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Abstract In this paper we consider a nonlinear higher-order viscoelastic inverse problem
with memory in the boundary. Under some suitable conditions on the coefficients, relaxation
function and initial data, we proved a blow-up result for the solution with positive initial
energy.
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1 Introduction

In this paper, we are concerned with the following higher-order viscoelastic inverse problem
of determining a pair of functions {u(x, t), f(¢)}

t
uy + (—A)"u — / gt — ) (=N "u(t)dt — [ul’2u = fHw(x), xeR,1>0
0

(1.1)

Yu(x,1) =0, i=0,1,....m—2, xelpt>0 W)
P fo gt — P ()dr —al M x el >0 '

u(x,0) =uo(x), u/(x,0)=uj(x), xef2 (1.3)

/;2 ulx,)wx)dx =1, t>0 (1.4)

where §2 is a bounded domain of R” (n > 1) with smooth boundary /U '] = 942 so that the
du

5, denotes

divergence theorem can be applied, v is unit outward normal vector on 952, and
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the i-order normal derivation of u. Here m > 1 is a natural number, and p > 2, a are real
positive numbers. Moreover, g(¢) and w(x) are functions satisfying specific conditions to be
enunciated later.

Itis familiar that viscoelastic materials indicate natural damping, which is due to the special
property of these substances to keep memory of their past history. From the mathematical
point of view, these damping effects are modeled by integro-differential operators.

In several mathematical models we face higher-order partial differential equations. For
example it can be found in Fluid Dynamics, Mechanics, Biology, Electromagnetism, image
processing, where three-dimensional problems are represented on surfaces, for instance in the
case of thin geometries, modeled as membranes, plates or shells, depending on the structure
of the original domain. This leads to defining surface partial differential equations which
often involve high-order differential operators [3,15].

The problem of proving asymptotic stability and blow-up of solutions for the equations
with boundary conditions has recently attracted a lot of attention, and various results are
available (see [1,2,5,6,8,14,16,18,22] and references therein).

When m = 2,g(.) # 0 and w(x) = 0, the equation in (1.1) becomes the following
Petrovsky equation with memory term and nonlinear source term:

t
i + A%u —/ gt — ) A%u(s)ds = |u|P"%u, (x,1) € 2 x RT. (1.5)
0

Tahamtani and Shahrouzi [22] prove the existence of weak solutions of equation (1.5) with
initial-boundary value conditions. Meanwhile, they show that there are solutions under some
conditions on initial data which blow up in finite time with nonpositive initial energy as well
as positive initial energy and give the life span estimates of solutions.

In [18], Shahrouzi studied the following fourth-order nonlinear wave equation with dis-
sipative boundary condition

ur + Alao + alAul™ 2 Aul — bAu; = g(x, t,u, Au) + [ul’u, xe€R,t>0

the author showed that there are solutions under some conditions on initial data which blow
up in finite time with positive initial energy.

On the other hand we less know about the global behavior of solutions for inverse problems;
the readers are referred to [4,7,9-13,17,19-21].

In elastography, the displacement field in the interior of tissue in response to an excitation
is measured using either ultrasound or magnetic resonance imaging (MRI). A viscoelastic
inverse problem is focused on solving the subsequent inverse problem of determining the
spatial distribution of the viscoelastic parameters of the tissue given the knowledge of the
displacement fields in its interior. Such problem is motivated by applications in biomechan-
ical imaging, where the material modulus distributions are used to detect and/or diagnose
cancerous tumors [23,26].

In the absence of relaxation function, Tahamtani and Shahrouzi [20,21] investigated global
behavior of solutions to some class of inverse source problems. In [20], they studied the global
in time behavior of solutions for an inverse problem of determining a pair of functions {u, f}
satisfying the equation

Uy + Ay — lu|Pu +a(x,t,u, Vu, Au) = f(Hw(x), x €2, >0,
the initial conditions

u(x,0) =uo(x), wu;(x,0)=u;(x), x € 52,
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the boundary conditions
ulx,t) =oulx,t) =0, xe€df2, t>0,

and the overdetermination condition
/ ulx,)ox)dx =1, >0,
Q

also, the asymptotic stability result has been established with the opposite sign of power-type
nonlinearities.
Later, in [21], Tahamtani and Shahrouzi considered

U + APy — ayAu + ayup + azlulPu + b(x, t,u, Vu, Au) = f(H)w(x), x € 2,1 >0,
u(x,t) =0, Au = —cooyu(x,t), xel,t>0,
ux,0) =uo(x), w(x,0)=u1(x), xeL,

/ u(x, Howx)dx = ¢ (1), t>0.
Q

They showed that the solutions of this problem under some suitable conditions are stable
if @1, g are large enough, a3 > 0 and ¢ (¢) tends to zero as time goes to infinity and also
established a blow-up result, if «3 < 0 and ¢(#) = k be a constant. Their approaches
are based on the Lyapunov function and perturbed energy method for stability result and
concavity argument for blow-up result.

