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Abstract This paper studies for large frequency number & > 0 the existence and multiplicity
of solutions of the semilinear problem

—Au—ku=0@®)|u”*u inRY, N>2.

The exponent p is subcritical, and the coefficient Q is continuous, nonnegative and satisfies
the condition

limsup Q(x) < sup Q(x).

[x|—>00 xeRN
In the limit K — o0, sequences of solutions associated with ground states of a dual equation
are shown to concentrate, after rescaling, at global maximum points of the function Q.
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1 Introduction and main results

The existence of solutions of semilinear elliptic PDEs on R", concentrating at single points
or on higher-dimensional sets, has a long history. In their pioneering papers, Floer and Wein-
stein [18] and Rabinowitz [20] studied this question for positive solutions of the nonlinear
Schrodinger equation

— & Au+V@u = Q)ulP?u in RY, (1

X Gilles Evéquoz
evequoz @math.uni-frankfurt.de

1 Institut fiir Mathematik, Goethe-Universitéit Frankfurt, Robert-Mayer-Str. 10, 60629 Frankfurt am

Main, Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-017-0651-6&domain=pdf
http://orcid.org/0000-0001-9053-3836

2024 G. Evéquoz

in the case where Q = 1 and assuming inf V > 0. Under the global condition

liminf V(x) > inf V(x), 2)
[x|—o00 x€RN

it was proved in [20] that a ground state (i.e., positive least-energy solution) of (1) exists

for small ¢ > 0. In the limit ¢ — 0, Wang [24] showed that sequences of ground states

concentrate at a global minimum point xo of V and converge, after rescaling, toward the

ground state of the limit problem

—Au+Vxou = ul’u in RV, 3)

Extensions of these results were obtained by many authors, and the interested reader may
consult the monograph by Ambrosetti and Malchiodi [2] for a precise list of references.
Among the recent papers on this topic, let us point out the work of Byeon, Jeanjean and
Tanaka [8,9] where the right-hand side is replaced by a very broad class of autonomous
nonlinearities, and the paper by Bonheure and Van Schaftingen [6] in which V is allowed to
vanish at infinity and Q may have singularities.

In the present paper, we focus on the nonlinear Helmholtz equation

— Au—Ku=0)u’?u in RV, )

where Q > 0 is a bounded function. Our aim is to investigate the existence of real-valued
solutions for k > 0 large, as well as their behavior as k — oo. Setting ¢ = k! and

w=e ﬁ u, we find that w solves the problem (1) with V = —1, and it is therefore natural to
ask, whether the concentration results mentioned above can also be obtained for this equation.
But when trying to adapt the previous methods to the present case, several obstacles appear.
First, the structure of the limit problem

— Au—u=Q@x)|ul”*u in RN 3)

is more complex than (3). In particular, all solutions of (5) change sign infinitely many times,
and no uniqueness result is known. Second, there is no direct variational formulation available
for the problems (4)—(5) and therefore no natural concept of ground state associated with
them. Nevertheless, we will show that variational arguments in the spirit of [20,24] can be
used to obtain existence and concentration results for solutions of the nonlinear Helmholtz
equation (4).

Our method relies on the dual variational framework established in the recent paper [17]
which consists in inverting the linear part and the nonlinearity. More precisely, setting e = k!
and Q. (x) = Q(ex), we look at the integral equation

1 1
[P "2 = /R (Qé’ v) : (6)

where p’ = %] and where R denotes the real part of the Helmholtz resolvent operator.
The solutions of this equation are critical points of the so-called dual energy functional
Je 1 LP RY) — R given by

1 S 1 1
Je(v) = —/ [lv|? dx — 7/ OZvR|( Qv ) dx.
P Jry 2 Jrw

Furthermore, every critical point v of J, gives rise to a strong solution u of (4) with k = é
by setting
1

u(@:kﬁR( fv) (kx), x eRV. (7
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This correspondence allows us to define a notion of ground state for (4) as follows. If ¢ = %
and v is a nontrivial critical point for J, at the mountain pass level, the function u given by
(7) will be called a dual ground state of (4).

A motivation behind this definition is given by considering (4) on a bounded domain with
Dirichlet boundary condition. For this problem, Szulkin and Weth [23, Sect. 3] proved that
the ground state level for the direct functional is attained by a nontrivial critical point. In the
case where the linear operator —A — k2 is invertible, one can show that it is also a critical
point of the dual energy functional at the mountain pass level.

The first main result of this paper concerns the existence and concentration, up to rescaling,
of sequences of dual ground states.

Theorem 1.1 Let N > 2, % <p< % (resp. 6 < p < o0 if N = 2) and consider a
bounded continuous function Q > 0 such that
Qoo :=limsup Q(x) < Qo := sup Q(x). 8
[x|—>00 xeRN
(i) There is ko > O such that for all k > ko the problem (4) admits a dual ground state.
(ii) Let (ky), C (ko, 00) satisfy lim k,, = oo and consider for each n, a dual ground state
n—00

u, of
—Au —k,%u = Q) |ul”>u in RV.
Then there is a maximum point xo of Q, a dual ground state ug of
—Au—u= Qolul’?u in RN 9)

and a sequence (x,), C RN such that ( up to a subsequence) lim x, = xo and
n—o0

2
ky " up <k— —|—xn> —uy in LPRY), asn - oo.
n

For the Schrodinger equation (1) with V = 1, Wang and Zeng [25] noticed that (8) plays the
same role as the Rabinowitz condition (2). As a consequence of Theorem 1.1, we see that
this condition also ensures the concentration, in the L”-sense, for (1) with V = —1. To the
best of our knowledge, this is the first concentration result for semilinear problems where 0
lies in the interior of the essential spectrum of the linearization.

