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Abstract We derive, by means of I'-convergence, the equations of homogenized bending
rod starting from 3D nonlinear elasticity equations. The main assumption is that the energy
behaves like 1 (after dividing by 42, the order of vanishing volume), where  is the thickness
of the body. We do not presuppose any kind of periodicity and work in the general framework.
The result shows that, on a subsequence, we always obtain the equations of the same type as
in bending—torsion rod theory and identifies, in an abstract formulation, the limiting quadratic
form connected with that model. This result is the generalization of periodic homogenization
of bending—torsion rod theory already present in the literature.
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1 Introduction

This paper deals with the derivation of homogenized bending—torsion theory for rods, starting
from 3D nonlinear elasticity by means of I"-convergence. The main novelty is that we do not
presuppose any kind of periodicity, but work in a general framework.

There is vast literature on deriving rod, plate and shell equations from 3D elasticity. The
first work in deriving lower-dimensional models by I"-convergence techniques was [1], where
the authors derived the string model. It was well known that the obtained models depend on
the relation of the external loads (i.e., the energy) with respect to the thickness of the body /.
The first rigorous derivation of higher-order models was done in [8,9] for the case of bending
and von Kdrmén plate. The key mathematical ingredient in these cases was the theorem on
geometric rigidity.

After these pioneering works, there were many papers devoted to the rigorous derivation
of lower-dimensional models from 3D elasticity by means of I"-convergence. We mention
only those works that refer to the derivation of rod theories.

In [17], the authors derived the bending—torsion rod theory by assuming that the stored
energy density functionis fixed, i.e., that there are no oscillations of the material. As customary
to derivations of bending theories, they assume that the energy is of the order 42, where £ is
the thickness of the body (after division with the order of vanishing volume, which is h?).
In [18] the authors derived the rod model in the so-called von Kdrman regime, where the
order of energy was assumed to be h*. In [19] the authors analyzed the stationary points
(i.e., the equations) in the case of bending rod and show that the limit equation is the one
corresponding to the limit energy obtained by I'-convergence. However, due to nonlinearity,
it is not generally true that the global minimizers of 3D problem (even if we have their
existence) satisty the Euler—Lagrange equations from which they start the derivation (see
[7,20] for details). We emphasize the fact that the techniques used here can also be adapted
to the approach in [19].

It is important to notice that, although the bending theory is small strain theory, defor-
mations are large, in contrast to von Karman theory, where the limit deformation is a rigid
deformation and the energy depends on the correctors. Thus, we can say that bending theory
carries more nonlinearity. We also mention the work [24], where the author gave the full
asymptotic (higher-order) theory for curved rods.

This paper deals with the effects of simultaneous homogenization and dimensional reduc-
tion. There is vast literature on the effects of simultaneous homogenization and dimensional
reduction on limit equations, in different context. In [11], the authors study these effects for a
linear elasticity system without periodicity assumption, adapting H -convergence to dimen-
sional reduction. In [4], the authors study the same effects for nonlinear systems (membrane
plate) by means of I'-convergence, also without periodicity assumptions. In [6], the authors
study nonlinear monotone operators in the context of simultaneous homogenization and
dimensional reduction in a general framework. Much earlier, in [15], the authors study the
same effects in the case of a linearized rod model, where it was assumed that the rod is
homogeneous along its central line, but the microstructure is given in the cross section. We
also mention the work of Arrieta on the Laplace equation and thin domains with oscillatory
boundaries (see, e.g., [3]). Finally we emphasize the work [21], where the author presented the
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systematic approach which consisted in combining the techniques from [8,9] and two-scale
convergence methods [2] to obtain the model of homogenized bending rod.

Recently, the techniques from [8,9] were combined with two-scale convergence to obtain
the models of homogenized von Kérmén plate (see [23,26]), homogenized von Kdrman shell
(see [14]) and homogenized bending plate (see [13,27]). Most of these models were derived
under the assumption of periodic oscillations of material, where it was assumed that the
material oscillates on the scale e(h), while the thickness of the body is 4. The obtained
models depend on the parameter y = limj_,¢ s(hT) In the case of the von Kdrmén plate, the
situation when y = 0 corresponds to the case in which dimensional reduction is dominated
and the obtained model is the model of homogenized von Kdrman plate and can be obtained
as the limit case when y — 0. Analogously, the situation when y = oo corresponds to the
case when homogenization dominates and can again be obtained as the limit when y — oo;
this is the model of the von Kdrman plate, obtained starting from homogenized energy. In
the case of the von Karman shell and the bending plate, the situation y = 0 was more subtle
and the derived models depend on the further assumption of the relation between e (k) and
h. We obtained different models for the cases e(n)> < h < e(h) and h ~ &)’

In this paper, we derive the bending—torsion rod model by simultaneous homogenization
and dimensional reduction without any periodicity assumption. This is a generalization of the
work [21], where the author derived the bending—torsion rod theory via two-scale convergence
techniques, assuming that the material oscillates periodically along the central line of the
rod. Our result can be interpreted as a form of a stability result: We obtain the same type of
equations starting with any kind of oscillating or non-oscillating material, and the oscillations
can happen in any direction (even in the cross section). Moreover, we derive an abstract
variational formula for the limit energy density which covers all the possible cases and can
also be used to obtain all the regimes in the periodic case. We use slight variations of standard
I"'-convergence techniques for homogenization, adapted to the special case of dimensional
reduction for higher-order models in elasticity. This approach has already been used in [25] to
derive the model of the von Kdrmén plate via simultaneous homogenization and dimensional
reduction techniques. Let us emphasize the fact that this kind of stability result is not expected
to be valid in the case of the bending plate or even the von Karman shell due to more complex
phenomenology in the periodic case as explained above (see also the explanations in [27]
and the model obtained in [22]).

The main results in this paper are given in Theorem 2.13 and Theorem 2.14, where the
“lower bound” and the “upper bound” are proven, respectively. Together with Lemma 2.6
and Lemma 2.10 they imply standard I"-compactness results, because these lemmas imply
that the Assumption 2.11 is valid on a subsequence. We prove that, on a subsequence, the
limit energy density is a quadratic form in the strain of the limit deformation. The limit
deformation and the strain itself are standard ones for the case of the bending rod.

1.1 Notation

By B(x, r) we denote the open ball of radius » > 0 around x € R” in Euclidean norm;
for x € R, by |x] we denote the greatest integer less or equal to x;

e1, e, e3 denotes the canonical basis in R3:

Vj is the scaled gradient V), = (3, 92, 1 93);

M™*" is the space of matrices with m rows and n columns, while M" is the space of
quadratic matrices of order n. M, denotes the space of symmetric matrices of order n,
while M, = denotes the space of skew symmetric matrices of order 7;
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1058 M. Marohni¢, I. Velcié

e for A € M" by sym A we denote the symmetric part of A; sym A = %(A + A"), while
by skw A we denote the skew symmetric part of A; skw A = %(A — A,

e for A, B € M" by A - B we denote the scalar product tr(AB);

e ¢ :R? — M? is the natural inclusion

3
m) =Y mie; @ ei;
i=1

e we denote the projection of R3 on the xyx3 -plane by d,,, d,(x) = (0, x2, x3)";

e if O C R” open, by W7 (0; M) we denote the subset of Sobolev space of functions
taking values in M C R™ for a.e. x € O. It is easy to see if M is a subspace of R"”
then WhP(0O; M) is a subspace of WLP(O; R™). If M is closed subset of R™, then
WLP(0; M) is a closed subset of W!-7(0; R™) in weak and strong topology;

e for § C R", by xs we denote the characteristic function of S; s : R* — {0, 1};

e by |S| we denote the Lebesgue measure of S;

e when writing sequences (%,,), (W") etc., we usually omit the subscripts denoting where
there the indexes live (n € N, h > 0).

