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Abstract Let B be a finite-dimensional bounded symmetric domain and f : B — B be
a holomorphic map having no fixed point in B. For subsequential limits, g, of (f"), we
establish conditions, in terms of the Wolff point, &, of f, on which boundary components of
B can contain g(B). We extend Hervé’s 1954 theorem on the bidisc to any finite product of
bounded symmetric domains, namely if B = By x --- x B, and § = (&1, ..., &,) then there
existsd = (di, ..., d,) € IB, satisfying K4, N K¢, # ¥, such that

;i (g(B)) € d; + Bo(d;),

where K denotes the affine boundary component of x, 7; is projection on the ith coordinate
and Bo(d;) is a bounded symmetric subdomain of B;. This simplifies if &; is extreme, and
even more so if B; is a Hilbert ball.

Keywords Denjoy—Wolff theorem - Holomorphic mappings - Bounded symmetric
domains

Mathematics Subject Classification Primary 32H50 - 32M15

1 Introduction

In the 1920s, Denjoy [11] and Wolft [29,30] proved that for a holomorphicmap f : A — A
without fixed point in A, the iterates (") converge to a constant £ in dA. In 1963, Hervé
established the result for the finite-dimensional Hilbert ball [16], while in 1984, Stachura
[28] showed that the result fails for a biholomorphic map on an infinite-dimensional Hilbert
ball. On the other hand, if f is compact (f(B) is compact), the result does hold on an
infinite-dimensional Hilbert ball [8]. Recently, many authors [1,3,5-7,17] have established
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Denjoy—Wolff type results on spaces that have convexity properties rivalling those of Hilbert
spaces, for example, uniformly convex, strictly convex, strictly linearly convex spaces, etc
(where f is compact whenever the space is infinite dimensional).

The problem that interests us here, however, is the more common scenario of what happens
when (f") does not converge. This is already the case for certain domains in the plane [26]
and also for even the simplest of finite-dimensional balls, such as the bidisc [8]. In such cases,
we seek the cluster points of (") and their images. Although Hervé dealt with the bidisc in
1954 [15], progress in the general case has been slow since, with several recent publications
re-examining the polydisc case [4, 14]. Other recent results on bounded symmetric domains
[24] show that the complications involved are not related solely to the reducibility or otherwise
of the domain, but instead depend intimately on the holomorphic boundary structure.

Bounded symmetric domains are therefore an ideal context in which to tackle this problem
for the following reasons. Firstly, they include large classes of domains as they characterize all
homogeneous open unit balls. Secondly, and crucially, the presence of Jordan structure makes
powerful algebraic techniques available, which compensates somewhat for the lack of extra
convexity (apart from the Hilbert ball, these domains are not strongly convex, strictly convex
or strictly linearly convex). Thirdly, there is a full algebraic description of the holomorphic
boundary components of these domains. And finally, from the point of view of holomorphic
dynamics, it has recently been shown in [24, Theorem 3.4] that the Hilbert ball is a natural
outlier in the class of all bounded symmetric domains, suggesting that an essentially different
(non-Hilbertian) approach is needed. The results presented are new for many simple finite-
dimensional domains and therefore, while Jordan techniques are used throughout, key results
are stated in an almost Jordan-free setting for those with non-Jordan perspectives.

As known, if f is fixed point free, then every subsequential limit, g, of (/") maps B into
0B, and, in fact, maps B into a single holomorphic boundary component, K4, in d B. The
aim is therefore to determine which boundary components can contain such a g(B), namely
to find conditions on d.

We state our first main result in non-Jordan terms, using a concept of closed convex hull,
Ch(x), introduced in [5], although its proof and later use require Jordan theory. (Convergence
for holomorphic functions is uniform convergence on compact subsets of B.)

Theorem 1.1 Let B be any finite-dimensional bounded symmetric domain, f : B — B be
holomorphic and fixed-point free and & be the Wolff point of f. Then for any subsequential
limit, g, of (f"), there exists

d € 0B satisfying Ch(d) N Ch(&) # O such that g(B) € K45 = d + Bo(d)
(and By(d) is a bounded symmetric subdomain of B).

Our second key result is an extension of Hervé’s, now classical, theorem on the bidisc
[15] to any finite product of bounded symmetric domains. Projection on the ith coordinate
is wi(x1, ..., Xx,) = X;, a tripotent is x = {x, x, x}, and we note that a natural partial order
’<’ exists on the set of all tripotents.