The proof of the above theorem is given in Sect. 3. It relies on the fact that, due to (8),
the dual energy functional satisfies the Palais—Smale condition at all levels strictly below
the least among all possible energy levels for the problem at infinity. In contrast to similar
problems where the dual method is used (see, e.g., [1]), we have no sign information about
the nonlocal term appearing in the dual energy functional, since the resolvent Helmholtz
operator is not positive definite. In order to handle this term, we derive a new energy estimate
(Lemma 2.4) for the nonlocal interaction between functions with disjoint support, which we
believe to be of independent interest. The proof of the L”-concentration in Part (ii) of the
above theorem is given in Theorem 3.5. The main ingredients are an energy comparison with
the limit problem (9) and a representation lemma for Palais—Smale sequences (Lemma 2.3)
in the spirit of and Benci and Cerami [3].

The second main result in this paper is the following multiplicity result for (4) with k > 0
large. Here, M = {x € RY : Q(x) = Qo) denotes the set of maximum points of Q, and
ford > Owelet Ms = {x € RY : dist(x, M) < §}. Also, for a closed subset Y of a metric
space X we denote by caty (Y) the Lusternik—Schnirelmann category of Y with respect to
X, 1.e., the least number of closed contractible sets in X which cover Y.
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Theorem 1.2 Let N > 2, % <p< % (resp. 6 < p < oo if N = 2) and consider a
bounded and continuous function Q > 0 satisfying (8). For every § > 0, there exists k(§) > 0
such that (4) has at least cat (M) nontrivial solutions for all k > k().

In the case where Q~, = 0, Palais—Smale sequences for the dual functional are relatively
compact and a mountain pass argument was used in [17] to obtain the existence of infinitely
many solutions. When Q. > 0, only Palais—Smale sequences below the least-energy level
at infinity are relatively compact. This loss of compactness has to be handled in order to
prove the existence of multiple solutions. Our proof uses topological arguments close to the
ones developed by Cingolani and Lazzo [11] for (1) (see also [12]) and based on ideas of
Benci, Cerami and Passaseo [4,5] for problems on bounded domains. The main point lies in
the construction of two maps whose composition is homotopic to the inclusion M — Mj;.
For more results concerning the multiplicity of solutions for small ¢ > 0 of the Schrodinger
equation (1) with inf V' > 0, the interested reader may consult the recent paper by Cingolani
et al. [10] and the references therein.

The paper is organized as follows. In Sect. 2, we describe the dual variational framework
set up in [17] for the study of the problem (4) with fixed k and discuss the basic properties of
the associated Nehari manifold. Next, we establish a representation lemma for Palais—Smale
sequences of the dual energy functional in the case of constant Q. The section concludes
with the proof of the Palais—Smale condition for the dual energy functional on the Nehari
manifold below some limit energy level. A crucial element in the proof of this result is the
decay estimate given in Lemma 2.4, for the nonlocal interaction induced by the Helmholtz
resolvent operator. In Sect. 3, we start by proving that for small ¢ = k! > 0 the least-
energy level for critical points of the dual energy functional is attained (Proposition 3.3). As
a consequence of this, we obtain Part (i) in Theorem 1.1. In a second part, the concentration in
the limit ¢ = k~! — 0 is established for sequences of ground states in the dual formulation
(Proposition 3.4), and this allows us to prove Part (ii) in Theorem 1.1. The last section, Sect. 4,
is devoted to the proof of Theorem 1.2.

2 The variational framework
2.1 Notation and preliminaries

Throughout the paper, we let N > 2 and consider a nonnegative function Q € L®(R"), Q #
0. Setting 2, := % and2* := % if N > 3,resp.2* := coif N = 2, we fix an exponent
p € (24,2%) and we let p’ = ﬁ denote its conjugate exponent. For 1 < g < co, we write
I -1l4 instead of || - || g gy for the standard norm of the Lebesgue space L7 (RM). In addition,

forr > 0 and x € RV, we denote by B, (x) the open ball in R of radius r centered at x,
and let B, = B,(0).
With this notation, we consider for k > 0 the equation

— Au—ku=0®u"*u in RV, 10)

2
Setting ¢ = k=1 ug(x) = 7 2u(ex) and Q. (x) = Q(ex), x € RV, (10) can be rewritten
as

— Aup —up = Qo (X)|up|?2u, in RV, (11)
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Consider the fundamental solution of the Helmholtz equation —Au — u = §o,
_ i 2N ) N
P(x) = Z(ZJTIXI) T Hyo, (Ix]),  x € RT\{0}, (12)
2

where H{" denotes the Hankel function of the first kind of order v. As a consequence of
estimates by Kenig, Ruiz and Sogge [19], the operator R, defined on the Schwartz space
S@RN) of rapidly decreasing functions by the convolution

Rf =Re(®)x f, feSRY),

has a continuous extension R : L?’ (RY) — LP(RY). Using this operator, we define the
C!-functional

’ 1 ’ 1 l l
Jo: LP®RY) > R, J.(v) :=—,/ [v]? dx—f/ Q;vR(Q;’v> dx
P Jry 2 Jry

(for more details on the construction of R and J;, see [17]). Every critical point of J,
corresponds to a solution of (11) in the following way. A function v € L? (RN) satisfies
J/(v) = 0 if and only if it solves the integral equation

L 1
lvl” v = QIR (Qé’ v) :
1
Setting u = R(Q/ v), it is equivalent to
u =R(Qelul”"*u) (13)

and since R is a right inverse for the Helmholtz operator —A — 1, it follows that u is a
strong solution of (11) (see [17, Lemma 4.3 and Theorem 4.4] concerning the regularity and
1

asymptotic behavior of u). Conversely, if u solves (13), then v = Q7 ' |u|”‘2u is a critical
point of J.. Notice that distinct critical points correspond to distinct solutions of (13) and
therefore of (11).