Shahrouzi [19] investigated the asymptotic behavior of solutions for the following vis-
coelastic inverse problem

t
uy + A%u — f g(t — T)Azu(t)dr —a1Au + au; = f(H)w(x), x e 2,t>0,
0

ulx,t) =0, xelpt>0
Au(x,t)=f0tg(t—1')Au(1')dt—a3|Vu|PVu, xel,t>0
u(x,0) =up(x), u(x,0) =u;(x), xe€ 4,

/ u(x, Hwx)dx = ¢ (1), t>0,
Q

He obtained sufficient conditions on relaxation function and initial data for which the solutions
of problem are asymptotically stable when the integral overdetermination tends to zero as
time goes to infinity.

Recently, when w(x) = 0 and with homogeneous Dirichlet boundary conditions, the
following initial-boundary value problem was investigated in [24]:

t
uy + (—A)"u —/ gt — ) (=A)"u(r)dt = |u|”2u, xeN,t>0
0

u(x,0) =uo(x), u/(x,0)=uj(x), xe82

du

vl

Ye proved the existence of global weak solutions by using the Galerkin method. Moreover,

he showed that under some suitable conditions on relaxation function and the positive initial

energy as well as nonpositive initial energy, the solution blows up in a finite time and the life
span estimates of solutions are also given (see also [25]).

Motivated by the aforementioned works, we consider in this paper the blow-up of solutions

for problem (1.1)—(1.4). We show that if we take initial data in the appropriate domain, then

(x,1) =0, i=0,1,....m—1,x€082,t > 0.
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solutions of (1.1)—(1.4) blow up in a finite time. Our approaches are based on the modified
concavity argument method.

2 Preliminaries and main results

In this section, we present some material needed in the proof of our main results. Throughout
this paper all the functions considered are real-valued. We adopt the usual notations and
convention. Let H (£2) denote the Sobolev space with the usual scalar products and norm.
H{" (£2) denotes the closure in H" (§2) of C§°(£2). For simplicity of notations, hereafter we
denote by ||.||4 the LY-norm over §2 . In particular, the L2-norm s denoted ||| in £2 and ||.|| L
in I; we write equivalent norm || D™.|| instead of H™(£2) norm Il. ||Hm(_(2) and D™\ r; in
I';, where D denotes the gradient operator, thatis D. = V. = ( o o, (M ). Moreover,

> 9xp’
D". = A ifm=2jand D". = DAY ifm =2j + 1.
We sometimes use the Young’s inequality
/ 1 1
ab < Ba? +C(B,q)b?, a,b>0, p>0, —+— =1, 2.1)
q9 49
where 6 = 6(£2,n) and C(B, q) = 7 (,Bq) T are constants. We recall the trace Sobolev
embedding
2(n — 1
Hp (£2) = LY(I')  for 2<gq< =D
n—2
where
H} () ={ue H(2) : ulp, = 0)
and the embedding inequality
lullg,ry = BqlIVull2, (2.2)

where By is the optimal constant.
The following lemma was introduced in [9]; it will be used in Sect. 3 in order to prove the
blow-up result.

Lemmal Let u > 0,c; > 0. Assume that (t) is a twice differentiable positive function
such that

vy — A+l P = 29y, (2.3)
forallt > 0. If
w(©0) >0 and Y'(0)—2ci 0 W (0) > 0, (2.4)
then
V() —> +o0  as f—1 <t = ——log A0 . 2.5)

2c1 7 =2a19(0) + ' (0)

To prove our main result, we make the following assumptions

(A1) w e H™(2) N H" ' (2) N LP(£2), / w?(x)dx = 1
2
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(A2) g()=0, g'(r) <xrg)

o0
(A3) 1— f e Mg(ndt =1>0
0
We consider the following problem by substituting u(x, ) = eMu(x, 1) in (1.1)—(1.4):

t
Vi + (=A™ 4+ 220 4 200, — / e Mgt — 1)dr = P P2y

0
+e M fwx), (x,1)e 2 xRF 2.6)
g’;';(x,z):o, i=0,1,....m—2, xelpt>0
am tv om gm—1 2.7
G = Joe Mgt — g (ndt —ad=y x et >0
v(x,0) =up(x), v(x,0) =ui(x)+ Aup(x), x¢€£ (2.8)
/ v(x, Do(x)dx = e . teRT (2.9)
2

Multiplying equation (2.6) by w(x) and using (A1) we obtain

t
f(t) =M (=2)"v, w) — &M fo e g(r — 1)((—A)"v(7), w)dT

— PP 2y, w). (2.10)

Adapting the idea of Prilepko et.al [17] the key observation is that problem (2.6)—(2.9) is
equivalent to problem (2.6)—(2.8) in which the unknown function f(¢) in (2.6) is replaced
by (2.10) (the value of the parameter A will be prescribed later).