Theorem 1.2 Let B = By x --- X By, where each B; is a bounded symmetric domain,
f : B — B is holomorphic and fixed-point free and &€ = (&1, ...,&,) € 0B is the Wolff
point of f. Let g be any subsequential limit of (f"). Then there is a unique tripotent d =
(dy, ...,dy) € OB satisfying (for 1 <i < n)Kidl.ﬂKigi % O such that

7i(g(B)) € d; + Bo(d;)

(and By(d;) is a bounded symmetric subdomain of B;).
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In particular, if & is extreme in B;, then d; < &, leading to the much simpler statement
that if B; is a Hilbert ball and ||&;|| = 1 then

7;i(8(B)) = {§i} whenever mi(g(B)) N dB; # .

As results in this setting may appear weak in comparison with those of spaces with
additional convexity, we recommend, as antidote, an elegant partial survey of Hervé’s work
in the bidisc, presented in section 5 of [5]. We also provide extensions to more general
settings of some of the results in [5]. While certain results presented here hold also in infinite
dimensions, we focus for clarity predominantly on the finite-dimensional case.

2 Notation and background

Throughout, A = {z € C : |z| < 1}. For X and Y complex Banach spaces, £L(X, Y)
denotes the space of continuous linear maps from X to Y, £(X) = £(X, X) and GL(X) is
all invertible elements in £(X). For domains D C X and D cC Y, we denote the set of all
holomorphic maps from D to D as H(D, [~)), with H(D) = H(D, D). For f € H(D), the
iterates of f are f" := fo f" ! nelN,n> land f! = f.

2.1 J B*-triples

Every homogeneous open unit ball is biholomorphically equivalent to a bounded symmetric
domain, and bounded symmetric domains are classified [18] as the open unit balls of J B*-
triples. J B*-triples include all C*-, J B*- and J*-algebras.

Definition 2.1 A JB*-triple is a complex Banach space Z with a real trilinear mapping
{,-.,'}: Z x Z x Z — Z satistying
(i) {x,y,z} is complex linear and symmetric in the outer variables x and z, and is complex
anti-linear in y.
(i) Themap z — {x, x, z},denoted x OJ x, is Hermitian, o (x O x) > Oand ||x Ox|| = llx 112
for all x € Z, where o denotes the spectrum.
(iii) The product satisfies the following “triple identity”

{a,b,{x,y,z}} ={{a,b,x}, y, 2} = {x,{b,a, y}, z} + {x, y, {a, b, 2}}.

The triple product satisfies ||{x, y, z}|| < |lx|ll|¥|lllz]l so is continuous and gives rise to
the linear maps: xOy € L£(Z) : z — {x,y,2}, Ox € LR(Z) : z — {x,z, x}, and the
geometrically significant Bergman operators

B(x,y)=1-2x0y+ 0x0, € L(Z).

2.2 Tripotents and ordering

Tripotents here replace idempotents for an algebra, namely e € Z is atripotentif {e, e, e} = e.
Every tripotent e induces a splitting of Z, as Z = Zp(e) @ Z% (e) ® Zi(e), where Zi(e) is
the k eigenspace of e[Je and the linear maps Py(e) = B(e, e), P% (e) =2(ele — Q.0e),
and P;(e) = Q. Q. are mutually orthogonal projections of Z onto Zy(e), Z 1 (e), and Z (e),

respectively. Zo(e) and Z1 (e) are themselves triples whose open unit balls, By (e) and B (e),
are therefore bounded symmetric domains.
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Elements x, y € Z are orthogonal, x L y, if x{y = 0 (or equivalently [20] if yOx = 0). In
particular, if ¢ and e are orthogonal tripotents, then ¢ + e is also a tripotent, giving a natural
partial order on the set, M, of all tripotents in Z as follows.

Definition 2.2 For tripotents ¢ and e, we say ¢ < eife —c € M and (e — ¢) L c.

Then e is maximal if Zy(e) = 0and e is minimalif Z; (¢) = Ce. The set of maximal tripotents
coincides with the set of extreme points and real and complex extreme points coincide. Z
is said to have finite rank r if every element z € Z is contained in a subtriple of (complex)
dimension < r, and r is minimal with this property. The rank 1 triples are the Hilbert spaces.
For details, see [20].

2.3 Boundary structure of bounded symmetric domains

Let E be a complex Banach space with open unit ball Bg.

