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1 Introduction
1.1 Background

The question of rigidity vs. flexibility of isometric immersions has been studied in differential
geometry since the end of nineteenth century. It was already known, as established by Dar-
boux, among others, that smooth surfaces in the three-dimensional space which are isometric
to a piece of plane are developable, i.e. they are locally foliated as a ruled surface by straight
segments aligned at each point in one of the principal directions. New developments in the
mid-twentieth century highlighted the very fact that this rigidity statement relies strongly on
the regularity of the surface. In particular, it followed from the results of Nash [29] and Kuiper
[21] that there exist many C! isometric embeddings of a given flat n-dimensional domain into
R"*! (and hence into R" ¥ for any k > 1) with arbitrarily small upper bound on the diameter
of the image, a property which rules out the developability of the image. On the other hand,
the developability of co-dimension one isometric immersions of flat n-dimensional domains
was essentially established by Chern and Lashof [5, Lemma 2] and Hartman and Nirenberg
[13, Lemma 2], who also provided more detailed results in the case n = 2 of surfaces. In
[35], a generalized developability result for C2 isometric immersions of a Euclidean domain
Q C R” into Euclidean spaces R"t*_ k < n was established.

A natural question arises, which consists in asking what would be the critical regularity
threshold at which the distinction between rigidity and flexibility 4 la Nash and Kuiper is
withheld. The most straightforward path would be to discuss this question for Holder regular
isometries of class C1**,0 < a < 1. Some progress is made in this direction, but the problem
of the critical value of « is still open. While a careful analysis of the iteration methods of
Nash and Kuiper has lead to flexibility results for surfaces for « < 1/13 [2], and then for
« < 1/7[6], it has only been established that C1* isometric immersions of two- dimensional
flat domains into the three-dimensional space are rigid if @ > 2/3 [2,3,6]. In a different but
related vein, Pogorelov showed that C! surfaces with total zero curvature are developable
[32, Chapter II] and [31, Chapter IX]. If one only assumes Holder regularity, it seems that
there is no consensus on what the critical exponent should be, as it has been conjectured to
bea =1/3,1/20r2/3.

One could also consider other function spaces which lie somewhat below C2. In particular,
Sobolev isometries arise in the study of nonlinear elastic thin films. Kirchhoff’s plate model
put forward in the nineteenth century [20] consists in minimizing the L? norm of the second
fundamental form of isometric immersions of a 2d domain into R® under suitable forces or
boundary conditions. In other words, using the modern terminology, the space of admissible
maps for this model is that of W22 jsometric immersions (See also [10,23]).

Quite strong results are known about regularity and rigidity of co-dimension 1 isometric
immersions, as summarized in the following

Theorem 1 Let U € W2'2(S2, R"™YY be an isometric immersion, where Q is a bounded
Lipschitz domain in R". Then, U € CIO’CI/Z(Q, R"*1). Moreover, for every x € Q, either DU
is constant in a neighbourhood of x, or there exists a unique (n — 1)-dimensional hyperplane
P > x of R" such that DU is constant on the connected component of x in P N Q.

This was proved in by Liu and Pakzad [25] and followed earlier results [30] of the second
author that established the n = 2 case of Theorem 1, drawing on work of Kirchheim in [19]
on W2 solutions to degenerate Monge—Ampere equations, discussed below.

The result is optimal which is the sense that it fails for W>? isometries with p < 2.
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Sobolev spaces of isometric immersions 689

Remark 1.1 In [28], it was established for n = 2 that the C! regularity can be extended up
to the boundary if the domain is of class C'*%. This does not hold true anymore for merely
C! regular domains.

Isometric immersions of flat domains are closely related to the degenerate Monge—Ampere
equation

det(D*u) =0 ae. in L, (1.1)
or more generally to the Hessian rank inequality
rank(D*u)< k a.e. in K. (1.2)

This is equivalent to the degenerate Monge—Ampere equation when k = n — 1, but for
k < n — 11is a stronger condition. As we recall in Sect. 2, it is satisfied by the components
U™ of an isometric immersion U :  — R"*¥ of co-dimension k (see Proposition 2.1), and
many rigidity properties of isometric immersions can be deduced solely from the weaker
condition (1.2).

In order to discuss Sobolev solutions with lower regularity than the assumptions of the
above theorem, it is helpful to study distributional and measure theoretic variants of condition
(1.1) including (in two-dimensional domains)

1
Det(Dzu) = —Ecurchurl(Du ® Du) =0 (1.3)
foru € H'(Q); or

/ Gy (X, D)ty xy — Py (X, D)ty dx =0 forallgp € C°(Q x R*) andk = 1,2
Q
(1.4)

for u € W1(Q). Both of these imply (1.1) if u € W,22(R). It turns out that (1.1), even in
the weak form (1.4), is strong enough to imply rigidity, as shown in the following result.

Theorem 2 Let Q2 be a bounded, open subset of R2.

Ifue W]%)’Cz(Q) and detD?*u = 0 a.e. in Q, then u € C'(Q), and for every point x € L,
there exists either a neighbourhood of x, or a segment passing through x and joining 92 at
both ends, on which Du is constant.

More generally, the same conclusions hold if we merely assume that u € W1 () and u
satisfies (1.4).

Theorem 2 was established for u € Wli’cz(Q) by the second author in [30], see also
Kirchheim [19]. The final assertion of the theorem, concerning W21 functions, is in fact a
special case of a more general result from [18] that applies in the (larger) class of Monge—
Ampere functions, introduced by Fu [11] and developed in [17, 18]. If one considers not the
distributional condition (1.4) but just the pointwise Monge—Ampere equation (1.1), then the
W22 hypothesis of [30] is optimal. Indeed, conic solutions to (1.1) exist if the regularity
is assumed to be only W2P for p < 2 (see Example 1 below). One could even construct
more sophisticated solutions by gluing these conic singularities in a suitable manner, using
Vitali’s covering theorem (Example 2). Furthermore, Liu and Maly [24] have established
the existence of strictly convex W2P solutions to (1.1) (but not to 1.3) when p < 2.1Inthe
meantime, it is known [9] that for p < 2, W7 solutions to (1.3) exist which are not C'!
and fail to satisfy the developability statement of Theorem 2 at a given point in the domain.
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690 R. L. Jerrard, M. R. Pakzad

Finally, Lewicka and the second author have recently proved in [22] that the conclusions of
Theorem 2 hold for C!-¢ solutions to (1.3) provided & > 2/3, but not if & < 1/7.

What interests us in this paper are regularity and rigidity results in the manner of Theo-
rems 1 and 2 for arbitrary 1 < k < n, under Sobolev regularity assumptions. We note that
the case k = 0 is trivial and that there is no rigidity whenever k > n, see, for example, [35].

The proof in [25] of Theorem 1 was based on induction on the dimension of slices of the
domain and careful and detailed geometric arguments, applying the Wli’cz case of Theorem 2
to two-dimensional slices. These methods cannot be adapted to the solutions of (1.2) even
for k = 1, since one loses some natural advantages when working with (1.2) rather than with
the isometries themselves as done in [25]: the solution u is no more Lipschitz and being just a
scalar function, one loses the extra information derived from the length preserving properties
of isometries. On the other hand, contrary to the case of k = 1, regularity and developability
of the Sobolev solutions to (1.2) do not directly lead to the same results for the corresponding
isometries (see [30]).

Hence, the problems of regularity and developability of Sobolev isometric immersions
of co-dimension higher than 1 and also of the developability of Sobolev solutions to (1.2)
for k > 1 are more involved and could not be tackled through the methods discussed in
[25,30]. In this paper, we adapt methods of geometric measure theory, applied by the first
author in [17,18] to the class of Monge—Ampere functions, to overcome the above obstacles
for k > 1 and tackle both of the isometry and rank problems for Sobolev regular solutions
simultaneously.

Remark 1.2 Tt was proved furthermore in [30] that any W22 isometry on a convex 2d domain
can be approximated in strong norm by smooth isometries. The convexity assumption can be
weakened to e.g. piecewise C! regularity of the boundary, see also [14—16]. A generalization
of these results to the co-dimension one case was obtained in [25]. It could be expected that the
results of this paper could help in proving similar density statements in higher co-dimensions,
but that would be more technically challenging than the previous cases.

1.2 Main results

We first introduce a few fundamental definitions.

Definition 1.3 Let 2 C R” be an open set and j € {1,...,n}. We say the set P C Q
is a j-plane in Q2 whenever P is the connected component of the intersection of 2 and a
Jj-dimensional affine subspace P of R”. We will generally write P to denote a j-plane in
for some subset 2 C R” and P to denote a complete j-plane.

Definition 1.4 Let n € N, n > 1, Q be an open subset of R”. We say a mapping w €
COUQ,RY is (n — k)-flatly foliated whenever 0 < k < n is an integer and there exists
disjoint subsets Fj, j =0, ..., k of £, such that the following properties hold:

. k
i e=U_, |
(ii) Forall j € {0,...,k}, Q; := U‘, 0 F,, is open,
m=
(iii) Forall j € {0, ..., k} and every x € Fj, there exists at least one (n — j)-plane P in

2; such that x € P and w is constant on P.

We say a mapping is flatly foliated when it is (n — k)-foliated for some integer k.
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Sobolev spaces of isometric immersions 691

Remark 1.5 Note that for all j € {0,...,k}, F; = Q; \ ;_;. Hence, a straightforward
conclusion of the above definition is that F; is closed in 2 for all j € {0, ..., k}.

Definition 1.6 Letn, N € N, n > 1, N > 1, and let 2 be an open subset of R”. We say
a mapping y € C1(Q, R") is (n — k)-developable whenever Dy : Q@ — R¥N*" = RV js
(n — k)-flatly foliated. We say a mapping is developable when it is (n — k)-developable for
anintegerk € {0, 1,...,n — 1}.