1.2 General framework

Let @ C R? be an open connected set with Lipschitz boundary. We define by Q" = [0, L] x
ho, the reference configuration of a rod-like body with thickness 2. When 4 = 1 we omit
the superscript and write Q = Q'. We may assume that the coordinate axes are chosen such
that

/xz dx, dxs = / x3dxpdxs = / xox3dxpydxs = 0. (1)
w w w

We denote the moments of inertia by u; = fw xi2 dxp dxs fori =2, 3.
For each i > 0, the elastic energy functional on the canonical domain 2 is given by

/ W (x, Viy") dx,
Q

where W' is an elastic energy density function and V;,y" = (8;y", l82))", L, y") is the
scaled gradient of a deformation y” : @ — R3. We will assume that we are in the bending
regime, i.e., that there is a positive constant C independent of 4 such that the energy of a
minimizing sequence (y") satisfies the inequality:

/ Wh(x, Vpy")dx < Ch?. ®)
Q

This assumption can be replaced by the assumption on the scaling of external loads, see [9]
for details. Here we state the standard assumptions on the energy densities W of a composite
material.

Definition 1.1 (Nonlinear material law) Let 1, n> and p be any positive constants such that
n1 < no. The class W(n1, n2, p) consists of all measurable functions W : R3*3 — [0, +00]
that satisfy the following properties:

frame indifference (W1)

W(RF) = W(F) forall FeM>, R eSOQ3);
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non-degeneracy (W2)
W (F) > 5 dist?(F, SO(3)) forall F e M?;
W(F) < madist?(F, SO(3)) forall F e M with dist>(F, SO(3)) < p;

W is minimal at / (W3)
w()=0;
W admits a quadratic expansion at / (W4)

W +G) = 0(G)+0(G>), asG—0, GeM

where Q : M> — Risa quadratic form.

In the following definition, we state our assumptions on the family (W").

Definition 1.2 (Admissible composite material) Let n1, ny and p be positive constants such
that n; < 1,. We say that a family (why

W Q x M? — [0, +o0]
describes an admissible composite material of class W(n1, 12, p) if

(i) foreachh > 0, W" is almost everywhere equal to a Borel function on €2 x M,
(i) Wh(x, ) € W(n1, n2, p) for every h > 0 and almost every x € €,
(iii) there exists a monotone function r : RT™ — (0, +o0], such that r(§) — 0 as§ — 0
and
VG e M?,Vh > 0: esssup |W"(x, I + G) — Q"(x, G)| < r(IG)IG]>,  (3)

XEQ
where Q" (x, -) are quadratic forms defined in (W4).

Notice that Q" inherits the measurability properties of W”, since for each & > 0, it can be
written as the pointwise limit

(x,G) > 0"(x,G) = eliil})gizwh(x,ldﬂc). 4)

Lemma 1.3 Ler (W") be as in Definition 1.2 and let (Q") be the family of the quadratic
forms associated with (W") through the expansion (W4). Then for all h > 0 and almost all
x € Q the map Q" (x, ) is quadratic and satisfies

(01) mlsym G|*> < Q"(x, G) = Q" (x, sym G) < nz|sym G|?, forall G € M?;
(Q2) 10" (x, G1) — Q"(x, G2)| < ma|sym G1 —sym Ga|-|sym Gy +sym Ga|, forall
G, G, € MP.

Proof The property (Q1) is a direct consequence of (W2), while (Q2) follows from (Q1) and
quadraticity. O

1.3 The strategy of the proofs

Here we briefly summarize the main steps of the proof of the lower bound and comment on
the proof of the upper bound. The approach taken here is analogous to the one used by the
second author in [25], where the equations of the von Kdrman plate were derived. However,
for the proof of the upper bound we found a simpler argument in this case.
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1060 M. Marohni¢, I. Velcié

Compactness. We use the rigidity estimate which was proved in [19, Proposition 4.1]
(see Theorem 2.15 in the “Appendix”). For an arbitrary sequence (y"), there is a sequence
of rotations (Rh) C C*™([0, LJ; R3X3) which approximate the scaled gradients Vhyh. We
define the approximate strains by

p o Ryt — 1
== =

Identifying the relaxation field. In the proof of the Theorem 2.13, we show that sym G
is equal to

G

sym ((Ad,) + ae; ® e +sym ¢ ((Ah)’dw) + sym Vv,

limiting part relaxation field

on a large set and up to a term which converges to zero in L. Here A € L*([0, L]; MSkW)
is the limiting strain, a is the limiting variable that additionally appears, and d,, is defined in
the notation paragraph. The relaxation field consists of sequences (A" c L2([0, L]; MSkw)
and (v") c L2($2; R3), which are such that A” — 0 and v" — 0 strongly in L? and (A"Y,
(Vpv') are bounded in L?. To enable the use of the truncation argument, we replace the
above-mentioned relaxation fields with equi-integrable ones (these are well-known results
given in [10] and adapted for the case of dimension reduction in [5]).

Equivalence of the relaxation fields. In Sect. 2.1 by using the modified Griso’s decom-
position ([12]), we proved that the above relaxation field is essentially equivalent to the
relaxation field sym V;y”", where ¢” are such that (sym V,y") is bounded in L? and
(1//{’, hwé’, hlﬁé’) — Oand [ x31p£' — 0 strongly in L? (or I XQlﬁgl — 0 strongly in L?).
Notice also that the relaxation field sym V" is equivalent to the relaxation field V;y",
due to the property (Q1) given above.

Construction of the limit energy density function. Section 2.2 is devoted to the definition
of the limit energy density function. This construction is similar to the one in [25]. The
decomposition of the limiting strain and the relaxation field naturally imposes the definition
of the functional

K(Ad,, + aey, B(R1, 1) x ) = inf{lim inf/ o' (x, L(Adw—l—ae1)+vhwh) dx :
h—=0 JB@E,r) xw
(Wl hyl hylty — Ostrongly in L2(B(%1, r) x ; RY),
/wg — Ostrongly in L2(B(&1, r))}.
w
Then we derive the integral representation of K through the quadratic density
1
0(x1,A,a) = lim —K(Ad, + aey, B(x1,r) X w).
r—02r
The natural candidate for the limit energy density is the function Qg

Qo(x1, A) = min Qo(&1, A, a).
aeR

We finish the proof by invoking the truncation argument to establish the lower bound.
Construction of the recovery sequence. To prove the upper bound, we start from the
representation formula for K given in Lemma 2.8. As in the proof of the lower bound, we use
the equivalence of the relaxation fields to construct the sequences (A”) and (v") appearing
in the decomposition of the limiting strains. It is important to notice that for the proof of the
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upper bound we do not use any kind of additional regularity or higher integrability of the
minimizing sequence (this would be non-trivial, since we have scaled gradients), but only
their equi-integrability.

2 Derivation of the model
2.1 Characterization of relaxation field

As announced in the introduction, here we establish the equivalence of the relaxation field
appearing in the approximating strain. First we recall a result by G.Griso, which is a special
case of [12, Theorem 2.1] (given for general curved rod) obtained by applying it to the straight
rod and by rescaling argument.