Definition 2.3 A C Bg, A # (is aholomorphic boundary component of Bg, if A is minimal
with respect to the fact that either f(A) C A or f(A) C Be\A,
forall f e F= {f : A — Z holomorphic with f(A) C BE}.

The holomorphic boundary component of Bg containing a is written K,. By replacing F
in the above definition with the set of all complex (real) affine maps : A — B, we get the
definition of complex (real) affine boundary component.

For Z a finite-dimensional J B*-triple holomorphic and affine boundary components coin-
cide (we refer simply to boundary components) and may be described in terms of tripotents
as follows.

Theorem 2.4 [20, Theorem 6.3] Let Z be a finite-dimensional J B*-triple with open unit
ball B. The following hold.

(i) Holomorphic and affine boundary components coincide and are precisely the sets
K. =e+ By(e)

where e is a tripotent and Bg(e) = B N Zg(e) is the bounded symmetric domain
associated with the triple Zo(e). Moreover, the map e — K, is a bijection between the
set, M, of tripotents and the set of boundary components of B.
(ii)) An element x in Z belongs to K, if, and only if, ¢ = lim,, 5 x
{x,x2= 1 x}, n>1.
(iii) The boundary components of K, are K, for d > e. In particular,

E:UKd

41 where x2+! =

for tripotents e, d € Z.

Remarks 2.5 1t follows that B is the only open boundary component, while the only closed
boundary components are those singletons corresponding to extreme points. In particular, if
x is not extreme then K, is strictly larger than K.
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2.4 A Wolff theorem for bounded symmetric domains

For a fixed-point free holomorphic self-map, f, of B, Jordan theory has been used to produce
f-invariant domains [21-23] which have a simple algebraic description in terms of linear
maps known as Bergman operators. See [25] for acomprehensive introduction into this Jordan
approach. An infinite-dimensional version of the following result is [22, Theorem 3.8]

Theorem 2.6 [22, Theorem 3.10] Let Z be a finite-dimensional JB*-triple with open unit
ball B and f : B — B be a fixed-point free holomorphic map. Then there exists & in 0B
such that for all A > 0, there exists ¢ € B and Ty, € GL(Z) such that the domain

E¢ ) :=cy+ T,.(B)

is f-invariant and is a non-empty convex affine subset of B with & € 0E¢ ;.
Moreover, for each y € B, there exists Ay > 0 such that y € BEg,)\/\,. In addition, let e be the
unique tripotent with & € K, then

lim ¢y =e and lim T, = B(e,e) = Py(e)
A—>0F A—>07F

where Py(e) is the projection of Z onto the subtriple Zy(e).

We use the following well-known result, where f is called compact if f(B) is compact.

Theorem 2.7 [17] Let D be a bounded convex domain in a complex Banach space E and
f : D — D be a compact holomorphic map. Then the following are equivalent.

(i) f has a fixed point in D;
(ii) there exists zo € D such that { f" (z0)} is relatively compact in D;
(iii) there exists zo € D such that { f" (z0)} has a subsequence that is relatively compact in
D;
(iv) {f"(2)} is relatively compact in D, for all z € D.

3 Results

Let Z be a finite-dimensional J B*-triple with open unit ball B and f : B — B be a
holomorphic map with no fixed point in B. Convergence for holomorphic maps refers here
to uniform convergence on compact subsets of B, and hence, by Montel’s theorem, each
subsequence ( f"%*) of the sequence of iterates admits a convergent subsequence whose limit
is a holomorphic map : B — B. Let I'(f) denote the set of subsequential limits of (f").
Then

(/)= |J ¢B

ger'(f)

is called the target set of f [5] and, by Theorem 2.7 above, T (f) C 9B.

As the following material is required for several subsequent proofs, we present it separately
here (see also [25]).

We locate the Wolff point, &, of f in the usual way. Choose (ox)x, 0 < ax < 1, o 11
and let f := oy f for all k. Then f; has a fixed point, zg, in o B [12], and we may assume
7« — £ € B and hence & € B, as otherwise it would be a fixed point of f.
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Let e = lim,_, 00 £2"T!. Then {e, e, e} = ¢ and by (ii) of Theorem 2.4 above, Ke = K..
By Theorem 2.6, for each A > 0, there exists a non-empty convex affine f-invariant subset

Eg!)h =c,+ T (B)CB

where ¢, € B and Ty is an invertible linear operator. Invertibility of 7} gives Eg; =
¢y + Th(B).

