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Abstract This paper is the continuation of our recent work Danchin and Ducomet (J Evol
Equ 14:155-195, 2013) devoted to barotropic radiating flows. We here aim at investigating
the more physically relevant situation of polytropic flows. More precisely, we consider a
model arising in radiation hydrodynamics which is based on the full Navier—Stokes—Fourier
system describing the macroscopic fluid motion, and a P 1-approximation (see below) of
the transport equation modeling the propagation of radiative intensity. In the strongly under-
relativistic situation, we establish the global-in-time existence and uniqueness of solutions
with critical regularity for the associated Cauchy problem with initial data close to a stable
radiative equilibrium. We also justify the nonrelativistic limit in that context. For smoother
(possibly) large data bounded away from the vacuum and more general physical coefficients
that may depend on both the density and the temperature, the local existence of strong
solutions is shown.
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1 Introduction

We consider a model of radiative fluid introduced in [4,25,26]. It is governed by the standard
field equations of classical continuum fluid mechanics: the compressible Navier—Stokes—
Fourier system, describing the evolution of the mass density o = o(t, x), the velocity field
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108 R. Danchin, B. Ducomet

u = i(t, x), and the absolute temperature 1 = (¢, x) as functions of the time ¢ and of the
Eulerian spatial coordinate x. In all that follows, we assume the fluid domain to be the whole
space R”.

The effect of radiation is incorporated in a scalar quantity: the radiative intensity I =
I(t, x, ®, v), depending on the direction vector @ € S"~!, where S"~! denotes the unit
sphere of R”, and on the frequency v > 0. The collective effect of radiation is expressed in
terms of integral means (with respect to the variables @ and v) of ‘quantities depending on /.
In particular, the radiation energy Sg, the radiation momentum Fg and the radiation tensor
Pr are given by

1 o0 . . N oo . . .
ER(t,x):f/ / I(t,x,v,w)dvdw, FR(t,x):/ / wl(t,x,v,w)dvdo,
Cc Jsn—1Jo sn=1Jo
and
1 o0
IP’R(t,x):f/ / oo I(t,x,v,»)dvdo,
c Jsn—1 Jo

where c is the velocity of light.

The time evolution of 7 is governed by a transport equation with a source term depending
on the temperature ¢, while the coupling to the macroscopic motion of the fluid is achieved
by extra source terms in the momentum equation evaluated by means of / and ¢

The corresponding system of equations (that is derived in, e.g., [4,25,26]) reads:

9,0 + divy (o) =01in (0, T) x R"; (1)

3 (i) + divy (0if ® if) + Vi p(o, ) = divy T — Sp in (0, T) x R"; @
3 (Q (%W +e(o. 0))) + div, (Q (%W + e(o, 0)) ;i)

+div, (pﬁ +i— Tﬁ) — —Spin(0,T) x R", 3)

%B,I—l—i)'VxI:Sin (0, T) x R" x (0, 00) x S" . 4)

The notations p = p(p, V) and e = e(p, ¥) designate the gaseous pressure and internal
energy, respectively, and T stands for the viscous stress tensor determined by Newton’s
rheological law

T = p (Vyii + Viid) + A divyii I, 3)

where i > 0 is the shear viscosity coefficient and A = ¢ — % w. Here ¢ > 0 is the bulk
viscosity coefficient. We assume the heat flux g to be given by Fourier’s law

f} = —k' Vi1, (6)

with a strictly positive heat conductivity coefficient k. In the applications, all those coefficients
may depend on both ¢ and ¢. However they will be taken temperature independent in the
part of the paper dedicated to the global existence issue.

In order to simplify the presentation, we assume the internal energy e to be linear (and
increasing) with respect to ¢, namely

dge = C, for some constant C, > 0. (7)
This leads, through Maxwell’s law:
0%dpe = p — Dy p ®)
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to a pressure law depending linearly on ¥}, namely

po,¥) = mo(e) + Vmi(e), 9

where ¢ and 711 are smooth functions.
Finally, the radiative sources in the right-hand sides of (2) and (3) are given by

o0 N l o0
Sk :/ / SG,v,®)dvde and Sp = f/ / dS(, v, ®) dvdo, (10)
sn—1Jo ¢ Jsn=1Jo

with
S = Sa,€+SSa (11)

and where

1 o
Swe=0a(BO.0) 1), Sy=o0y (g [ I dB-1). (12)
’ |S"=2 J s
Above, |S”_]| stands for the measure of the (n — 1)-sphere, and B(v, ) > 0 for the
equilibrium thermal distribution of radiative intensity. A physically relevant example of
function B is

2n3 1
B(v, 19)272 I a— (13)

" et — 1

where the positive real numbers 4 and k are the Planck and Boltzmann’s constants. A direct

computation gives
00 ~ 2 4k4l94
/ / B, 9) dodv =22V 151,
0 Sn—1 15 6'2]’13

where |S"~1| = 2% is the area of the (n — 1)-sphere. In the present work however, it will
be possible to consider more general laws. Finally, the absorption coefficiento, = o, (v, 0, V)
and the scattering coefficient oy = o (v, o, ¥) are smooth functions that are nonnegative in
the applications.

System (1-4) is supplemented with the initial conditions:
0(0,x) = %), @0,x) =i’(x), ¥, x)=0"x) forx e R", (14)
and
10, x,v,0) =I°(x,v,®) forx eR", &S, v>0. (15)

The boundary conditions at infinity (e.g., convergence to some stable constant state) will be
implicitly given by the functional framework we shall work in.

System (1-15) has been investigated recently in astrophysics and laser applications (in the
relativistic and inviscid case) by Lowrie, Morel and Hittinger [24], Buet and Després [3], with
a special attention to asymptotic regimes. The global existence result of weak solutions has
been established by Ducomet et al. [15]. The reader may also refer to Dubroca and Feugeas
[16], Levermore [20], Lin [22], and Lin et al. [23] for related theoretical or numerical issues.

Various approximations of the radiative transfer equation have been developed in the
recent past [2] for numerical purposes. In the present paper, we are going to consider the
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110 R. Danchin, B. Ducomet

so-called PI approximation [17] consisting in expanding I in terms of the angular variable @
and keeping only the first two terms in the expansion. More precisely, we choose the ansatz

I=Ih+1 &, (16)

where Iy and I 1 do not depend on @.

Our work aims at extending the existence theory in critical spaces developed in [12] for
the radiative barotropic Navier—Stokes system, to the more physically relevant polytropic
situation. We keep on considering the P1 approximation and the so-called grey case where
the transport coefficients are pure positive constants independent of the frequency v.

The rest of the paper unfolds as follows. In the next section, we write out the system
for the P1 approximation of System (1-15) in the grey case, and state our main results:
first local-in-time well posedness either for smooth data and quite general assumptions on
the coefficients of the system, or in the “critical regularity framework™ but for coefficients
depending only on the density, and linear equilibrium distribution function; second, global
existence for small perturbations of a stable constant equilibrium in the strongly under-
relativistic situation. Section 3 is devoted to the spectral analysis of the linearized equations
about a constant reference state. We shall in particular exhibit a necessary and sufficient linear
stability condition in the low-frequency regime (which is fulfilled in the strongly relativistic
regime), and prove optimal global-in-time estimates for the linearized equations. The next
section is devoted to the proof of similar estimates for the so-called paralinearized system (1—
15). Those estimates are the key to our global existence result and to the rigorous justification
of the nonrelativistic limit (see Sect. 5). The last section is devoted to the proof of the local
existence result for large data and rather general coefficients. We postpone in Appendix some
basic material related to Fourier analysis and Besov spaces.

2 Main results
We focus on the “grey” case where the transport coefficients are independent of the frequency
v, and assume that the radiative quantities /, B and S have all been integrated on frequencies.

Keeping the ansatz (16) for I, denoting by b the integrated thermal distribution and taking
advantage of the identity

I |
/ o®owdw=—1,,
Sn—1 n

we see that one may replace the transport equation (4) for / by the following system for
(o, 11):

%8,10+%divx Iy = 0a(b — Ip), (17)
%a,fl +Vily = (04 + o) 1. (18)
Here we used the fact that the averaged radiative source is given by
s, ):=0,(b—1)+o,(<1>—1) with <I> := |«.S”71_1|/;n—1 1(t,x,®) do.

Next, because the integrated radiative energy and momentum are given by

sE:/ sdo and 31::/ s do,
Sn—l Sn—l
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we get, remembering (7) and (8),

d0+u-Veyo+o diviu =0, (19)
- - - . - . - Ua +Us >
0Byl +ii - Vi) + Vi p = 2divy (uDxit) + Vi (h divy if) — ( )11, (20)
0Cy (3,9 + i - Vi) — divy (k VD)
e e . ->\2 . - Oa + Os\7 -
=2uDyu : Dyu + A(divy u)= — 9 dy p divy u — o, (b(D) — Ip) + ( )11 U,
(21)

where (Dxﬁ),-j = %(a,-u, + dju;) and p is given by (9).
Recall that a physically relevant example of thermal distribution B is given by (13) which,
after suitable renormalization, recasts in

15 1

B(v,9) = 7|$n_1|ﬂ4 7@% - 1.

In this new setting, the integral on frequencies is b(%) = 9*. Our approach enables us to
consider much more general functions b, though.

2.1 Local results

The local-in-time well-posedness theory does not require much assumptions on the coeffi-
cients nor on the functions in System (17-21) (apart from enough smoothness). We do not
even need the radiation coefficients to be positive. In fact, we will establish in any dimension
n > 1 the following basic local-in-time existence result:!

Theorem 2.1 Assume that b depends smoothly on the temperature, and that A, |, k, 0, and
o5 are smooth functions of the density and of the temperature. If in addition

u>0, A+4+2u > 0andk >0, (22)
then for any data @°, u°, ©°, Ig and ilo satisfying
(1) 0° and 9° are bounded, and bounded away from 0,
2) f?, Vo° and ii® are in B;l,
(3) ©%9:=9"—Disin Bzg,lfor some positive constant ¥,
@) 10 = b(@) + j with j0 in B ,
there exists T > 0 so that System (17-21) with pressure law (9) and data (QO, i, 99, Ig, il())

admits a unique local solution (o, u, 9, Iy, i]) on [0, T] x R™ with

(1) %! and o*1 in C, (10, T1 x B") and Vo € C ([0, T1; B ).
(2) iand ®:=9 — 9 inC ([0, Tl; Bgl) NLY0,T; B,
(3) jo=1lo—b@ and I inc (10, T1; B; ).

Remark 2.1 Resorting to more elaborate arguments (like Proposition 6 of [9]), it should
be possible to consider density with the same regularity as the other data, instead of one

I See the Appendix for the definition of nonhomogeneous Besov spaces B% 1
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112 R. Danchin, B. Ducomet

more derivative. In fact, having more regular density is helpful in parabolic estimates as the
second-order terms have coefficients depending on both ¢ and ¥, and no gain of smoothness
is obtained for g, through the evolution. Of course, it is possible to propagate higher Besov
(or Sobolev) regularity, provided it is related to the L? space.

Although a bit technical, the proof of Theorem 2.1 relies on completely standard arguments:
basic estimates for the transport equation (as regards the density), parabolic equations or
systems (temperature and velocity) and hyperbolic symmetric systems with constant coeffi-
cients (radiative equations). High regularity is needed just to handle the dependency of the
coefficients of the system on both ¢ and ¥. Roughly speaking, composition lemmas are nicer
in spaces embedded in the set of bounded functions (see the Appendix), which in the Besov
spaces scale B%,l’ is equivalent to s > %

Let us now go to the case where the coefficients depend only on o, and where b depends
linearly on 9. Then the critical regularity framework becomes relevant for solving System
(17-21). As in the nonradiative case studied in [6,7], critical norms for (g, u, 1) are invariant
for all £ > 0 by the following scaling transformation:

(o(t, ), ii(t, x), D (t, x)) ~ (0(€3t, £x), LA (€71, £x), €29 (€1, £x)) (23)

which leaves the density, velocity and temperature equations invariant, up to a suitable change
of the pressure law.

Although the radiative unknowns do not have any natural scaling invariance, the cou-
pling between hydrodynamic and radiative unknowns forces us to work at the same level of
regularity as for the velocity.

To be more specific, let us fix some reference positive constant density ¢ and temperature
¥, and set b:=b(9). Keeping in mind that the pressure is given by (9), the system for
a:=0—0,i, ®:=09 -0, jo:=1Ip— band j| := I, reads:

da+u-Vea+ (0+a)divyu =0,

(0+a) (3t + ii - Viii) + Vi (p(0+a, D +O))
= 2divy (uDyii)+ Vi (A divy id) — (%% jy,

Co(@+a) (@9 +ii - Vi®) — divy (kVy®) = 2uDyii : Dyii (24)
+A(divy i) — 9 712 + @) divy il — og(b(9) — b — jo) + (%), -,

Lo, jo + Ldive j1 = 0a(b — b — jo),

L3 j1 + Vijo = —(0a + 09 j1.