Lemma 2.1 Let Q, w, L be as above and 1 < q < +00. There exists a constant C(w) and
a number hy > 0 such that the following holds: For an arbitrary 0 < h < Lho and any
given u € wha (2; R3), there are functions U, and u such that u = U, + u, where u €
wha(Q:; R3) and U, is an elementary displacement, i.e., there exist U € wha(o, L]; R?)
and R € Wh4([0, L]; R3) such that

Ue(x) =U(x1) + R(x1) x (hxzez + hxzez),
and the following estimates hold
il Lo (@:r3y) < C(@)h |lsym th||Lq(Q;R3x3) ) )
||Vhﬁ||Lq(Q;]R3x3) < C(w) |Ilsym Vh”||Lq(gz;R3x3) s (6)

h ”R/”LQ([O.L];]R3) + Hu” Laqo.L)y T ||Z/{§ —Rs3 HL‘I([O,L])
+ ||Z/[§ + RZHL‘]([O,L]) S C(a)) ”Sym V/l”"L‘I(Q;R3><3) . (7)

We slightly alter this claim.

Lemma 2.2 Let 1 < g < +00. There exist a constant C(w) > 0 and a number hg > 0 such
that the following is true: For an arbitrary 0 < h < Lhg and any given u € W4 (Q; R3),
there are a € R3, B € M2, 9o € WH4([0, L]) for @ = 1,2, w € W"4([0, L]) and
z € Wha(Q; R3) such that

—(@1) (x1)x2 — (92)" (x1)x3 + z1(x)
u(x) = a+ B(xy, hxa, hxz)' + Lo1(x1) + wx)xs + z2(x) . ®
7P2(x1) —wx1)x2 + z3(x)

and the following inequalities hold
leillwaqo,Lyy + lo2llwzago, Ly + lwllwiaqo,Lyy < C@)lsym Vaullpqaq.rsy, (9)
1zl La@:r3) + 1Vazllpa@:r3y < C@) I sym Viullpaq:r3)- (10)
Proof We define the functions:

a = U(0), U (0), U3(0)),

0 —R3(0)  R2(0)
B = R3(0) 0 —R10) |,
—R2(0)  R1(0) 0
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1062 M. Marohni¢, I. Vel¢ié

xi
p1(x1) =h (/o Rs(t)dt —X17€3(0)) ,

X1
a(x1) = h (—/0 Ra(t)dt +X1R2(0)) )
w(xy) = —h(Ry(x1) — R1(0)),
z1(x) = Ui (x1) = U (0) + 1 (x),

X1
22(x) = Ur(x1) — U2(0) —/0 Ra(t)dt + u2(x),

X1
() = Us(xy) — U 0) + / Ra(0)dt + T3(x).
0
It is now straightforward to check that (8) holds. Taking into account that ¢,(0) =
(¢2)'(0) = w(0) = 0 and by using the Poincaré inequality and (6), we obtain that
letllwzs + le2llwza + lwlwie < CphlIR e < C(w)|l sym Vyul|La.
By using the same arguments and (5 and 6), we also derive the second estimate

I2lcs + 19eles < Co ([t + 106 = Rs] o + |26+ Ral )
+lilla + 1 VailiLe + IR e < C(@) sym Viullgq - ]

The following corollary gives us the full characterization of sequences with bounded sym-
metrized gradients.

Corollary 2.3 Let 1 < g < 400, C(w) and hq the constants from Lemma 2.2 and let the
sequence " c wha(Q, R3) (for0 < h < Lhg)be such that (|| sym Vul'|| La) is bounded,
(u’l’, hug, huél) converges to zero strongly in L9, and fw x3u]21 (or fw xzug’) converges to
zero strongly in L1. Take the sequences @ c R3, (B ¢ Mgkw, @M c whiQ; R,
(¢l ¢ W>4([0, L; R?), for @ = 1,2, and (w") ¢ W4([0, L]; R?) from Lemma 2.2.
Then:

a. (a{', haé’, haé‘) — 0, hB" - 0, zi’ — 0 strongly in L9, w" — 0 strongly in LY and for
oa=1,2, gog — 0 strongly in W4 as h — 0.
b. For the following decomposition of 7", 7 = 7" + 2" where 7' = fw Z", we have that

zﬁ‘ — 0 strongly in LY and ||Z"||ra < C(w)h| sym Vyu"| L4, for some C(w) > 0.
c. There are sequences (A" c wha(o, L; Mgkw) and (V") ¢ Wh9(Q; R3), such that
A" — 0 and v — 0 strongly in L7 and the following decomposition holds

sym Viu" = sym (A" d,) + sym Vjz" = sym «((A")'d,) + sym V0" + O(h),
where ||O (h)||La < Ch, for some C > 0. Moreover, we have that
1A I + 10" e + V4" [l < C(@)]l sym Vhue"||La. (1n
Proof Since f » 7" = 0 we conclude from the Poincaré inequality that
IZ"lLe < C@hlVaz"lIe < C(@)hll sym Vyu'l|La.

Thus, z* — 0 strongly in L?. After redefining a” and B", we can assume that

L L L L
/Zh:/ zh:/ wh:/ (p22/ xlgagzo, fOI‘O[:l,z. (12)
Q 0 0 0 0
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Integrating the first equation in (8) over w and taking into account the choice of coordinate
axes (1), we conclude that a{’ lo| + Z}l’ — 0 strongly in L4 (w). From this, by integration over
[0, L], we obtain that af’ — 0 and, consequently, zﬁ‘ — 0 strongly in L4(€2). By taking into
account (9) and (10), we obtain that hB{’2 and th’3 are bounded sequences.

‘We multiply the second and third equations of (8) by 2 (x| — %), integrate over €2 and take
the limit as 7 — 0 to obtain that th'2 — O and hB{’3 — 0. Again, multiplying the second
and third equations of (8) with 4 and then integrating over 2 and taking the limit as 4 — 0,
we deduce that ha” — 0 and haé‘ — 0. We also obtain that gag — 0 strongly in W14, since
it is bounded in W=,

We multiply the second equation in (8) by x3 and integrate over w. Using the decomposition
of 7", we conclude that hBél3 +w" — 0 strongly in L9. From this, using (12), it follows that
hBé’3 — Oand w" - 0 strongly in L4. This finishes the proof of (a) and (b).

To prove (c) we take a sequence ph = (pé’, pé’) C C*((0, L); R?) such that

Ip" = @ Z)lee = 0, 11p" lwie < CUES Zllwras 2P lwag = 0,
for some C > 0. The sequence p” can be constructed by mollification of (Zé’, Zé‘) such that
the mollifiers are on a scale r, > h. We define

V=" — (0, ph. pY) + (hxaplt + hxsph. 0,0, O(h) = (—hxa(ph) — hxs(ph))er ® e,

and conclude the proof. o

It is easy to prove the other implication.

Lemma24 Letqg > 1, h > Oandlet A € Whi(Q; M3, ) and v € Wh4(Q; R3). Then
there exists u" € W4 (2 R?) such that

sym Vju = sym (((A'dy)) + sym Vjv.

If, in addition, A = 0 and v = 0 in the neighborhood of {0, L} x w, then u" = 0 in
a neighborhood of {0} x w and u" is constant in a neighborhood of {L} x w. If (A") C
wkha(o, LJ; Mskw) and (") ¢ WY9(Q; R3) are such that A" — 0 and v" — 0 strongly
in LY, then (u}f, hug, hué‘) — 0 and fw x3ug — Q0 and fw xguél — 0 strongly in L9.

Proof The proof is easily obtained by defining
X1
uh = (Alz(xl)Xz + A13(x1)x3, %/ Az (1) dt + Axz(x1)x3, +
0

X1 '
/ Az (1) dr + A32(x1)x2) +v.
0

2.2 Definition of limit energy density

The goal here is to derive the integral representation of the limit functional. The approach
and techniques here are analogous to the one used in [25] to derive von Kidrman equations.
Hence, we only state the necessary results and refer the reader to [25] for details.