Let us recall some properties of the dual functional, obtained in [15-17]. Since p’ < 2
and since the kernel of the operator R is positive close to the origin, the geometry of the
functional J; is of mountain pass type:

Jo > 0and p > Osuchthat Jo;(v) >a >0, Vve Lp/(]RN) with [v]l,y = p.  (14)
Jvg € LP/(]RN) such that [[vol| ,» > p and Je(vo) < 0. (15)

As a consequence, the Nehari set associated to J,:
N, ={vel” (RN) \{0} : J/(v)v =0},

is not empty. More precisely, by (15), the set

1 1
Ul = {v eL” (RN> : A&N 07 vR (Qé’v) dx > O}

is not empty and for each v € U there is a unique #, > O such that #,v € A holds. It is
given by

/ Jan 0]P dx

= 1 T :
Jrn Q8 VR <Q5" v) dx

2—p
[‘U

(16)
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In addition, #, is the unique maximum point of ¢t — J¢(tv), t > 0. Using (14), we obtain in
particular

Ce 1= %/I’\}_f Jé‘ = vlengr Ja([vv) > 0.

€

Moreover, for every v € N; we have ¢, < J:(v) = (# — %) ||v||£i. Hence, 0 is isolated
in the set {v € LY RN J/(v)v = 0} and, as a consequence, the C!-submanifold N, of
L? (RV) is complete.

We recall that (v,), C LY (RY) is termed a Palais—Smale sequence, or a (PS)-sequence,
for J, if (Jz(v,))y is bounded and J/(v,) — 0 asn — oo. Also, for d > 0, we say that
(vn)y is a (PS)4-sequence for J; if it is a (PS)-sequence and if J;(v,) — d asn — oo. The

following properties hold (see [16, Sect. 2]).

Lemma 2.1 Let (vy,), C LY (RN) be a Palais—Smale sequence for J. Then (vy,)y is bounded
and there exists v € LP (RN) such that J/(v) = 0 and, up to a subsequence, v, — v weakly
in LP (RN) and J.(v) < liminf J, (v,).

n—00

Moreover, for every bounded and measurable set B C RN, 1gv, — 1pv strongly in
LV (RN).

As a consequence, we obtain the following characterization of the infimum c, of J, over the
Nehari manifold N, (see [16, Sect. 4]).

Lemma 2.2 (i) c, coincides with the mountain pass level, i.e.,

ce = inf max J.(y(t)), where
yerl t€[0,1]

r= {y e C([0, 1], L” RY)) : y(0) = 0 and J.(y (1)) < o] .

(ii) If ¢, is attained, then ¢, = min{J;(v) : v € L”/(RN)\{O}, J/(v) = 0}.
(iii) If Q, is constant or ZVN -periodic, then c. is attained.

In view of the preceding results, we introduce the following terminology.
If v e L” (RY)\{0} is a critical point for J, at the mountain pass level, i.e., Jl(v) =0
and J; (v) = c,, we call the function u given by

2

1
u(x) =kﬁR<Q8pv) (kx), x ERN, 17

where k = ¢!, a dual ground state of (10). More generally, if v is a nontrivial critical point
of J, the function u obtained from v by (17) will be called a dual bound state of (10).

2.2 Representation lemma and Palais—Smale condition

We now take a closer look at the Palais—Smale sequences of the functional J; and first prove
a representation lemma in the case where the coefficient Q is a positive constant. A crucial
ingredient related to the nonlocal quadratic part of the energy functional is the nonvanishing
theorem proved in [17, Sect. 3].

For simplicity, and since the next result is independent of ¢, we drop the subscript ¢.
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Lemma 2.3 Suppose Q = Q(0) > 0 on RV, Consider for some d > 0 a (PS)q-sequence
(V) C LP (RN) for J. Then there is an integer m > 1, critical points w®V, ..., w"™ of J
and sequences (x,gl) ) PR (x,S’”)),, c RY such that ( up to a subsequence)

m
an - Zw(j)(- —x,(/))” =0 asn— oo,
= P

i) _ (j)

|x,, | > 00 asn— oo, ifi # j, (18)

Z J(w(j)) —d
=1

Proof Since (vy), is a (PS);-sequence for J, it is bounded and there holds

2p'd
T2y

. 1 1 2p. . 1,
lim [ QruR(Q7v,) dv =57 lim | () = —J @,
P

n—o0 RN —p n—o0o

> 0.

By the nonvanishing theorem [17, Theorem 3.1], there are R, { > 0 and a sequence (x(l) In
such that, up to a subsequence,

/ |Un|p/ dx >¢ >0 foralln.
BR(XnI))

Replacing (v,), by the corresponding subsequence and setting v,(,l) = v (- + xnl) ), we

find that (vfll))n is also a (PS)z-sequence for J, since this functional is invariant under

translations. By Lemma 2.1, going to a further subsequence, we may assume v,(,l) — w®

weakly, 1, v,(,]) — IBRw(l) strongly in LP,(RN), and J(w®) < lim J(v,(,l)) =d. These
n—0o0

last properties and the definition of v,(,l) imply that w is a nontrivial critical point of J.
If J(w™) = d, we obtain

1 1 / 1
WP — ™ (D, (D
<p/—§> w1l = J @) = ST W )w

2 ) n—o

1 1 1
=d = lim |:J(Un) - *J/(Un)vn:| = (f - 7) lim ”Un” P
n—00 2 p’

ie., v(]) — w strongly in L? (RV), and the lemma is proved.

Otherwise, J (w") < d and we setv(z) = v(,l) w® . The weak convergence v,(ll) —

then implies
1 1 1
/ QFU(Z)R (e7v®) ax :/ 07 "R (Q7v) dx
]RN
1 1
—/ 07w R (@rw®) dx +o(1),
RN
as n — 00. Moreover, by the Brézis-Lieb Lemma [7],
/ [P dx :/ o7 dx —/ lwDP dx + o(1), asn — oo.
RN RN RN

These properties and the translation invariance of J together give

JP) =Ty — JwD) +o(1) =d — J(wD) +o(1), asn — oo.
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Since by Lemma 2.1, 1p, v,(,l) — 1Brw(1) strongly in LY (RM) for all » > 0, we find

15,0217 2@ — 15 [0 200D 415 [wD P 20D 5 0 in LPRY), asn — oc.