We will later introduce weaker versions of the notions defined in Definitions 1.4 and 1.6for
mappings which are not necessarily of the required regularity.

The following two theorems sum up the main contribution of this paper. The first theorem
concerns Sobolev isometric immersions of Euclidean domains and extends Theorem 1 to
arbitrary co-dimension.

Theorem 3 Letk € {1,...,n— 1}. Assume that Q2 is a bounded, open subset of R" and that
U e Wli’cp (2 R"KY is an isometric immersion, so that U satisfies

Uxi . ij = 5,']' a.e.in Q, Vi,j € {1, ,n}
If p > min{2k, n}, then U € C'(; R"%), and U is (n — k)-developable.

The next theorem is a similar statement concerning scalar functions and generalizes to
arbitrary n and k those parts of Theorem 2 that concern the (pointwise) degnerate Monge—
Ampere equation (1.1) . This result is new whenever n > 2, even for k = 1.

Theorem 4 Assume that Q is a bounded, open subset of R" and that u : Q2 — R satisfies
ue W]i’cp(Q) with p > min{2k, n} rank(D2u) <ka.e (1.5)
forsomek € {1,...,n—1}. Then, u € Ccl() and u is (n — k)-developable.

Remark 1.7 One interesting feature of these results is that the Sobolev regularity W>” can
be much below the required W>"*¢ for obtaining C! regularity by Sobolev embedding
theorems. The argument used in [30, Lemma 2.1] to show the continuity of the derivatives
of the given Sobolev isometry is no more generalizable to our case. In [30], the C' regularity
is shown as a first step towards the proof of developability. Here, on the other hand, we first
show a weaker version of developability for the mapping and use it to show the C! regularity.

Remark 1.8 In Example 1 below, we show thatifu € WZP(Q) satisfies rank(D?u) < k a.e,
and if p < k + 1, then u may fail to be C 1 Also, Liu and Maly [24] have established the
existence of strictly convex W2» N C!¢ solutions for 0 < a < 1 to the above rank condition
when p < k + 1. These examples, in particular, imply that the condition p > min{2k, n} in
Theorem 4 cannot be weakened if k = 1 or k = n — 1. We believe, however, that it can be
weakened if k € {2, ..., n — 2}. Indeed, it seems likely that the conclusions of the theorem
continue to hold under the assumption that

weWol(@with p>k+1  rank(D*u) <ka.e. (1.6)

1.3 Some examples

Example 1 Foranyk < nand1 < p < k+1,thereexistsu € Wlf)’cp (R") and rank (D%u) < k
a.e. but such that the conclusions of the theorem fail. Indeed, consider u of the form

u(xl, oaxh) = uo(xl, R xk'H) for ug € CIZOC(RI"H \ {0}) homogeneous of degree 1.
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692 R. L. Jerrard, M. R. Pakzad

One easily checks that u € U, 41 leo’cp (R™), and it is clear that Du is not continuous on
the set {x € R” : x! = ..., x¥*1 = 0}, unless it is constant.

One could generalize the above example by gluing conic singularities in the following
manner:

Example 2 By Vitali’s covering theorem, we choose a covering 5 := {B(a;, r;)}ien of RK+1
of non-overlapping balls so that R**1\ | J ieny Blaj, r;) is of Lebesgue measure zero. We
define vg : R¥T! — REH py

Vo (x) = [Zi +ri(x —a)/lx —a;| if x € B(a;, 1),

otherwise.

It can be easily verified that vy € Wli)’cp(Rk“) forall 1 < p < k + 1 and that vy = Dug

for a scalar function. Let u(x', ..., x") = uo(x', ..., x*t1). Then, u € Wli’cp(R") for
1 < p <k + 1, rank (D?u) < k, but Du is not continuous on the set {a; }jen x R" %=1,

One might naively hope that for every k < n, the set {x € Q : rank(D?u) = k} is foliated
by n — k-planes on which Du is constant. This is not at all the case.

Example 3 Consider u : (0, 1)? — R of the form u(x, y) = F(x)where F' = f: (0,1) —
R is a strictly increasing Lipschitz continuous function such that {x € (0,1) : f'(x) = 0}
has positive measure. For example, fix an open dense set O C (0, 1) whose complement has
positive measure, and let f(x) := £'((0, x) N 0), so that f is Lipschitz continuous and

1 fora.e.x € O

S = lO fora.e.x ¢ O.

For a function of this form, we have u € W%, with
!
Du(x,y) = (f(x),0), D*u(x,y) = (f(()x) 8) a.e.

so that rank(D?u) < 1 a.e. and rank(D?u) = 0 on a dense set of positive measure. However,
there is no two-dimensional set on which Du is locally constant; rather, forevery & € Im(Du),
where Im(-) denotes the image, Du~'{£} is the line segment FHEY x (0, 1).

Example 4 Consider again u : (0, 1)2 — R of the form u(x, y) = F(x), where F’ = f and
fx) = £, x) \ O), where O is as in Example 3 above. Then, f is Lipschitz continuous
and

0 fora.e.x e O

fx = 1 fora.e.x ¢ O.

Then, in the notation of Definition 1.4 below, Q = 2, and Q20 = O x (0, 1). Thus, ¢
is a dense subset of 21, and F; = 1 \ Qo is nowhere dense in 2.

More generally, given 0 < j < k < n, one can write down examples in the same spirit
defined on the unit cube in R", such that 2; is dense in €.

Example 5 Fix a C> map v : R — R2 such that v(0) = 0, v/(z) # 0 for z # 0, and
lim;_,¢ ;—:‘ does not exist. For example, we may take v(z) = s cos(1/z), 2 sin(1/z)).

@ Springer



Sobolev spaces of isometric immersions 693

Nowset 2 = (—1, 1)3,andletu(x, y, z) = (x, y)-v(z). Then, we can write Du(x, y, z) =
(v(2), (x,y) - v/(2)). Thus, level sets of Du are the plane z = 0, together with the line
segments

{x,y,2):z2=2z0,(x,y)-V'(z0) =c¢}, z20#0,ceR.

It is also easy to check that u is C?, rank(D?u) = 2if z # 0 and rank(Dzu) =0ifz=0.

(Note also, ii := u + z* has all the same properties as « described above, except that
rank(D?u) = 1 when z = 0.)

This example shows that (in notation to be introduced later) QX may contain planes of
dimension greater than n — k on which Du is a.e. constant. By contrast, the previous example
shows that it may also happen that Q% \ Q* is foliated by planes of dimension n — k.

Also, we can see from this example that the (n — k)-planes that locally foliate QX may
oscillate wildly as one approaches points in QX at which rank(D?u) < k.

1.4 Remarks on notation and an outline of proofs

Throughout the paper, we will often simply write “measurable”, “almost everywhere”, with-
out specifying the Hausdorff measure at use, when the latter is clear from the context. Many
of our arguments take place in a product space © x R¢, where @ C R” and ¢ is a positive
integer. In this setting, we will think of £ and R¢ as “horizontal” and “vertical”, respectively,
and we will use subscripts 4 and v accordingly. For example, we will write pj,, p, to designate
projections of € x R¢ onto the horizontal and vertical factors, respectively:

pr(x,§) :=x, po(x, §) =§. 1.7
If w e LP(R2) for some p < oo, then a Lebesgue point of w will mean a point x such

that

1
lim lw(y) —wx)|? dy := lim ——— lw(y) —wx)|Pd=0. (1.8)
ey P YN B S

Thus, we always understand “Lebesgue point” in an L” sense. We assume that every function
w appearing in this paper is precisely represented. Thus, w always equals its Lebesgue value
at every point where the Lebesgue value exists. If u € W>P?(2), there is a set E such that
Cap,(E) = 0 and every point of Q \ E is a Lebesgue point of Du. The capacity estimate
implies that H"~P+¢(E) = 0 for every ¢ > 0. These facts can be found, for example, in
Ziemer [36], Theorem 3.3.3 and 2.6.16, respectively, or in [7].

To describe the proof, it is useful to introduce several weaker versions of the notions of
flatly foliated, defined above.

Definition 1.9 Letn € N, n > 1, Q2 be an open subset of R”. We say a measurable mapping
w : Q — R is densely weakly (n — k)-flatly foliated whenever there exist some k €
{0,1,...,n — 1} and disjoint subsets F;, j =0, ..., k of €, such that

k
Q=U_,F;, (1.9)
and in addition, the following properties hold for every j:
Q= U,j;L:oFm is open, (1.10)
and

for every x in some dense subset of F;, there exists at least one n — j-plane P in 2

such that x € P and w is H" /a.e. constant on P. (1.11)
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694 R. L. Jerrard, M. R. Pakzad

Definition 1.10 Let n € N, n > 1, Q be an open subset of R”. We say a measurable
mapping w :  — R’ is pointwise weakly (n — k)-flatly foliated whenever there exist some
k €{0,1,...,n — 1} and disjoint subsets F;, j =0, ..., k of €, such that (1.9) and (1.10)
hold, and

for every x € F;, there exists at least one n — j-plane P in ;

such that x € P and w is H" /a.e. constant on P. (1.12)

Remark 1.11 The definitions require that the values of w are well defined for H"~/ a.e.
points on the given n — j-planes in 2. As noted above, this is the case if we assume that e.g.
w e WIIO’CH] (22, R%) and w is precisely represented, since in that case the set of points that
fail to be Lebesgue points of w has dimension less than n — k.

We start in Sect. 2 by showing that if U € W22(Q; R"*¥) is an isometric immersion for
Q C R", then w = DU satisfies

rank(Dw) < k a.e.in Q2.

