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Abstract We construct a damping term for general higher-order strictly hyperbolic homo-
geneous equations with constant coefficients. We derive long-time decay estimates for the
solution to the Cauchy problem, and we show that no better dissipative effect can be obtained
with a different damping term.
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1 Introduction

We consider a m-th-order homogeneous equation Lu = 0, with m > 2, in the general form

L=a"+ > bod" o2, (1

I<|a|<m

where b, € R. We assume that the operator L is strictly hyperbolic, that is, for any & # 0,
setting & = £ /||, its symbol satisfies
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POLIE) = 2"+ D b "G =[]0 —illa; ), 2)

1<|a|<m j=1

for some a; = a;(&'), real-valued, such that a; (¢") # ax(¢') forany j # k and &' € §"~ 1.

In this paper, we show that the operator with symbol ¢ P’(x, i§), where ¢ > 0 is a positive

constant, is a damping term for the operator Lu. Here and through all the paper, with the

notation P’(A, i&), we mean that the derivative of the symbol is taken with respect to A.
Our main result is the following.

Theorem 1 Let L as (1), be a strictly hyperbolic homogeneous operator with sym-
bol P(A,i&) as in (2), ¢ > 0 be a positive constant, and M the homogeneous operator
with symbol P' (A, i§). Then the solution to

(L4+cM)u =0, t>0, xeR", 3)
3 u©,x) =u;x), j=0,....m—1,
satisfies the following long-time decay estimate:
m=2 ler|+k—j
_n_laltk=j
1980 u(t, M2 <C D (A4+075 7 Jlujlip
j=0
n_ laltk—(n=2)
+CA+D"4 2 flum—1lip
m—1
+ Ce® > ujl et “
j=0
for any o € N" and k > 0, such that
n
§+|a|+k>m—2, 5)

and for some C > 0, § > 0, which do not depend on the data.

Theorem 1 extends the corresponding well-known result for the damped wave equation
uy — Au+u; =0,

to general, strictly hyperbolic, operators of order m > 2. Motivated by Theorem 1, we say
that cMu is a damping term for Lu.

The motivation to study decay estimates for the operator L + cM, for some ¢ > 0, is
based on the fact that its symbol P (A, i&) + cP’(, i§) is the first-order approximation of
the symbol P (A + c, i€), which roots are iaj(§")|§| — c. In particular, the real parts of these
roots are uniformly bounded by a negative constant, as it happens for the roots of the full
symbol of the damped Klein—Gordon equation,

Uy — Au+uy +u =0,

which solutions exponentially decay as t — oo.

The proof of Theorem 1 is based on the properties of the roots of the full symbol P (A, i)+
cP’(x,i&), which we derive in Sect. 2.

The main novelty of our paper consists in the explicit construction, given any strictly
hyperbolic homogeneous operator of order m, of an homogeneous operator M of order m — 1
which produces a dissipative effect. The choice of M is, in a certain sense, optimal; indeed,
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we show (see Proposition 2 in Sect. 3) that no homogeneous operator of order m — 1 can
produce a stronger dissipative effect.

In the setting of long-time estimates for higher-order equations with constant coeffi-
cients, we address the interested reader to [11], where dispersive and Strichartz estimates are
obtained, by assuming suitable hypotheses on the roots of the full symbol of the operator, in
particular hypotheses of geometric type.

A huge literature exists for dissipative hyperbolic systems with constant coefficients, under
suitable assumptions on the lower-order term and its relations with the first-order term. We
address the interested reader to [12], and to [1] and the references therein, being aware that
this cannot be an exhaustive list. Recently, dissipative estimates for first-order hyperbolic
systems with time-dependent coefficients have been obtained in [15].

Decay estimates for the L2 norm of the solution to a dissipative problem, obtained by using
additional L' regularity of the data, are a very useful tool to attack semilinear problems. For
the damped wave equation, decay estimates of this type have been used to derive the sharp
critical exponent for the global existence of small data solutions to problems with power
nonlinearity |u|? (see [5,6,13]) and with nonlinear memory [2]. For the wave equation with
time-dependent, effective damping term 2c(t)u,, decay estimates of this type have been
derived and applied to the semilinear problem in [3,4,7,10, 14].

Throughout the paper, we shall use the notation f < g to denote that 3C > 0 such that
f < Cg. Moreover, for any & # 0, we shall denote £/|&| by &'.

2 Proof of Theorem 1

Definition 1 In the following, by A;(c, &), for j =1,...,m,c > 0and § € R", we denote
the roots of the full symbol

P(x,i€) 4+ cP'(A,i€E) =0,

taken in a such way that 2 ; are continuous with respect to ¢, & and that A ; (0, &) = i|£]a; (§).

When ¢ > 0 or, respectively, & # 0, is fixed, we will occasionally omit the dependence
of A (c, &) from c or, respectively, from &.

Lemma 1 It holdsRe Aj(c,&) <O, forany j=1,...,m,c>0and§ # 0.