One of the main points is to establish the claim in Lemma 2.6, which tells us that Assump-
tion 2.7 is satisfied on a subsequence.
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1064 M. Marohni¢, I. Vel¢ié

For any open set O C [0, L], function m in L?(€2; R?) and sequence (4,) monotonically
decreasing to zero, we define

Ky on 0) = inf fTimint [ 0" (x,u(m) + ¥, ™) dx :

n—00 Oxw

(wfl", hnlﬁ‘g”, hnwf”) — O strongly in L2(O X w; ]R3),/ xy/fé’” — 0 strongly in LZ(O)},
w

K(ZH)(m, 0) = inf{lim sup

n—o00 Oxw

o' (X, t(m) + Vh,,llfh") dx :

W " s bWy hyy") — Ostrongly in L2(0 X w; R3), / xuﬂf” — OStronglyian(O)}.

w

Remark 1 By using standard diagonalization argument, it can be shown that for any (h,)
monotonically decreasing to O the infima are attained.

The following lemma, together with Lemma 2.8, is a key to establish the properties of the
functional K.

Lemma 2.5 (continuity in m) There exists a constant C > O dependent only on ny and
such that for every sequence (h,) monotonically decreasing to 0 and A C [0, L] open set
the following inequality holds

K (m1, A) = Kj, \(ma, A| < Clmi —mall 2 (Imill 2 + Ima2ll2) . (13)
Vmi,my € L*(Q,R),
The analogous claim holds for K (';”).

Proof The proof is identical as the one in [25, Lemma 3.4]. The only difference is that not

only (wf’” , h,ﬁﬁé‘” , h,,l//Sh") — 0, but also fw X3 1//5’” — 0, but this condition can be handled
in an analogous way. O

If A and B are subsets of [0, L], we denote by A < B if Ais compact and contained in
B. We recall the property of density of family of sets (see [16]). We say that a family D of
subsets is dense in a family A, if forevery A, B € A, with A < B, there exists D € D, such
that A < D < B.

Let D denote a countable family of open subsets of [0, L] which is dense in the class .4
of all open subsets of [0, L] and such that every D € D is a finite union of open intervals
which are subsets of [0, L].

By using Lemma 2.5 and diagonal procedure, we can easily argument the following claim
(see [25, Lemma 2.6]).

Lemma 2.6 For every sequence (h,) monotonically decreasing to zero, there exists a sub-
sequence, still denoted by (h,), such that

K, \(m,D) =K \(m,D), ¥m e L*(Q,R%), VD € D.
We will now make an assumption on the sequence (%,) and family (Qh").

Assumption 2.7 For a given sequence (#,) monotonically decreasing to zero, we suppose
that

K, \(m,D) =Ky \(m,D)=:K(m,D), Vm e L*(Q,R%), VD € D.
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Although the numbers K (m, D) also depend on the sequence, we will not write it, since it
will be clear from the context on which sequence we are referring to.

Remark 2 Asin [25, Lemma 3.8] we can see that if a sequence (%,,) satisfies the Assumption
2.7 then we have that

K \(m, 0) =K, (m,0)=:K(m,0), VmeL*(Q,R, VO C [0, L] open.

Lemma 2.8 Let (hy,) be a sequence monotonically decreasing to 0 which satisfies Assump-
tion 2.7. For m € L*(Q,R?) and O C w open, there exist a subsequence (h,)) and
() € WH2(0 x w, R3) such that

(@) ()1, hnky@1)2, hny P)3) = 0, [, x3(8)2 — 0 strongly in L?,
(b) (Isym Vp, 0 |?) is equi-integrable and there are sequences (Ay) C W-2([0, L]; Mg’kw ),
Ay — O strongly in L* and (vy) € WH2(2; R3), vp — 0 strongly in L? such that

sym Vi, O = sym t((Ag)'dy,) 4+ sym Vi, vk.

Moreover, we have that (|(Ak)’|2)
Sfollowing is valid

ey and (|th<k> vk|2) are equi-integrable. Also the

lim sup (I A w120y + 1 Vhw Ukl 20 xa)) < C (m2llml, + 1),
k—00
where C is independent of the domain O. For each k € N we have that Ay = 0 in a
neighborhood of 3 O and vy = 0 in a neighborhood of 90 X w.
(c) K(m, 0) = klim / Q" ® (x, 1(m) + Vi, 9 dx.

—0JOxw

Proof The proof is analogous to the one in [25, Lemma 3.10]. Therefore, we just state the
main arguments.

Firstly, it is easy to establish the claim of lemma if the set O C [0, L] is nice, e.g., a finite
union of intervals. Then we use Corollary 2.3 to write the relaxation field in the form given
there. Next, by using Lemma 2.16 and Lemma 2.17, we replace this relaxation field with
the equi-integrabile one (this is possible since the relaxation field is a minimizing sequence).
The truncation argument on the equi-integrabile sequence can easily be made to obtain the
relaxation field which is zero near the boundary.

Then this claim, together with Lemma 2.5, is used to establish some properties of the
functional K ([25, Lemma 3.7]). Using the localization property, we obtain the claim of the
lemma for an arbitrary O C [0, L] open. O

The following lemma gives us the important claim that if we know the relaxation sequence
for [0, L], we obtain by restriction the relaxation sequence for arbitrary O C [0, L] open (if
m is fixed). Moreover, it gives a kind of uniqueness of relaxation field, up to a term converging
to zero in L.

Lemma 2.9 Take a sequence (hy,) monotonically decreasing to O that satisfies Assumption
2.7and m € L*(2; R3). Let (9,) € WH2(Q2, R3) be such that

(a) (01, hn(Dn)2, hp(P,)3) = 0, fw x3ﬁn2 -0 Sl‘rongly in LZ;
(b) K(m,[0,L]) = lim / 0" (x, ((m) + Vi, 9,) dx.
n—oo Q

Then we have that:
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(I) (|sym V9, 12) is equi-integrable;
(Il) for every O open subset of [0, L], we have that

K(m, 0) = lim o Q" (x, L(m) + Vi, ) dx; (14)
(1) if (Yy) C Wh2(Q; RY) is any other sequence that satisfies (a) and (b), then
[ sym Vi, ¥, —sym Vi, 0yllp2 — 0,
and (| sym Vj, ¥, 12) is equi-integrable.
Proof From (Q1) and by taking the zero subsequence, we obtain the bound

limsup || sym Vi, 9ull12(q) < C (n2llml|3, + 1) (15)

n—oo

From Corollary 2.3 there are sequences (A,) C w2, L): Mgkw) and (v,) C
WL2(Q: R?) such that A, — O and v, — 0 strongly in L? and

[sym Vi, 9, — sym (((An)'dw) — sym Vi, v, 2 — 0.
From (11) we obtain that

tim sup (| Aullw12(q) + Vi, vall 2iy) < C@) (nallm]2, +1) .
k—o00
To prove that (| sym V,,, 9, 2) is equi-integrable, let us assume the opposite, i.e., that there
is & > 0 such that for every k > 0 there are measurable sets (Sy) such that |S;| < % and
there is an increasing function n : N — N such that

|sym Vi ﬂn(k)|2 dx > ¢.

n(k)
Sk

On the other hand, byNLemma 2.16 and 2.17 there is a further subsequence, still denoted
by n(k) and sequences (Ag) C w20, L); M3, ) and (§) € W12(Q; R3) such that

skw
() fim |20 {4k # Augo or A # A}y || = 0:
>i1) limg_ oo ‘Q N {17]( # Up(k) OF Vi # an(k)}| =0;
(iii) A;( and V;, . Uy are equi-integrabile.