This is a classical fact for smooth maps. As a consequence, both of our main results reduce
to the study of maps w :  — R for some ¢, such that

rank(Dw(x)) <k a.e.in Q, w = (Dul,...,Duq) for some ¢ > 1. (1.13)

A main challenge we must address is to find a way to extract information from the hypothe-
ses (1.13) under conditions of low regularity. We carry this out making extensive use of the
machinery of geometric measure theory, including in particular some results from Giaquinta,
Modica and Soucek [12], Fu [11] and the first author [ 18] about the related topics of Cartesian
maps and Monge—Ampere functions.

To explain the role of geometric measure theory, we first outline the basic argument on
a formal level. Towards that end, consider a smooth map w = (Du], ..., Du?) such that
rank(Dw) = k everywhere, and further suppose that

e image(w) is a smooth embedded k-dimensional submanifold I'y, C R”, where Im(w)
denotes the image of w, and
e forevery & € I'y, 'y (§) = w~1{£} is a smooth (n — k)-dimensional submanifold of 2.

These assumptions are far stronger than one can reasonably expect, but in any case they are
certainly consistent with the condition that rank(Dw) = k. For every & € I';,, and for every
x € T'j (&), basic calculus implies that

Im(Dw(x)) = T: T, (1.14)
and
ker(Dw(x)) = T, 'y (§). (1.15)

Moreover, the symmetry of D?u’ (x) implies that ker(D%u’ (x)) = [Im(D?u’ (x))]+, if we
identify, in the natural way, the horizontal and vertical spaces to which T¢I', and T, I';(§)
belong. Thus,

q q
T.Th(€) = ker(Dw(x)) = [ ker(D*u’ (x)) = [\ [Im(Du’ (x))]*.
i=1 i=1

@ Springer



Sobolev spaces of isometric immersions 695

The space on the right is completely determined by 7zI', — in fact it can be written
ﬂ?zl[Pi T [',]+, where P; denotes orthonormal projection of R"? = (R")? onto the ith
copy of R”. Thus, the tangent space 7', (§) does not depend at all on x € I';(§), but only
on &. Since the tangent space is constant, I';(§) must be a union of n — k-planes in €2, all
orthogonal to ﬂ{zl [P T .

The rigorous version of this argument starts in Sect. 3, where we use the machinery of
geometric measure theory to establish facts about

e the structure of I';, and I';,(§), which in our actual proof will be, not exactly the image
and the level sets of w, but closely related sets, and

o the relationship between their tangent spaces and the derivatives of w, along the lines of
(1.14) and (1.15) above

that are (barely) strong enough to justify some form of the proof sketched above. These
arguments apply to general mappings (without a gradient structure) w € W1 4+1(Q; R¢) such
that rank(Dw) < k a.e. Under these assumptions, we obtain I", and I';(§) as, essentially,
the vertical projection and horizontal slices, respectively, of a set

I':={x,wk)) € 2 x Rf:xisa Lebesgue point of both w and Dw}.

(See 3.5, 3.4) for the actual definitions.) Appealing to results of Giaquinta, Modica and Soucek
[12], we find that T is n-rectifiable and that an integral n-current G,,, canonically associated
with the graph of w and carried by I, has no boundary in Q x R¢. Then, the rectifiability of
I, and of H* almost every ', (&) follows from classical results and the definitions of these
sets, as does a version of (1.14). Additional work is required to establish a version of (1.15)
and to show that the slices I';,(§) have enough regularity (in particular, they carry integer
n — k-currents with no boundary) to conclude from the constancy of the tangent spaces that
they are in fact planar.

In Section 4, we use these facts to prove that if w € WIL’C]‘H
densely weakly (n — k) flatly foliated. More precisely, we define

satisfies (1.13), then w is

Q= {x € Q: x is a Lebesgue point of w and Dw, and rank (Dw) = k},

and we give a rigorous version of the formal argument sketched above to show, roughly
speaking, that QF is almost everywhere foliated by level sets of w that are n — k-planes in
Q. (We remark that this is the only place in the paper where we use the gradient structure
of w.) To deduce that w is densely weakly (n — k)-flatly foliated, we define Fj := Qk
and Q1 := Q\ F, and we note that rank(D%u)< k — 1 a.e. in Q,_;. Hence, the above
machinery could be reapplied to the new set with the new rank condition. More generally,
letting Q2 = 2, and for j € {k, ..., 0}, defining (working downwards)

Q={xe 2; : x is a Lebesgue point of Du and D?u, and rank (D%u) = jts

Fj =Q/N Qj s
Qj,1 = Qj—Fj :Qj—Qj,
we obtain a partition of €2 into disjoint sets F;, j = 0,1, ..., k such that every F; has a

dense subset foliated by n — j-planes on which w is 1"~/ a.e. constant.

Following this, we prove in Sect. 5 thatif w € WIL’CkH (2: RY) is densely weakly (n — k)-
flatly foliated, then w is pointwise weakly (n — k)-flatly foliated. (In fact here we only need
Wll)‘cp for some p > k.) The hypothesis already yields a partition of €2 into sets F; satisfying

properties (1.9), (1.10), and so the point is to show that (1.11) together with the assumed
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696 R. L. Jerrard, M. R. Pakzad

Sobolev regularity implies (1.12). To do this, we obtain a planar level set of w through a
given point as a limit of planar level sets through nearby points. We remark that it is possible,
as illustrated in Example 3, for Fj to contain a subset of €2 \ Q¥ of positive measure to be
foliated by n — k-planes on which w is constant.

The arguments of Sects. 3, 4 and Srequire only the weaker regularity assumption (1.6),
and this hypothesis is sharp in a sense; this follows from Example 1 below. The stronger
assumption (1.5) is needed for Sect. 6, in which prove that if p = min{2k, n} and w €
WI]O’Cp (22 RY) is pointwise weakly (n — k)-flatly foliated, then w is continuous and hence
(n — k)-flatly foliated. This will complete the proof of our main results. For the proof, we
first show that if a point x € Fj is contained in two distinct n — k-planes in €2 on which w is
a.e. constant, then the two constants are in fact equal. (Example 5 shows that this situation
can in fact arise.) It follows rather easily from this that the restriction of w to Fy is C? and
indeed that the same holds in F; for all j < k. To conclude that w is continuous in €2, it
remains to show that it is continuous at points of 9€2; N €. This is a little more subtle and is
proved by showing that any such discontinuity is inconsistent with the p-quasicontinuity of
w, given facts we have already established about w.

The condition p > {2k, n} is sharp for the results of Sect. 6, at least for certain values of
k,including k = 2, 4, 8. This follows from Examples 6-8 in Sect. 6. These results, however,
apply to vector-valued maps w :  — R’ that are pointwise a.e. flatly foliated. As suggested
above, we believe that if one considers maps that in addition possess a gradient structure, that
is, maps of the form w = (Dul, ..., Du9) for some ¢, then it should be possible to weaken
the regularity requirements.

2 Degenerate Hessians for Sobolev isometric immersions

In this section we prove a proposition that reduces the case of isometries to that of maps
whose Hessian satisfies a degeneracy condition. This is a variant of a classical lemma of
Cartan [4], which concerns smooth maps and has a correspondingly stronger conclusion.

Proposition 2.1 Assume that @ C R" is a bounded open set and that U € W22(Q, R"*)
is an isometric immersion of 2 into R K forsomek € {1,...,n— 1}, i.e. U satisfies

Uxi . ij =(S,'j, Vi,j € {1, ,n} (2.1)
Letw := DU : Q@ — R" @ R"* = R for ¢ = n(n + k). Then,
rank(Dw) <k a.e. in Q.

In the proof of this result only, to simplify notation we will write U ; to denote partial
differentiation with respect to the ith coordinate direction.

Proof We will first establish the following identity:
Uij - Uu—Uj-Ujr=0 Vi, jklefl,...,n} aein Q. (2.2)

Let U,, € C®(£2, R™*%) be a sequence of mappings converging to U in the W>2-norm, and
let gg’;. := Up,i - Uy, j. Twice differentiating g;’}, we obtain for all i, j, k, [:

8kt = Umikt - Un,j + Unik - Um,ji + Um,it - Um,jk + Um,i - Um, jui-
Permuting the indices and cancelling the terms in third derivatives yields:

m m m m
ij t 8k1ij — &l jk — &jkit = ~2Wm.ij - Ukt — Unm,it - U, ji)-

@ Springer



Sobolev spaces of isometric immersions 697

Passing to the limit as m — oo, we observe that the left-hand side converges in the sense of
distributions to 0, while the right-hand side converges in L'to —2WU;j U — Ui -U jp).
This establishes (2.2). Our second observation is that

Uij-Ur=0 Vi, j,kef{l,...,n} aein Q. (2.3)

This is straightforward to see, as differentiating the isometry constraint (2.1) we obtain for
alli, j, k:

0=Uix-U;+U; Uj=U;j-Up+U; Uyj=Uyi-U;+Uir-Uji,
where the two last identities are obtained by permutations in i, j, k and all three are valid a.e.
in 2. Now, adding the first two identities and subtracting the third implies (2.3), considering
that U ;; = U j; for all choices of i, j a.e. in Q.