Furthermore, since ||a|q’la — |b|q’1b| <279 —pl? foralla,b e Rand 0 < g < 1, it
follows that
/ ‘|U’<12>|p’—2v,<12> _ |v,<11>|1”—2v,§1>‘p dx < 2(2_1,/)1,/ wOP dx — 0,
RN\B, RN\B,

as r — 0o, uniformly in n. Combining these two facts, we arrive at the strong convergence
|v,(,2)|p/_2v,(12) — |v,(,1)|p/_2v,(,l) +wD P 2D 0 in LP@RY), asn — oo,
and therefore,
J W) =70 = 7w+ o) =0(1), asn— oo.

We conclude that (v,(lz))n is a (PS)-sequence for J at level d — J(w®) > 0. Thus, the
nonvanishing theorem gives the existence of Ry, ¢; > 0 and of a sequence (y,), C RY such
that, going to a subsequence,

/ |U,(,2)|p/ dx >¢; >0 foralln.
BR](_Vn)

By Lemma 2.1, there is a critical point w® of J such that (taking a further subsequence)
v,(,z)(~ + ) — w® weakly and IBv,(,Z)(o + ) — 1pw® strongly in Lp/(RN), for all

bounded and measurable sets B C RY. In particular, w® # 0 and since v,(,z) — 0, we see

that |y,| - occasn — oo.

Setting x,(lz) = x,(,l) + y,, we obtain |x,(,2) — x,§1)| — oo asn — o0, and

v = (w6 =2+ @ = x®)) = v@ ¢4y = x®) —w@ (= xP) =0,

weakly in L”,(RN ). In addition, the same arguments as before show that
Jw?) <liminf J () =d — J (D)
n—o0o
with equality if and only if v,(,z)(- + y,) — w® strongly in LP (RN). If the inequality is

strict, we can iterate the procedure. Since for every nontrivial critical point w of J we have
J(w)>c= ijl\l/f J > 0, the iteration has to stop after finitely many steps, and we obtain the

desired result. O

‘We now turn to investigate the Palais—Smale condition for J; and first note thatif Q(x) —
0 as |x| — oo, it holds at every level, i.e., every Palais—Smale sequence has a convergent
subsequence (see [17, Sect. 5]). To treat the case where

Qoo :=limsup Q(x) > 0, (19)

[x]—o00

we consider the energy functional J, : L? ' (R¥) — R given by
1 , 1 1 1 ,
Joo(v) = 7// v|? dx — f/ 0%vR (ngu> dx, veLP@®RM).
P’ JrN 2 Jrw
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The corresponding Nehari manifold
Nao :={v € LP ®RV)\{0} : J. (v)v =0},

has the same structure as \; and, since Q « is constant, Lemma 2.2 implies that ¢ := inf Joo

is attained and coincides with the least-energy level for nontrivial critical points of J(:oo . As
the last result in this section shows, the Palais—Smale condition holds for J. on the Nehari
manifold N at every energy level strictly below c. The proof is inspired by the papers of
Cingolani and Lazzo [11,12]. A new feature here is the fact that the quadratic part of the
functional is nonlocal, and this induces a nonzero interaction between functions with disjoint
supports. In order to handle this, we first prove an estimate on this nonlocal interaction in
terms of the distance between the supports of the two functions. It is based on a decomposition
of the fundamental solution already introduced in [17, Sect. 3]. Having obtained the estimate,
we establish the Palais—Smale condition for J, on N; below the level cqo.

Lemma 2.4 There exists a constant C = C(N, p) > 0 such that forany R > 0,r > 1 and
u,v e LP (RN) with supp(u) C Bg and supp(v) C R¥N\Bgry,,

/ uRv dx
RN

Proof We prove the lemma for the nonlocal term f]RN vRu dx, where R denotes the resolvent
operator given (for Schwartz functions) by the convolution with the kernel @ in (12) (see
[17, Sect. 2] for more details). Since R is the real part of R and since u, v are real-valued,
this will imply the desired result. By density, it suffices to prove the estimate for Schwartz
functions. Let Mg, := R¥\ B, and let u, v € S(RV) be such that supp(x) C By and
supp(v) C Mg4,. The symmetry of the operator R and Holder’s inequality gives

/ uRvdx :‘/ vRu dx
RN RN

and it remains to estimate the second factgr on the right-hand side. FOL this, we decompose
@ as follows. Fix € S(RY) such that ¢y € C°(RY) is radial, 0 < ¢ < 1, ¥/(¢) = 1 for
lIE] — 1] < ¢ and ¥/(§) = O for ||| — 1| > 1. Writing ® = & + &, with

Y N—-1 N+1
< Cr7?|lullpllvllpy, where AP:T—i.
pr

< lollp 1P * wllLr Mgy, (20)

B = Qr) T (WD),  Byi=d— b,
we recall the following estimates obtained in [15,17]:

|01(x)] < Co(1 +[x)) T forx e RV @21
and |Pr(x)| < ColxI*N for x # 0. (22)

Since the support of u is contained in Bg, we find
1
p. v
2z s iy <[ [ ([ e poiey) a]
|x|=R+r M |y|<R

p 0
<[ [ e ponay) as]
RN M jx—y|=r

= 1Ay, [P2]) # ul p < [1a, P2l g llull -
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Moreover, (22) gives

Np _Np-2

2
0 2
P
”1qu)2“§ < (Cy <a)N/ sN-1=5% ds) <Cr P fCr_)“p,
r
since r > 1, and therefore
-
192 * ullLrmpy,) < Cr"7llull,. (23)