To state our results, let us associate to any tempered distribution z its low- and high-frequency
parts denoted by zf and 7, respectively [see the definition in (136)]. Then we have:

Theorem 2.2 Let n > 3. Assume that the data a°, i, 99, jO and JO satisfy
N - .2 . .09
@) @, @0 jg. il e B . (@' e B}, and ®°)" € B}

Ifin addmon o+alis bounded away from 0 then there exists T > 0 such that System (24) with
data (a°, i°, 99, j0 , ) and pressure law (9) admits a unique local solution (a, i, ¥, jo, ]1)
on [0, T] x R" with

(1) atecC ([O, T1; 3271_1>7 a"ec ([0, T1; szl) , and 1 + a bounded away from 0,
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@ iec(i0.7 85, ) oL (0.7 B 1),
L | ) ,n
3 vt ec(10.71: B; )Lt (0.7: B ) anav’ e c (10.73: B )N L1 (0.7 B).
N Ln_

@) joand jyinC ([0, T B2, ) .

Let us emphasize that in contrast with the nonradiative case studied in [6], whether one
may adapt the above statement to the critical L” framework (that is to critical Besov spaces
B‘; 1 (R™)) is unclear. The reason why is that the unknowns (jo, j1) satisfy a symmetric

hyperbolic system (the coupling with the other two equations being lower order), and solving
hyperbolic systems in spaces which are not related to L? is not possible in general.

2.2 Global results

Let us now present our global well-posedness result in the critical regularity framework, in
the case where the coefficients of the system depend only on the density. To find out sufficient
conditions for the global well posedness, it is convenient to work with the non-dimensional
Sform of System (17-21). To this end, following [2], we fix

Lyef, Trefs Uref, Orefs ﬂref» Drefs €refs Mref = Arefs Krefs

some reference hydrodynamical quantities (Ilength, time, velocity, density, temperature, pres-
sure, energy, viscosity, conductivity), and

Irefa Oa,refs Os,ref

the reference radiative quantities (radiative intensity, absorption and scattering coefficients).
Then we put

~ x .t ~ 0 = —~ 14
X¥=g— i=g— 0= LU= PE
ref ref Qref ref OrefUryy
—~ kI , 248" | k*
I = ——— with ¢y = ——55—
archﬁref 15¢°h
o \2
Set Cp:=Cy + ”é;’gg”; - Let
Lref Uref _ UreerefLref CPrefM"ef

Sr Ma = ————, Re=—"—"—, Pr=

B Tref Uref ' V Pref/Qref ! MUref Kref

be the Strouhal, Mach, Reynolds, Prandtl (dimensionless) numbers corresponding to hydro-
dynamics, and

4
c Os,ref P— arﬁref

C= s L =LrefOaref, Ls= ) = ,
Urer refOa,ref s Oa,ref Qrforzef

be dimensionless numbers corresponding to radiation.

In the following, we suppose for simplicity that Sr = PP = 1 (that is the radiative energy
is comparable to the kinetic energy). We also have to keep in mind that only the situation
where C > 1 is relevant in our model, for the matter is treated classically.

Considering the reference equilibrium ¢ = gy¢f, i = (), U = Oref, lo = b(Fref), 71 = (),
that corresponds, after rescaling, to

Nl)
I
pl

E:l,;t::(_j, /75:=1, )I.(\)=b(5)a
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114 R. Danchin, B. Ducomet

we set (omitting the carets for notational simplicity)

a=0—1, 0:=9—1, jo:=1Ih—>b(l), j:=I,
and eventually get the following system:
da+ii-Vea=—(1+a)divy u,
8,ﬁ+ﬁ~Vﬁ ReHa(dlvx(ZuD i) + Vy(hdivy i) + MzHaVXp
L(00 + Lso3) 1.

n l+a

0,0 +ii-V,® — divy (kV,0) =

PrRe 1+a Re 1+a (2uDyii = Dyii + A(divy i) )
— 299y p divyii — SE 2L (b(1+©) — b(1) — jo) + 74 1h (0a + Ls05) 1 - i,
3 jo+ L Cdivye ji = CLo (b(1 + ©) — b(1) — jo),

i Ji +CVyjo = —CL(0y + L505) 1,

which rewrites, omitting the dependency with respect to x in the differential operators from
now on, and using (9),

(8,a +divii = F —ii - Va,
dyii — g Ail + 75 0 Va+ 115 0,V0 — L Lo, + L£,00)j1 = G —ii - Vi,
9,0 — PrRe Kk AO + a,divi — %f o, (jo—a'®)=H i Ve, (25)

0 jo + % Cdivji +CLa, (jo —&'©) = Jo,

001 +CV o +CL@, + Loo )i = T
with the notations A :=uA + (A + w)Vdiv,

0,:=04(1), o, xs:=05(1), A:=A(), p=pnl), k=«(), b:=>b(),

a;i=0p(1, 1) =my(1) + (1), ay:=0dyp(l,1) =m(1), o =dyb(l),
and the right-hand sides

(26)

F :=— g divu,

1
‘ —

[ ! (div(zuDﬁ)JFV(xdivﬁ))—Aﬁ}

=

[agpa 1) — Jlr dp(1 +a, 1+o)} Va

1
dop(1. 1) = —— dyp(i+a, 1+®)} Ve

Oy 2
Ly Qs—m J1s

div((k — £)VO) — [(H@)M

—_

2
S [
PrRe H—a

L 1
nPr 1+

H = —711(1)] divi

(04 +Lsoy) Jl

LG (j /@))JFM“2 ! ~ (2uDi: Dii + Mdivii)?)
— -0 — v
, 1 a Jo o e 1 uou:Du u
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Existence of strong solutions with critical regularity to a. . . 115

Jo :=CL [04 (b(1+0) — b) — &'®) + (04 — 7a) (jo — &'O)],
Jii= —CL[0g — a, + Ly(os — a )] ji-
Constructing global strong solutions for (25) in the case of small data with critical regularity

is the second (and main) purpose of the present paper. Before giving the statement, let us
introduce the solution space: we denote by E* the set of functions (a, ii, ®, jo, ji) so that?

a' € (R BS ) NL'RY; B3Y?) and o € C®™; B3Y) N L' ®Y; BSY)
Jo: Jl, i € Cp(RY; By ) NL'®RY: By
bt ec,®b By DNL'®RT: BS ),
O eC®T: By DN LR BSEY) and ©" € (R B N LI (RT; B3,

The following result states that for strongly under-relativistic fluids and small data, global
existence of strong critical solutions to (25) holds true.

Theorem 2.3 Let n > 3. Assume that A, |, k and o5 depend smoothly on o [with A, u,
Kk satisfying (22)], and that o, is a positive constant. Suppose that the thermal distribution
function b depends linearly on 0.

There exist a large constant Cy > 0 and a small constant ¢ > 0 depending only on the
dimension n and on the rescaled parameters of the system, such that if

C > Co, 27

and the initial data a°, i°, O, jg and j]O satisfy the smallness condition

Xo:=1G°, j§. il 43 P4+ 1©%aN]" - + )" 7 +1e%", , <c, (28)
2

1 2 1 2 1 2 1
then System (25) has a unique global solution (a, i, ®, jo, fl) in E2~'. Besides,
ll(a,u, O, Jo, Dl 51 = KXo, (29

with K depending only on n and on the coefficients of the system, and we have the following
decay estimates:

¢ [ (o oo+ Wil + Ll

1 21

p+ ||®|| 4)dr = KXo (30)
BZI 2.1
ad

divii.
Cﬁglga(l-i-#g’) wu

with £o = jo —a'® —

The proof is based on a fine analysis of the linearized equations about the reference state
and on paralinearization arguments similar to those of, e.g., [1], Chap. 10 or [12], to avoid the
loss of one derivative that may cause the convection terms. Let us make another comments:

(1) Exhibiting the low-frequency decay properties in (30) is absolutely essential for the
proof of the global existence as it allows to get a quadratic control on the radiative terms
in H (defined above).

2 Notations z¢, 2", Il - || and so on are defined in Appendix.
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116 R. Danchin, B. Ducomet

(2) The stability condition (27) comes from our analysis of the linearized equations. In
fact, in the low-frequency regime, we proved that the necessary and sufficient stability

condition reads as follows:3
2 f ,
Fi=CLoha’ (G 4 &) e (e Mat) o g ang
o' Ma? U&QUaafCLMaz ooy o’ Ma? o
1+ F+ 5 + > 1 .
noy a5 Re Pr noy 1+ Lgog/0,
3D

We also established that for high frequencies, linear stability is true whenever (22) is
satisfied and all the other coefficients entering in (26) are positive.

Unfortunately, in contrast with the barotropic case that we treated in [12], the compu-
tations for middle frequencies are so wild that we have not been able to check whether
(31) does ensure linear stability, unless C is very large. We strongly believe however that
it is the correct necessary and sufficient stability conditions for all frequencies.

(3) Forany set of parameters for which the linear system given by the L.h.s. of (25) is strongly
stable (i.e., the eigenvalues of the matrix of the system in Fourier variables have positive
real parts), one may reproduce the decay estimates of Sect. 3. Indeed linear stability
implies (51) and (22) (as we found out the necessary and sufficient stability condition in
low and high frequency) and the decay estimates we proved in Sect. 3 are thus valid. Now
as the set of medium frequency is compact, strong stability implies uniform exponential
stability in that range (see, e.g., [12]). Then going through the computations of Sect.
5, we get another global existence statement for small enough data (with a smallness
condition depending on all the parameters of the system), and we can even afford to have
some density dependent o,, as we do not care if the smallness condition depends on C.

(4) We strongly believe that if we take smoother data (like in, e.g., Theorem 2.2), then one
can get a global-in-time statement under the same stability Condition (27), even if the
coefficients all depend on both the density and on the temperature, and for more gen-
eral distribution function b (like 6* for example). The reason why we refrained from
addressing that physically relevant question here is to keep the paper a reasonable size.

As a corollary of the estimates (29) and (30) pointed out in the above theorem, we get the
following result for the nonrelativistic limit of (25).

Corollary 2.1 Let (ag, ﬁ‘;, ®8, jg’g, }?’2) be a family of data fulfilling (28). Consider the
corresponding family of solutions (a, e, O, jo.e, fl,a) to (25) with C = £, provided by
Theorem 2.3.

If we assume in addition that (ag, 128) — (@®, u% in the sense of distributions when
& — 0, then we have

(@, iie) — (a,ii) and (O, joe, Ji.) = (0,0,0),

1 541

- L .1 L . L
where (a,u) € (C(Ry; By N By NL'Ry; By + B7 ) x (C(Ry; By ) N

Ly
L'(Ry; Bzzj )n is the unique solution of the following (isothermal) compressible Navier—

Stokes equations:

[MJF;L.W =—(1+a)div, 4, (32)

Qi + i - Vii — 7 1 (divuDii) + V(Adivii)) + 31 1=V (0 + 1) = 0.,

supplemented with initial data (ag, ig).

3 Where we set@ = 1 + o/ / Pr, use the notations (26) and omit the underlines for better readability.
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Existence of strong solutions with critical regularity to a. . . 117

3 Linear analysis of the P1 approximation system

This section is devoted to the linear analysis of System (25) about the null equilibrium.
After noticing that the divergence free parts of # and fl are uncoupled from the rest of the
system, we concentrate on the linear stability of the other unknowns. The main difficulty is
that the linearized equations, although with constant coefficients, involve a great number of
parameters. To reduce that number to “only” nine, we perform a suitable rescaling. Then,
the most intricate part of the analysis concerns the low frequencies (the high-frequency
regime turns out to be easier since the radiative part of the system tends to uncouple from
the hydrodynamics one). In fact, the linearized system does not enter in any standard class of
partial differential equations : it does not have much structure and has terms of three different
orders. We shall nevertheless succeed in implementing the method we introduced recently in
[13,14] in the simpler context of barotropic radiative flows so as to reduce our study to that
of a nicer system up to error terms that are small in the low-frequency regime.

3.1 The linearized P1 system

It corresponds to the Lh.s. of (25), looking at the r.h.s. as given source terms. We shall
concentrate on the case where the source terms are zero, keeping in mind that the general
case may be deduced afterward from Duhamel’s formula.

Let P and Q denote the Helmholtz projectors on solenoidal and potential vector fields,
respectively. We notice that Pu and P j; satisfy a linear heat equation, and a damped equation,
namely denoting 8 = % (o0, + Lsoy),

- 1 - - > > =
0;Pu — EEAP” = BLPji and 9P j1 +nBCLPj; =0. (33)
The system satisfied by (a, Qui, ©, jo, Q;’l) is much more involved. To work with scalar
unknowns, one sets
d:=A"'divi and j:=A"'divj; with AT :=(—A)F/2

From the point of view of a pri(lri estimates, working with (Qit, Q}l )or (d, j1) is equivalent,
since Qii = —A~!'Vd and Qj; = —A~'Vj, and 0-th order Fourier multipliers are self-
maps on homogeneous Besov spaces.