‘We have

n(k)

K@m,[0,L]) = liminf/ QM@ (x, ((m) + Vi Onihy) dx
k—oo Jo
> lim inf/ XQ\S; Q' (x, e(m) + Vi Uny) dx
k—oo Jo

= lim inf/ XQ\S: th(k) (x, t(m) + sym L((Ak)’dw) +sym Vi, ﬁk) dx
o Jo

k—

= lim inf/ Q' (x, 1(m) + sym ((Ax)'d,) + sym Vi ﬁk) dx
Q

k— 00

= K(m, [0, L]),

which is a contradiction. Therefore, (| sym Vj, ¥, 12) is equi-integrabile.
We now show that (i¥,) is optimal for any open set O € D which is a finite union of
disjoint open intervals. Otherwise, there would be a subsequence, still denoted by (4,,), such

@ Springer



Non-periodic homogenization of bending—torsion theory for. . . 1067

that there is a sequence (,)) € W!'2(0 x w, R?) satisfying the conditions of Lemma 2.8
and

K(m,0)=n113;0/ Q" (x, «(m) + Vi, ¥ry) dx

Oxw

< lim Qh" (x, t(m) + thﬁn) dx.

n—00
Oxw
On the other hand, on a further subsequence, still denoted by (h,) we take the sequence
(I/I,%) c Wh2([0, L1\ O, R3) satisfying the conditions of Lemma 2.8 and

K(m, (0, L)\O) = lim / Q" (x,t(m) + Vi, ¥2) dx
n—oo
((0,L)\O) xw

< lim / Q" (x, t(m) + Vi, ¥y) dx.

n—oo

([0,LI\O) xw
By using Lemma 2.4 we define (y,,) C W12(Q; R?) such that

sym Vi, ¥ = x0 sym Vi, ¥} + X016 SYM Vi, ¥y

We conclude that

lim 0" (x, ((m) + Vi, ¥) dx < lim / 0" (x, t(m) + Vi, 9,) dx
n—0o0

n—00
[0,L]xw [0,L]xw

= K(@m, [0, L)),

which yields a contradiction with the optimality of the sequence (¢,).

For any open O C [0, L], by density, there is an increasing family of sets (Dy) C D
which exhausts O. Since (¢,) is optimal on each Dy and since K (m, O) > K (m, Dy) (this
can be easily seen from Lemma 2.8), we deduce from equi-integrability of (| sym Vj, Uy |2)
that

K(m, 0) = lim K(m, Dy) = Q" (x, t(m) + Vi, On) dx.
—00

lim
n—oo Oxw

Hence (9) is also optimal for K (m, O), and (II) is proved.

Notice that, for every i > 0, there is a measurable mapping £ : @ x M> — Mfym such

that for a.e. x € Q, £ (x, -) is a positive semidefinite linear operator and
0" (x, M) = L"(x, M) - M

holds for all M € M?. Notice also that

£ M) = £"Gesym M), (1L e < o (16)
To prove (IIT) we first show that
lim / £ (x, 1(m) + Vi, 00) - Vi, ¥a =0, (17)
n—oo Q

for every (¥,) € WE2(€2; R3) that satisfies (a) and such that (| sym Vp, ¥, |) is bounded in
L.
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To prove this we take ¢ > 0, and for n large enough we derive:
0= /Q Q" (x, 1(m) + Vi, 9y + £V, ) dx — /Q Q" (x, t(m) + Vi, ¥y) dx
= /Q L, 1m) + Vi, 00 + €V, W) - (L(m) + Vi, 9y + Vi, ) dx
- /Q £ (x, t(m) + Vi, 90) - 0(m) + Vi, ) dx
= ZS/QEh(x,L(m) + Vi, O) - (Vi ¥) dx +52/Q.ch(x, Vi, Un) - (Vi, ¥n) dx
< Zs/gﬁ’%x, L) + Vg O) - (Vi Gi) dx + €2 sym. Vi, T2

= 25/ LM (x, t(m) + sym Vj,, 9,) - (sym Vy,, ¥) dx + &212] sym Vj,, 1, |2
Q

If (17) did not hold, we would choose ¢ (by taking the appropriate sign) such that the linear
term dominates and the inequality is violated. Thus, we deduce (17), by the contradiction.
To finish the proof, we take two sequences (¥,) C wh2(Q; RY), (Yrn) C WL2(Q; R?) that
satisfy (a) and (b). We have, using (17)

nillsym Vi, (Y — 001125 < /Q £ (., Vi, (P = 92)) - Vi, (P — D) dx
= / £ (e, cm) + Vi, ) - Vi, (Y — ) dx
Q

—/ £l (x, 1m) 4 Vi, 02) - Vi, (W — 9,) dx — 0.
Q

The following lemma proves the compactness result we need.

Lemma 2.10 For every sequence (hy) that satisfy the Assumption 2.7, there exists a sub-
sequence, still denoted by (h,) such that for each m € Lz(Q; R3) there exists (19,’,") C
WL2(Q; R3) which satisfies

(a) ((19,’:1)1, hy ()2, hn(ﬁ,',”)3) — 0, fw x3(0)")2 — 0 strongly in L?

(b)

K(m,[0,L]) = lim / Q" (x, t(m) + Vp,, ®™) dx.
n—oo Q

Proof Let M C L*(2; R?) be a countable dense family. By diagonalization procedure, it is
possible to construct the subsequence, still denoted by (4,,), such that for each m € M there
is a sequence (¥ (m),) for which (a) and (b) holds. Now we take the sequence (m;,) C M
such that m, — m in L? as n — oo and define the strictly increasing function k : N — N
in a way that for every no € N we have

1
< —, forevery n > k(ngp),
no

’K (mny, 10, L) — / 0" (. ttag) + Vi, 9" dx
Q

[ (@31 )2, b (97705

/ X300 "),
w

1
2 < —, forevery n > k(np),
no

1
< —, foreveryn > k(ngp).
L2 no
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Foreveryi € Nand j € [k(i), k(i + 1)) take 19;” = l?}nkm and use Lemma 2.5 to show (b).
O

We make the assumption on the sequence (Q") of quadratic forms.

Assumption 2.11 For given (%,) monotonically decreasing to zero, we suppose that for
every m € L?(2; R?) there exists (9,) ¢ WH2(Q; R?) (we omit the superscript m) such
that

@ (D)1, hn(Wn)2, hy(94)3) — 0, fw x3(9,)2 — 0 strongly in Lz,
(b) forevery O C [0, L] open we have

K(m, 0) = lim Q" (x, L(m) + V), 9,) dx.

Oxw

Here

K(m, 0) = min { lim inf o'n (x, L(m) + vhnwh") dx :

n—oo Oxw

(Wf’", hnwf”, hnlﬁf”) — Ostrongly in L2(0 X w; ]R3)

/xyﬁé’” — Ostrongly in LZ(O)}
[&]

= min { lim sup
n—oo JOxw

o' (x, LWm) + vh,,whn) dx :
(1//?", hnwg", hnwg“’) — Ostrongly in L2(0 X W; ]RS),
/X31/f£l" — Ostrongly in LZ(O)].
w
We define the mapping m : L?([0, L]; M, ) x L2([0, L]) — L*([0, L]; R?) by m(A, a) =
A(0, x2, x3)! + aey. Finally, we derive the integral representation of K.