To prove the egimate /for @1, let us fix a radial functign ¢ € S(RY) such that 5 ecx (RM)
isradial, 0 < ¢ < 1,$(&) = L for ||§| — 1| < } and ¢(£) = O for ||&] — 1| > §. Moreover,

letii := ¢ +u € S(RY). We then have @ % u = (2n)’%(¢1 * 1), since 5\15 = 35\1 by
construction. We now write

D xu = [13,@1]*ﬁ+[1M,(p1]*ﬁ
b 2
and let g, ;= [1p, @1] * ¢. Since supp(u) C Bpr, we find as above
2
i [135 ¢1] *UllLr Mgy = 8r * ullLr gy, < 1 (ag 1gr ) ful lp < 1ag, &0 Nl g Nl

Using (21) and the fact that ¢ € S (RN), we may estimate

) ya
sci [ ([ wa-nia)a
lx|=r Myl<5
2
- 3 2 N1
§C/ / Ix — y| 7™ dy zdxgcwlﬁf x| — =) °dx
\xIZr( lyl<} ) : |x\zr( 2)

mp
(N=m) 1\ 7
=Cr 2 D+N/ <|Z| - E)
|z]>1

where C is independent of » and where m may be fixed so large that w —N >Aip. As
a consequence of [17, Proposition 3.3], we have moreover

11, &l

ST

(N—m)p
dz=Cr 2 +N,

[t @1 @lleroagey < 1Ly @1 5l < Cr 700l < €700 uly
and we conclude that
11wl Lo atg.,y < Cr 7 llull . (24)
Combining (20), (23) and (24) yields the claim. ]

Lemma 2.5 Let ¢ > 0 and assume Q~ > 0 and ¢, < cxo. Then J; satisfies the Palais—
Smale condition on N at every level below ¢, i.e., every sequence (vy), C N such that
Je(vp) = d < coo and (Jg|n) (vy) — 0 as n — 0o has a convergent subsequence.

Proof First note that by assumption, {v € Ny : J.(v) < coo}isnotempty. Ifd < c,, there is
nothing to prove. Let therefore ¢, < d < ¢ and consider a (PS)4-sequence (vy,), for Je|a, .
Since A, is a natural constraint and a C!'-manifold, we find that (vy), is a (PS)4-sequence
for the unconstrained functional J.. Using Lemma 2.1, we obtain that (up to a subsequence)
v, = vand lg,v, — lggvin LY (RM) forall R > 0, where v € LY (RV) is a critical point
of J; with J;(v) < d. In order to conclude that v, — v strongly in L (RM), it suffices to
show that

V¢>0, 3R >0 suchthat / |vn|”/dx<§, v n. (25)
|x|>R
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As a first step, we claim that this holds true in annular regions, in the following sense:

n—oo

Vnp>0andV R >0, Ir > R suchthat liminf/ |vn|”/ dx <n. (26)
r<|x|<2r

Suppose not, then we find ng, Ry > 0 with the property that for every m > Ry there is
nog = no(m) such that fm<|x‘<2m |v,,|1’/ dx > ng for all n > ng. Without loss of generality,
we assume that no(m + 1) > no(m) for all m. Hence, for every ¢ € N there is No = No(£)
such that

-1
/ |oa|? dx > Z/ |val? dx > £no, ¥ n > No.
RN =0 Y 2X [Ro1+ 1) <[x| <2k+1 ([Ro1+1)

Letting £ — oo, we obtain a contradiction to the fact that (v,), is bounded and this gives
(26).

We now prove (25) by contradiction. Assuming that it does not hold, we find ¢y > 0 and
a subsequence (v, )k such that

/ [ P dx > 2o, Vk. 27
|x|>k

2
Fix 0 < n < min{1, (3%)1’/}, where C; = 2C(N, p)|| Ol & max{1, sup ||v,,k||i,}, the con-
keN

stant C(N, p) being chosen such that Lemma 2.4 holds and |[Rv||, < C(N, p)|lv]|, for all
uell (RN). By definition of Q¢+, and since & > 0 is fixed, there exists R() > 0 such that

Q:(x) < Qoo +n forall [x| > R(n).

_L
Also, from (26), we can find r > max{R(n),n *r} and a subsequence, still denoted by
(Uny )k, such that

/ |Unk|p/ dx <n forall k.
r<|x|<2r

Setting wy, = 1{x|>2,}Un, We can write for all ,

Jg/(vnk)wnk - J;(wnk)wnk = ‘

1 1
Qsp UnkR <Qsp wnk> dx

|x|<r

1 1
+/ Qf vy R (Qs” wnk> dX‘
r<|x|<2r

2
< CN, pr 711 Q1 w117,

2
- ’ P
+ C(N, p)IIQliscllvn Il </ v, 17 dX>
r

<|x|<2r
1
<Cmn”,

using Lemma 2.4. In addition, by (27) and the definition of wy, , there holds

/ |wnk|p/ dx > ¢y forall k > 2r.
RN
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1
Recalling our choice of n, we know that C1n»" < %0 and we find some kg = ko (7, n, {o) > 2r

such that

1 1 ,
/ 0f wy, R (Qg” wnk> dx =/ [y [P dox — T (Vny) Wi,
RN RN
+ [‘Ig/(vnk)wnk - Jg/(wnk)wnk]
, 1
Z,/ [ W, [P dx — | (Vp )Wy | — Cin?’
]RN

> %O, for all k > ko,

since J/ (v, )wy, — 0 as k — co. We note also that, since v,, € N, there holds

, , 1 1\!
/ |wnk|p dx 5/ |vnk|p dx = (f, - *> Je (V).
RV RV p 2

1
Q: \7

1
For k > kg, let now Wy 1= (Qoo) wy, and notice that |wy| < (1 + Q—"w>p [Why |-

In view of (28), there is #7° > 0 for which 77°w; € N and there holds

p/—l /
(14 65)" o lwn, 7 dx

1 1
.f]RN Qe{) wnkR (er wnk) dx

)" <

1

p—1 , 1

< <1+L> 1+ |Js(lvnk)wnk|+lC1r]/’
- f]RN pr wnkR(Qé) wnk) dx

/_1 L/
< <1+n>p 1+2|J8,(Unk)wnk|+2clri”
O %

Consequently, the above estimate and (29) together give for all k > ko,

Coo = Joo(tkooa)k)