In order to proceed, for any x € Q2 for which the identities (2.1), (2.2) and (2.3) are valid,
hence for a.e. x € €2, we define the orthogonal space to the image U (€2) at the point U (x) to
be:

O(x) :=span < U1 (x), ..., U,(x) >+,

and the symmetric bilinear form B(x) : R” x R" — O(x) by

n+k
Bx)(V,W) =W -D>*U(x)V := Z(W -D*U™(x)V)ep,

m=1

where U = (U, ..., U"th). Evidently, (2.3) implies that 3(x) takes values in O (x). On the
other hand, (2.2) implies that for all X, W, Y, Z € R” we have

B(x)(X, W) - B(x)(Y, Z) — B(x)(X, Z) - B(x)(Y, W) =0,
i.e. the symmetric bilinear form 5(x) is flat with respect to the Euclidean scalar product on
O (x). Hence, we can apply a result due to E. Cartan [4] (see also [35, Lemma 1] for a proof),
to obtain that
dim(ker B(x)) > dim(R") — dim(O (x)) =n — k,
where

ker (B(x)) :={V e R"; B(x)(V,W) =0 VW € R"} = ker(Dw(x)).

This completes the proof of the proposition. O

3 Degenerate Cartesian maps
In this section, €2 is as usual a bounded, open subset of R”, and w is a map satisfying

we W Q R, rank (Dw) <k ae. 3.1)
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for some k € {1,...,n — 1} and some £ > 1. We will use the notation
Ay = {x € Q: x is a Lebesgue point of both w and Dw} 3.2)
[ = {(x,wx) :x € Ay) C 2 xR (3.3)
Fp€) == {x € Ay 1 w(x) =&} 34
= {§ eR" : H'HTL(E) > 0) (3.5)
QF = {x € Ay : rank(Dw(x)) = k}. (3.6)

The main result of this section, stated below, will be used to make precise the formal arguments
discussed in Sect. 1.4. Terminology appearing in the proposition will be recalled after its
statement.

Proposition 3.1 Assume that w satisfies (3.1). Then, T, is k-rectifiable, and for H* a.e.
& e I'y, the following hold:

Ty (€) is H" % -measurable and n — k-rectifiable (3.7
TeTy = Im(Dw(x)) and ker(Dw(x)) = T, 'y (§), H"_ka.e.inl"h(f;:). 3.8)

In addition, for H* a.e. £ € T, there exists an integral current He in Q x RY, defined
explicitly in (3.24) below, represented by integration over 'y (§) x {§} such that dHg = 0.
Finally,

c (Q" \ User;;l“h(%‘)) =0, (3.9)
where

Iy :={& ely:0H: =0, and (3.7)and(3.8) hold}. (3.10)

This is related to results in [18], proved in the more abstract setting of Monge—Ampere
functions. Here, we are able to exploit the Sobolev regularity and results of Giaquinta et al
[12] to extract more information than in [18], such as conclusions (3.8), which are new. We
also believe that the arguments given here are more transparent than those of [18].

Remark 3.2 We emphasize that I and ', may differ from the graph {(x, w(x)) : x € Q} and
the image w(£2) by sets of positive H" measure. Indeed, [26] establishes the existence of a
continuous mapping w € W1 (Q; R") with vanishing Jacobian (i.e. k = n — 1), for which
w(€2) has positive measure. In this construction, the bulk of the image is obtained by applying
w to the null set 2\ Ay, and in fact Proposition 3.1 shows that I';, is an n — 1-rectifiable set.

We start by recalling some definitions. For more background, one can consult, for example,
[12] for a general introduction to geometric measure theory in product spaces and whose
notation we have tried to follow.

If U C RE for some L, then we say that ' C U is j-rectifiable if

[e.¢]
Irc Mpu U fq (R), where H/ (Mp) = 0 and e R/ > U is Lipschitz.
g=1

Itis a standard fact that a j-rectifiable set I' has a j-dimensional approximate tangent plane,
denoted 7yI", at 1/ almost every y € T".
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If P is a j-dimensional plane in some RZ, then a unit j-vector orienting P is a j-vector
(that is, an element of the space Aj]RL) of the form T = 71 A --- A T, where {1','};/_1 form
an orthonormal basis for the tangent space to P.

Let D/ (U) denote the space of smooth, compactly supported j-forms on U.

Heuristically, j-currents supported in U are “generalized submanifolds” of dimension j,
defined by duality to D/ (U). Integer multiplicity (henceforth abbreviated as i.m.) rectifiable
currents are those which are represented by a superposition of rectifiable sets. More precisely,
an i.m. rectifiable j-current T in U is a bounded linear functional on D7 (U) that may be
represented in the form

T(¢) =/ (¢, ) 0dH" 3.11)
r

where

e ['isa j-rectifiable set,

e 0 : I — Nis a H/-measurable function, locally integrable with respect to H/ . I'; and

e 7 isa/-measurable function from I into the space A ;RE of j-vectors on RE, such that
7(y) is a unit j-vector that orients the approximate tangent space 7),I", fora.e. y € I'.

In (3.11), we write (¢(y), T(y)) to denote the dual pairing between a j-covector ¢(y) €
AJRE and a j-vector T(y) € A j]RL; see (3.15) below for a concrete definition in the product
space setting.

When (3.11) holds, we say that T is represented by integration over I".

We next introduce notation needed to write these objects more explicitly and in particular
to write currents and differential forms in the product space U = Q x R Forl < j <m,
we define

I(j,m)={a=(ar,...,aj): 1 <a; <...<oa; <m}. (3.12)

If @ € I(j, m), then || := j. We will think of 7(0, m) as consisting of a single element,
“the empty multiindex”, which we will denote 0.

If S = (S%) is an £ x n matrix (with i running from 1 to ¢ and j from 1 to n) and
Bel(j,t),y €l(j,n)forsome j,then

sh = (Sfif,)l{i/:l i ME(S) := detSh. (3.13)

We refer to M,’/3 (S) as a minor of S of order j.
We will write points in Q2 X R? in the form (x, £), and we will write {e; ', and {&;}
to denote the standard bases for the spaces

¢
j=1

b i=R" x {0} and Rﬁ = {0} x R
of “horizontal” and “vertical” vectors. For « € I(j, n), we set
dx® :=dx“" A ... AdXY, ey =€y A... Aeg;

and similarly d€# and eg, for B € I1(j, £). Thus, for example, every n-form in £ x R may
be written

p= D Guplx.E)dx* ndEP, (3.14)

la|+1Bl=n
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where it is understood that @ € I (x, n) and 8 € I (x, £). The dual pairing appearing in (3.11)
is defined by

< D updx ndef > réye5A8y>= > Gupr. (3.15)

la|+1Bl=n [8]+[y|=n la|+1B|=n

Given o € 1(j,n), we will write @ to denote the complementary multiindex, such that
(o, @) is a permutation of (1, ..., n), and we write o («, &) to denote the sign of this permu-
tation. Hence, @ and o (o, @) are characterized by the conditions

lo|+|@l=n and  dx* Adx® = o (o, @)dx' A ... AdX".

We then define the n-current G, by
Gu(p dx* AdEP) = o (a, 5!)/ ¢ (x, wx)ME (Dw) dx, (3.16)
Q

for ¢ € C°(Q2 x R") and || + | 8| = n. (We use the convention that Mg(Dw) =1)
We will repeatedly use the fact that

Gu(pdx® AdePy=0 if|B]>k+1, (3.17)
which is a direct consequence of (3.1). A computation (see [12], section 3.2.1) shows that
Gy(p) = W*e, for every n-form ¢ in Q x R®, where W (x) := (x, w(x))
AIU

and the pullback W*¢ is defined pointwise in A,,. Thus, G, formally looks like integration
over the (oriented) graph of w; this is the motivation for the definition of G,. The next lemma
collects some useful observations of Giaquinta, Modica and Soucek [12] which clarify the
sense in which this is, and is not, the case.

Lemma 3.3 Assume that w satisfies (3.1). Then:

(1) The restriction of W(x) = (x, w(x)) to Ay maps L™ null sets to H" null sets.
(2) T is n-rectifiable.
(3) For H" a.e. point W(x) € T, with x € Ay,

Tw [ = Im(DW (x)) (3.18)

(4) Gy, is an i.m. rectifiable n-current represented by integration over I'. Indeed, for every
compactly supported n-form ¢ in Q x R,

Wax) Ao A Win(x)

(Wi (x) Ao A Wen(x)]

Gy (o) =/(¢,I>d7‘l”, where T(x,§) = (3.19)
r
(5) If K is a compact subset of 2, then |G ||(K % RY = H"(I' N (K x RY)) < oo, where
|G |l denotes the total variation measure associated with G,.

Proof 1t follows from assumption (3.1) that w is a.e. approximately differentiable, and all
minors of Dw are locally integrable. These are exactly the hypotheses of results in Giaquinta
et al. [12], see in particular sections 3.1.5 and 3.2.1 which establish all the conclusions of the
lemma. O
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Under the conditions of Lemma 3.3, the set I' which carries G, can differ from the actual
graph {(x, w(x)) : x € 2} by a set of positive H" measure; see, for example, [26]. As we
show below, it is nonetheless true that the current G, associated with I" has no boundary in
Q x RY. For this, we need the full strength of assumption (3.1); for Lemma 3.3 above, it in

fact suffices to assume that w € WIL’C/‘.

Lemma 3.4 If w satisfies (3.1) and G, is the n-current defined in (3.16), then
3G, =0 inQ xR (3.20)

Remark 3.5 The Lemma implies that if u is a scalar function and w = Du satisfies (3.1), then
u is a Monge—Ampere function, see [11, 18], and moreover that Det D2u = 0 in the sense of
[17, Equation (1.14)]. We mention that, while the functions constructed in Examples 1 and
2 are also Monge—Ampere functions, they do not satisfy Det D*u = 0 in the above sense.
It would also be possible to construct a function u € W2* on a bounded, open subset of
R” (say the unit ball) such that rank D> < k a.e. but u is not Monge—Ampere, due to an
accumulation of conical singularities.