Now the 5 x 5 system for (a, d, ®, jo, j1) reads, putting v = A + ZE:
da+ Ad =0,

0id — 3z vAd — iy 0y Aa — 515 0y AO® — LBj) =0,
90 — k 5 A® +ayAd + £ 0, (@O — jo) =0,
djo+ L CAjI —CLO, (@O — jo) =0,

i j1 — CAjo+nCLPjI = 0.

Taking the Fourier transform with respect to the space variable, the above system recasts in

a a

ald d

e O1=46| 9], (34)
I B
J1 Ji
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118 R. Danchin, B. Ducomet

where, omitting the underlines from now on for better readability,

0 —1&] 0 0 0

i AN 22, g 0 LB

A@)=1| o0 —lE]  —pilEl? — SEoa  SEa, 0
0 0 CLogo —CLo, —1clg]
0 0 0 ClE| —nCLB

3.2 The rescaled system in Fourier variables

System (34) enters in the following class of linear systems:

0a+Ad =0,
0;d — biAa — bil\@ —byAd — b3j1 =0,
010 4+ c1Ad + 20 — c3A0 — 4o =0, 35)

3 jo + bs jo + beAji —bs® =0,
9, j1 + bgj1 — biAjo = 0.

The case we are interested in corresponds to

by = L Y W =™ b BL, bu=CLow, bs=CLou be="
= . = . = , = . = O, , = Oq4, = —,
"TMa2 P T Re VT Ma2 4 a7 @ Te=
by =C, bs=npCL, c| = L, = =~ _ L

7=C, bg=n , €l =02, Cz—Prﬁaol, C3_RePr’ C4_P}’ Oq-

In order to simplify the analysis, we shall first reduce the number of parameters in the above
system by performing a convenient rescaling of the unknowns a, d, ®, jo, ji, and of the time
and space variables. More precisely, setting

a(t,x) =a(tt, xx), d(t,x) =8d(zt, xx), O(t, x)=80(rt, xx),

. ~ . ~ (36)
Jo(t, x) = Gojo(tt, xx), Jji(t,x) = &1j1(zt, xx),
with
32
by by [bgby b
ti=by, x:i=vb, 8:=vbi, 8i=—, Coi=— |——, =)
b} b3 by b3

allows to reduce the number of parameters to nine. 4 We eventually get the following system
for @,d, ®, jo, ji):

8ta+Ad_0
Btd Aa—A@—UAd—]1—0
8t®+n2Ad+nz®—KA®—n4]0_O (37)

3 jo+nsjo+neAji —m® =0,
a1 +msj1 — nejo =0,
with

v K _cabl _ 9 _ o _ CLogMdd
Re> RePr> 2= 7 T oap? '73—17[— a Pr °

_abl [be _  Cosouy b5 _ CLoyMa? _ [bebs _ CMa
N4 = b3 b1b7 /naifPrMa’ N5 = o] > M6 = by T Jnay’ (38)

biby [ by _ /nCL2Boso'Ma® npCLMa?

— & POax A = b _
= by V bibe — o » 8= 5 a0

V= K =

4 It would be possible to set in addition the viscosity or the conductivity to 1. However we prefer to keep track
of the two coefficients in the computations.
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where
] /
B = ;(O'a + Lsog), a1 =09p(1, 1), ax=3yp(1,1), o =0dpb(1).
Let us point out that the coefficients 13, 14, ns and n7 are interrelated through

n3ns — nan7 = 0. (39)

This will be of importance in some of the computations that follow.
Setting p :=|&|, System (37) in Fourier variables reads (omitting tildes from now on)

a 0 » 0 0 0 a 0
d él: —p vp2 —p 0 1 fi’: 0
—| O+ 0 mp m+kp* —ns O ©l=[0of. «o0
dr | = =
Jo 0 0 - ns nep | | Jo 0
7 0 0 0 —nep 18 Ji 0
that is to say
W+ AW + pBW + p>CW =0 41)
where
a 00 0 0 0
d 00 O 0 -1
W=|©|. A=]|0 0 n -m 0 [,
Jo 00 —m7 ns O
J1 0 0 O 0 ng
0 1 0 0 o0 00 0 0 0
-1 0 -1 0 0 0 v 0 0 0
B=|l0 nm 0 0 0], Cc:=]l0 0% 0 0
0 0 0 0 7 00 0 0 0
0 0 0 -—-n O 00 0 0 0

3.3 Low-frequency decay estimates

The starting point is the observation that, keeping (39) in mind, the eigenvalues of the matrix
of System (40) for p = 0 are 0 (with multiplicity 3), n3 4+ 15 and ng. The corresponding
modes are

~ N -

P T N 35 >
a, d+—ji, ©+—jo, jo——0O, j.
18 ns n4

Changing unknowns accordingly, System (41) rewrites

a
d+ i
80U + AU + pBoU + p*CoU =0 with U= | O+ Zjo | ='W
STl
Jo ,‘JI4®
J1
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Remembering that 7315 = nan7, we have

1 0 O 0 0 1 0 0 0 O
o1 0 0 -1L 01 0o o L
_ ~ ~ T8 -1 _ 1 14 '85
=10 0 s —4 0 and IIT"" =10 O I ,
0 0 77 75 0 0 0 -— Z—i 1 0
0 0 O 0 1 0 0 O 0 1
with the rescaled coefficients 7; (i > 3) defined by
Fiim— forie(3,4,57), and 7g:=_°. 42)
n3 415 Ul

Note that the coefficients 7; are of order 1 and IT is thus nicely conditioned in the asymptotics
C — 4o0.
Let us compute the matrices Ag, Byg and Co. We have

0 0 O 0 0
0 0 O 0 0
Ag=T"'AlI=|0 0 0 0 0.
00 0 m+ns O
000 0 g
0 1 0 0 _1
e~ 8
-1 0 =5 —MNeN7 N4 — 1576 0
Bop=I"'Bri=| 0 n 0 0 %_% 7
_mn3 n2n3
0 N4 0~ 0~ nang + 16
0 0 — 16117 — 16175
and
0 0 0 0 0
0 v 0 0 _rTUs
CO:H_ICH =10 0 sk —TuK 0
0 0 —-mx 3k 0O
0 0 0 0 0
One splits By into A + By, where
0 1 0 0 0
=1 0 —n5—1n6m7 0 0
nane __ M2
Sl I O
0 0 0~ 0~ nang 1116
0 0 —1677 —1675
and
0 0 0 0 _1
o s
0 0 0 m—nsne O
Bi=1]0 0 0 0 0
0 2B 0 0
14
0 0 0 0 0

On the one hand, A; can be antisymmetrized by some positive diagonal matrix and is thus
harmless from the point of view of decay estimates. On the other hand, B; does not have
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Existence of strong solutions with critical regularity to a. . . 121

much structure and is likely to spoil our analysis as it cannot be completely counterbalanced
by the matrix Ay which is degenerate. As observed in [13,14] in a simpler context, the bad
contribution of B| may be somewhat weakened if performing a second change of unknowns

Vi=(y+pP)U

fora 5 x 5 matrix P such that
[P, Aol + B =0. (43)

Indeed setting A3z :=(PAog — A1) P + Cp, we get the identity
&V + AoV + pA1V + p> (Co+ PB1 + [P, A) V = p’[A3, P1(Iy + pP) ' V. (44)

Mll M12

2! Mzz)’ where M1 is a

Let us rewrite the previous matrices in block form M = (

3 x 3 block and M?2 is a 2 x 2 block:

0 B 0 0 A0 pit ph
() (58 (B ()

Hence
0 PI2A
[P,AO]—(_APZI [PZZ,A])

and one can thus ensure (43) if taking
P'=0, P?=0, P?=-B’A"" and P = A7'B}!,

that is to say,

0 0 0 0 p
00 0 p 0 . U ~
P=[0 0 0 0 0] with pi=—, pri=20"N gnq py= 28
0 ps 0 O 0 g 3+ 15 N4
O 0 0 O 0
So we end up with
@ 10 0 0  pp a
? I R e d
v=|0|=W@w+pePpI'W=|0 0 1 w0 e)
- n PP -
20 0 ppa Tm ! 18 Jo
)1 0 0 0 0 1 J1
We notice that det TT! = 1 + Z—; and that
1 0 0 0 oP1
0 1 0 pp2 0
det(ly+pP)=det |0 0 1 0 0 |=1=p>prps.
0 pps 0 1 0
0 0 0 0 1

Given that n3/ns is of order 1 and that all the p;’s are of order at most C~!, we deduce that

|W|~ |V| whenever p < C. (45)
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Let us also emphasize that all the coefficients of Cp are of order at most 1, and that the
coefficients of Ag and of A are of order at most C. Therefore the matrix (PAyg — A1) P + Cy
is O(1) and the commutator [A3, P] in (44) is thus of order ¢! So finally, one can write
thatif p <« C then

d
EV+A0V+,0A1V+szZV:O(C‘l,o3) with By :=Co + PBi + [P, A1]. (46)

To go further into our analysis, computing PBy and [P, A1] is required. We find that

O 0 0 o0 O
0 =y 0 00 03 mn
PBi=|0 0 0 0 O] with y:=—=(506—1m)= (67 — 13),
0 0 0y 0 N4 n3 +ns
0O 0 0 0 O
0 0 _ N6tz _ 7ens 0
8 s mn3 (1576 —174a
0 0 0 0 o ( nwans)( n3-+ns )
PA; = 0 0 0 0 0
BE0 BB + 6i7) 0 0
0 o0 0 0
and
N516—14
0 0 0 n3+1s
0 0 0 0 —niz
- 8
= 1576 —1]
AP 0 0 0 772( ;33"154) 0
0 0 0 0 0
0 127137576 0 0 0
4
Bll Bl2
Therefore By ( B Bizz with
- . ~ ~ (1 1
0 —% n;ﬁns - ”5n6(%+n3+n5) s (7 ,'79 ; L
2m3 (5614 v
B =lo v-y 0} B}? = O~ o (1+"4776’78)( nzHis )+%7%
o 0 W g+ nn (BT ) 0
B2 _ nn 0 "2”3 (s + M677) — 7K g2 _ (v KO
2 = 0 7’7253]455’76 0 ’ 2 = 0o 0)°

Let us observe that A is a nonnegative (degenerate) diagonal matrix of order C, that A is
also of order C but anti-symmetrizable through a diagonal matrix of order 1, and is thus likely
to have no influence in the energy-type estimates. The leading order terms of B, are of order
1. They are located either on the diagonal (and are positive if v > y > 0 and k¥ > 0) or in the
blocks 812 and 321 that correspond to mteractlons between the (modified) fluid unknowns
vy (A 2,0) and radiative unknowns ’ Vs := (jo, j1). Therefore an important part of the
stability analysis will be dedicated to the 3 x 3 subsystem with matrix A1 Lo+ B, 152 satisfied
by Vi, and to the 2 x 2 subsystem with matrix A + pA?? + p? B3? fulﬁlled by V5. For both
sub-systems, interactions between the fluid unknowns Vj and radiative unknowns V, will be
considered as error terms in the right-hand side, that may be eliminated for small enough p.
More concretely:
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Vi + pAl'Vi 4+ p?By'Vi = —p? BV, + 0(C7' oY), (47)

and
Va4 (A+p*BP)Va+ pA7Va = —p*B3' Vi + O™ p?). (48)

Let us first investigate the system fulfilled by the (modified) hydrodynamic unknowns V7,
looking at the coupling with V as a source term. Denoting

V=V —y, K:=Is5K, 82=%, a:=7s5+nen7 and «:=mn, 49)
that system reads
d o 0O 1 O o 0 0 -—¢ o f
df/b\-i-p 1 0 —a|(a]|+p* [0 v O )|3)=|(z¢ (50)
P\t 0 a 0 T 00 «)\% h

The associated characteristic polynomial reads
Pp(3) = =3 + a1(p)A* — az(p)r + a3 (p)

with aj(p) = (v +K)p, az(p) = 1 +aa + vip? and a3(p) = (K + ae)p.

Note that (49) ensures that the coefficients «, ¢, @ and « are positive. As regards v, a
necessary condition for all the real parts of the roots of the polynomial P, to be positive is
that a;(p) > 0, and thus v + « > 0. Now if that latter condition is fulfilled then Liénard-
Chipart criterion [21] guarantees that the real parts of all the roots of the polynomial P,
(p > 0) are positive if and only if

a1(P)ar(p) — a3 (p) = (v + K)(1 + @) — k —ae)p + vi(v +k)p> > 0.

We thus find out the following necessary and sufficient stability condition for (50):
1
8<(AJZK+<*+5Z)U and v+« > 0. (51
o

In terms of the coefficients of System (37), Condition (51) reads

(nsns + nen7
n3+ns

URYE 1 1 _ _ m nen7
() g - () (22 ).
n3+ns ng  n3+ns n3+ns 78

(52)

mn (nam B

78 _
ns)) + —m3+ns5)v
n3+ns \ 13 nm

) ((ns +n5)V + nsk —

Resuming to the definition of coefficients 1;, we find (31). In particular, this implies that (51)
is satisfied for C — +o0.