11 , n \"! ,
<(pa)er(egs) Lomre

o

7

200’1

1
27 217! 207 V7
< (] + n ) P 1+ | g(vnk)wl‘lkl + 1 -Ie(vnk)~
Qoo o

Letting k — oo, we find

2001 1 ,/p/

2—p/ 2C ? B

coo5<l+i> T+ =2 d,
00 %o

and letting n — 0 we obtain

Coo < d,
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which contradicts the assumption d < coo and proves (25). From this, we deduce the strong
. / .
convergence v, — v in L? (RM) and the assertion follows. O

Remark 2.6 Under the stronger assumption Qoo = I l‘im Q(x), the proof of the preceding
X|—>00

result simplifies. Indeed, having extracted a weakly converging subsequence and a critical
point v of Jg, the sequence w, = v, — v can be shown to be a Palais—Smale sequence for
Joo at a level lying strictly below cs.. The representation lemma (Lemma 2.3) can then be
used to conclude that w,, — 0 strongly in L? (RM).

3 Existence and concentration of dual ground states

In this and the next section, we work under the following assumptions on Q.
(QO0) Q is continuous, bounded and O > 0 on R¥;
QD) Qoo :=limsup Q(x) < Qo := sup Q(x).

Jx|—o00 xeRN

Consider the functional

1 / 1 1 1 /

Jo(v) == 7/ [v]” dx — f/ 0y vR (Qé’v) dx, velL”RY)

P RN 2 RN

and the corresponding Nehari manifold
No = {v e LP RV)\{0} : Jj(v)v =0},
associated to the limit problem
— Au—u= Qolul”>u, xeRVN. (30)

Lemma 2.2 implies that the level ¢g := B{lff Jo is attained and coincides with the least-energy
0

level, i.e.,
co = inf{Jo(v) : ve LP®RY), v#0and Jj(v) = 0}.

Our first goal will be to show, comparing the energy level ¢, with cg, that for small ¢ > 0, ¢,
is attained. For this, let us denote the set of maximum points of Q by

M:={xeRY : Q(x) = Qo).

Notice that M # &, since (Q0) and (Q1) are assumed. We start by studying the projection
on the Nehari manifold of truncations of translated and rescaled ground states of Jy. Take a
cutoff function n € C°(RM), 0 < n < 1, such that n = 1 in B;(0) and n = 0in RV\ B»(0).
Fory e M, e > 0 we let

Pe.y () 1= n(ex — y) wx —e7'y), (31)
where w € L' (RV) is some fixed least-energy critical point of Jo.

Lemma 3.1 There is ¢* > 0 such that for all 0 < ¢ < &*,y € M, a unique t;y, > 0
satisfying te y@e,y € N exists. Moreover,

lim Jg(te,y@e,y) = co, uniformly fory € M.
e—>01 l
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Proof We start by remarking that Q(y + e-)n(e-)w — Qow in LI’/(]RN) as ¢ — 0T,
uniformly with respect to y € M, since M is compact and Q is continuous by assumption.
Consequently, as ¢ — 0T,

1 1
[, oler (Qé’%y) ar= [ 0F G+ emEw@R (070 -+ emew) 28z
RN RN

L 1 11\
"wR r dz=——= 0,
—>/RN Oy w (Qo w) Z (p/ 2) co >

uniformly for y € M. Therefore, ¢, , € U forall y € M and ¢ > 0 small enough, which
shows the first assertion with 7, , given by (16). In addition, for all y € M,

, , , 1 1\!
f geyl? da =[ neDw () dz — / wl? de = (f, - *) o, as & — 0T
RN RN RN p 2

As a consequence, t;y — lase — 07T, uniformly for y € M, and we obtain
Je (te,y@e,y) —> co as &€ — 0", uniformly for y € M. The second assertion follows. ]

Lemma 3.2 For all ¢ > 0 there holds c; > co. Moreover, lim+ Cce = Cp.

e—0

<=

Proof Consider v, € N, and set vy := (&> v,. Notice that |vg| < |ve| a.e. on RV, Since

Qo
ve € U}, we find

1 1 1 1
|, efur <Q0p Uo) ar= [ oluR (Qg' va) dx > 0,
RN RN

ie., vy € UOJF. Hence, with
p/ pl
2 _ S lvol? dx - S lvel? dx _1

e = 1 T = 1 T =
Jox OF vR (Qg vo) dx  fon O vsR( 7 va> dx

it follows that 7. vy € Ny, and we obtain

1 1 o o 1 1 o
co < Jo(tsvo) = T 5 I, [vpl? dx < — T 5 [ve|” dx = Jg(ve).
p 2 RN P 2] Jry

Since v, € N, was arbitrarily chosen, we conclude that ¢, = ij{lff Je > co. On the other hand,
&

Lemma 3.1 gives for y € M, ¢, < Jo(te,y@e,y) — coas e — 0%. Hence, lim ¢, = c¢p and
e—>0t
the lemma is proven. O

Proposition 3.3 There is g > 0 such that for all ¢ < &g the least-energy level c; is attained.