Proof We fix & # 0. For sufficiently small ¢, the roots of P(A, &)+ cP’(A, i§) are distinct.
We fix one of them, say A ;(c). Taking the derivative with respect to ¢ of the equation

P(1j(c),i§) +cP'(Aj(c), i&) =0,
in a neighborhood of ¢ = 0, we obtain
P'(1j(c),i&) M (©) + P'(Aj (), i&) + cP"(3j(c), i) 1;(c) = 0.

In particular, at ¢ = 0 we get )Jj (0) = —1. Indeed, P’(1;(0),i&) # 0, otherwise, A;(0)
would be root of both P(A,i&) and P’'(), i), which contradicts the strict hyperbolicity
assumption.

Therefore, there exists a maximal interval (0, c(§)) such that ReAj(c,§) < O for
any ¢ € (0, c(§)). By contradiction, let us assume that ¢(§) # oo, thatis, ReA;(c,§) = 0.
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560 M. D’Abbicco, E. Jannelli

Denoting A (¢, §) = itj, where 7; € R, it follows that

0= P(itj,i&) + cP'(itj, i&) =i" [ [ (xj — [Elax @) + "' D [ [ @i — 1Elar €.

k=1 0=1k#t

One of the last two terms is real, and the other one is purely imaginary, so that both
P(itj,i&) =0and P'(itj, i&) = 0, but this contradicts the strict hyperbolicity assumption.
[}

Remark 1 The strict hyperbolicity is also a necessary condition to have a negative real part
for all roots of the full symbol, and for any £ # 0. Indeed, if there exists a multiple root a; (§')
of P(A,&) =0, forsome j =1,...,mand & € S*~!, then

P(h, i&) + cP'(1, &)
admits a root A (§) = i|&|a;(£"), in particular its real part is identically zero at £.

Setting £ = 0, we immediately see that there exists k € {1, ..., m} such that

M (c,0) = —mec, Aj(c,0) =0, forany j #k,
due to P(A,0) + cP'(X,0) = A™ + cmA™~!. For a fixed ¢ > 0, as |&] — 0, we need to
estimate Re A (£), for any j # k. We have the following.
Lemma2 Let A;(§) be a root of the full symbol P(i,i§) + cP'(A,i§) = 0, satisfy-
ing A;j(0) = 0. Then,

K3

2 = ep, 6)
C

K>
ImA;(§)] < K111, Y €] <Rex;() < —

in a neighborhood of & = 0, for some K1 > 0 and K» > K3 > 0, independent on c.
Moreover, if L¢(§) is another root of the full symbol P(\,i&) + cP'(L,i§) =0, ie., L # |,
satisfying L¢(0) = 0, then

Im A (§) — Tm A (6)] > Kyl£], 7

in a neighborhood of & = 0, for some K4 > 0, independent on c.

Before proving Lemma 2, for the sake of brevity, we introduce the following.
Notation 1 We define

biE) =D ba&®  j=1.....m,

la|=j
so that
m
PO, i&) ="+ D biE) A" g
j=1
To prove Lemma 2, we need the following preliminary result.

Lemma 3 Let P and Py be two homogeneous polynomials in normal form, respectively, of
order m and m — 1, namely,

m m—1
PO, i) =D b EW I GIEN, P ig) = D diEWT T gD,
j=0 j=0
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with bg,dy € R\ {0}. Then, there exists one root A (&) of the full symbol P(X,i§) +
Py(X,i&) = 0 such that A (0) = —do/bo, whereas all the other roots satisfy |A;(§)| S 1€,

for j # k.

It is clear that it is sufficient to prove the statement of Lemma 3 in a neighborhood of £ = 0,
since (A, (&) S 1+ & forany h =1,...,m.

Proof Being P(A,0) + P1(A,0) = (bor + do)A™~1, the first part of the statement is clear.
We may write

P, i&) + P (X, i§)

m—1
N _ m—1 - 14
RO.§) = —— e = ; e~ (i1ED",

which is a polynomial with respect to the variable A, with coefficients g¢(£)(i|& DE, ¢ =
0,...,m — 1. In particular, go = bg. We claim that g,(£) are bounded functions of &, in a
neighborhood of & = 0. In turn, it follows that the roots of R(X, £) are bounded by C|&|, for
some C > 0.

To prove our claim, we consider P 4+ P as a polynomial with respect to the variable A.
Therefore, from

boA™ + D A" (b (E)ilE| + dj 1 (E))(iE) !
j=1
= P(h,i€) + Pi(%, i§) = (L — A (E))R(A, §)

m—1

=boA" + D A" (ge®)ilE] — M (E) g1 (E))(E1ENT!

=1
— ME)gm1E)IEN™ Y,
we derive
SeE)iIE] — Mc(E)go—1(8) = be(ENilE| +dp—1(E), L=1,....m—2
M E)gm—1() = by (ENPIE] + dm—1(E").