We aim at recovering that stability condition, supplemented with explicit decay estimates
in terms of p. We claim that if f =g= 7 =0and (51) is fulfilled then there exists some
positive threshold pg, and two positive constants ¢ and C (depending continuously on &, «,
o, « and v) so that

I@3.D®] < Ce @3, D) forallz > 0and p € [0, pol. (53)
To prove our claim, let us introduce:
2 ~p2 , %o S o
Lz, e, (0) =@ )" + altl —2e1pN(@D) + 2e20N(0 1),

for suitable parameters €1 > 0 and &, > 0 to be chosen hereafter.
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From (50), we readily get

R. Danchin, B. Ducomet
1d ~ o~ _ o 5~ =
S (I@DP + Z[2) + vp? P + > 0 — ep™R@D =0,
2.dt o o
3 @D + po? — pfal? — @pI(Ea) = p*N((eT— va)),
d A ~12 ~ 2 N 20 /2N
ash(a ) +aplo]” —aplt]” — pR@H = —(v + k) p " R(OY).
Hence for all small enough p,
1d
5 e T PTHE oy = O(07) (54)
with

o~ e o~ ~ (K o~ _ =
Hgl,sz@ 2, D =e[d’ + (v —e1 +ae)? +Oé(* — 82)|’t|2 + (ae; — e — e)R(@Y).
Note that we have

HE, @00 =¢

- el —&— & 2 ~»
a+ | ——— )t + (@ —e1 +ase)o]
281
K

~ 2
— el —&—¢€ Py
+0[(& — &) — u)ltlz
Therefore H2

4&81
£1,€2

is a positive definite quadratic form if and only if

(55)
In order to justify our claim, it is convenient to change (g1, &2, €) into (1, €2, ) as follows:
- asr -
g = :

1 K _ 1
—, &i== (f —82), £:=
smax gmax o

g1 >0, & <v+ae and (g —e — )% < 4&81(7 - 52)~

o
We claim that if (51) is fulfilled then one can always find some €1 and &, fulfilling (55).

Smax
and, assuming that v + x > 0, to set

1
(8 + f) with €4y i= (f + 52) v +«),
o o

1
gli== and &) :=

Then, denoting A := aa, Condition (55) translates into

mz‘,ﬁ‘}?

1
el >0, & +Ag <=
g

T A and (¢} +¢&) — 1)? < 4eéb.
The latter condition is equivalent to

(56)
L(g}, &) := (] — e5)? = 2(¢} + &) + 1 < 0.

It is obvious that L does not have any minimum in the interior of the domain D defined by
we have

the first two conditions in (56), and that L > 0 for &} = 0. For &y, =& 1 /(1 + A) — &| /A,

A+1 Gl
L(S’h 8&) — (; ’ €

2 ~1
A—1
g ———) =2 ——¢] £
A A+1
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the minimum of which corresponds to (g}, €5) = (¢, €3) with

. AGT+A-D . AFl—A41
(A+1) (A+1)
The value of L at (¢7, £3) is
4 ~—1
L(ef, &%) = m(1 - .

Hence there exists (¢7, &5) € D satistying L(ef, &5) < 0 if and only if 1 > 1, which is
equivalent to the first part of the stability condition (51).

Let us recap. On the one hand, resuming to the initial parameters, we thus found some &
and &5 satisfying (55). Taking such & and &5, the quadratic form M2, , is definite positive,

£1,62
and thus Hgl o~ [@, D, ©)|2. On the other hand, for small enough p, we have

£, ~1@9, 0%

€1,€2

Therefore (54) implies that there exists some pg > 0 and a constant ¢ > 0 depending only
on the parameters of the system and such that

d » 2,02 :
37 Leres TEP7LE e, =0 0T 0 = p =< po. (57)
This clearly implies (53). Now for general source terms f gand hin (50), taking advantage of
Duhamel’s formula and integrating with respect to time gives for some K = K (¢, o, @, &, V),

t t
|@’ai?)<r)|+cp2/o |(€,3,?>|dr51<(|<a,6,?>(0>|+/0 |<f,§,h>|dr)- (58)

In the case we are interested in, the source terms f, gand T are given by the right-hand side
of (47) and we thus have for small enough p, |(f, g, h)| < Cp2|Vs| + Cp3|V|. Hence we
deduce from (58) that
t t
|V1(t)|+0p2/ |V1|df§KV1(0)+K/02/ V2| dz. (59)
0 0
Handling the (modified) radiative unknowns Go, j1) is much simpler. Indeed denoting ¢ := 1+
%, we have

d (o s+ s + P2 (y + 3K) 0)@) ( 0 g) @) (?)
—{= )+ ~ 1+ ~)1=\]
dr C) ( 0 ng ) pie -1 0 i1 V2

Therefore multiplying the second equation by ¢ and taking the inner product in C? with
(o, j1), we easily find that

ld/~ ~ — ~ ot =
Ea(l]olz + §|11|2) + (13 + 15 + p* (v + 130 [jol* + snslit|* = R(&io) + sR(Ain).
Hence

t
JHo®F + s (O + minGrs+7s. ns)/o fol? + ¢l [ de

-~ -~ t o~ -~
5J|jo<0)|2+g|jl(0>|2+/0 VIR + ¢loR dr. (60)
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Because k and € are given by the right-hand side of (48), we have
|k, Ol = Co* Vil + Cp| VI,

and thus, for small enough p,

t t
|V2(t)|+/ [Va]dt §CV2(O)+Cp2/ |Vi|dr.
0 0

Putting that later inequality together with (59), we conclude that there exists pp > 0 depending
only on the coefficients of System (40) such that if Condition (51) is fulfilled and p < po,
then we have for all ¢+ > 0,

t 1
IV(I)H—/OZ/O |V1|df+/0 [Valdz < CIV(0)]. (61)

In particular, this means that (51) is also a necessary and sufficient stability condition for the
whole system (40), and that (61) holds provided p < py.

As we are interested in the asymptotics C — 400 and as € &~ C~!, it is suitable to check
what kind of information is supplied by the above analysis if € is small. On the one hand, in
that case, the range for which (57) holds true is decreasing with respect to £; and &3, which
suggest us to take €1 and &7 as small as possible. On the other hand, the constant c in (57) is
of order €1, hence the decay becomes worse if taking &1 smaller. Therefore we need to find
some acceptable compromise between having a large range of p’s in (57) and a good decay.

By looking at Condition (55), we discover that whenever ¢ < v, one can take ¢; = ¢/a
and g3 = 0. As the error term in (54) is equal to 81,035}{((113 — s/t\)/bj, this gives for some
constants ¢ and pg independent of ¢,

d . -
Eﬁf’ +eep’Ly, <0 if 0<p < poe” /2,
from which we get in particular,
t
vt > 0, 8,02/ [tldr < Cl(a, 2, H)(0)]. (62)
0

In order to improve the decay information that we have on 9 and t [which will be of
fundamental importance in our study of the nonlinear system (25)], let us focus on the
following linearized Navier—Stokes—Fourier system:

dgﬁ—i- 00 = k:=ep,

t
d—ﬁ—i— V20 — pa—apt=0,
5?4— kpZt + apd = 0.
Assuming that k = 0 for a while, we have:
1d 2 22~
5§|(3»0)| + vl —@pR(td) =0,
1d» 272 s
§a|t| + kp”[t]” + apN(td) = 0.
Therefore d
Ea(tﬂ(&,ﬁ)lz—i-&mz) + avp®d)? + axp’[t? = 0. (63)
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In addition,

1d, PES
f—|vpa|2 + v,oz?}i(v,oa 0) =0

2dr
and

%m(vpﬁ) —vp2[a)? + v’ )7 — ap?vR(Ea) + vp’R(vpad) = 0.
Therefore

%%(Wpﬂz - ZSH(vaz\%)) +vp?fal> — vp?p? + ap’vii(ta) = 0.

Combining the above identities, we conclude that for any K € R, we have

1d _ U L
——L2 +vp’[a)* + (Ko — Dvp? P> + Kakp [t + Gvp’h(ta) = 0

2.dt
with
£2:=Ke|@ ) + K[t + [vod)* — 2% (vpa ).
Because
2 2
P Vo a‘vp® ~
|otvp2$7t( a | < %I 1> + 2p [0,

we see that if we choose

then we have £, ~ |vodl + max(1, «/v//c)l('&,ﬁ,?)l and
v (@) + (Ko — Dvp?PI* + Kakp? (17 + avp*R({a) 2 vp?|@ 0. D
Therefore if v < « then we get
£,(0) 5 £p(0)e M0G0

whence plugging this information in the equations for t and for d and using Duhamel’s
formula (to handle nonzero k), we end up with

t t
|(a,$,?>(r)|+vp2/ |@3,?)|drsl<(|(a,ﬁ,?>(0)|+/ |k|dr) if vo<l1,
0 0

and

o~ o~

t t t
(v, 3. D(0)] + / |p€|dr+vp2/ |3|dr+xp2/ dr
0 0 JO

t
< K(l(v,oa,ﬁ, )(0)|+/ |pvk|dr) if vp > 1.
0

In the case k < v, similar computations lead to
t t
|<a,3,’t‘)(r>|+xp2/ @9, 9dr < K(|@3,T>(0)|+/ |k|dr) if Vikvp <1,
0 0
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and to

e~ K [t r K r
|(./Kupa,a,t)(t)|+\/j/ |pa|dr+/<p2/ |D|dr+\/j/<p2/ [t dr
0
§K(|(«/K\)pﬁ\,5? 0)|+/ |«//<v,0k|dr) if kp>1.

Remembering thatk = p*t, we easily conclude from the above inequalities that the solution

to (50) fulfills
|(pv@, @, 0, ()| +min(l, v,o)/ lpal dT +vp / |@, D] dr < K|(pva,d, 0, 0(0)] if v <«

(64)
and

t
|(vkvpd, 8,9, 0 (1)| + min(l, \/Kvp)\/g/ |pal dz
+xp / |t|dT+\/ij / [fldr < K|(Wkvpa,d,2,0©0)] if k <v  (65)

provided that ¢ < min(«, v) and p K e~1/2,

Let us finally resume to the proof of global-in-time decay estimates for the solution to
(40). For notational simplicity, we do not track the dependency with respect to « and to v
any longer. We focus on the case where coefficients 73 to ng are of order C and k, v and 1,
are of order 1. This implies that ¢ is of order C~!, and we thus get for all p < C,

(.8 < Kp*IVal + KC' V| and |k, D] < Kp*|Vi| + KC™'p?|V].
Hence Inequalities (60), (64) and (65) (combined with Duhamel formula) yield for p < 1, ¢
small enough and C large enough,

t t
Vi) +cp2/ Vil dr < Kv1<0>+1<p2/ V2| dr
0 0
1 t
and |Va(1)| +cc/ |Valdr < KV2(0)+Kp2/ |V, |dr,
0 0
whence

t t
IV(I)I+/02/ |V1|df+C/ [Valdr = K|V(0)].
0 0

According to (64) and (65), for p > 1, working with V; := (p@, 9, t) instead of V| = (@, 9, ©)
is more appropriate, and we thus have to use the following inequality (that stems from (65)
and Duhamel formula):

|v1(r>|+/ ol dr + p / Gl de K(|171(0>+/0 |(pf,§,ﬁ>|dr)~ (66)

o~

A closer look at the structure of 3212 and of (f, g, ) defined to be the r.h.s. of (47) reveals
that

o~

pF1 < C 3ol +C7 oY VI and 1@ W) S pPIVal +C7L OV

@ Springer



Existence of strong solutions with critical regularity to a. . . 129

Hence inequality (66) implies that for 1 < p <« C'/3, we have
_ t r _ t
Tion+ [ miar+ o [ 16 D14 < K(|v1<0>| ot [ |v2|dr)~ ©7)
0 0 0

It is also clear that for 1 < p < ¢!,
k. O S ' ol + P2 1@. DI+ PP VI S ¢ lpdl + 1R DI + 7 P Val.