Proof By Lemma 3.2 and Condition (Q1), there is &9 > 0 such that ¢, < co for all
0 < & < gg. For such ¢, using the fact that NV is a C!-submanifold of L?’ (RN), we obtain
from Ekeland’s variational principle [14, Theorem 3.1] the existence of a Palais—Smale
sequence for J; on N, at level c., and Lemma 2.5 concludes the proof. ]

Setting kg = &, 1, the assertion (i) in Theorem 1.1 from the Introduction is a direct conse-
quence of the above result. Our next goal is to examine the behavior of critical points of J;
in the limit ¢ — 0%,
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Proposition 3.4 Let (¢,), C (0, 0o) satisfy &, — 0 as n — oo. Consider for each n some
v, € N, and assume that J,, (v,) — co as n — o0. Then, there is xo € M, a critical point
wo of Jo at level co and a sequence (y,), C RY such that ( up to a subsequence)

enyn = x0 and |lva (- + yn) — wO”p’ — 0 as n — oo.

1
Proof Foreachn € N, set v , := (QQS(;’ ) v, It follows that [vo.n| < |vp| a.e. on RY and

that
1 1 1 1
f 0f vonR <Q0p v07n> dx =/ 0/ vR <Q£”"vn) dx > 0.
RN RV

Therefore, setting

U
fRN |U0,n |p dx

1 1
fRN Qop vo,»R (Qop vO,n> dx

2-p" _
tO,n -

we find that #, gvo, € Np and 0 < 19, < 1. As a consequence, we can write

o1, 1 1
co < Jo(to,nv0,n) = <? - 5) o /;w 0y vonR <Q(§’ Vo, | dx

1 1 1 1
~(5-3) b [, 0w (o)

= t&njgn (vp) < Jg, (Vp) = co, asn — oo.
In particular, we find

lim 19, = 1,
n—o00

and (70, v0.,)n C N is thus a minimizing sequence for Jo on Ny. Using Ekeland’s variational
principle [14] and the fact that \j is a natural constraint, we obtain the existence of a (PS),,-
sequence (wy), C Lp/(RN) for Jo with the property that |[vo,, — wy |l — 0, as n — oo.

By Lemma 2.3, there exists a critical point w for Jy atlevel ¢ and a sequence (y,), C RN
such that (up to a subsequence) [|w, (- + yn) — woll ,» — 0, as n — oo. Therefore,

v0,,(- + yu) = wo strongly in Lp/(RN), asn — 00.

We now claim that (¢, y,), is bounded. Suppose by contradiction that some subsequence
(which we still call (¢, y,),) has the property lim |e,y,| = co. We distinguish two cases.
n—0o0

(1) If Qo = 0, then Q(&,, - +&,y,) — 0, as n — 00, holds uniformly on bounded sets of
RY . From the definition of V0., We infer that vo , (- + y,) — 0 and therefore wo = 0, in
contradiction to Jo(wg) = co > 0. Hence, (¢, y,), is bounded in this case.
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(2) If O > O instead, Fatou’s lemma and the strong convergence vp ,(- + y») — wo
together imply

1 1 /
co = lim Jg, (vy,) = lim <—/ — 7> / [v, [P dx
n—00 n—o00 \ p 2 RN
1 /
2)/ [, (x + y)IP dx
RN
11 Pl ,
=mmﬂ(ﬁ——)/ C——Qi——> 0.0 (x + )7 dx
n—oo \ p 2 RV \ Q(&nX + €nyn)
11 P /
()L (&) e
p 2 RV \ O
= (Qo)p - [&))
O ’
and this contradicts (Q1). Therefore, (¢, y,), is a bounded sequence, and we may assume
(going to a subsequence) that &,y, — xg € RN. Since Q(gpx + enyn) = Q(xp), as
n — oo, uniformly on bounded sets, the argument of Case (1) above gives Q(xg) > 0

and, using the Dominated Convergence Theorem, we see that Q(xp) = Qo, since the
following holds.

1 1 /
co = lim J;, (vy) = lim { — — = [v, P dx
n—o00 n— p/ 2 RN

11 r-l ,
i (5 3) fo (g ) et
-1
(L_l>/ ( Qo ) wol? dx
7~ 2) Jav 000

Qo -l
_(mmJ o

Going back to the original sequence we obtain

I
=-—A
i.—
3
7N
'B\‘»-a
I
I

—_
=

(% N 0 \P . _
V(- + yn) = <Q(8n : +8nyn)) V0.0 (- + yn) = (Q(x0)> wo = wp, asn — oo,

strongly in LY (RV), using again the Dominated Convergence Theorem. The proof is
complete. O

In the next result, we prove the assertion (ii) in Theorem 1.1 from the Introduction. For the
reader’s convenience, let us recall its formulation.

Theorem 3.5 Let ko = g, '~ 0, where go > 0 is given by Proposition 3.3. For every

sequence (kp), C (ko, 00) satisfying k, — 0o as n — 00, and every sequence (i), such
that u, is a dual ground state of

—Au — kgu = Q()|u|?*u in RV,
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there is xg € M, a dual ground state ug of (30) and a sequence (x,), C RN such that (up to
a subsequence) lim x, = xo and
n—o0

_2 .

kn " up <k— +xn> —uy in LPRY), as n > oo.
n

Proof For each n, the dual ground state u,, can be represented as

2

2 1
un(x) = k! R (Qé’m.) (knx), x eRN,

where ¢, = kn_1 and v, € LY RM)isa least-energy critical point of Jg, , i.e., Js/,, (vy) =0
and Jg, (v,) = c¢g,. By Lemma 3.2 and Proposition 3.4, there is xo € M and a sequence
(yn)n C RY such that, as n — 00, x, = &nYn — Xo and, going to a subsequence,
v, (- + yp) — wp in LY (RN) for some least-energy critical point wg of Jy. Since for
x € RV,

—2 (x 1 1

ky, r zun <k7 + xn) =R (QF{,, vn) x+yn) = R(ern( + Yy v (- + yn)> (x),
n

we obtain, using the continuity of R and the pointwise convergence Q, (x +y,) — Q(xo) =

Qo as n — oo for all x € R, the strong convergence

1

__2_ 1
k7 u, (ki +x,,) ~R <Q0” w()) in LP(RV).
n

1
Setting g = R(Q( wo), the properties Jo(wo) = ¢ and J;(wo) = 0 imply that ug is a dual
ground state solution of (30) and this concludes the proof. ]

Remark 3.6 (i) The conclusion of the preceding theorem holds more generally for every

sequence of dual bound states. Indeed, in view of Proposition 3.4 it is enough to
2 1

have u,(x) = k/ _ZR(QS”H V) (knx), where v, is a critical point of J;,, and to require
Je, (Vp) = copasn — 00.