Once the unknown function f (¢) is eliminated, the standard theory of nonlinear hyperbolic
equations also becomes applicable to deduce the local existence of solutions.

The energy associated with problem (2.6)—(2.8) is given by

Ap—2)t
E, (1) =

1ot — 5 (ol + 220007 + (1 - /Otgl(s)d5>||D'nU||2
+ (g1 % D) (@) +all D" vl ), @11
where
a0 =M. @rn0 = [ a6 = o - 6P
Now we are in a position to state a local existence of solutions for (2.6)—(2.8):

Theorem 1 (Local existence) Assume that (Al)—(A3) hold. If
ug € HP' ' (2) N H¥™(2) N LP(2), u1 € L*(£2), / up(x, N (x)dx = 1
2

then there exists T > O such that problem (2.6)—(2.8) has a unique local solution u(t) which
satisfies

ueC(0,T); H'(2)), u € C(0, T); L*(2)).

We conclude this section by stating the blow-up result as follows.
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Theorem 2 Under the conditions of Theorem 1, we assume
D 2D,

0, E0) >— , 2.12
luoll > A()_4)\+p+4 (2.12)
where
502 A2 A
Dy = (5~ + =) ID"o|* + ———— ol (2.13)
4 1 p—4 P
r (551)
_ 12 m 2 1 p
Dy = (1+ E)HD ol + T lollp- (2.14)
2p—2>
If A > max({c, W} for a positive constant ¢, and
! +oo 2+4p-38 V16 +32c — 4
a§+’ / gl(s)dsfw, pZmaX 4’ L s
2B5(p +38) p(p+4) 2

then there exists a finite time t| € [0, T') such that the solution of problem (1.1)—(1.4) blows
up in a finite time, that is

Jlu()|| — 400 as t — t. (2.15)

3 Blow-up

In this section we are going to prove that for appropriate initial data some of the solutions
blow up in a finite time. To prove the blow-up result (Theorem 2) for certain solutions with
positive initial energy, we need the following lemma for problem (2.6)—(2.9).

Y
Lemma 2 Let the conditions of Theorem 1 are satisfied and . > max{c, W} for a
positive constant c. Then

1
E,(t) > E;(0) — —Dy,
2 (1) = En(0) D
Proof A multiplication of equation (2.6) by v, and integrating over 2 gives

(

d Alp—2) _ _
3 B0 zzx||vf||2+Te“” Dol + re 2 £ (1), (3.1)

where condition (A2) has been used.
Plugging definition of f(¢), (2.10), into (3.1) we obtain

(p—2)
P

d A
3 B0 = 2, I + P + e ™M (DY, D" w)

t
—Ae_M/ g1t — (D™ v(1), D"w)dr — 2PV (P20, ). (3.2)
0
And so

d M= e -
3 B (0 = 2B, z3x||vz||2+pTe“P Dlh + 23wl + ar| Dol

t
+(1 —/ gl(s)ds)||Dmv||2 + A(g1 * D™ v)(t) + e M (D"Mv, D" w)
0
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t
— e M /O g1t — 1)(D™ (1), D" w)dr — AP (0P 20, w).
(3.3)

Now, by using the Young’s inequality, the terms on the right-hand side of (3.3) can be
estimated as follows

! A2
re M |(D™v, D" w)| < ZIID’”UIIZ + T“"_M ID"wl?, (3.4)
Mp—4 re M
A (o2, @) < 2L D gD 2T gn 5
P ply=17
where we take
(p=D(p=2) 1 =2t p
a=e 7 tlh b=eT7 |wlp, 4= -7 q =,

with 8 = % in the Young’s inequality (2.1).
Also there exists a positive constant ¢ such that

t
Ae*“/ g1(t — 1) (D™ vu(z), D"w)dr < (1 — DD v|)> + c(g1 * D™ v)(1)
0

512
+ e ID" o), (3.6)

Taking into account estimates (3.4)—(3.6) in relation with (3.3), we get

d

3 B (0 = 20Ex(0) = 3w + ar D"l + O = €)1 D" o)1)
!

+ (-5 -0 D?)D"v|? — e Dy, 3.7

where D satisfies (2.13).
2
At this point if we choose A > max{c, W}, then we end up with

d —2ut
aEx(t) > 20E)(t) —e " Dy, (3.8)
by integrating (3.8) between 0 and 7, we observe that
E;(t) > E»(0) — %Dl, vt >0, (3.9)
and proof of Lemma 2 is complete.