Hence if p < 23,
ot
[V2(0)l +C/ [Valdt < K(IVz(O)I +c! / |paldr + p / 10.D1d ) (68)
0
Inserting (67) in (68), it is now easy to conclude that for 1 < p K C'/3, we have
t
[Va(t)] +C/ [V2ldT < K[(V1, V2)(0)],
0
and thus
~ ! ! PN ~
Vi@ +/ |pal dr +pz/ [(@, )| dt < K[(Vi, V2)(0)].
0 0

The case where there is some source term F = (X, 5, @, JA(), fl) in (40) may be treated
along the same lines, and we end up for all 0 < p < c3 and t > 0 with

@, 08,9, 60, )1)(#)| + min(1, ,0)/ |pdldt + p / |2, dr +C/ 1Go 31)| dt
< K(W 08,9, %o, 1)(0)|+/ I(A, pA, D, ®, fo,fl>|dr)~ (69)
0

3.4 Middle-frequency decay estimates

This paragraph is devoted to the proof of global-in-time estimates for the solution to (40) in
some suitable frequency range p; < p < pj; where pj, is prescribed and p, will be specified
below. Having in mind the study of the nonlinear system (25), it is natural to work at the same
level regularlty for |D|a d, |DI7'e, jo and Jj1 which, in Fourier varlables corresponds to
(pa, d p- 19, Jjo, j]) We thus introduce ¢> =p ~1®. In terms of (@, d (/) Jjo, ]1) System
(40) rewrites

a 0 0 0 0 a 0

d z —p Tp? —p? 0 -1 Z 0

I ¢+ 0 m mtEp? —mpt 0 ¢ =10 (70)
Jo 0 0 —mp 15 nee | | Jo 0
J1 0 0 0 —nep M8 J1 0

To handle (a, d ) itis only a matter of using the standard barotropic estimates, considering
the coupling with ¢ and j; as source terms. More precisely, taking advantage of the Lyapunov
functional

2(/a® + 1d1») + lvpal* — 2vpR(d @),
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we get for pv > py (for any given pp > 0),

t t t t
|(szad>(t)|+/o |pﬁ|dr+ip2/0 |d|drsc(|<vpa,d)<0)|+/0 |j1|dr+/0 |p2¢|dr)

71)
for some constant C depending only on py.
Let us now concentrate on the system fulfilled by (¢, jo, j1), namely,
%p + (3 +p*)p — nap~ jo = B:= — mad,
9 jo +nsjo +nepj1 —n1p¢ =0, (72)

9 j1+ngj1 —nepjo = 0.
Let us put D00 for a while. In order to get decay estimates for (@, ﬁ), ﬁ), we multiply the
equation for a by a , and get:
1d ~ PP e~ =
5P + 013 + RoDIGI = nap™' (o §) = 0. (73)

Next, taking the inner product in C? of the equations for (ﬁ), ﬁ) with (}B, 71), we find out
that

ld ~ ~ 2 -2 =2 WIS
§E|(]07J1)| + nsljol” + nsljil” — n7pR(og) = 0. (74)

In order to eliminate the last term (which tends to be predominant for large p), we compute

d_ ~= _ = ey ~ =
@+ ((n3 + n8) +&p*)R@ j1) — nap™ " R(o j1) — n6pR o ¢) = 0.

Hence setting for some A > 0 to be fixed hereafter,
-~ -~ e~ Wit . 1 14
L2 :=Alp> + |Go. j0IF = 2B%R($ j1) with B:=—(n7+ A=),
’ 16 p?

we discover that

1d — -~ -~ -~
~— L2+ A3 +®pD)DI* + nsljol* + nsl i

2 dt
— B(p3 + ns + ©pHR@ 1) + Brap” 'R oj1) = 0. (75)
Note that we have )
B<"U i p2> My, (76)
N4 ni

and thus, as may be easily seen by Young inequality,

N N4
L2~ |Go. . $)I* for p= [—A
n7
if A has been chosen so that 5
A> 8(ﬂ) . (77)
16

Next, we see that by virtue of (76), we have

e nan7 ~, ~
Bnap 1 9‘\(}0]1)‘ < 27767/)']0' [jil,s

@ Springer



Existence of strong solutions with critical regularity to a. . . 131

whence
e = min(ns, ng) | ~ ~ . . 4nan7
Bnap~'|%Gojn)| < ——1Cjo. j0I* ifinaddition p> —————— (78)
4 N6 min(ns, n3)
Finally, still using (76), we have
= min(7s, ng) ~ 2 m (s + s + €02\ ~
B(nz+ng+&p>)|N(@ ji)| < i+ — 2.
2 min(ns, ng)

As we want the last term to be bounded by %(m +7%p?) |$|2, we eventually require A to be
chosen so that

2 (777(773 + 3 + K p?)
min(7s, 178) 6

P A
— 2
) < 5(!}3 +kp”) forall p < pp.

Easy computations show that a sufficient condition for that is

2 =n2
A24((773+778)777) ( m3 + Ko ) (79)

n3M6 min(ns, ng)

Let us sum up: our computations show that if A has been chosen so that (77) and (79) are
fulfilled, and if we assume that

4
min( [1 4, #) <p=<p (80)
N7 nemin(ns, ng)

where pj, is given, then we have £, ~ I(%, ﬁ , $) and

d — N p -~ 2
3 £+ A +EpDIGI + min(ys, 1)l Go, jI* =< 0.

Let us recall that all the coefficients n; with 3 < i < 8 are of the same order C. Therefore
one can take A of order 1 whenever Ep,% is of order C, and thus for all p satisfying (80) and
t>0,

1@, Jo, 11D < Coe™ (@, Jo, J1)(O)].

From that inequality, we conclude thanks to Duhamel’s formula that if we take the r.h.s.
® = —nod into account then we have

t t
|<¢,jo,j1>(r>|+0/0 |(¢,jo,jl>|drsco(|(¢,jo,jl>(0)|+p/0 |d|dr)- 81)

Inserting that inequality in (71), we conclude that for all o9 > O there exists a constant K
depending only on 1, and on the renormalized coefficients ; :=n; /C for 2 < i < 8 so that

if
11 \/?
min{ -, — ) <p < =, 82
(v ﬁ) P =Py = (82)

then we have for all + > 0 and large enough C,
t t
©103. DO+ 1678 7o, 0]+ xp [ faldr +50° [ dlar
0 0

t
+C/0 l(p™'®, jo, jyldr < K(ﬂ(vpa,d)(on+|(p*‘®,jo,jl>(0>|)- (83)
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3.5 High-frequency decay estimates
We now want to prove global-in-time estimates for the solution to (40) in the case p = /C/k.

To this end, as for middle frequencies, it is convenient to work with é = p~'© rather than
with ®. Now from the equation satisfied by ¢ in (70), we readily get

t t t
|¢(r>|+fp2/0 |¢|dT§|¢0|+nz/0 |d|dr+n4p*1/0 ol dr (84)

while the last two lines of (70) yield

t t
[Go, j1)(@®)] + min(ns, 778)/0 |Go, joldt = [Go, jDO)] + rmO/O lpldz. (85)

Inserting (84) in (85) and omitting from now the dependency with respect to the coefficients
12 and 1}, we discover that for pr>rle,

~ o~ [ ~ o~ C —~ ro_
|<jo,jl>(t>|+6/0 |(jo,jl)|drs|(jo,jl)(0)|+a(|¢o|+/o |d|dr), (86)

and thus, resuming to (84),
0] +Ep2/0t Bldr < (ol +p*1|(%,ﬁ>(0)|+/01 il dr. 87)
In order to bound (@, Zf), we combine (71), (86) and (87), so as to get
(o, D))| +/0t 0] dr+Vp2/0t @l dr < |@pa, DO +7 "o~ (0, Jo. T O)]
+¢7MGo. DO + @D pgol +7 (1 + p*l)/ot \d| dr.

The last term may be absorbed by the 1.h.s. provided that 1 + p~! « %vp?. Resuming to
(86) and (87), and remembering that ® = p¢, we conclude that

t t t

\(pa. d, @) '8, Jo. (O] +p/ @ ©))dr +vp2/ dlde +C/ 1Go. 1)l dr
0 0 0

< (pa, d, (kp)~'O, jo, j)O)|  for p> /C/k and C > 1. (88)

3.6 Final statement of linear estimates

Here we recap the estimates that we obtained so far for (40), if C > 1.

To this end, we first fix Cyp and pj, large enough so that (88) holds true for any C > Cp and
p > pua/CJk. Then the analysis for the middle frequency ensures that, taking Cy larger if
needed, Inequality (83) holds true for C > Cp and p; < p < 2p;,+/C/« for some p; of order
1 depending only on the parameters of the system. Finally, for the low frequencies, one can
use (69) for p < 2py if C is large enough.

We thus eventually have for C > Cg the following three inequalities:’

e Low frequencies 0 < p < 2p;: From (69) and (45), we get

5 We refrain from tracking the dependency with respect to ¥ and v.
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t

@.d.0. Jo,j1>(z)|+p2/ 1@.d.8. o 1)l dr
0

/ 1Go. )l dr < 1@ 4, ©. Jo. 71)(O)] (89)
with .
-~ -~ n2n3 -~ -~ n3 ~
o=To— 7,)([1 4 ﬂl) _ 1. (90)
n4(n3+ns) ng N4

e Middle frequencies py < p < 2pj JC: Inequality (83) gives

t t t
|<pa,d,p*1®,jo,j1><r>|+p/0 |a|dr+p2/0 |d|dr+<:/0 I(p™'®, jo, j1)ldt

< (o, d, p~'0, Jo, J1O)]. 1)

e High frequencies p > py+/C: Inequality (88) implies that

t t t
|<pa,d,p*1®,jo,jl>(r>|+p/ |(a,®>|dr+p2/ |d|dr+c/ |Go, 1)l dt
0 0 0
< ((pa, d, p~'8, Jo, JNO). (92)

Remark 3.1 Having a (small) overlap between the three regimes will be important in the
sequel as the Fourier splitting device that we will use, namely the Littlewood-Paley decom-
position, is not quite orthogonal.

Remark 3.2 Inequality (89) implies that for 0 < p < 2p,, we have

t
~ N o~ mn 5 ma
¢ [ faldr £1@.3.6. 70 o) with Gi=fo— 2T _p7- 6. (o
0 n4(n3+1ns) 14
Let us also emphasize that the inequality for middle frequencies is stronger than that for high

frequencies as regards ®. Therefore (92) is fulfilled for all p > p,.

Finally, regarding the incompressible part of the solution, namely (Pi, Pfl ), we readily have
from (33) that for all p > 0 and C > 0,

t —
[Pu(t)] +,02/0 |Pulde < K(|Pu(0)| +C~'[Pji(0)])

— t— —
and |Pji(1)] +C/ [Pjildr = K|Pji(0)]. 94)
0

4 The paralinearized system

In order to achieve the global existence result of Theorem 2.3, it is tempting to look at (25)
as the linear system studied in the previous section. Indeed one expect to be able to handle
the r.h.s. of (25) according to Duhamel’s formula. This unfortunately does not work because
some of the convection terms will cause a loss of one derivative in the estimates, exactly as
for the compressible Euler or Navier—Stokes equations. Paralinearizing (25) (that is including
the “principal” part of the convection terms) is a standard way to overcome this difficulty. In
the case we are interested in, it turns out that only u - Va causes a loss of derivative because
the other convection terms may be counterbalanced by the parobolicity of the equations of &
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and of ®. However, for symmetry reasons, it is convenient to paralinearize i - Vii, too. This
eventually leads to the following paralinearized version of System® (25):

da+T; Va+divi = F,

dii + T - Vu——Au+M2a1Va+M2a2V®—7£(a +Ly00)j1 =G,
30 — 5ok AO + o, divii — S5 0, (jo — '©) = (95)
3tjo+;Cdivj1+C£ga(jo—g®)=Jo,

8 J1 +CVjo + CL(o, + Lya ) )1 = ],

where the velocity field v and the source terms F, E}, H, Jy, J 1 are given. The reader may
refer to the Appendix for the definition of T - Va and Tj - V.
The main result of this part is stated in the following proposition:

Proposition 4.1 There exists a constant Co > 0 and an integer ko depending only on the
parameters of System (95) such that if
C=Co (96)

and the threshold between low and high frequencies is at 2% (see (135)) then the following
inequalities hold true for all s and s in R:

e Low frequencies:
t
@, @, ©. jo, jD®) +/ (n(a,ﬁ,@,jo,jl)ugw+cu(;o,jl>||‘% )
2,1 0 2,1 2,1
t
< liGa, i, ©, jo, jO)1%, +/ (o, J1. DI, dr
2,1 0 2,1
t
+/ I(F —T5-Va,G — Ty - Vi) |, dr, 97)

0 2,1

with
a0
| B
@,CLa,(1+ 57 &)

lo=jo—a'®— divii.

e High frequencies:

t
ll(ﬁ,jo,jl)(t)llhs/ +la@1, ,+1+||O<r>|| v 1+/0 (n(a o))" ,+1+||u||3,+2) dr

BZl BZI 2.1
t
+C/ (||®||’g_l+||(jo,mu% ) dv < |G, jo, O,
B2,1 Bz,l

+a]" By +leo]" Byl

t
+/O (||<G,Jo,m||h +||F||h ,+1+||H||” )dr

t
+ / Vi (n(w,ﬁ)n’;y + (@, ), )dr. (98)
0 2,1 2,1

6 The reader may refer to the Appendix for the definition of the paraproduct operator 7.
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Proof As our proof will be essentially based on the results of the previous section, we rescale
System (95) as in (36). From the point of view of a priori estimates, this is harmless for the
numbers coming into play in the rescaling process are independent of C.

Now as in [12], we localize that (rescaled) system according to Littlewood-Paley decom-
position (shortly introduced in the Appendix). Setting ay := Aga, iix := Agii and so on, we
get
oray + diviiy = F]é,

diiy — WA — (h + ) Vdiviig + Vag + VO — jix = G},
9 O — KAOy + madiviig + 130k — n4jox = Hy, (99)

9 jo.k + m5jo.k + nedivji e — 170k = Jok,

O jik + nsjik + neVjok = jl,k,
with F := Fy — Ag(T5 - Va) and G, := Gy — Ay (T - Vii).