Proposition 2.12 Let (h,) be a sequence monotonically decreasing to zero for which the
Assumption 2.11 is valid. Then there exists a measurable function Q : [0, L] x Mg’kw XR —
[0, +00) possibly depending on this sequence such that for every O C [0, L] open and every
A e L*([0, L]; M2, we have

skw
K(m(A,a), O) =/OQ(X1,A(X1),a(X1))dX1- (18)

Moreover, Q satisfies the following property

(Q’1) foralmostall xy € [0, L] the map Q(x1, -, -) is a quadratic form and there is a positive
constant C, independent of x1, such that

Co(lAI> +al®) < Q(x1. A, a)
< 2 (max{ua, u3}|A* + |al?) forall (A, a) € M, x R. (19)

skw

Proof The existence of Q and the proof of (18) is identical as in [25, Proposition 2.9].
Therefore, we will only prove the boundedness and coercivity property. The function Q is
defined via:

1
0(x1,A,a) =lim —K (m(A, a), B(x1,r)), for a.e.x; €0, L]. (20)
r—02r
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The upper bound in (19) is easily obtained by taking the zero subsequence ¥, = 0 and by
using (Q1) and (1) to deduce

1QG1, A, )| < o (Isym t(aer + Ady)[*) < na (max {ia, u3}|AI> + lal?),

fora.e. x; € (0, L).

From Assumption 2.11 and Corollary 2.3 we deduce that there are bounded sequences
A"y ¢ wh2([0, L]; M3, ) and (v7) ¢ W12(Q; R?) such that A" — 0 and v — 0
strongly in L? and

K(m(A, a), B(xy,r))
= lim / Qh’l (x, t(m)+sym c((Ah”)/dw)+sym Va, vh") dx.
B(x1,r)xw

n—oo

for some C > 0. We can assume, by the density argument, that v» and A" are smooth
functions. Using the property (Q1), we have

K(m(A,a), B(x1,r)) = m(l + Ip),
where /1 and I, are defined by:

2
I =;%im() / (a + Appxp + Aj3xs + (A/f;)/)q + (A}llg)/m + 811){’”) dx
—

B(x1,r)xw

2
1. , dpv!”
I, == lim Asxs + (Ag) s + 01y + == | dx
B(x1,r)xw
hy

2
03V
+ / (—Azaxz - (Agg)/m + 3111?” + 3}11) dx

n
B(x1,r)xw

From the choice of the coordinate axis (1), we have that for every x; € B(x1,r)
/ aAjpxy dxydxsy = / aAjpzxzdxydxsy = / A13A12x0x3dxp dxs = 0.
{xi}xw {x1}xw {x1}xw

Thus, we derive that

= / (a2 + x3A2, + x242;) dx
B(x1,r)xw

n—oo

+2 lim / (a+ Appxz + A13x3) ((A}f;)’xz + (A}fg)/)@ + 31”?") dx.
B(x1,r)xw

Since (A,)" — 0 and 9 —~ 0 weakly in L2, the mixed term vanishes as n — oo.

Hence, we obtain that
I > 2r (|la* + p2l Az * + 3l Aisl?) . (1)

To obtain the lower bound for /5, we look for a solution of the minimum problem

min / lu — Vi |? dx.
w

YyeH! (w)
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The solution of this problem is unique up to constant and satisfies the variational equation
/ (Vou —u)- Vi dx =0, (22)
w
for every ¢ € H!(w). The solution corresponds to L? projection on the space
G(w) = {w € L*(@; R?) : w = Vp, forsome p € H' (w)},

which is a closed subspace in L?*(w; R?). We denote by Pu=u — Vg,.
Denote also by

a]vn 1 azvhn
\If"x=A+A”’(x3)+ 2 )20 )
() = (A2 + aly') () I Rl

Since P is a projection, we conclude

I = / (W 2dx > / |[PW 2dx,

B(x1,r)xw B(x1,r)xw

where PW" equals

h
01v,"

P —_(A + (Alny P(x3 )—|—P 2.
( (x) 23+ ( 23)) —xs 31U§l"

Notice that the projection is taken for every x € [0, L]. This yields that:
L >C, lim (/ |Ax|? + 2/ Ao (A’;;)’dxl)
"0 \JB(x1.r) B(xy,r)

h?l
+2 lim Ang( 3 )-P 0" Y,
N0 JB(E1.r) %0 —X2 d1v3y"

where the constant C,, equals

éw=/

Since A, — Oin L?, the second term converges to zero. Since P is the projection, we have
that

hn hn
[ () () [ () ()
103 2 311)3

B(x1,r)Xw B(x1,r)xw

2
P( 3 )‘ dxy dus. (23)
v

since 9;v"" — 0 weakly in L. We obtain that
L > 2rC,A%;.
Combing this with (20) and (21) and taking the limit as » — 0 yield the coercivity of Q. O

For a given sequence (4,) monotonically decreasing to zero for which the Assumption 2.11
is satisfied, we also define the function Qg : [0, L] x Mgkw — R such that

Qo(x1. A) = min Q(x;, A, a), (24)
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and mapping amin : [0, L] X Mgk — R that satisfies

W
Qo(x1, A) = O(x1, A, amin(x1, A)). (25)
It is easy to see that Qo satisfies the following property.
(QE)I) For almost all x; € [0, L] the map Q¢(x1, -) is a quadratic form and satisfies

Ci(1, 2, 1, 12, Co) A
< Qo(x1, A) < Ca(n1, m2, i1, 2, Co)| A2, forall A e M,

where C,, is defined in (23) and Cy, C; depend only on the constants in the bracket.

The mapping amiy is well defined, linear in A and for some C, = C,(n1, 12, i1, U2, C,) >0
we have

|@min (x1, A)| < C4lA|, for a.e.x; €[0, L].

The function Q¢ will be the energy density of the limit functional.

2.3 Identification of limit equations

We will state and prove liminf and limsup inequality.

Theorem 2.13 Let the family (W") describe an admissible composite material in the sense
of the Definition 1.2. Let (h,) be a sequence monotonically decreasing to zero such that the
Assumption 2.11 is valid. Let (") c WL-2(Q; R?) be a sequence of deformations such that

/ Whn (x, thyh")dx < Chﬁ, for some C > 0.
Q

Then, there is a subsequence (still denoted by (hy)) such that Vj, yh" — R strongly in L2,
where R € W1'2([O, L]; SO(3)). Moreover we have

n—oo

lim inf -1 / Whe (x, v, y) > / 00(R'R)dx,.
" Ja [0.L]

Proof By Theorem 2.15 there is a sequence (R c ¢ ([0, L]; R¥*3) such that R (x;) €
SO(3) for a.e. x; € [0, L] and R”" satisfies (41) and (42). From (42) we conclude that on a
subsequence Rm ~ R weakly in WL2([0, L]; R?) and thus also in C([0, L]; R?). We take
a further subsequence, without relabeling, on which lim inf is accomplished. We define the
sequence v by the following decomposition

yh” =L yh” + h,,szh"ez + h,,x3Rh”e3 + h,,vh". (26)

{x1}xo

Integrating over w and using (1) yield:

/ Vindx =0, (27)
{x1}xw

for a.e. x; € [0, L]. Note that
Vi, o = (V3 = R — (p o (RMY ea + 3 (R e3100)

where

hn hy hn
P —h,,1|w|/ (303" = Rrver).
{xi}xw
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From (41) we obtain that || p» |12 is bounded. Hence, there is p € L2([0, L]; R3) such that

ph" — p weakly in L? (ona subsequence). By using (41) and (42), we deduce that there

exists a constant C > 0 such that

1V, 0" 2 < C. (28)
Using (27) and the Poincaré inequality, we conclude that for some C > 0

10" l,2 < Chy. (29)
Define the approximate strain by

(R, yhn — 1

Ghn — 30
I (30)

From (41) we conclude that (G”) is bounded in LZ. It can be easily checked that
G = ¢ (A + A™)dy) + ((R™)' p10[0) + (R")'V), v, (1)

where A = R'R’, A" = (R")'(R") — R'R’. Take any sequence (r,) C C!([0, L]; R?)
such that
rm— R'p and  h,(r,) — 0,

strongly in L2 and define the functions:

x1
I’;hn :/0 ((Rhn)tphn _ Rtp) i

it = (R o 4 (hyxa (r)2 4 hux3 ()3, 0, 0)" + pin,
ol = (RM)'N), vl — vy, (R 0"y — (hyxa (rn)y + hux3(ra)})er @ e

+ Z ((R'p)i — (rn)i) ei @ei.

i=23

~ X1
Al :/ Al
0

It is straightforward to check that

sym G = sym t(Ad,) + (R'p)ie; ® e] + sym c((Ah”)’dw) +sym V,, 4 sym oM.