Proof We must check that
0= G, (d(¢dx® A deP)) = G, (d)xidxi Adx® A dsf’) + Gy (¢§jd;§f Adx® A dgﬁ)
(3.21)

forall ¢ € C°(Q2 x R?) and «, B such that || + |8] = n — 1. The terms on the right-hand
side have the form

/ ¢,i(x, w) - (minor of order |B|) +/ ¢gi (x, w) - (minor of order [B] +1).  (3.22)
Q Q

If || = k + 1, then the assumption that rank(Dw) < k a.e. implies that all such terms
vanish and hence that (3.21) holds. If | 8| < k, then let w, be a sequence of smooth functions
converging to w in WIL’C/‘H (2, RY). For each wy, (3.21) holds (with w replaced by wy ). Also,
all minors of Dw, appearing in (3.22) have order at most k + 1 and hence converge in LlloC
to the corresponding minors of Dw. And we can arrange after passing to a subsequence that

Gy (X, wg (X)) = @i (x, w(x))
¢§j (xa wq (.X)) - ¢§J (X, UJ(.X))

forall i and j. These terms are also pointwise bounded uniformly in g (by ||V | ). We can
thus send ¢ — oo to conclude that (3.21) holds for w. O

] L'aex, asqg — o0

Below, we write J p, for the k-dimensional Jacobian (in the sense of [8] 3.2.22) of
pv : T — R, the point being that we implicitly restrict the domain of p, to I'. Similarly,
for A C Rf, we understand pv_l(A) tomean {(x,§) e ' : £ € A}

We can now prove Proposition 3.1. In doing so, we establish a number of additional facts
that we record here:

Lemma 3.6 Assume that w satisfies (3.1) and let G, I'yy and 'y, be defined, respectively,
as in (3.16), (3.5) and (3.4). Then, there exist measurable mappings t, : I'y — AkRﬁ and
T p;l(l"v) — Ay (R}) such that T, and T, are a.e. unit simple multivectors orienting
Tg Fv and T(x,g)(rh (é;:) X {5}), and

Gu(xd&P Ay) = /F He (V) (dg?, 7)) x aH* (3.23)
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for B e 1(k,£), ¥ € D" M(Q x RY) and x € C®(R"), where

He () ::/ W, ) dH"*  fory e DR x RY). (3.24)
T (€)% (£}

Proof of Proposition 3.1 and Lemma 3.6 1. Given that I is rectifiable, see Lemma 3.3, the
measurability and rectifiability of I", are immediate consequences of [8] 3.2.31, and then,
the a.e. measurability and rectifiability of ', (£) follow directly from [8] 3.2.22(2).

Next, the coarea formula [8] 3.2.22(3) states that for any " . I'-integrable function g,

/glkpv dH" :/ (/ gdH"ik) dH*.
r pu (€}

v

It follows that
Jipo(x,€) >0 H' %ae.inTy(€), for H ae. & €Ty. (3.25)
Moreover,
T:Ty = py(Tee)D) = Im(Dw(x)), H" *ae. in[, (&), for Hrae£ € Ty, (3.26)

using [8] 3.2.22(1) for the first equality and (3.18) for the second.

2. Lett, : Ty — Aka, be any fixed measurable unit simple k-vectorfield that orients
T¢I, a.e.. We will construct H"-measurable 7 : p Lry) = Ak (R}) characterized (up
to null sets) by the identity

(dEP A dx®, T(x, ) = Jipo(x, &) (dEP, 7,(8)) (dx®, T (x, §)) (3.27)

for all multiindices such that || = n — |a| = k, where t was defined in (3.19). In fact, since
7, and T are measurable, this identity is automatically the measurability of 7.

To prove (3.27), we fix some point (x, &) € pU_IFU such that rank(Dw(x)) = k and
(3.18) holds. These conditions hold H" a.e. by (3.25) and Lemma 3.3. We will find 7 by
first selecting a basis {b;}?_, for R} with a number of good properties and then defining

T =DWX)b;, i=1,...,n, Th =Tkl A oo A Ty (3.28)
In view of (3.18), any such {z;}?_, is a basis for T(y s I". We choose {b;} to satisfy the
following:

o {(bi}i 41 are an orthonormal basis for ker(Dw(x)).

{b; }f‘:l are orthogonal to ker(Dw(x)) and are chosen so that {t; };‘zl are orthonormal.
b1, ..., by are ordered so that Dw(x)b; A ... A Dw(x)by is a positive multiple of 7, (£).
{b1, ..., by} is positively oriented with respect to the standard basis {eq, ..., e, }.

The first two conditions can be satisfied since rank(Dw(x)) = k. The third condition can
be achieved due to (3.8), by changing the sign of b if necessary. Having fixed {b1, ..., by},
we can adjust the sign of by to arrange the final condition.

We now verify (3.27). Note that 7; = DW (x)b; = (b;, Dw(x)b;) € R} x ]Rf}. It follows
that 7; = (b;, 0) fori > k and hence that {z;}?_, are orthonormal. This and the ordering of
{b1,...,by}imply that Ty A ... ATy, = T(x, §).

Also, it is a fact that Jyp, = |pyT1 A ... A pyTx|; this is a straightforward consequence
of the definition of the Jacobian. Since |7,(§)| = 1 and p,7; = Dw(x)b;, the ordering of
b1, ..., by implies that

PuTI Ao AN\ DyTk _ PuTI Ao A\ DyTk
[PvTi Ao A DTkl Jikpo(x, &)

w(é) =
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Since pyt; = 0 fori > k, it follows that

TX,E) =T A...ATy
= (PrT1 + PuTD A« . A(PaTk + PoTk) A Th
= Jrpv(x, &) Ty A T, + (terms involving at most k — 1 vertical vectors).

Then, the claim (3.27) follows by letting d£# A dx® act by duality on both sides of the above
expression, since

(d& B A dx®, terms involving at most k — 1 vertical vectors) =0.

3. We will now show that if || = n — |«| > k, then

/(¢dgﬁAdx“,r) dH" =/ 1 (¢pdeP Adx® ) dH"  forg e C°(Q2 x R").
r pv Iy
(3.29)

This is clear whether |8| = n — |a| > k, in which case both sides vanish. For |8| = k, this
follows from a classical argument, dating back at least to Fu [11], which we recall for the
convenience of the reader. First, we rewrite the left-hand side in terms of slices (G, gg, )
of Gy, by level sets of gg, where gg(x,§) = (gPr, ..., £Pv) € R¥. This leads to

/<¢dgﬁAdx“,r>dH" = Gyp(dEP A pdx®) =/k(Gw,Qﬁ,y)(¢dxa) dy. (3.30)
r R

Fix some i € {1, ..., £}. We will write g; (x, £) = &' and gg,;(x, &) = (qp(£), £') € RFFL.
We claim that

<(Gw, 4. ¥). dis s> —0  forae. (y,5) e RF xR (3.31)
To see this, note that for £F*1 ae. (v,s) € RF x R,
((Guap. ¥ ai05) = (Gugpi (0, 9)

(see [8] 4.3.5). Then, basic properties of slicing imply that for any ¢ € D" *~1(Q x Rﬁ)
and x € C°(RF x R),

/R (G 0 )W) x(,5) dds = Gulx 0 g5 47 ndg’ ny) "= 0.

It follows that for every ¥ as above,
((Gusap. ) i)y =0 for ac. (v.5) € B x R.

Then, (3.31) follows by considering a countable dense subset of D" —k=1(Q x Rﬁ).

Now according to Solomon’s Separation Lemma (Lemma 3.3 of [33]), it is a consequence
of (3.31) that for £¥ a.e. y, every indecomposable component of (G, qp. y) is carried by a
level set of g;. Since this holds for all 7, we infer that for a.e y, every indecomposable compo-
nentof (G, gg, y) is carried by p,’ 1{¢} for some £ € R¢. From general properties of slicing,
each such indecomposable component can be represented by integration with respect to H" %
over p; (¢}, In particular, for each such indecomposable component, H"* (py ey > o,
so & € I'y. Hence, (Gy, gg, y) is carried by pv_ll"v. We combine this fact with (3.30) to
deduce (3.29).
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4. We now prove (3.23). Thus, for g € 1(k,£), ¥ € D" K(Q x RY) and x € C®(RY),
we find from (3.19), (3.27), (3.29) and the coarea formula [8] 3.2.22 that

Gulxds? av) = [ @ Ao

po Ty

=/711_ (V. T (x, EINAEP 7(8)) i pu (x, £) X (§) dH"
Pv v

:/ (/ (w,rh)dH”_k) (deP, 7)) x dHF
v \prtie)
This is (3.23).

5. Since 9G,, = 01in © x RY, it follows from (3.23) that
/ D He (W) (d€P, 7)1 (€) dHE = 0
ry

forally € D" *~1(QxR?), x € C®RY),and B € I(k, £). For every such v, it follows that
0Hg (y) = Ofor Hrae.& €Ty. By considering a countable dense subset of D" k-1 QxRY),
we conclude that

dH: =0 inQ xR’  forH* ae. £eTl,. (3.32)

Then, a standard blow-up argument shows that at any point (x, &) of I',(£) x {£} which is
a Lebesgue point of 7 and at which I';(§) x {£} has an n — k-dimensional approximate
tangent space P, suitable rescalings of Hg converge to the current

T(W) = /P (W (), Tx, E)dH" ™ (y),

and moreover that 37 = 0. It follows that at such points, which comprise H"~* almost all
of I'y(§) x {&}, the approximate tangent space P is oriented by tj(x, £). Projecting this
statement onto the horizontal component, and recalling the choice of {r;} in Step 1 above,
we deduce that

T Tw(€) = span{pnti}i_y .y = span{bi}/_y ,; = ker(Dw (x)).