Estimates for low frequencies Let

. . . N\T - - \T
Xi:= (ak, ik, Ok, jok, k) and Yi:= (F;Q,GZ,Hk,Jo,k,Jl,k) .

Denoting by A(D) the infinitesimal generator associated to the semi-group corresponding to
the (rescaled) System (99), Duhamel’s formula yields

t
X; (@) = APV X (0) + / APy (1) dr. (100)
0

Applying Fourier—Plancherel theorem, following the computations leading to (89), using
Remark 3.2 and remembering (94) to handle the incompressible part of & and jj, we get
some ko € Z such that for all k < ko,

t t 1
IIXk(t)IILer22k/O 1 Xk llz 2 dT+C/O 1Go,k- J1,K) I 2 dT < C(||Xk(0)||L2+/0 1Ykl 2 dr)-

(101)
Multiplying both sides by 2% and summing up over k < ko yields (97).
Estimates for high frequencies Here paralinearization is fundamental, as it allows to avoid
the loss of one derivative that may be caused by the convection term in the first equation
of (99). Even though the final estimate will be the same for any frequency larger than 2%
(where the integer kg is chosen so that 2p, < 2K < 4p,), we have to separate our analysis
into two sub-cases corresponding to middle frequencies (i.e., ko < k < 1 + log, (00+/C/K))
and k > log,(po~/C/%) because different Lyapunov functionals have been used to obtain
(91) and (92).
Let us first focus on middle frequencies : kg < k < 1 + log,(00+/C/x). Following the
analysis of the previous section, we introduce the Lyapunov functional

L :=2llagll7> + 20kl 7 + V2 [ Vagll7> + 20 (Vag|up),

and find out that

1d 5, _ _ _ 3 s
5 Lk FAIPuclz + 7 (Vaw, V Qi g, = 2(Flaw) +2(Gk — VO + Gpliix)

+ (OVF(0Var + i) + (7Var| ik — VO + G})).
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The paraconvection terms may be bounded by means of Lemma 4.1 in [12]. More precisely,
there exists an integer Ny (depending only on the supports of the functions ¢ and x involved
in the definition of Littlewood—Paley decomposition) and some constant C so that

[(Ak(T5 - VO)|z)l < CIVB L= lizelle D, lawlle with z=a, i,
|k —k|<No

(VAK(T; - Va)[Vap)] < CIVOll=Vagll 2 D> Va2,
|k'—k|<No

‘(VVAk(Tg - Va)lix) + (Ax(T; - vﬁ)wwk)‘

< ClOVar, iz D I0Vap, i)l 2.
|k'—k|<No

Using Bernstein inequality, noticing that
L ~ |Vagl 2 + il 2 if k > ko, (102)

and integrating with respect to time, we thus get for some constant C = C (&, 1),

t t
L (1) +/ Lidr = C(Lk(O) +/ I1(V Fe, Gi)ll 2 dT
0 0
t r
+ 2 / IV o0 L de + / 11k — VOl 2 dr)~ (103)
k' —k|<No 7 0
Of course, from the localized velocity equation, we also gather that

1d

5 Ikl + TIVPiIL: + 71 Qiikl 72 = (Grx = VOr + Gpli) — (Vaxliin),

which implies, for some C = C(A, 1),

t t
i ()1l 2 + 2”/ liigll 2 dv < C(/ Gk + ik — VOl 2 dT
0 0
t t
+ 2 / IV5 ]| L liiw Il 2 d +/ Va2 dr)-
' —k|<No ”© 0
Therefore combining with (103) and using (102) allows to exhibit the parabolic behavior of

i: there exists some constant C = C (X, 1) such that for all k > ko,

t t
Lk(r>+/ (||Vak||Lz+22"||ﬁk||Lz)drsc(Lk<0)+/ I(V Fy, Gi) 2 de
0 0
t t R
+ D /qunLoch/dH/ ||jl,k—V®k||der)- (104)
Ik'—k|<No ”© 0

In order to bound ®, jo x and ]’1 _k,» we consider the sub-system corresponding to the last three
lines of (99), looking at ndiviig as a source term. Then we introduce the pseudo-differential
operator B(D) :=n¢ ! (n71d + An4(—A)_1) (where the positive number A is chosen as in
(79) with p;, = pga/C/x) and the Lyapunov functional

M= AIAT O, + 1 Goks J1.0132 — 2(B(D)A™ Ok AT div ji 1)
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Following the computations leading to (75), we discover that

1d

2 dt

— (B3 +n9)1d +7(=2)") AT Ol i) + ma (BDY=4) " foldiv )
= AATV(Hy — madivii) [AT'O0) + Goxl o) + Gl Jie)
—((A™'(Hi = n2diviip)|B(D) ji.k) — (J1.x| B(D)A™'©y).

©+ AN ATTO7 ) + ARNO7 2 + nslljoll 72 + nslljikl?

Then mimicking the arguments leading to (81) and using Fourier—Plancherel theorem, we
eventually get

t
1A~ Ok, Joks 1Ol 2 +C / I(A™Ok, joks j1.0)ll 2 de
0
N t h o t
<A Ok jox FLOO 2 + / 1A~ Hi, Jo Tl de + / liiell2 d.
0 0
Combining with (104) thus yields for kg < k < 1 + log,(00+/C/k),
o t t
I(Va, ik, A" O, jox, J1.0Ol 2 +/ Va2 de +22’</ ikl 2 de
0 0
t
+C/ (AT Ok, Joks jroll 2 dT < |(Va, ik, A~ O, jox, j1.0)(O0)]l2
0

t t
+ [IR G A e Tl dr S [ Ve d i dr.
0 '~k <No 7 ©

(105)

Letus finally go the case k > log, (p0+/C/k). Then applying an energy method to the equation
of A~'Oy yields

t
AT Okl 2 +f/ 1Okl 2 dT < |AT' OO0 2
0
t
+ / (||A71Hk||L2 + nallA™ okl 2 + m2lligll2) dr, (106)
0
and for the radiative modes, we readily have
- ! - -
1 Gok» j1.6) @)l L2 + min(ns, 778)/ 1Goks J1 N2 dT < 1Goks J1.0) Ol 2
0
t t o
+n7/ 1Okl 2 dT +/ 1 (Jo,ks J1,6)1 2 dT. (107)
0 0

Hence combining with (104) and taking pg large enough, we get for k > log, (0o+/C/k),

I(Vag, iix, A" O, jox J1.0@) 12

t
+ / (IVakll 2+ 2% Nk Nl 2+ 251 Okl 12 +Cll Go e 1)1l 2)de
0
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t
S I(Vag, ik, A" O, joxs j1.0O) 2 +/ (I(V Fie, G, A~ Hy, Jox, T2 de
0

t
. /0 1Yol (Vay, Gl 2 de.

|k’ —k|=No

Putting together with Inequality (105), multiplying both sides by 255" and summing up over
k > ko completes the proof of (98). Note that owing to the sum over k', there is a small
overlap with low frequencies, which explains the presence of the last term of (98).

S The well-posedness issue in the critical regularity framework

This section is mainly devoted to the proof of Theorem 2.3. In passing, we sketch the proof
of our local-in-time statement in the critical framework (Theorem 2.2) and justify the non-
relativistic limit pointed out in Corollary 2.1.

Let us first say a few words on the uniqueness issue, which is the consequence of stability
estimates in a suitable space. As usual, as a part of System (24) [or (25)] is quasilinear
hyperbolic, proving (directly) stability estimates in the solution space E 2~ is hopeless. The
loss of one derivative coming from the density equation induces us to use the larger space
Ez72 (or rather, its local-in-time version).

In high dimension n > 4 indeed, one can prove stability estimates in Ei72, just by
combining standard hyperbolic and parabolic estimates, and product laws. The proof goes
along the lines of that for the nonradiative polytropic compressible Navier—Stokes equations
in [7] and does not present any new difficulty (apart from wearisomeness). The case n = 3
turns out to be critical and one cannot achieve stability estimatesin £~ 3 by adirect application
of hyperbolic and parabolic estimates because some nonlinear terms are not under control.

.1 L1
For example, the product of two functions in B221(R3) and 32,12 (R3), respectively, does

L3 )
not belong to 32,12 (R3) but to the slightly larger Besov space Bz,go(R3)~ This obstacle may
be overcome by proving stability estimates in a wider space (roughly, Besov spaces 3571

: . .. _1 . N .
have been changed to Bj _ in the definition of £72), and using a logarithmic interpolation
inequality. This is just an adaptation of the corresponding proof for nonradiative flows (see

(8-

As for the existence issue, it is very similar to that of the barotropic case (see Subsection
5.1.in [12]). It is only a matter of combining a priori estimates for transport equations (to
handle a), hyperbolic symmetrizable systems with constant coefficients (radiative unknowns)
and parabolic equations or systems (for the temperature and velocity). The main difficulty is
that the velocity and temperature equations have nonconstant coefficients, depending on a in
their leading order, and that a has critical regularity. Exactly as in [12], this may be overcome
by splitting a into some (smooth) low-frequency part Sua, and small high-frequency part
(Id — S,,)a, treated as a remainder source term. The parameter m € Z has to be adjusted
conveniently according to the decay of the high frequencies of the initial dataa®. As presenting
the whole proof would be a bit lengthy, and does not require any new idea compared to the
barotropic case, we skip the details.

The rest of this section is devoted to the global existence statement of Theorem 2.3. The
key is the proof of the global a priori estimates (29) and (30) for smooth solutions to (25).
As those estimates are uniquely based on energy arguments, Friedrichs method (used in,

@ Springer



Existence of strong solutions with critical regularity to a. . . 139

e.g., Chap. 10 of [1] in the nonradiative case) allows to construct a sequence of approximate
smooth solutions satisfying exactly the same estimates.

The proof of global a priori estimates for a smooth enough solution (a, i, ®, jo, fl) to
System (25) relies on Proposition 4.1 with s = 5" = % — 1, ¥ = ii, and source terms’

F:=T;-Va—u-Va— adivi,

> W o 1 . - . -
G =T; - Vu—u-Vu+ r(le(ZuDu) + V(idivu) — Au)
a

my(1+a) /(1 +a)
1 —07 -1+ Ty
+ (o (1) + () = (1 +©) = ——=)Va
771(1“!‘”) 0q + 05 a i
)— ———)Ve — ,
+(7T1() l+a ) ( n )(l—l—a)]l
R 1 1 _
H = —ii - VO + ——div((c—)VO) + (w1 (1) — (1+®)M)dwu
14+a a
1 o,+05.- . a , .
— -C ®—
n( 1+a ) u Oa 1+a (g .10)
+ #(mpﬁ : Dii + A(divii)?)
l+a‘ = = ’
Jo:=0 and Jy:=C(oy —0,)]i.
Denoting
X(0) = @ )OI gy + 1Oy +1OON 4 + G jo DON 51
21 21 21 21

t
/0(||<a O o FON 0+ 1l + . O , )dr

BZl

+C/ (W7l 30+ Dol 5 +||JO||hﬂ,|+||®||hn L) dr,

21 21 21
we get

t
X(1) £ X(0)+ ||V14||L°°de+/ (Moll -1+ 111 5-1) dv
21

2.1

+/ |(F—=T;-Va,G — T; - Vii, H)| -
0 B21

t
+/0 (||F||2n +1G|" 3 1+||H|| g ) dz. (108)

2.1 BZl 21

Note that ||Vii|| e < |Ju] B%H . Therefore in order to close the estimates globally for small
2.1
X (0) (that is small data), it suffices to bound the last three integrals in (108) by CX 2(1). For

that, we shall use repeatedly the fact that

lall g +lall g ~ llall g1 oo and 101y +1O1 g, ~ 101 52 ;5. (109)
Bz 1 22] 2 1 mBZ,I 2 1 2 1 BZ 1 BZ,I
Another useful property is that, owing to interpolation and Holder inequality,
lla || " S X@). (110)
21

7 To simplify the presentation, we assume that Ma = Pr = Re = £ = Lg = 1.
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We shall finally assume that
llall oo g+ xrry 1s small enough, (111)

aproperty that will be used implicitly whenever composition estimates are applied. Of course,

Lo (BZ%I)

tion (111) may be justified a posteriori.

as we will get eventually that ||a|| is small, and as 1927 | isembedded in L>°, Assump-

Step 1. Esnmatesfor F and F — T* Va Because F — Tj; - Va = —u - Va — adivu and the
product maps B2 | X 82 1 "in 32 1 , we readily have

\F—T;- Vall 11 S IIMII 2 IIVaII
21 21 .1
Similarly, Lemma 7.2 implies that
IFI g S Nl gallall g
21 2,1 2,1
Therefore for all t > 0,
! 2
/(IIF T; - Vall* . L HIE n)df<X (). (112)
0 21 BZI

Step 2. Estimates for Gand G — T; - Vu Arguing as for F, we get

lli - Vii — Tj; - Vi, 7-1+||M VMll 1 S )