Proof of Theorem 2 To obtain the blow-up result, the choice of the following functional is
standard (see [9])

Y (1) = v, (3.10)

then
V() =2(v, vy, (3.11)
Y (1) = 2(v, v + 2] ]|%. (3.12)
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A multiplication of equation (2.6) by v and integrating over 2 gives
13
(v, v) = =24 (v, v) = Aol = (1 —fo g1()ds)| D™ v]|> —al D"~ ol

t
+/ Dmv/ g1(t — T)(D™v(t) — D™v)drdx + P | ||h + e f(1).
2 0
(3.13)

By virtue of trace embedding inequality (2.2), it is easy to see that
(Wi, v) = =24 (v, v) = A2 u® = (1 = /Otgl(s)ds +aB3) | D"v|* + PP o
+ /;2 D™v /Ot g1(t — 1) (D" v(t) — D™v)drdx + e M £(1). (3.14)
Consequently, from definition of E) (t) we get

p —4 -2 p =112
() 2 (24 5) Ea0) = 22 0) + E =0 ol —a (14 ) 107wl
)»2 t
+=F? + (14 £) @+ D)) - <1—/ gl(s)ds+a322) 1D"v)?
0

I4 ' m p
+(145) 0= [ aem)inmel + (14 2) jui?
t
+ / D’”v/ g1(t — T)(D™v(r) — D™v)drdx + e M £ (1). (3.15)
2 0

Taking into account definition of unknown function (2.10) and trace embedding inequality
(2.3), we obtain

—4
) 2 (2 5) Br@) = 220 0) + E5 20D i+ (14 ) ful?
2 p P Ip P
+ 2P+ (14 8) a1+ D00 + (% —aBR 2+ D)D"l
t
+ / Dmv/ g1t — t)(D"v(r) — D™v)drdx
2 0

t
+e M (=) " v, @) —e M / g1t — D((—=2)"v(7), w)dt
0
— PPy, w). (3.16)

To estimate the terms on the right-hand side of (3.16), we start with the memory term. Using
Cauchy—-Schwartz inequality and the Young’s inequality, we get

‘/ D™v / g1t —t)(D"v(r) — Dmv)drdx‘ ||Dm || + —(gl * D™)(1),
(3.17)
B l 66_2M
(=)™, )] < L D™|? + ~——— | D" ]2, (3.18)
24 Ip

—At ! m lp mo o2 ¢ m
e I/ g1t —1)((=4)"v(7), w)dr| < QIID v||” + r(gl * D"v)(1)
0 P
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6
+ (1 + —) e M D" o, (3.19)
Ip
A 3)t 2 p— 4 A 2 4 M P
AP (PP, 0)] < =Pl + — o} (3.20)
2p (m)P_]

Substituting (3.17)—(3.20) into (3.16) gives
)
W) = (24 2) By + (14 2) 1ol + (é’ —aB3 (2+ f)) 1D = 24w, v)
2
+ (1 + % - TC> (g1 % D"™v)(1) — e P Dy, (321
p

where D, satisfies (2.14).
At this point we choose

l +oo Z44p—8 V16 +32¢ — 4
a< P , / g1(s)ds < prap—oe tap C, p > max 14, 7_{— ¢ .
2B3(p+8)" Jo 2

This implies that

P _ P 2 o
(Vir, V) > (2 4 2) EA(t) — 20 (v;. v) + (1 4 4) lol?=—e 2Dy, (322)
Hence from (3.12) we have

Y0 2 (p+HED) = 42w v) +4 (14 ) ol 2D (3.23)

To this end, by substituting (3.10),(3.11) in (3.23), using Lemma 2 and (2.13) we arrive at
V0 = =200 +4 (14 L) ul
finally we get
vy = (1+ £) W' OF = 2200w 0).

Hence we see that the hypotheses of Lemma 1 are fulfilled with u = %, c] = A, and the
conclusion of Lemma 1 gives us that some solutions of problem (2.6)—(2.9) blow up in a
finite time and since this system is equivalent to (1.1)—(1.4), the proof is complete.
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