This completes the proof of (3.8), recalling that we have already verified (3.26).
6. Finally, comparing (3.16) and (3.23),

/ ¢ (x, w(x)) ML (Dw) dx = i/ (/ ¢ (x, £)(dx®, rh)dH”’k) (dgP, v,) dHF
Ay ry {EIxTy (&)

if |8l =n—|a| =k, for ¢ € C°(Q2 x RY). By an approximation argument, this also holds
for ¢ € L®(Q2 x RY) with compact support. Also, we may replace I', by '}, defined in
(3.10), since it follows from what we have already proved that the latter has full #¥ measure
in I',. We deduce that for any compact set K C © x R, if we define

Qf yx =1 e Ayt (rw) € K, ME(Dw(x)) #0)
then

= (Qi:ﬂ,K \ UEGF;*Fh(E)) =0.
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Since

k k
o= U 2k
|8l =n—la|=k Kcompact

and indeed this can be written as a countable union via a suitable sequence of compact sets

{Kj};?il, this implies (3.9). O

4 Dense weak flat foliation

The main result of this section is the following.

Proposition 4.1 Assume that Q2 is a bounded, open subset of R" and that

w e WIL’C]{H(Q), rank (Dw) <k a.e. “4.1)
forsomek € {1,...,n— 1}, and
w = (Du', ..., Du?) for some g > 1. 4.2)

Then, w is densely weakly (n — k)-flatly foliated.

This will be a straightforward consequence of the following lemma, which gives a more
detailed description of w in the set QF in which Dw has maximal rank k, see (3.6).

Lemma 4.2 Assume that w satisfies the hypotheses of Proposition 4.1.

Then, for L a.e. x € QF, w~Hw(x)} coincides, up to a H"* null set, with a countable
union of (n — k)-planes in 2, all of them parallel to ker(Dw(x)).

In particular, for £ a.e. x € QF, w is H" a.e. constant on the n — k-plane in Q that
passes through x and whose tangent space is ker(Dw(x)).

This is essentially proved in [18] in the case k = 1, n = 2.

Note that for w € WIL’C]‘H, the set of points that fail to be Lebesgue points of w has
dimension less than n — k, as discussed in Remark 1.11, so the conclusions of the proposition
make sense.

The proof of Lemma uses the geometric measure theory results of the previous section
to give a rigorous version of the formal argument sketched in the introduction. It is the only
point in this paper at which we use the gradient structure (4.2) of w.

In the proof, we will identify R} and R} via the naturalisomorphisme; < ¢;.In particular,
foreachi € {1, ..., g}, we use the identity ker(D%ul (x)) = [Im(D%u’ (x))]+.

Proof of Lemma 4.2 1. We fix £ € I'};, defined in (3.10), and we first claim that
T, T3 (€) is H" *a.e.constantforx € Tj(£). 4.3)

Indeed, since D2u' (x) is symmetric for every i, at H'" Kae.x ey (¢£) we have

1.0 (E) 2 ker(Dw(x) ) N7 ker(D2u! (x)) = N_ [Im(D%’ (x))]*.

Moreover, if we write P’ : (R")? — R” to denote orthonormal projection of R"¢ = (R")?
onto the ith copy of R”, then D%ul(x) = P! o Dw(x). Thus,
Im(D%u’ (x)) = Im(P' 0 Dw(x)) = P' (Im(Dw;)) & PI(T.Ty).
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The term on the right depends only on &, so (4.3) follows from the previous two identities.
2. For & € I';, we will write 7' (§) := N/_ [P/ (TeT)* = T:Ty (&) for ae. x € T (&).
We next claim that

if& e Ty, then I'y(§) is a union of (n — k)-planes in €2, all parallel to T'(§). (4.4)

Since the current Hg from Proposition 3.1 is represented by integration over I', (§) x {£}, it
suffices to show that every indecomposable component of H is supported on exactly a set
of the form P x {£}, where P is an (n — k)-plane in 2 with tangent space 7 (&€).

This follows from (4.3) and the fact that 9 H = 0 in & x R", by classical arguments
that we have already seen in the proof of Proposition 3.6. In detail, by changing coordinates
we may arrange that 7. I';,(§) = span{ey, ..., e,—} fora.e. x € I';(§). Since H is carried
by I'(§) x {&}, it follows that for He(¢ A df) = O for every n — k — 1-form ¢ with
compact support in €, whenever f has the form f(x) = x/ for some j € {n — k +
1, ..., n}. In this situation, Solomon’s Separation Lemma (Lemma 3.3 of [33]) states that
every indecomposable component of Hg is carried by a level set of f. It follows that every
indecomposable piece of H is contained in an n — k plane in which x/ is constant for all
j=n—k+1,...,n (in the coordinates we have chosen, which depended on &.) described
above. This completes the proof of (4.4).

3. Now the conclusions of the lemma follow directly from (4.4), the definition (3.4) of
', (), which implies in particular that w is a.e. constant in each of these sets, and (3.9),
which asserts that Uger+ I (§) contains almost every point of Qk. O

Having Lemma 4.2 at hand, the proof that w is densely weakly flatly foliated is straight-
forward.

Proof of Proposition 4.1 1. We recall from Definition 1.9 that the definition of densely
weakly flatly foliated involves a partition of €2 into sets F; such that Q; := U:n:O F, is
open for every j, and satisfying a property recalled in (4.8) below. We define these sets as
follows. As before,

QF .= {x € Q@ : x is a Lebesgue point of w and Dw, and rank (Dzu(x)) = k}.
We also let 2, = Q,and for j € {k—1, ..., 0}, we recursively define (working downwards)
Q= Q- I 4.5)
Q= {x € Qj : x is a Lebesgue point of Du and D?u, and rank (Dzu) =7}, 4.6)
Finally, we set
Fi=Q/nQ; =\ Q1. 4.7)
This indeed defines a partition of €2 such that every €2; is open, as required.
Note that by our convention F = QK.
We must show that for every j € {0, ..., k},
for every x in a dense subset of F;, there exists at least one n — j-plane P in ;
such that x € P and w is H" /a.e. constantonP. (4.8)
Observe for every j < k, ; is open, and w € WIL’Cj+1(Qj; Rz) C WIL’CkH(Q; RZ), with
rank(Dw) < j a.e. in ;. In other words, U.)|Qj satisfies (4.1) with k replaced by j, and
hence, Lemma 4.2 holds, with k replaced by j in Q/ c j- It follows that
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for every x in a full measure subset of 2/, there exists at least one n — j-plane P in |

such that x € P and wis H" 7/ a.e. constanton P. 4.9)

Since Q7 is manifestly dense in F;, to deduce (4.8) from (4.9) it suffices to prove that every
full measure subset of Q/ is in fact dense in /.

To see this, consider some x € Q/, and fix § > 0 such that rank(A) > j for all matrices
with |[A — Dw(xg)| < &o. Then, for every r > 0 such that B,(xg) C £}, since xq is a
Lebesgue point of w and Dw, the set

{x € B-(x0) : x is a Lebesgue point of w and Dw, and |Dw(x) — Dw(xp)| < 8o}

has positive measure. Since rank(Dw) < j a.e in B, (xp) C 2}, the above set intersects QJ
in a set of positive measure. Since xo and r were arbitrary, this completes the proof of (4.8).
O

5 Pointwise weak developability

In this section, we will prove the following statement, which is an important step in estab-
lishing Theorem 4.

Proposition 5.1 Assume that
w e WIL’CP(Q; RY),  rank(Dw) <k a.e. 5.1

forsome k € {1,...,n — 1} and some p > k. If w is densely weakly (n — k)-flatly foliated,
then w is pointwise weakly (n — k)-flatly foliated.

Remark 5.2 Inview of Definition 1.6, we could say that Propositions 2.1,4.1 and 5.1 together
imply a pointwise weak developability result for W1 (Q; R"+¥) isometric immersions and
also for such u € W2+ such that rank (D?u) < k a.e.

The proposition will follow from a couple of lemmas.

Lemma 5.3 Assume that k, n are integers such that 1 < k < n. Let U be an open subset of
R, and forr > 0let S := U x Bffor some r > 0.

Assume that w € WHP(S; RY) for some p > k, and fori = 1,2 1let¢; : U — Bf be
continuous functions. Then, (writing points in S in the form x = (y,z) withy € U, z € Bf)

1/p
( /U w(y, 61()) — wy, Cz(y))l”d) < Cllwllyirs g = 209w,
fora=1— %, for a constant C depending only on k and p.
Proof We compute

||w||l‘;)[/1p(s) / ”w(ya )”Wlp(Bk)
lw(y, 1)) —wy, LONI”

>C™!
U [61(¥) — S|P
by the (k-dimensional) Sobolev Embedding, from which we also know that the constant C
depends only on p and k and in particular is independent of r. O
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Our next lemma will be used again in Sect. 6.

Lemma 5.4 Assume that Q is a bounded, open subset of R" and that w € WP (2, RY) for
some p > je{l,...,n— 1} and some .

Assume also that X0 € 2 and that there exists a sequence of points (x,) C Q and values
(En) € R suchthat x,, — xoasm — 0o, and w = &, at H" 7 a.e. pointonan (n— j)-plane
P, in Q that contains x,.

Then, w = lim,,_, o0 £y at H"/ ace. point on some n — j plane P in Q2 that contains x.
(In particular, lim,, o &, exists).

As before, note that in view of Remark 1.11 the assumptions and the conclusion of the
lemma make sense for the considered class of mappings.

Proof Leté, € R denote the value of w on H"~/ a.e. point of P, and let P,, denote the
(n — j)-plane such that P,, is a connected component of P, N 2.