3
2| 21 B}

Next, we observe that

1 - RN | B - .
T a div (uDu) — pdivDu = T adlv ((u — ﬁ)Du) — laﬁﬁdlvDu

and a similar equality for ﬁ V(Adivi) — AVdivii. Hence combining Lemmas 7.3 and 7.4
yields

| 55 (divuDi) + V (divid) — Ai)| g1 S (1+||a|| %l)nan g IVl g -

2,1 2 1 2 1
The terms of G involving the pressure may be written
m(a)Va + m3(a)®Va + w4(a)VO with m5(0) = 74(0) = 0.
Combining Lemma 7.4 and product estimates, we get

Im2(@)Vall 31 < llall 5 1Vall ..
1

n
7
2 1 2,

21

For the other two terms, we decompose ® into O + O s0 as to write that

m3(a)®Va = 7r3(a)®KVa + 713(a)®hVa and m4(a)VO = 7r4(a)V®[ + 7r4(a)V®h.
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We thus get
(@)OV - (1+ )(@)K g\ IV 3
I3 @OVal gy S\l gny )O3 19l
IO, 3194l (B‘))
2.1 t 2,1
ve! + g VO a
VO gy +hall g1 IV gy

||774(a)V®|| < lall
(BZ 1 ) Lt2 (BZ 1)
The last term of G reads 5 (a)fl for some smooth function 75 vanishing at 0. Hence we just

have

4

7w (@) 1 (
L, BZI

Shal g aNIil g
) L; (321) L (321 )

So finally, putting together all the inequalities of this step, we conclude that for all t > 0
Vall 5o+ 1G] 5 ) dr £ X°). (113)

1 -
[
0 2 1 2 1
Step 3. Estimates for H According to (109), it suffices to bound H in L! (R+; B; ;l + B; ;2)
Now decomposing ® in ®¢ + ©" | and using product laws in Besov spaces, we get if n > 3,
" ||V®@|| a VO ).
£y IV sty F IV )

lli - V®|| ||u||
(321 +le ) (B

Next, using Lemma 7.4,
I div(k =) VO /.0 Sla || o (||V®Z|| i+ (VO )
Tta ( ) L (327.1 l"‘321 ) Ly ( Zjl) L{(B;)) L] (321 )

The term involving the pressure may be written
(m(l) o @)M)dmi = (n6(a) + mr(a) ©)divii with 74(0) =0
a

Now we have
Ims(@dividll |, g S llall g IAVEL, gy
LiB L2B) L2(82 )
Im@edivill | g oy S (lall on)ldividl  ons 1O o+ aiy)).
(321 +B7, ) ( L?O(Bzz.l)) er(Bfl )( er(Bzf.l) er(sz.l ))

The next term reads g (a)fl - it with 7rg a smooth function of a. We thus get
s (@) ji - i 1+ IIaII [l |I Il

L (3271 ) s Ly (87 )) (321) L2(321 )

The last but one term reads Cmrg(a) ( Jjo—o @) for some function 79 vanishing at 0. To bound

it, it is crucial to exploit the fact that {é and ©" satisfy fast decay properties. More precisely,

remembering the definition of ¢y, we have the decomposition
ng/ Y
divu® )-

Cro(a)(jo — &' ®) = 7'[9(61)( (& +jy —a'O")
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Now we have

2,1 2,1

Climo(a)(¢5 + j{;)u” (BZ) < C(nzonL () + ||J'0||’;| (3}_;‘)”“”4&(%.) < X2,

h u < h u < 2
Climg(a)® ”L}(BTz) S C||®||L1(,%,2)||a||L?O(Bj) S X4,

2.1 o\ By

»

2
2 By

ll7ro (@)divii* I, (BL ) < IIaIIL ( )IIleMII (2 1) < X2@).
1
Finally,

(244D = Dt 1@NE) 32 (14 Nl g ) IVl g
B2

2.1 By B7

1
(Fewr I+a
Combining all the above inequalities, we conclude that for all t € R,

/||H|| 21 e dr S X0, (114)
BZI 2,1

Step 4. Estimates for fl Because fl has the same form as the last term of 6, it may be
bounded exactly as in the second step:

/||11|| Ldr el (55 el (.g)SXQ(f)- (115)
2,1 )‘ 21

Step 5. Conclusion Plugging inequalities (112), (113), (114) and (115) in (108), we get for a
constant C depending only on the coefficients of the system, and for all ¢ € RT,

X(1) < C(X0) + X)),

which allows to close the estimates for all time, if X (0) is small enough.

For the sake of completeness, we here sketch the proof of Corollary 2.1 (for more details,
the reader may refer to our recent papers [13,14] where very similar arguments are used to
justify weak convergence in different asymptotics). One can argue as follows:

1. The uniform estimate provided by (29) ensures that, up to extraction, we have
(@, i, 0°, j§, jf) = (@, i, ©, jo, j1)

for the weak * topology associated to the space E 5-1 Standard (omitted) arguments

.. . > .7 -1 n_
ensure that the limit solution (a, i, ©, jo, j1) belongs to the superspace E;;  of E 3 1,
where strong time continuity has been replaced by weak continuity.

2. Inequality (30) ensures that ff — 0inL! (R+; Bg;l) . From the last equation of (25),

we thus gather that V jo = 0. Because jj is in L™ (R+; Bf 1_1) and thus tends weakly

to O at infinity, we conclude that jo = 0.
3. Inequality (30) also implies that ®} = 0 and that f(f, . — 0. As j(‘; = 0and

. aya’
Layoa(1+ Prola))

Z0.e = Jjoo — &' Op — divii® — jo —a'®,
this implies that ©¢ = 0. We thus have © = 0.
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4. What we proved hitherto already ensures that the last term of the velocity equation of

(25) goes (strongly) to 0 in L' (R+; B;;l) To pass to the limit in the other terms of the
first two equations of (25), we need some compactness. The easiest way to achieve it, is
to bound 9;a® and 9,u4° in some suitable space. Taking advantage of the equations for a®
and u®, of the uniform bounds provided by (29) and of produgt laws in Besov spaces, one
can show that (9;a®) and (9,u¢) are bounded in lem_ (R+; Bf;l) and lem, (R+; sz ;2),
respectively. Using compact embedding in Besov spaces, one can conclude to strong
convergence results in good enough norms so as to pass to the limit in all the nonlinear
terms. Consequently, (a, 1) satisfies (32).

5. Because (32) admits a unique solution in the space given by Corollary 2.1 (up to
replacing strong continuity by weak continuity), (a, #) is uniquely determined, and
thus strongly continuous in time. We conclude that all limits of subsequences_of
(a®,u®, %, j§, j7) are the same. Hence the whole family converges to (a, ii, 0, 0, 0).

6 Local existence for general large data

Given some reference constant positive temperature ¢, we want to establish the local well

posedness of the following system governing the evolution of o, U, ®:=9-9, jo:=Ilp—b(?)

and ji :=1I:

9,0 + div(ou) =0,

0(84ii + @i - Vii) + Vp — div2uDii + Adivii 1d) = (
n

C0(8:0 +ii - VO) — div(k V®) = 2uDii : Dii + A(divii)?

. . - Oq +05\> .
— 99y p divii + 0a(jo + @) — b(®)) + (%)]1 . (116)

Oq + 05\ =
)i

o1 - o
B jo + —divji = 0u(b(®) — b(®) — jo).
dj1 + Vo + (04 + o) ji = 0.

Recall that the pressure function is given by (9). Here in contrast with the previous section,
all the coefficients are allowed to depend (smoothly) on both o and ¥ provided the positivity
condition (22) is fulfilled, and the distribution function b may be anything (if smooth of
course).

The rest of this section is devoted to the proof of Theorem 2.1. Given that a lot of regularity
is available, proving uniqueness is not a big issue, and is thus skipped. As regards the proof
of local existence, it may be worked out from the a priori estimates for (116) that we shall
derive below (use, e.g., a Friedrichs scheme, or an iterative method based on a linearization
of the system). Those estimates will be obtained by combining results on /inear equations
(see the three propositions just below) and nonlinear inequalities stated in the Appendix.

More precisely, estimating the density will rely on the following proposition (see, e.g.,
Th. 3.14 in [1]):

Proposition 6.1 Let a satisfy the transport equation
0a+7-Va=f.
Then for any s € (—%, % + 1] there exists a constant C so that for all t > 0,

C [y IVE]l n dr dr’

r ¢ =CIIVA g
la)ligy, < e el + | e 2@y, dr)-
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The estimates for the velocity and temperature equations will be based on the following

statement that has been proved in [11] for homogeneous Besov norms®.

Proposition 6.2 Let —5 < s < 5 andu : [0, T] x R" — R satisfying
du —adiv(bVu) = £, ulimo = u®

for some functions a and b such that

= inf (ab)(t,x) > 0.
(1,x)€[0, T] xR

Then there exist k = k(s,n) and C = C(s, n) such that for all t € [0, T],
t t
o +m/0 lul g2 de < 1l +/0 1/ llag, de

t
+C [ (aa19a.avbI  )lulsg, d.
0 |

2,1
Similarly, if v : [0, T] x R" — R" satisfies
80 — 2adiv(uD?v) — bV(AdivD) = g,  T|j—o = 1°

with

= min ( inf  (ap)(t, x),inf(Qap + br)(z, x)) >0
(t,x)€[0,TTxR" t,x

then there exist k = k (s, n) and C = C(s, n) such that
t 0 t
- ) S — 1300 s T
1503, +m/0 151l g2 dv < 15°1 3, +/0 12115, d

t
+C/ (¢ + o MuVa,avp, Wb,bvw% )15l 55, dr.
) :

2,1

Finally, the radiative modes jp and fl will be handled thanks to the obvious following result,
in the spirit of [12], page 189:

Proposition 6.3 Let (jo, j1) : [0, T] x R" — R x R" satisfy
[ atj_"() + %diVj_:l = Jo,
91+ Vjo=Ji.
Then for any s € Randt € [0, T], we have

t -
w160 70

In the rest of this section, we concentrate on the proof of a priori estimates for a smooth
solution (g, i, ©, jo, j1) to (116), on [0, T] x R". We assume in addition that o(¢, x) and
¥ (t, x) are bounded by above and from below for all (¢, x) in [0, T] x R":

[Go: i ® ]l g, < [Go. DO 5y, AT

0<Jos<olt,x) <2* <00 117)
and 0 < 39, <9(f,x) <20* < o0. (118)

8 Adaptation to nonhomogeneous norms is straightforward, it is only a matter of proving separately an L2
inequality for the low-frequency block A_qii.
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Step 1. Estimates for the density Because
(0 +ii - V)oT! £ o*divii = 0,

we readily have
t A
o= (1) oo < o Vil dry ot gy (119)

This implies that (117) if fulfilled if
0+ <00 < 0" (120)

and we have some control on divii in L! (0, T; L®).
Next, differentiating the above equation with respect to the space variable yields

(0 +ii - V)VoT! + Vii - Vot + Votldivii + o*' Vdivii = 0.
Hence using the fact that BZl is an algebra, that (see Lemma 7.3)

llo™! Vdivii| <||Qi1||L°°||Vd1VM|| 5+ [divid || | Vo™

2 1

3 50
B2, By

and Proposition 6.1, we obtain

||in1(t>|| CU(’)(IIVQil(O)II s+ Cllo®! || /O *CU<’>||deu|| 3 dr)
21

21 21
with U (0) == [ IVl 3 dr
2,1

So assuming from now on that

T
CU(T) <log2 and c/ IVdival) 5 dr <2,
0

2]
we get forall r € [0, T],
Vo™ @1l 3 = A7 =2(1Ve* Ol 5 +2l™"llLx). (121)
B

21 2,1

In what follows, we shall denote Ag := max (A, Aar ).
Step 2. Estimates for the radiative functions From Proposition 6.3, we have (omitting 1/./n
for notational simplicity):

1o, i@ 5 S 1Go. DO

21

/ loa (b(®) = b) = jo)l 5 d7 + / I(0a + o)1 g4 A

The first term of the r.h.s. may be bounded according to Lemmas 7.3 and 7.4:

loa(®(®) = b() = o)l
_b21 _
Sloallz=1b() = @) = jol s +16(®) = b(B) = joll s [Voull s

2,1 2 21

(IIOII 2+ [ljoll ”)(1+||VQ|| 5+ VOl 4 1)

21 21 21 21
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A similar inequality may be proved for the last term of the r.h.s. of (122). Using (121), we
thus end up with

t
1Go- SO 3 < 1Go. jDO)]] g /0 (Ao+ el %)II((9 jo vl 53 4T
21

n
2
2

and thus, denoting J (¢) := || (jo, j])(l)” 1 and using Gronwall Lemma,
2 1

C [y (Ao+1O] n)de 1
J@) <e B2 (J(0)+c/ (A0+||®|| %)||®|| " dr) (123)
0 21

Step 3. Estimates for the velocity field Fix some positive real number g, and set /1 := (0, D)
and 1 := A(@, ). Let iy be the solution to the following constant coefficients Lamé system:

diip — Alip =0,  dpli—o =1o with A=A+ (A + i) Vdiv.
The fluctuation i g :=u — uy, fulfills
- L - - o "
OfUp — *le(zl,LDMF + )\leMFId) = gF, Urli—o =0,
Q

with
+ o

-1 - ivii Aii
M)h + 2 diveuDuy + Adivig 1d) — Auy.
4

- |
gF:=—u'Vu—pr+(
0 ne

Applying the second part of Proposition 6.2 yields for some C = C(ps, 0, A, i, n),

12
Xiip (1) < CeXp(C/O (1+1uve ™ ave™ o7 vy, Q‘lwnB dr)/ Igrll 5 d
2.1 B3

(124)
where we have used the notation

X 0=zl 3 +/ llzll g+zdr

From Lemmas 7.3 and 7.4, we gather that

I1ve™ 5 S Ieli<i Ve |

1

+ ||g—1||Loo||wn

3
BZ 2[

»

< Ao (1 +1Ve. VOl 4 ) < Ao (Ao +IVel 4 ) :
2,1

2 1
A similar bound holds for the other terms of the exponential in (124). Let us now bound the

n
terms of gr. First, because 3221 is an algebra, we have

i - Vull 2 <IIMII g IVl

no,
7
21 21 2

1

Next, using Lemmas 7.3 and 7.4, Inequality (121) and the expression of p in (9),
lo™'Vpll 5 < Ao (1 +hel )
BZ,] 2 1
Likewise, we get

TR §<1+A0+||O|| n)lljlllBg
2

3
BZ, 2[
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and
le™'div(uDup)ll n S o™iz luDipll g + luDiplr=lVe Il 4
B B
2,1 2,1 2,1
S lullzee I ViL | g+1+nwLuLoo(nwn 1+l Ve Z)
B B B
2,1 | 2,1 2,1
S VALl g +1ViLl 4 (Ve Vo™, VOl 4 .
B B?