(ii) Elliptic estimates imply that the convergence toward ¢ holds in W24(RN) forall % <
q < oo. In particular, the convergence holds in L% (RV) and since ug € W2P(RN) we
find that for every § > O there is Rs > 0 such that for large n,

2

e Cxlz R
ky P up(x)| <8 forall |x — x,| > "
n

_2
whereas k, " lunlloo = lliolloo > 0 as n — oo. In addition, if X, denotes any global
maximum point of |u,|, then X,, — x¢ as n — oo.

4 Multiplicity of dual bound states

Asbefore, we work under the assumptions (Q0) and (Q1) and let M denote the set of maximum
points of Q. In addition, for § > 0 we consider the closed neighborhood M; := {x € RV :
dist(x, M) < &} of M.

The purpose of this section is to prove the multiplicity result stated in the Introduction,
relating the number of solutions of (10) and the topology of M. We recall it for the reader’s
convenience.
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Theorem 4.1 Suppose (Q0) and (Q1) holds. For every § > 0, there exists k(8) > 0 such
that the problem (10) has at least caty, (M) distinct dual bound states for all k > k(5).

To prove this result, we shall construct two maps whose composition is homotopic to the
inclusion M < M;. We start by introducing some notation.
For fixed § > 0, we consider the family of rescaled barycenter type maps

Be : LV RV)\{0} - RN, ¢>0,
given as follows. Let p > 0 be such that Ms C B,(0) and define & : RN — RN by

N B if |x] < p
FO=1E itz

x|

Forv e L (RM)\{0}, we set

Be(v) == /RN Z(ex)|v(x)|? dx.

p/
vl

Moreover, as in the previous section, we consider for ¢ > 0 and y € M the function ¢; , €
LY (RV) defined by (31), where 5 € C?O(RN) is a cutoff function satisfying 0 < n < 1
in RN, n = 1in B;(0) and n = 0 in RN\ B»(0), and where w € LP/(RN) is any fixed
least-energy critical point of Jy.

We note that, due to the compactness of Ms, the following holds uniformly in y € Ms.

Jex EG +emea)|w@)|” dz
Jan 1) w ()P dz

Before proving the main result in this section, we need the following preparatory lemma.

Jim Be(pe,y) = lim E(y)=y. (32)

Lemmad.2 Let § > 0 andletv : (0,00) — (0, 00) satisfy lim+ v(e) = 0and v(e) >
e—0

ce — co for all ¢ > 0. Considering the sublevel set
Ye={veN: : Je(v) <co+v(e)},
we have

lim sup inf |B:(v) —y|=0.

60" yex, yeMy

Proof Notice that ¥, # &, since ¢, < co + v(¢) by assumption. Let (¢,),, C (0, co) be any
sequence such that &, — 0 as n — oo, and choose for each n some v, € X, such that

. . 1
inf |, (vy) —yl = sup inf |Bg, (v) —y[— —. (33)
EM% EM% n

y veX,, Y

By Proposition 3.4, there is xo € M, a least-energy critical point wo of Jo and a sequence
(yn)n C R¥ such that, up to a subsequence, &,y, — xo and v, (- + y,) — wq in L? (RM),
as n — o0. Therefore, similar to (32) we obtain

Jan B (Enx + 0ya)lva(x + y)|” dx
fRN [vn (x + yn)|pl dx

:38,, (Un) =

— & (x9) = xg9, asn — o0.
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From (33), we deduce that (up to a subsequence) sup ir}l‘}; |Be, (V) — y| = Oasn — oo.
veX,, YEM s

Since the sequence (&,), was arbitrarily chosen, the conclusion follows by a contradiction

argument. m}

Proof of Theorem 4.1 Let § > 0. According to Lemma 3.1, Lemma 3.2 and the assumption
(Q1), we can find € > 0 and a function v : (0, c0) — (0, c0) such that v(e) > ¢, — cq for
alle > 0,v(e) - 0ase — 0T and Je(te,yPe,y) < o+ V(E) < Coo, forall y € M and all
0 < & < &. Moreover, let us assume without loss of generality that, for every 0 < ¢ < &, the
level co + v(e) is not critical for J,.

Consider for 0 < ¢ < ¢ the set X given in Lemma 4.2. Then f; y¢. , € X and there
exists ¢; < € such that forall 0 < ¢ < ¢,

8
sup inf ) —y|l < =. (34)
vegg by |Be <3

In particular, B (X;) C Ms and by (32) the map y > B¢ (¢¢,y) = Be(te,y¢e,y) is homotopic
to the inclusion M < M; in M. Therefore, [12, Lemma 2.2] gives caty, (X¢) > caty, (M)
forall0 < ¢ < ¢;.

Since N, is a complete C'-manifold and since by Lemma 2.5, J, satisfies the Palais—
Smale condition on X, the Lusternik—Schnirelmann theory for C I_manifolds from [21] (see
also [13,22]) ensures the existence of at least caty, (M) distinct critical points of J, for all
0<e<el.

The transformation (17) gives for each critical point of J; a dual bound state of (10) with
k = ¢~ and, since distinct critical points correspond to distinct bound states, the theorem
follows by setting k(8) = sfl. O

Remark 4.3 According to Remark 3.6(i), the solutions given by Theorem 4.1 concentrate as
k — oo in the sense of Theorem 3.5.
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