Since the Grassmannian of unoriented (n — j)-dimensional subspaces in R” is compact, we
may assume, after passing to subsequences (still labelled (Py,), (§,,)), that there is a (n — j)-
plane P passing through x¢ such that P,, — P in the Hausdorff distance on Bg(0) C R” as
m — oo, for every R > 0. Now let P be the (n — j)-plane in 2 consisting of the connected
component of P N € that contains xp.

We may arrange, after a translation and a rotation, that xo = 0 and P = R"~/ x {0}, and
we write R” = R}~ /% R as in Lemma 5.3. Fix a connected, relatively open set U C P,
containing xo and having compact closure in €2. Then, there exists an open ball Bj such that
S := U x B} € Q. The convergence P,, — P implies that for every sufficiently large n,
there is an affine function ¢, : U — B} such that P,, NS = {(y,¢u(¥)) : vy € U} and
moreover that ||, || o) = 0 asm — oo.

Also, for m large enough that x,,, € S, we have that P,, N S is nonempty and hence (since
S C Qis convex and P, is a connected component of P, N Q) that P, NS = P, NS C Py,.
Sow =&, H"/ ae.inP, NS, and by applying Lemma 5.3 to ¢ = 0 and ¢,,, we find that

/U|w(y,0>—sm|"d=/ w(y.0) — w(y. &n(¥)I7d

< Cllwl|? — 0 asm — o0,

ap
wlh P(S) ”;m ”LDO(U)

where o = 1 — é It follows that there exists some & € R such that &,, — & and moreover

that w(-,0) = & a.e. on U. Since U was arbitrary, it follows that w = & at HY ae. point
of P. O

Now we complete the
Proof of Proposition 5.1 By assumption, €2 is partitioned into sets F;, j = 0,...,n — k
such that Q; := U;{n:O F,y, is open for every j, and in addition, there is a dense subset of F;
in which every point is contained in a n — j-plane in ; on which w is H"~/ a.e. constant.

To prove the proposition (with the same partition (F;) of €2), it suffices to show that every
pointin F; is contained in a n — j-plane in £ ; on which w is 1"~/ a.e. constant. This follows
directly from Lemma 5.4, since every point in F; satisfies the hypotheses of the lemma, with
Q replaced by €2;. O

Remark 5.5 We note in passing that a slightly more careful version of the above argument
would prove the following statement: For every x € Q7 as defined in (4.6), w is H"~/
a.e. constant on the n — j-plane in €2; that passes through x and whose tangent space is
ker(Dw(x)), and the constant value is equal to w(x).
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6 Strong developability

In this section, we prove the following

Proposition 6.1 Assume that Q2 is an open subset of R" and that w € WIL’CP (22; RY) for some
p > min{2k, n}. If w is pointwise weakly (n — k)-flatly foliated, then w is continuous. As a
result, if P is any n — j-plane in Q  (as in Definition 1.10) on which w is H"~/ a.e. constant,

then in fact w is constant on P. In particular, w is (n — k)-flatly foliated.

For the convenience of the reader, the proof will be split in a series of Lemmas which will
follow and will be completed in Lemma 6.7. This will complete the proof of Theorems 3
and 4, which follow immediately from combining Propositions 4.1, 5.1 and 6.1 and, for
Theorem 3 only, Proposition 2.1 as well.

The following examples show that the condition p > min{2k, n} cannot be weakened, at
least for certain values of n and k.

Example 6 Consider the map w : R* — §2 C R? defined by

w(x) = H (I%I) ifx £0, w(0) =0,
where H : §3 — §? is the Hopf fibration. Recall that every level set of H has the form
{(z,¢) € C2xRY:|z2 + |;°|2 =1, az = B¢} for some fixed «, B € C (one of which can
always be taken to equal 1). From this, one easily checks that w is a 2-plane passing through
the origin and that the intersection of any two level sets is {0}. Thus, w is pointwise weakly
(n — k)-flatly foliated (see Definition 1.10) withn = 4,k =2 and F, = R*, Fy = F| =,
and w € W7 for all p < 4 = min{2k, n}. But clearly w is not continuous.

This example shows the hypothesis p > min{2k, n} of Proposition 6.1 cannot be weakened
when n = 2k = 4.

Example 7 Next, for n > 5 define w; : R* — R3 by with, o x) = wid, L xh)
where w is the function from the above example. Then, w is pointwise weakly (n — k)-flatly
foliated with k = 2 and F» = R", Fy = F; = . Also, w; € Wllo’cp forall p < 4 =
min{2k, n}. But again w; is not continuous.

So the condition p > min{2k, n} cannot be weakened whenever k = 2 and n > 4.

Example 8 One can construct a function similar to that of Example 6 when n = 2k = 8 or
16 by using Hopf fibrations §7 — §* and §'5 — 8, and similarly a function similar to the
one in Example 7 when n > 2k = 8 or 16. It follows that the condition p > min{2k, n}
cannot be weakened whenever k = 4 or 8 and n > 2k.

Remark 6.2 One can check that the w : R” — R constructed in the above examples are
not gradients of scalar functions. In fact, we conjecture that if we add to Proposition 6.1 the
assumption that w = Du for some scalar function u, then the conclusions of the proposition
should still be true if we merely assume p > k + 1.

Before proceeding, we remind the reader once more that the assumptions of the next
couple of lemmas regarding the H"~* a.e. value of w on n — k-planes are justified (see
Remark 1.11). The next lemma, whose proof is very similar to that of Lemma 5.3, still only
needs the minimal regularity assumptions p > k.
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Lemma 6.3 Assume that k, n are integers such that 1 < k < n. Let Q be an open subset
of R", and assume that w € Wllo’cp (Q: RY) for some p > k. Finally, assume that P is an
n — k-plane in Q such that w = & a.e. on P for some & € RE.

If x € P is a Lebesgue point of |Dw|?, then x is a Lebesgue point of w, and w(x) = &.

Proof We may assume after a translation and a rotation that P is a connected component of
QN (R"* x {0}) and that x = 0. Fix R > 0 such that B x Bk c Qandleta =1 — %
Then, for any positive r < R, writing [ f], to denote the o-Ho6lder seminorm,

][ lw—fl”dz=][ ][ lw(y, 2) = w(y, 0)["dz |dy
B;L—kXBf B;z—k Bl{
< 2|7 [w(y, )12dz |dy.
Bl \J Bk

Also, by the k-dimensional Sobolev embedding,

][k lzIP*[w(y, )1Edz < Cr‘”’_k/k [Dw(y, 2)|¥ dz = Cr‘”’][k [Dw(y, 2)|¥ dz
¢ BF

T Br

with a constant C independent of r. Thus,

][ lw—&|P dz fr""’][ |Dw|? dz.
Bl % x Bk Bl % x Bk
r r r r

Since x is a Lebesgue point of | Dw|?, the right-hand side is bounded by Cr?* for all small
r, proving the lemma.
O

The restriction p > min{2k, n} in Proposition 6.1 arises from the following lemma.

Lemma 6.4 Assume that 2 is an open subset of R" and that w € ng’cp (22, RY) for some ¢
and some p > 1. Suppose that for i = 1, 2, there exist values &' € R", planes P; in Q2 of
dimension n — k such that

PN P, #0, and w=E¢, H' *aeinP
fori =1,2.If p > min{n, 2k}, then &; = &.

Proof 1. We first consider the case 2k < n.

Let xo € 2N Py N P,. Any two planes of dimension n — k that intersect at a point must
intersect along a plane of dimension n — 2k. We may assume after a translation that x is the
origin, and after a rotation that Py N P, = R"2k % {0}. We write y and z, respectively, to
denote points in R"~2k and in R?*, and we fix r and s such that B:’_Zk X BsZk C . Then,
for H" 2+ ae. (v,0) € B" % x (0, s),

ess 0scqy 1, gp2lwl = &1 — &2,

so that by the Sobolev embedding theorem,

& — &% < Ca/ |Dw|** dH>* 1,
{y}x8BZ
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Thus,
s
/ | Dw|? =/ / / |Dw|* dH*~ ! do dy
B2k« B2k B Jo J{y}xoB2k

- . 2% t
> clé) — & | —dody.
Br~*Jo O

The left-hand side is finite, so it follows that [§; — & | = 0.

2. The case 2k > n is similar but easier. Here, all we can say about any two n — k-planes
with nonempty intersection is that their intersection must contain a point xo. Hence, the
essential oscillation of w on a.e. small sphere centred at xg is bounded below by |§; — &>/,
and as a result

N N 1
/ Dw" =/ / Dwl" > clé, —sz|"/ Lo, 6.1)
B! (x0) 0 JaB(xo) 0 9

We conclude as before that |£] — & | = 0. O

Remark 6.5 1f 2k > n, then a small modification of the above proof shows that the conclusion
remains true if we assume w = & a.e. in Py and that w = &; at H! ae. point of a connected,
relatively open subset U C P,, with Py N U # ¢. Indeed, these hypotheses imply the
existence of an open line segment containing xo on which w = £ a.e., and a second open
line segment with an endpoint at xo on which w = &; a.e., and these conditions imply that
the essential oscillation of w on a.e. small sphere centred at x¢ is bounded below by |1 — &3],
allowing us to conclude as in (6.1).

Our next result follows rather easily from the above two lemmas.

Lemma 6.6 Assume that w € WIL’CP (Q2; RY) for some p > min{2k, n}. If w is pointwise
weakly (n — k)-flatly foliated, then there exists a function w : Q — R" such that

WlF; is continuous for every j € {0, ..., k} (6.2)
and
w=w a.e. in Q. (6.3)

Inparticular, for every x € Fj, thereis ann— j-plane in Q j containing x on whichw = w(x)
everywhere, where Fj and Q2 are given as in Definition 1.10.