2,1 2,1 2,1
A similar inequality may be proved for o~ !V (Adivii; ) and we end up, by virtue of (121),
with

lo™"div(2uDiiy + Adiviiy 1d)| IIVMLII s+ IViL | o3 (Ao + Vel 5} ) .
.1 2.1

5~
BZl 21

Putting all the above inequalities together, we conclude that

Ct(1+A3+ [y HV@HZ% dr)
X;, (t) < Ce e (sz%(z) + (Ao + DtJ (1)

+(Xo ) + Agvt) (Wil + Ao+ J (1) + || ViiL | 2} )) + Vi L|| gﬂ))
2,

1 2 1

(125)

Step 4. Estimates for the temperature Let k 1= K(CQ )

constant coefficient heat equation:

and ®p, be the solution to the following

0,0, —kAO®, =0,  Orl=0 = uo.
The fluctuation Of := 0 — O, fulfills

1
0,0p — C div(kVOFp) =hp, Opli= =0,

v

with

hp :=—u-V0O +

- - . 1
(Z,LLDM : Du + A(dlvu)z) — —ﬂl(g) 9 d
Cyo C, o

Oa . 3 0q +05) 7 . _
+ 2% (o +b@) — by + Z 5 —kAOL.
Cyo Cyo
The maximum principle guarantees that 9, < ¢ + @, < 0 if
Uy < g < 0. (126)

Therefore remembering that B 21 L®°, to ensure that (118) is fulfilled, it suffices to

establish that sup, <o 7 ||®F(t)|| 1 is small enough.
2 1

Now applying the first part of Proposition 6.2 yields

t
X@F(t)§Cexp(C/(l+||(KVQ_1,Q_1VK)|| df)/ hrl 5 dr.  (127)

2,1

As in the previous step, we have

IxVo™ 07" Vi) (A0+ Ivel g)Ao-
2.1

3~
By
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n n
So we now have to bound /4 g in B22 |- Because B22l is an algebra, we have

llu - V®I| 1 <IIuII 1 VO RE
B}, B}, B;,
Lemmas 7.3 and 7.4 ensure that
lo~'uDii : DMII S llo™ mllz= Vi ® Vid| 3 + IV ® Vi W|||V(Q_1M)|| 3
21 21 21 21

S IIVﬁllBg (IIVMII 3 + Ve, V®)|I 4 IIVMII ,,)

1 2 1
Similarly, we have
+||leLtH ,_1IIV(Q 1771(9)19) | a

By B
| 2 )IIleMII [
By,

o™ 'm(Q)ﬁdlvull ”<||971”1(Q)19||L°°||dlvu|‘
2]

<IIdIVMH +(Ao+||VO
lo™"oujoll gS(l—FII(VQ,VO)H ”1)||]o|| 2
lo™tou(b(®) — b)) gS,IIQ_anIILme(ﬁ) b(l?)ll +IIb(ﬁ)—b(ﬁ)lleIIV(Q_laa)ll 4o

By, By,
<||®|| 3 A+1(Ve, VOl Ln)

7 L1

lle™ (o + 03)ji - MII 1 S+ [[(Ve, VO | ”1)||]1|| 2 il sl

2] 2,1 2

“’ Pz

Finally, arguing exactly as for the corresponding term in g, we get

lo™"div(xVOL)| SIVOLI g0 +IVOLI 4 (Ao +IVel 4 ) :
2] 2,1

By By,
Putting together all the previous inequalities, we conclude that

C(AZ+ D+ ||V(-)||2% do)
Xeop(t) <Ce £l (IIV®LII2 n HIVOL]

12(54,) n)

2 2 2 - n
FX2 4 XD+ AgIXE + X; (qu VL s 1)) (X@F +verl (BEI))

Ag

+ (Wt +tXe + Ao X; + (1 + Ag + Xo)(Xe + J(1 + Xi))

+V1A0IVOL , n ) (128)
L7 (B;)
Step 5. Closure of the estimates Let T* < T be the largest time for which
J@ <2068 DN g . Xa@) <208 5. Xe() <206 5 on [0.7%] (129)
21 2,1 21

and, in addition,

Xip (T*) < ng, X (T*) < ne,
Vi < e, Vi 1 < e,

Lh.(8 221“> 12, (B2) (130)
IVOLl | gy <E,  IVOLl | 3 <&

LA 12.(B2)

for suitably small ;, ne, €1, €2, €1 and &, (that will be fixed hereafter). Note that the time
o . . - B8
continuity properties of the solution and the fact that Vi, VO € L }Uc (RT; Bﬁ 1+ ) and that

Vi, VO, € le (RT; le) ensures that 7* > 0, as well as (117) and (118) if the data
fulfill (120) and (126).
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Therefore from Inequality (123) we deduce that for all ¢ € [0, T™*],

C(Apt+2v1110°] )
J(t) < s (19, 70 2C1(Ag +2/|©° e° :
0 =<e 18 T3 +2Ct (A0 +216°) 3)116°I 5

2,1 2,1 2,1

Hence J (1) < 2[1(j], f{’)nB% on [0, T*] whenever (say)
2,1

C| AoT* +2vT*|0° » ) <log3 and 6CT*| Ag+210°| » )OO »
By, By, By,

= 10 N g - (131)
2,1

Next, if we assume in addition that

T*
((A%)Jr 1 T* + / ||V(~)||2% dt) is small enough (132)
0 B

2,1
then Inequality (125) implies that on [0, T*], we have

X () < 4C(VANZP 4 + (100l

2.1

+ VIR WHNGE DI 5 +Ao+D+e2)+e1)-

(133)

n n
2 2
2,1 2,1

And finally, from (128), we infer that

Xi, +2)Xo, +22)

2
BZ.I

Xo, (1) < 4C (X3, + AoVl 4 + i)

n
2
2,1

+ V@0l s (14180l 5 +V1Ag) +1(1+ Ao+ 118°] 5)(10°]| 4
BZ.I BZ.I B2.1 BZ.I

.0 70 -0
+ s n (14 n
||(Jo Jl)”37 ( [lu ”322,1))

2,1

+ AR + B + X3, + ViAo )- (134)

To conclude, it suffices to notice that for given n; > 0, then after taking ¢; and &, small

enough, Inequality (133) will guarantee that X, < n; on a small time interval the length

of which may be bounded by below in terms of n; and of the norms of the data. Let us

underscore that imposing the values of & and &, may be converted into a (not so explicit)

smallness condition 7*, through the whole function .

Similarly, taking €; and &, small enough, (134) will imply that Xg, < ne on some time
interval depending only on the data.

To complete the proof of a priori estimates, we still have to check that (129) and (132)
are indeed fulfilled if 7, n; and ne have been chosen sufficiently small. Given that X; <
Xay + X Xo < Xoy, + Xop X, (1) < (140 5 and Xo, () < (14+0)[6°]

% s
2.1 2.1

Inequality (129) is fulfilled if 7 is small enough and

=< 1” ” =< 1” ”
Nu u » and n C] no.,
u = B 22 0= P 5

N

Finally, we have

t
[ 1ok, ar < 2% + 203,

2,1
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hence (132) is fulfilled if z, 2> and ne have been chosen small enough. Therefore there exists
a positive time 7* that may be computed in terms of the norms of the data, and of the free
solutions i and © so that (129) is fulfilled on [0, T*]. This completes the proof of a priori
estimates in the case of large data and general coefficients.

7 Besov spaces and Littlewood—Paley decomposition

Here we shortly recall the definition of Besov spaces, paraproduct, and a few nonlinear
estimates that have been used extensively in the paper. The reader will find more material in
the textbooks [1] and [27].

Let x : R" — [0, 1] be a smooth nonincreasing radial function supported in B(0, 1) with,
additionally, x = 1on B(0, 1/2).Letp(§) := x (§/2)—x (&§). We define the nonhomogeneous
Littlewood-Paley decomposition by setting

A_u:=x(D)u = F " (xFu) and Awu:=9QR*Dyu =F Q@ )Fu) if k> 0.
Note that by construction,
X+ 9@ % )=1 inR",
k>0
and thus
> Ay =1d holds in S'(R").
k>—1
Likewise, we define the homogeneous Littlewood-Paley decomposition by
Avu =9 *Dyu = F (@27 *)Fu) forall k € Z.

Because

> e@7*&) =1 ifandonlyif & # 0,

keZ
in contrast with its nonhomogeneous counterpart, we only have

Z Ar=1d in ' (R") modulo polynomials.
keZ

Definition 7.1 For s € R we set
) sk ) sk A
lullpy, == D" 2% Akull 2 and flull g = D" 2% | Agull 2.
k>=—1 ' kez
The nonhomogeneous Besov space B; ;| = B3 |(R") is the set of tempered distributions u
so that ||u|| By, < 0, while the homogeneous Besov space Bé = Bé | (R™) is the set of

tempered distributions u so that ||u|| By, <00 and, in addition®

lim O(AD)u =0 in L™

A—+00

for some test function 8 with 6(0) # 0.

9 That latter condition ensures that u = > jez A juin &' (R™).
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As in [5,7,12], working with different Besov norms for low and high frequencies is the key
to the proof of global results. This motivates our introducing the notation

lully o= D0 2% NAkulize and fuly = 37 2N Al (135)
T k<o S

where ko € Z is a fixed integer depending only on the coefficients of System (25).
Likewise, we shall use the notation

ubi= D" A and u":= " A (136)
k=<ko k>ko
The paraproduct between two tempered distributions # and v is defined by
T,v:= ZS‘k_luAkv with  Sp_1 :=X(2k_1D).
k
For sufficiently smooth functions (or distributions) the following Bony decomposition holds
true:
uv = T,v + R(u, v) + Tyu,
where the remainder operator is defined by
R(u,v):= Z Aku (Ak_lv + Akv + Ak_Hv).
k

The paraproduct and remainder operators are continuous in a number of classical functional
spaces. In the present paper, we need the following result:

Lemma 7.2 Let s and t be two real numbers.

o Ift <n/2thenT: Bé,l X Bé,l — ngl_i
e If0<s+t<nthenR: Bé,l X Bél — B;jt_j

The following product laws in Besov spaces (or their homogeneous analogue) have been
used a number of times in the paper.

Lemma 7.3 Ifs,t > O then
laulgy, < lallzlullgy, + el gz 1Vallgyree

where ||ul| g1 = sup=_ 27K Agul| g
Moreover

laullas, < lallzs sy, + lull > Vall gy
and, for j =1,...,n,
lad;vllay, < lall=d;vls;, + lvll<lVall s,
Proof Use Bony’s decomposition
au = T,u + R(a,u) + T,a,

and the fact that, as in the paraproduct 7,,a the low frequencies of a are not involved, one
may replace ||a|| B§H with ||Val| By (see Remark 2.83 in [1]). The last inequality stems

from the first one with r = 1, once noticed that 0jvllg-1 < llvlle (a consequence of
00,00
Bernstein inequality).
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Lemma 7.4 Lets > 0. Let F : R — R be a smooth function vanishing at 0. Then we have

IF@lsy, = Clallo)llaligy, and [V(F (@)l = Cllallz=)Val g1

More generally, if G : R — R is a smooth function vanishing at O then
1G(@. O)lsy, < Clllallz=. 10]) (@, 0)ll s
and

IV(G@ )l gy = Clllallzs, 16]12)]|(Va, VOl 1.

The statements with no gradient are completely standard (see, e.g., [27], Chap. 5). The first
refined inequality with a gradient may be found in [10], Prop. 4. Its extension to two variables
is not a big deal.
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