(32)

By the Sobolev embedding theorem, we deduce from (42) that |4, (R'Y ||z — 0. By
combining this and (29), we obtain that

(R"Y'V), v — V), (R')' 0!y = —((R")'v""10]0) —> 0, strongly inL2.

From that it follows that
o — 0 strongly in L. (33)

It also easily follows that
Al 0, 9 — 0, stronglyin L, ||V, 32 < C, (34)

for some C > 0.
Using Lemma 2.16 and Lemma 2.17, we take a subsequence (4, )) such that there exist
sequences (Ax) C wh2qo, L]; M3 ), 5 € WH2(Q; R?) which satisfy

skw
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(i) limg o0 [{Tx # 0"® or Vi # Vitnw}| = 0
limg_ o0 |{Af # Al or A # (Atw)'y| =
(ii) |A’ |2 and (1 Vi, U |?) are equi-integrable.

It can be easily seen that Ay — 0, iy — 0, strongly in L? (i.e., weakly in W!2). By using
Lemma 2.4, we obtain a sequence () C W1L2(; R3) such that

sym Vi, Ui = sym (((Ay)'dy) + sym V. k.

()1 hngey W) 25 hngey (Wi)3) — 0, / x3(Yr)2 — Ostrongly inL?, (35)

w

and the sequence (| sym Vp, . ¥k ?) is equi-integrable. We define the sets

hll— . hn L
c _{er.|G '5m}'

From the boundedness of the sequence (G") in L2, we conclude that |2\ C| — Oash — 0.

Using (Q1), the decomposition of G",(35) and the equi-integrability of (| sym Vj,, ¥k 1),
we deduce that

.. hy, hy
hkmmf/ Q" (X, Xy G
~ liminf / 0" (¥, xey (1(Adw) + (R prier ® ex + (((A) d) + V3, 7))

_ liminf/ Q" (x,t(Adw) +(R'p)ier @ 1 + Vi, ¥ n(k)). (36)
Q

k—o00

Using frame indifference property (W1), we have that W/ (x, Vj,y") = Whn (x, I+hG").
From (3), by integrating, we conclude that

L / W (T o+ B xom G — / 0", xem
n— 00 T JQ Q

< (/i) / em G2 = 0. (37)
Q

Finally, we conclude, using (36), (37) and the definition of K and Qg

lim sup

lim inf
k—o00 hn(k)

/ W) (x, Vo ¥ > lim inf / X o W (x, Vi 100

2
hn(k)

_hmlnf/ Qh”(“(x Xchn(k)G ")
> K(m(A, (R'p)1,[0, L))
Z/ Qo (R'R'(x1)) dxi.
[0,L]
O

The next theorem gives the construction of the recovery sequence. Note that the statement of
the Theorem 2.14 is not the classical upper bound statement, since the subsequence depends
on R, but we can find one subsequence on which the convergences are true for all R, by using
the density argument. However, Theorem 2.13 and Theorem 2.14 do imply in their form the
convergence of minimizers on every subsequence of (), on which they are converging.
Thus, Theorem 2.14 can also be seen as an upper bound statement.
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Theorem 2.14 Let the family (W") describe an admissible composite material in the sense
of the Definition 1.2. Let (h,) be a sequence monotonically decreasing to zero for which the
Assumption 2.11 is valid. Then for every R € W12([0, L1; SO(3)) there exists a subsequence,
still denoted by (hy,), such that

a. there exists (yp) C W42(%; R?) such that y, — foxl Rey strongly in W2 and Vy,, y, —
R strongly in L?.
b diMyoo gz foo W (5, Vi, 30) = fig.17 Qo (R'R' (1)) dxt.

Proof 1t is easy to see that smooth rotations are dense in w20, L]; SO(3)). This can
be seen by approximating with smooth maps taking values in M?> and then projecting on
SO(3) (by Sobolev embedding weak W2 implies strong convergence in L> and we can
project from tubular neighborhood of SO(3)). Therefore, without the loss of generality we
may assume that R € C 2([0, L]; SO(3)), since in the general case we can use the diagonal
procedure.

Take any a € C([0,L]) and define A € C!([0, L]; M2, ,) by A = R'R’. Now we
take m = m(R'R’, a) and the sequence (%,) C WI’Z(Q; R”) which satisfies (a) and (b)
of the Assumption 2.11. From Lemma 2.9 we have that the sequence (| sym Vj, z?n|2) is
bounded (see (15)) and equi-integrabile. By Corollary 2.3, there are sequences (A,) C
wl2([0, L]; M3 ) and (v,) € W2(Q; R3) such that A, — 0, v, — 0 strongly in L?and

skw

| sym V8, —sym t(A),d,) — sym Vi, v,ll2 — O.
Moreover, we have that
sup [ Allwi2 + sup ([lvallz2 + Vi, vallz2) < o0. (38)

Choose a subsequence (h,k)) such that ki) — 0. Using Lemma 2.16 and Lemma 2.17, we
conclude that there exist sequences (Ax) € W ([0, L]; M3, ) and (k) € Wh(Q; RY)
such that for some C > 0 we have (on a further subsequence; not relabeled)

i) |A;c| < Ck,forae. x; € [0, L], |Vj,, Uk| < Ck fora.e. x € Q;
(i) limg_ oo [{Ax # An) o1 Aj # A;,(k)}l =0;
limg— 00 [{Tk # Vn@ky OF Vg # Voup}l = 0.

(iii) the sequences (|A;(|2), (|th(k) Uk |2) are equi-integrable.

It is easy to argument that A~k — 0, ¢ — 0 strongly in L? (e., weakly in WL2). We define
the sequence (Ry) C W>([0, L]; M?) as the solutions of the following Cauchy problem

(39

[R,L = Re(A + 4},
Ry (0) = R(0).