Proof 1. We define w by requiring that
w(x) =& if x € Fj and w = £a.e.onsomen — j-plane P in Q; passing through x.

We claim that w is well defined. Towards this end, note that every x belongs to a unique F;
by (1.9) and hence by (1.11) belongs to at least one n — j-plane in F; on which w is a.e.
constant. Then, by Lemma 6.4, the values of w on any two such planes must agree a.e., so
the claim follows.

2. It follows from the definition of w and Lemma 6.3 that w = w at every Lebesgue point
of |Dw|?, which implies (6.3).

3. To verify that (6.2) holds, assume towards a contradiction that w)| Fj is not continuous
at some point xo € F;. Then, there exists a sequence (x,;) in F; such that

1 _ _
Pm = xol < - [Wlm) = Wxo)| = co
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for some ¢ > 0. Let &, := w(x;,), and let P, be an — j-plane in ; such that w = &, on
P,,. Then,

Py N Byym(xo) # 9 w=2E&,ae. on P,. (6.4)

Then, Lemma 5.4 implies that there exists some exactly (n — j)-plane P’ in Q; and some
& € R" such that

xo€eP, &, =&, andw =& H"/ae. on P

The definition of w implies that w(xg) = &’. This, however, is impossible, since &, — &’
and |&,, — w(xo)| = co for all m. This contradiction shows that w|; is continuous on Fj.
O

Our next goal is to show that the function w found above is continuous in all of €2. This
will directly imply the continuity of w and hence will conclude the proof of our main results.

Lemma 6.7 Assume thatw € Wllo’cp (2; RY) for some p > min{2k, n} and that w is pointwise
weakly (n—k)-flatly foliated. Let w be the function found in Lemma 6.6. Then, W is continuous
in 2, and as a result, w is continuous in 2.

Before giving the proof, we recall that every f € W1P(Q, RY) is p-quasicontinuous,
which means that for every ¢ > 0, there exists an open set O C €2 such that Cap,(0) < ¢
and f|q\ o is continuous. For the definition and the few properties of capacity that are needed
for our argument (e.g. the above statement) refer to [7], unless another reference is provided.

The idea of the proof below is to show that, given what we already know about w, if it
is discontinuous anywhere, then it must fail to be p-quasicontinuous, for p = min{2k, n},
which is impossible. That is, we will argue (in the more difficult case 2k < n) that, in view
of (6.2), any discontinuity of w would involve the intersection of (the closure of) portions of
planes on which w is constant, one having dimension at least n — k and the other dimension at
least n — k + 1. This would lead to a discontinuity set for w of dimension at least n — 2k + 1,
along which the discontinuity cannot be eliminated by cutting out an open set of small
enough p-capacity, the point being that a set of p-capacity zero has dimension strictly less
thann — 2k + 1.

Proof of Lemma 6.7 First, since w = w a.e., if w is continuous, then every x € Q is a
Lebesgue point of w, and the Lebesgue value at x equals w(x). So w = w pointwise in €2,
and the continuity of w follows. Thus, we only need to show that w is continuous.

It is convenient to write F>; := (J,,>; Fn, and similarly F.; := o ; Fn = F>j41.
With this notation, we will prove that by (downward) induction on j that

W|F,; is continuous for every j € {k, ..., 0} (6.5)

which in particular will imply that w is continuous on F>o = 2.
From Lemma 6.6 we already know that (6.5) holds for j = k. Now we assume by induction
that ]| p_; is continuous for some nonnegative j < k, and we prove that w| p> ; is continuous.
Step 1 We first show that

if Pisann — j-plane in Q; for whichw =& on P, thenwzéonf_’ﬂF>j. (6.6)

This is a key point of the proof. In the case 2k > n, this follows in a straightforward way
from Remark 6.5, so we focus on the case 2k < n.
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Step la. Assume towards a contradiction that (6.6) fails, so that for some n — j-plane P
in Q; and xo € P N F~ j such that

w==¢on P, andw(xg) =&,  forsomeé # & € RE. (6.7)

Then, xo € F; for some i > j, so there exists an n — i-plane Py in €2; such that xo € Py and
w =& in Pp.
We may assume that

PPy =0 (6.8)

because if there exists some yp € P N Py, then since both P and Py are relatively open, we
could apply Lemma 6.4 on a small ball containing yg to conclude that £ = &p.

We may also assume (after a translation) that xg = 0. We write P and Py to denote the
planes (of dimension n — j and n — i, respectively) that contain P and Py, and we let d denote
the dimension of PN Py, sothatd > n —i — j > n — 2k + 1, recalling that j < i < k. Also,
d<n—i=dmPy) <n—j.

We can arrange by a suitable rotation that

P=R"7/ x {0} CcR", PNPy =R x {0} C R™.
We will write points in R” in the form x = (y, z) with y € R?, z € R" 4.
By the induction hypothesis, we may fix 7 > 0 so small that B¢ x B"~¢ c Q; and

1
W) — & > 8:=léo—&|  forall xe (B¢ x BN F.;. (6.9)

Let B be arelatively open ball in PN (B;i x B! —d), and let By denote the orthogonal projection
of B onto R? x {0}, so that By is a relatively open subset of Bfl x {0}.
Step 1b. We claim that forevery y € By, the restriction of w to {y} x Bf’d is discontinuous.
This is a consequence of the following two facts, which we will prove below. First,

Yy € By, ({y} x B;l_d) N dp P is nonempty, (6.10)
where dp P denotes the boundary of P in P. Second,
w is discontinuous at every point of dp P N (Bf X Bf’d). (6.11)

(Recall that w is identified with its precise representative and that the complement of the set
of Lebesgue points has dimension less than n — p — ¢ for every ¢ > 0 and in particular is a
H—P+L null set).

To prove (6.10), we first note that the definition of By implies directly that

({y} x Br”fd) N P isnonempty for y € By. (6.12)
Also, the definitions imply that
B¢ x {0} C Py. (6.13)

This is verified by noting that Py N (B;I X Br"_d) is nonempty, since xog = (0, 0) € Py, and
that in addition Py is a connected, relatively open subset of Py N €2;. Since (Bf X ]R;"d) C Q;,
it follows that Py contains Py N (B¢ x B!"~4), which implies (6.13).

From (6.13) and (6.8), we see that (y, 0) ¢ P and hence that

({y} x B"=4) N (P\ P) is nonempty. (6.14)
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Since P is a connected, relatively open subset of P, the claim (6.10) follows from (6.12) and
(6.14).

To prove (6.11), fix z € dpP N (Brd X B;’_d), and note that z € €; \ ;, since P is
by definition a connected component of P N 2;, and £2; is open. Thus, z € F;, for some
Jj < m < i, and so there exists an n — m-plane Pj in €2, containing z, and on which
w = w(z) H"™ a.e.. So every ball around z contains points at which w = w(z). Similarly,
(6.9) implies that every ball around z contains points at which w = § # w(z). Therefore,
(6.11) follows, completing Step 1b.

We now establish (6.6). Since w is p-quasicontinuous, for any ¢ > 0, there exists a set
S such that the restriction of w to €2\ § is continuous, and Cap,(S) < ¢. By Step 1b, the
orthogonal projection of S onto R x {0} must contain the open ball By. Note that p-capacity
is not increased by orthogonal projection, e.g. by [27, Theorem 3] (see also [1, Chapter 5] for
further discussion of this type of results). Therefore, it follows that Cap ,(By) < ¢ for every
¢ > 0and hence that Cap ,(Bo) = 0. This, however, is false, as a set with zero p-capacity has
H® measure O forevery s > n— p, and the dimension d of By satisfiesd > n—2k+1 > n—p.
So we have proved (6.6).

Step 2. We now use (6.6) to prove the continuity of w on F ;.

Clearly, F; is partitioned as F- ; U F;. Since Q; isopenand F; = Q; N Fx;, we see
that F; is relatively open and F ; relatively closed in F ;. Thus, in view of the induction
hypothesis and Lemma 6.6, it suffices to check that if xo € F.; and (x;,) is a sequence in
F; converging to xo, then w(x,,) — w(xp).

Thus, we fix some xo € F; for some i > j, and we assume towards a contradiction that
there is a sequence (x;;) in F; such that

Xm —> X0, [w(x;,) —w(xo)| = co >0 forall m.

The definition of w implies that there exists an n — i-plane P in €2; such that xg € P C €,
w = w(xg) everywhere on P, and w = w(xp) almost everywhere on P. It further implies
that for each x,,, there exists a n — j-plane P, in Q; such that x,, € Py, and on which
w = &, = w(x,) everywhere, and w = &, almost everywhere.

For each m, we write P, to denote the n — j-plane such that P, is a connected component
of 2; N'Py,. We now consider two cases.

Case 1. There exists some § > 0 and a subsequence () such that [P, , N Bs(xo) C 2
for every q.

If this holds, then it follows from Lemma 5.4, with €2 replaced by Bs(xo), that there exists
some n — j-plane in Bs(x() that contains x¢, and on which w = lim§,, g e This, however,
would imply that w(xg) = lim &, 0 which is impossible.

Case 2. Next we suppose that Case 1 does not hold.

Then, for every g there is some m, such that

qu N Bl/q(xO) a Qj.

For g large enough that By, (xo) C = Q; U F.;, it must then be the case that ]qu N
F>j N B]/q(xo) # (. Let Ym, € qu N F>j N B]/q(xo).

By Step 1, we know that E(qu) = E(xmq).

Also, by construction, y,,, — x¢ as ¢ — oo. Then, since yn, € Fsi for every g, it
follows from the induction hypothesis that w(xg) = limq%oow(qu) = lim;_ W(xpm, )
which is impossible in view of the choice of the sequence (x,,). Hence, w is continuous as
claimed. m]
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