Then for z € E¢ 5, f"(z) € Eg foralln € IN and hence g(z) € m, forall g € T'(f).
As g(B) € 9B, we have the following.

For A > Oand z; € E¢;, then g(zy) € 0E¢; N0B, forall ge'(f). (1)

In general, 9 E¢ 3 N0 B can be quite large (apart from the rank 1 case where 9 E¢ 3 N0B =
{€}[[23] Example 4.4]). Itis also not affinely connected ([22] Example 4.6) and it has recently
been shown [25] that

m dE: 3 NOB = K¢.
A>0

Consequently, K¢ contains all constant subsequential limits of (") [25, proposition 4.2].
In particular, if £ is extreme, then it is the only possible constant subsequential limit of (/")
[25, Corollary 4.3].

In [5], the authors introduce a concept of closed convex hull for convex domains in C”,
defined in terms of complex supporting functionals. We recall that a complex supporting
functional at x € 9B is ¢ € L(X, C) such that Re ¢(z) < Re ¢(x), forall z € B. A
(complex) supporting hyperplane at x € 9 B is the affine subspace x+ker ¢, for ¢ a (complex)
supporting functional.

Definition 3.1 [5]Forx € 3B, Ch(x) is the intersection of B with all supporting hyperplanes
at x.

Ch(x) is a closed, convex subset of dB, for all x € dB. As Ch(x) was introduced for its
holomorphic character, we propose to use instead the holomorphic boundary component,
K. We therefore reconcile Ch(x) and K, for a bounded symmetric domain B, as follows.

Proposition 3.2 Ch(x) = K, for all x € dB.
In particular, Ch(x) = K, < x is an extreme (and then Ch(x) = K, = {x}).

Proof Let x € 9B and let ¢ be any supporting functional at x. Let A = {z € 9B : ¢(z) =
#(x)} and let f : A — B be holomorphic. If f(A) N A # @ then the Maximum Principle
implies that ¢ o f is constant and hence f(A) € A. By definition, K, is minimal with
this property and hence K, C A for all such ¢, and hence K, < Ch(x). Since Ch(x) is
closed, this gives K, C Ch(x). Let now e be the unique tripotent such that x € K,. By
[20, Lemma 6.2], there exists a complex supporting hyperplane H at e such that

K., =BNH
and therefore Ch(e) < K .. From above K, C Ch(e) hence
Ch(e) = K.

We therefore have Ch(e) = K, = K, € Ch(x). On the other hand, if y € Ch(x) one
sees readily that Ch(y) € Ch(x) and hence x € K, = K, = Ch(e) gives Ch(x) € Ch(e).
Therefore, Ch(x) = Ch(e). Ch(e) = K, = K, gives Ch(x) = K,. From Remarks 2.5,
Ch(x) = K, < x is extreme. O
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Remarks 3.3 For g € I'(f), g(B) must lie inside a single boundary component (see Propo-
sition 3.4 below), and hence this distinction between K, (which is affinely connected) and
Ch(x) (which is not) is significant.

The following result for (not necessarily finite dimensional) Banach spaces is a consequence
of Definition 2.3 and will be used implicitly hereafter. By Proposition 3.2, it refines [S5,
Proposition 1] in the case of finite-dimensional bounded symmetric domains.

Proposition 3.4 Let D be a domain in any complex Banach space and E be a complex
Banach space with open unit ball Bg. For every holomorphic map h : D — E such that
h(D) C BE then

h(D) € () Kne)-
zeD
If, in addition, h(D) N dBg # ¥ then h(D) < (,cp Kn(z) C IBE.
In particular, if f is a fixed-point free compact holomorphic self-map of B and g is any
subsequential limit of (f") for the topology of local uniform convergence on B, then

g(Br) S (] Kee) C 9Bk

z€BE
Proof It follows from Definition 2.3 above that (D) must lie inside precisely one boundary

component, K, say, so h(z) € Ky, and hence Ky ;) = Ky, for all z € D giving h(D) C

Nep Kne)-
If now h(D) N dBEg # ¥, then K; N dBg # () and hence K; € dBE.

Let now f be as given and g be any subsequential limit of (/") for the topology of local
uniform convergence on Bg. Theorem 2.7 gives that g(Bg) € d Bg and the result follows. O

We return now to the finite-dimensional bounded symmetric domain B and, in the spirit
of [5], define

Kw=|]J K., forWCB,
zeW

emphasizing, however, that Ky is no longer any kind of boundary component. The following
refines [5, Lemma 6] for bounded symmetric domains.