Since the right-hand side of the first equation in (39) is Lipschitz function, this system has
a unique solution. Moreover, since it is tangential to SO(3) it can be easily argumented that
we have Ri(x1) € SO(3) for every x; € [0, L] (this can be done, e.g., by approximating
Ay with smooth fields and then using the standard theorem for the solutions of ODE system
whose right-hand side is tangential to some smooth manifold). Notice also that Ry — R
weakly in W2 and thus, by Sobolev embedding, strongly in L. Define for every k € N;
Vg = Vg — fQ vy to accomplish ||vk || 1.0 < Ck, which follows by the Poincaré inequality.
By the equi-integrability property, we obtain that

| sym Vi, Onky — sym W(Ady) —sym Vi, o B¢l 2 — O. (40)

n(k)
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Define the recovery sequence with the formulae

X1

X1
Vi = / Rie; + hn(k)szkez + hn(k))C3Rk€3 + h,,(k)Rl_)k + h,,(k) / aRe.
0 0
Define also the approximate strain by

RLV, r— 1
Gy = —k nt) Y .
By
The following properties can easily be verified:

@) Ny — fo" Retllee = 0, [ Vayg Yk — Rillee — 0;
(i) lhn@yGillLee — 0;

Gii) sym Gy —aer @ e — sym ¢((A + Ady) — sym Vi, B HL2 =0

This proves (a). To prove (b) notice that from the frame indifference property (W1) of
Definition 1.1, we have that W/n® (x, Vi Vi) = Who (x, I + hnyGr), forae. x € Q.
Using property (iii) of Definition 1.2 and the property (ii) of G, we conclude that

— 0.

2 [ W a0 - [ @M G
Q Q

2
hn(k)

From (40) we have that
Hsym G —ae; ® ey —sym ( (Ad,) — sym Vi Onti) HLZ — 0.

Using this we obtain that

— 0.
k—o00

hm/ﬁmw&%/ 01, A, a)
Q [0,L]

Finally, we approximate amin (-, A(-)) € L*°([0, L]), defined in (25), with continuous maps
in L? norm and use the diagonalizing procedure to prove (b). O
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“Third workshop on thin structures” in Naples, September, 2013. It was there announced as part of the work
(and more general theorem) of J. Casado-Diaz, M. Luna-Laynez and F. J. Suarez-Grau. Here we used that in
the rod case this decomposition is a consequence of Griso’s decomposition. We are grateful to M. Luna-Laynez
on a personal communication. The work on this paper was fully supported by Croatian Science Foundation
grant number 9477.

Appendix

Here we state some auxiliary results that we use. First is a variant of the rigidity estimate for
rods proved in [19].

Theorem 2.15 Assume that the sequence of deformations y" € W2 (Q; R3) satisfies
/ dist*(V;y", SO(3)) dx < C1h?,
Q

for some C1 > 0, independent of h. Then there exist a constant C > 0 and a sequence
(R™) € C>®([0, L]; R>*3), such that R" (x1) € SO(Q3), for every x; € [0, L], and

IViy" = R"|| > < Ch, (1)
ICR™Y |l 2 + I1R(R™Y |12 < C. 42)
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From the estimate (42), we conclude that there is a subsequence (R") which con-
verges weakly in W12([0, L]; R3*3) and, by the Sobolev embedding theorem, strongly in
L=([0, L]; RY).

We also state two lemmas that enable us to pass to equi-integrabile sequences.

Lemma 2.16 Let Q C RN be a Lipschitz set and p > 1. Let (w,) be a bounded sequence
in WP (Q; R™). There exists a subsequence (Wn(k)) such that for every k € N there exists
e € WhP(Q; R™) which satisfies

(i) |Vzg| < C(N)k, fora.e.x € Q;
(1i) lim, o0 |2 N {2z # Wn(k) OF VZg # Vw”(k)}| =0;
(iii) (|Vzg|P) is equi-integrable.

Proof The proof is implicitly contained in the proof of Lemma 1.2. (decomposition lemma)
in [10] when the authors use a truncation argument. We shall skip it here. O

Lemma 2.17 Let  C R? be a set with Lipschitz boundary, let Q@ = [0, L] x o, and let
p > L. Let (w") be a sequence bounded in WY-P(Q; R™), and let us additionally assume
that the sequence (Vj,, w'n) is bounded in L?. Then there exists a subsequence (wm®) such
that for every k € N there exists z; € WP (Q; R™) which satisfies

(i) 1Vi,ezkl < C(N)k, fora.e.x € €
(ii) limpo oo |2 N {25 # w® or Vzi £ Vwh®}| = 0;
(iii) (Vi 2k|?) is equi-integrable.

Proof In [5] the authors provide a general proof for the function space WP (wg x wg; R™)
where wy C R" and wg C R and {n, m, [} are arbitrary space dimensions. For completeness
we give the proof for our case.
By de la Vallée Poussin’s criterion, a sequence ({x) C LY(Q; R™) is equi-integrabile if
and only if there exists a nonnegative Borel function ¢ : [0, c0) — [0, oc] such that
i 20 /
im —— =+o00 and sup | @(|¢k]) < +oo.
k Jo

t—+4oco

By translation and dilatation, we can assume without loss of generality that  C Q2, where
0% = (0, 1)2. Let (w") be a given bounded sequence in wLr(Q, R3) such that (Vh, whn)
is also bounded in L”. By using standard extension techniques, we extend the definition of
whn to WIP((0, L) x Q2 R?) (the extension is done for every fixed x; € (0, L)), while
keeping the boundness properties. We separate the proof into several steps.

1. Define the functions @ (x) := w/n (xl, ,f—;) onastrip (0, L) x (0, h,)?. Then & is in
WLP (0, L) x (0, h,)%; R?), and from the boundness of w”* and Vi, whn by rescaling
the integrals on the new domain we obtain that there is a constant C > 0 such that

1

1
—2/ P dx + — (190" 17 + V'™ 7} dx < €. (43)
hi J0.)% 0.1,y

hi J0.0)% (0.2

2. Next, define " on (0, L) x (—hy, hp)?* by reflecting the functions W' with respect to
the x» and x3 variable @/ (x) = @/ (x1, |x2|, |x3]). We define the functions @/ (x) =
Wi (xq, x" = Qihy, 2jhg)),i,j € Zon (0,L) x R2 by periodically extending whn
From the construction of W’ it is easy to see that whn e WZIU’L.p (0, L) x R?; R3). Since
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(0, L) x Q% is contained in (|-2;]T1J +2)? cubes and since @ is symmetric with respect
to x2 and x3 axes, we derive that for n large enough:

1 N2
/ | P dx 54(2+L J) / " |P dx
(0,L)x 02 2hy (0,L) X (0,71)?

4 R
<— / [P dx.
hiz J0,0)x(0,h,)2

Thus, from (43) we deduce that W™ is bounded with respect to n. Using the same
arguments, the gradients V" are also bounded with respect to 7.

3. Since the sequences (") satisfy the assumptions of the lemma (2.16), there is a sequence
(vp) € WP ((0, L) x 0?) such that |[Vvg| < C(N)k a.e. on (0, L) x Q% and

lim |(0, L) x Q2 N {vx # w'n® or Vi # th”‘“} =0,
k—00

and (|Vvg|P) is equi-integrable on (0, L) x Qz. By de la Vallée Poussin’s criterion, there
is a positive Borel function ¢ : [0, c0) — [0, oo] such that

1
lim (40] = 400 and sup/ e(|Vur|?) < +o0.
[—>+oo 1 k J(0,L)yxQ?
We denote with

M =/ o(IVuel?).
0,L)x Q2

my = ‘(0, L) x 0% N {vx # w'® or Vo # Vw®}|

and (by Lemma 2.16) we have that sup;, My < oo and limy_, oo mx = 0.

. . . Iy
4. It is easy to argument that for k large enough there exists a part of the domain S; i ®

(0, L) x Q2 of the form

C

l?l . . . .
Si; © = (0, L) x (ihny, (0 + Dhngy) X Ghays G+ Dhny),

such that

[ #0717 = 302,

1

ho (i
S N g # wn® or Vi # Vw'"© Y < 3h7omy.

5. Finally, we define the functions z; = Uk|Sh”(k) and the functions zx € WP ((0, L) x
j

Q2; ]RS) by translation, dilatation in x3, x3 variable and possible reflection of the functions
Zk-
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