each (x¢, x¢41), Eq. (13) becomes

A

fx, j, k) /(ar +iby)(x)
(k + A))b1(x) +i(kay(x) + j(araz +bib2)(x)) . .
200+ B0 a(x, j, k), (14)

= Ot (x, J, k) +

where, by hypothesis, A is a non-Liouville irrational number.
Without loss of generality, we may assume that b1 > 0 on (x¢, Xp41)-
For x € (x¢, xp41) set
(k + Aj)by(x) +i(kai(x) + j(aiaz + b1b2)(x))
ai(x) + bi(x)

If (j, k) is such that k + Aj > 0, we choose

N L T fo gk
u(x, j, k)= /xz exp{ /X’ 9.,k(s)ds} 7(611 +ib1)(x’)dx (15)

Oji(x) =

as a smooth solution of (14) on (x¢, x¢+1). Since f is flat along {x,} x T2, foreachn € N
there exists C, > 0, which does not depend on (j, k), such that

lia(x, j, )| < Culx — xp)".

In particular, u(-, j, k) is flat at x,. We will see that it is also flat at x;1 1. For 2 > 0 sufficiently
small we have

Xe41—2h Xep1—h f(x/ j k)
U(xpp1 —h, j, k) :/ ex {—/ 9; (s)ds} — P 7 dx’
= UL Y e ik

Xe41—h Xet1—h f(x/ j k)
+ f ex {—/ 0; (s)ds} L dx. (16)
Xe+1—2h P X 7K (a1 +ib1)(x")

The first integral satisfies

Xe41—2h Xep1—h Fix ik
/ exp {—/ ij(s)ds} f(x,’ij’),dx’
X¢ x/ (a1 +iby)(x')

N Xg41—2h Xg41—h k A)b
< 1ok /@ + b)) e / exp{— / ””‘“)ds]dx’.

o -2k @i (s) + bi(s)

Moreover, since 2 < my41 < 2n¢4+1 — 1, for s near xy4; we may write bl/(al2 + b%)(s) =
(xg41 — ) PB(s), where p > 2 and 0 < r < B(s). Hence

Xg41—2h Xerr=h (f 4 AJ)b1(s) ’
exp{— ﬁds dx
. xep1—2h ai(s) + bi(s)
< —(k+xjr (2071 -1
= |X[+1 - Xg| €xp o — 1 20—1pp—1

(p— 12"~
(k + Aj)r@2e—1 —1)

a7

< |xey1 — x¢|

@ Springer



On certain non-hypoelliptic vector fields with finite... 75

and, since A is a non-Liouville irrational number, there exist constants C > 0 and y > 0,
which do not depend on (j, k), such that

r , 712k T (k4 0j)bi(s) ,
”f(, J» k)/(al + lbl)”oo/xz exXp {—/;le}l mds dx
< CIfCj /(@ +ib)lloo (] + kDY R (18)

For the second integral in (16), since f is flat along {x,4+1} % T2, for each n € N there
exists C,, > 0 (which does not depend on (j, k)) such that

Xep1—h Xe1—h f(x’ i k)
exp | — 0; (s)ds} — 7 dx/ (19)
fxm-zh p{ / 7 (a1 + iby)(x")
Xe41—h Fix!. ik
< / Lj)/ dx’ < Coh". (20)
xepi—2n | (a1 +ib1)(x")

It follows from (17) and (20) that each #(:, j, k) is flat at xg4. Moreover, the rapid
decaying of f (-, j, k)/(a; +iby) and since X is a non-Liouville irrational number, estimates
(18) and (19) imply that, for each nonnegative integer m, we may find a constant C > 0 such
that

i1+ kD™ a(x, j, k) < C,

for all x € (x¢, x¢41) and for all (j, k) € 72 such that k + Aj > 0.
Proceeding in a similar way, we verify that each derivative 37 (-, j, k) satisfies a similar
estimate. Hence, the sequence i (-, j, k) given by (15) decays rapidly on (x¢, x¢41)-
Finally, for (j, k) such that k + Xj < 0, we choose

e s M /
u(x,]’k) = /; exp{ \/);/ ij(s)ds} (al +l~b1)(x/)dx

as a smooth solution of (14) on (x¢, x¢41).

Proceeding as above, we verify that each (-, j, k) is flat at {x;, x|} and the sequence
u(-, j, k) decays rapidly on (x¢, x¢+1).

Since ¢ € {1, ..., N} was arbitrary fixed, the proof is complete.

Summarizing, Proposition 3, Lemma 4 and Proposition 4 imply that L is strongly solvable
under the conditions given in Theorem 1. Moreover, Proposition 3 implies that the codimen-
sion of the range is 1 + 2415\7:1 min{my, ng}. The proof of Theorem 1 is then complete.

Remark 1 Proposition 4 still hods true if we allow b; changing sign at most once between
two consecutive zeros of a +ibj. Indeed, without loss of generality, assume that there exists
n € (x¢, xg41) such that by > 0 on (x¢, n) and by < 0on (9, x¢41).

For the indexes (j, k) such that k + Aj > 0, we define the solution i (x, j, k) as (15), and
for the indexes (J, k) such that k + Aj < 0, we define the solution i (x, j, k) as

i(x, j, k) / { /XG <>d} ST g @D
ulx, j, k)= expi— ir(s)ds p ———————dx’,
PRSP @ + b))

for x € (x¢, x¢+1), where we recall that

(k + 1j)b1(x) + i (kay (x) + j(araz + b1b2)(x))
a?(x) + b} (x) ’

Ojr(x) =
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Proceeding as in the proof of Proposition 4 we see that the solutions given by (21) are flat
at {x¢, x¢+1} and we also see that this sequence decays rapidly.

These arguments will also imply that the solutions given by (15) are flat at x,. To see that
these solutions are flat at x,41 and to see that this sequence of solutions also decays rapidly,
the following will be useful: since by > 0 on (x¢, n) and by < 0 on (1, x¢41), the identity

exp {/x ,k(s)ds}
n

implies that, for all kK + Aj > 0, function (22) is bounded in (x¢, x¢41). Furthermore, since
2<my <2n, —1,foro = ¢, £+ 1, we have that the function

exp{[X0iods], i x € (o)
0, if x e TN\ (xe, xe41)

=exp y (k+Aj) / b2 (s)ds (22)

Yjk(x) =

is flat at both x, and x4 1. Hence, ¥ j; and alsp }/f(,-k/(al + iby) belong to C(Th. Simple
calculations show that (Y /(a; +iby))(x)e™ (y-+ko) belongs to ker ’L; hence,

. fo gk
L . { / Qf"(”‘“} @+inw ="

forall k+Aj > 0. In particular, we can rewrite each solution i (-, j, k) in the following form

A . Xet1 B x ‘ M /
u(x7]’k) = /x exp{ /X/ ejk(S)dS} (al —}—ib])(x/)dx ’

for x € (x¢, x¢+1). By using this expression and proceeding as in the proof of Proposition 4,
we can show that, for k + Aj > 0, i (-, j, k) is flat at x¢4 and that this sequence of solutions
decays rapidly.

Together with Lemma 4 this result gives globally solvable vector fields with infinite
codimensional range. For instance, L = 9d; + (sin3(x) + i sin®(2x)) 9y + \/an.
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