Proposition 3.5 Let B be a bounded symmetric domain, f : B — B be holomorphic and
fixed-point free and & be the Wolff point of f. Then

T(f) S () Kogernios.

1>0

Proof Fix A > 0and choose z) € Eg¢ ;. Let g € I'(f). From (1) above, g(z3) € 0E¢ ; N0B
and hence K (;,) € Kok ,noB- Proposition 3.4 gives

g(B) C ﬂ Kz € ﬂ Ky, ,noB-
A1>0 >0

m}

Let g € I'(f). Our first main result, relating g(B) to the Wolff point €, is key to everything
that follows and, in particular, to the promised extension of Hervé’s work. It allows us to
confine T'(f) to certain boundary components of B, namely to place restrictions on those
tripotents d for which g(B) C K.
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Theorem 3.6 Let B be a bounded symmetric domain, f : B — B be holomorphic and
fixed-point free and & be the Wolff point of f. Let g € T'(f). Then there is a unique tripotent
d € 0B satisfying

Kq N Kg # @ such that g(B) € K4 = d + Bo(d).
(Note that By(d) is itself a bounded symmetric domain.)
Proof Fix g € T'(f). Theorems 2.7 and 2.4 above give g(B) € K; < 9B, for a unique
tripotent d € BB;Fix now A > 0 and z) € E¢ ;. Then Ky = Kg(z,). Frorni(l) g(z) €
Eg . = ci + Ty.(B). Therefore, g(z;) = cx + Ti(wy) € Ky, for some w; € B and hence

cn + Th(wy) = d + x;, for some x) € Bo(d) = B N Zp(d) by Theorem 2.4. If now e is the
unique tripotent with £ € K., Theorem 2.6 above gives

lim ¢) =e and lim T; = Py(e).
A—0F A—0T

Then

lim c¢) + Th(wy) = lim d + x;,
A—>0F A—0F

so that for w = limy, wy, € B andx = lim; x; € By(d) (passing to a subnet where necessary)
we have

e+ Py(e)(w) =d + x.

Now e + Py(e)(w) € e + Py(e)(B) C e + Py(e)(B) = e + Bo(e) = K,. This gives
e+ Pyle)(w) =d+xe K. NKy.
As K, = fg we are done. O

Proposition 3.2 allows us to restate the above in an almost Jordan-free form.

Corollary 3.7 Let B be a bounded symmetric domain, f : B — B be holomorphic and
fixed-point free and & be the Wolff point of f. Let g € T (f). Then there is a unique tripotent
d € 0B satisfying

Ch(d)NCh(&) #0
such that g(B) € K4 = d + Bo(d).

In particular, we get the following refinement.

Corollary 3.8 If the Wolff point & is extreme then for g € U(f) there is a tripotent d € 0B
satisfying d < & such that

g(B) € Kg=d+ Bo(d).

Proof Fix g € T'(f). As & is extreme, fg = {&} and hence, from Theorem 3.6, there is
d € 9B with g(B) € K, and £ € K. Theorem 2.4 (iii) gives

Ka=J kK,
q=d

and hence § € K, for some tripotent g > d. On the other hand, £ extreme means§ =g > d
and we are done. ]
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Theorem 3.6 also provides a short alternative proof of Hervé’s Denjoy—Wolff theorem for
the finite-dimensional Hilbert ball, as follows.

Corollary 3.9 [16] Let B be a finite-dimensional Hilbert ball and f : B — B be a fixed-
point free holomorphic map. Then there exists & € 9B such that (f™) converges to the
constant map & uniformly on compact subsets of B.

Proof For B a Hilbert ball, K, = {x}, for all x € 9B, hence, for £ the Wolff point of f,
KsNKg #9 < d =& so Theorem 3.6 thus gives g(B) = {£}, for all g € I'(f). In other
words, all subsequential limits of (f") are &, and it follows readily that (") itself must
therefore converge to &, giving the result. O

In the following example, we probe the role played by & in Theorem 3.6 by explicitly
calculating all non-zero tripotents d satisfying

KaNKg # 0.

Example 3.10 Let B = A3, g € I'(f) and d = (d1, d2, d3) be the unique tripotent with
g(B) € K, . Since d € 9B is a tripotent, |d;| € {0, 1} for 1 <i < 3 and max; |d;| = 1.

(i) f&=(,1,1)thend; € {0, 1} for1 <i < 3.
(i) Ifé& =(1,1, %) thend; € {0, 1} for 1 <i <2.
(iii) If & = (1, 3, 1) then d; € {0, 1}.

We notice in the above example that & exerts control over component d; of d only if
& ]l = 1. This is also true in a more general context. In fact, the above now suggests a way
to use Theorem 3.6 to develop an analog of Hervé’s theorem on the bidisc, [15], for any finite
product of bounded symmetric domains.

Let Zy, ..., Z, be JB*-triples. Hereafter, Z := Z; x - - - x Z, is a JB*-triple for the triple
product defined coordinatewise and norm given by [(z1, ..., z,)|| = maxj<;<y [|z;||. We
write B := Bz = By x --- X B, where B; := Byz,.

Since boundary components are defined in terms of tripotents and the triple product, the
following is a simple consequence of Theorem 2.4.

Lemma 3.11 Letd = (dy,...,d,) be atripotentin Z = Zy X --- X Z,. Then
Kd:Kd1 X---XKdn.

Lemma 3.12 Let & = (&1, ...,&,) be the Wolff point of f and e = (ey, ..., e,) be the
unique tripotent determining Kg. Then

&l <1 e =0, forl <i <n.

Proof By Lemma3.11, K, = K, x---x K,, sothaté € K, gives§; € K,,, forl <i <n.
Since the boundary component of 0 in B; is B; itself we have

KeimBi?éﬂ@Kei:Bi:Ko@ei:O.

In particular, if ||&; || < 1 then K,, N B; # ¥ so e; = 0. In the opposite direction, if e; = 0
then & € Ke,- = B;. O

We now state the desired extension of Hervé’s bidisc result [15] to a product of bounded
symmetric domains. The result is new whenever n > 1 and at least one B; has rank >2.
Projection onto the ith co-ordinate is denoted by ;.
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Theorem 3.13 Let B = By X --- X By, be a finite product of bounded symmetric domains,
f : B — B be a holomorphic map with no fixed point in B, £ = (&1, ...,&,) € 0B be the
Wolff point of f and g be any subsequential limit of (f™).

Then there is a unique tripotentd = (dy, .. .,d,) € 0B suchthat g(B) C d+Bo(d) C dB
and for 1 < i < n the following hold.

(i) mi(g(B)) C Ky, = d; + Bo(d;) and d; satisfies K4, N Kg, # 1.
(ii) In particular, if & is extreme in B;, then d; < &;.
(iii) In particular, if B; is a Hilbert ball and ||&;|| = 1 then

71 (2(B)) = (&) whenever mi(g(B)) NdB; # 0.
(Note that if ||&; || < 1, K¢, = B; and the condition on d; in (i) is thus trivial.)

Proof By definition g(B) lies in a single boundary component, which, by Theorems 2.4
and 2.7 above, is determined by a tripotent d = (dy,...,d,) € 0B so that g(B) C K; =
d + By(d). Lemma 3.11 then gives 7;(g(B)) € Ky, = d; + Bo(d;).

By Theorem 3.6 above d must satisfy

KN K # 0

and hence from Lemma 3.£K7di HE #@Pforl <i<n, givin&.
If now &; is extreme in B;, then K¢, = {&;} and from (i) §; € Ky, . Part (iii) of Theorem
2.4 then gives & > d; and we have (ii).

For (iii), assume that B; is a Hilbert ball and ||&;|| = 1. As each point in dB; is extreme,
then d; < & by (ii). Since d; is itself a tripotent, this means either d; = 0 or ||d;|| = 1. On
the other hand, ||d;|| = 1 means d; is extreme so d; < &; gives d; = &;. In other words,

d;i € {0, &;}, namely, either K5, = B; or K5, = {§;}. Since from (i) m;(g(B)) € Ky, it
follows in particular that if 77; (g(B)) N dB; # ¥ then ;(g(B)) = {£;} and we are done. O

In the case that each B; (1 < i < n) is a Hilbert ball, we get a much simplified version of
Theorem 3.13 as follows.

Corollary 3.14 Let B = By x --- X By, where each B; is a Hilbert ball. Let f : B — B
be a holomorphic map with no fixed pointin B, & = (&1, ..., &,) be the Wolff point of f and

geTl(f).
If &1l = 1 then

7i(8(B)) = {i} whenever mi(g(B)) NdB; # (.

‘We note that Corollary 3.14 is proved via alternative methods in [10].
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