We may now prove our claim by finite induction. There exists a neighborhood of & = 0
such that [Ag(§)| > |dp|/(2]bo|). Then, we may estimate

|bm (€181 + dm—1(EN| _ 2lbol

lgm—15)] = = |bm( /)i| |+dmf ( /)| <C,
gn-16 7 ®)] dol "1 1@
for some C > 0. Let us assume that g,,_j (§) is bounded for some / € {1, ..., m —2}. Then
1bm—n(ENilE| + dm—n-1E") — gm—n(&)il&|] /
m— ( ) = <C,
lgm—n+1) (&) )]
as well. O

Proof (Lemma 2) Letus fix £ € S"~! andlet &£ = & p, for p > 0. For any p € (0, &), we
definen; := A;/(ip). Then |n;| < C,by virtue of Lemma 3. We may write the polynomials P
and P’ in the form

PG, &) = (ip)™ > bj "™ = (ip)" Qo(n), @®)

Jj=0
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562 M. D’Abbicco, E. Jannelli

m—1
P'(x,i€) = (ip)"~" D" (m — jbjEm" " = o)™ Qi (). ©)

j=0

Being ;| < C, also Qo(n;) and Q;(n;) are bounded, with respect to p. Moreover,
Qo(nj) #0and Q1(n;) # 0, since Qp and Q1 have distinct roots. Now, we consider

ipQo(n;) +cQi1(nj) =0.

Due to
mmngﬁwm

it follows Q1(n;) — 0, as p — 0, that is, n; tends to a root 7 of Q. We recall that 7 € R,
being O hyperbolic. We may write

01(nj) = (nj —MO1(n;),

therefore,
nj - = —i 2 L),
¢ Q1(nj)
that is,
P Qo))

Aj=ipn; =ipn+ = .
¢ 01(nj)

We n9tice that 7 may be zero, in general, unless b,,,_1(§”) # 0, but, recalling that Q¢ (77) # 0
and Q1 (1) # 0, due to the strict hyperbolicity assumption, we get

Qo(n;)
Re [ 2 £0,
e(@m)

for sufficiently small p, thanks to n; — 1 € R. By the compactness of §n=1 it follows that

K K
HmA;(&)] < Ky |€], 73 E* < Rex;(§)] < 72 €17

recalling that Re A; < 0, this concludes the proof of (6). Now, we prove (7). We define ny =
A/ (ip) as we did for n;. As p — 0, n; and n, tend to two different roots 7;, 17¢ of Q;.
Being Q; astrictly hyperbolic polynomial, it follows, from the previous representation, that

ImA; —TIm | = p[Ren; — Rene| = plii; — el + O(p*) = C'p.
Using the compactness of S”~!, we conclude the proof of (7). O

Finally, we need to estimate the behavior of 1 ;(§) as |§] — oo. We have the following.

Lemma 4 The roots of the full symbol P(A,i&) + cP'(A,i&) = 0 satisfy

lsl‘i_r)nooRe)»j(E)=—c, (1€ MM Aj (&) —a;(EN) =0, j=1,...,m. (10

lim
|§]—o00
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A damping term for higher-order hyperbolic equations 563

Proof As in the proof of Lemma 2, we fix & € §"~! and we set & = £'p, where p > 0.
For any p > M > 1, we define again n; := 1;/(ip). Clearly, |n;| < C. We write again the
polynomials P and P’ in the form (8)—(9) and we consider

QO(Uj)—i%Ql(TIj) =0.

As p — 00, Qo(n;) — 0, thatis, n; — a;(&"). Let Qo(n;) = (n; — aj)Qo(m‘)- We
obtain

. ¢ O1(n))
n—aj=1i— ———,
P Qo(n;)
so that 01(1)
. . 11
rj=ipnj =ipa;(E) —c = . (11)
S 0o(n))
Multiplying (11) by p~!, we immediately obtain the second part of (10), for p — 0o. On

the other hand, we see that Q(a;) = Qo(a ), since
o) =[Jr—an.  Qip=0om+m—ap>d [] 0n-ao.
L) L#j k#L ]

so that the first part of (10) follows from (11) as p — oo. ]

In particular, from Lemmas 1 and 4, it follows that
Ve>03dc, >0 :Rerj(§) < —c, VE:|E|>¢. (12)

We are now ready to prove Theorem 1; from now on, we shall denote by i(z, &) the
(partial) Fourier transform of u(¢, x) with respect to the x variable.

Proof (Theorem 1) Assume first that all A ;(§) are distinct for & # 0. After performing the
Fourier transform of the equation in (3), we may write

m m—1
u(t, &) = zek.f(é)t Aj(&) Z Om—1—n,j(E) (),
=0

j=1
where
1
Aj¢) = H —
oy Aj (&) — Ae(8)
and
0o,j = 1, 01,j=—z)»k, 0'2,j:Z)~k)\l+)¥jC71,j»
k#j k<l

= D MMhp+hjor ..
k<l<p

03,j

By Plancherel’s theorem, we want to estimate the L? norm of

E[1aka, &).
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564 M. D’Abbicco, E. Jannelli

Lete > 0. By (12) we know that Re A ; < —c, forany & : |§] > ¢and j =1, ..., m. More-
over, for large |£|, taking into account Lemma 4 and the assumption of strict hyperbolicity,
we get [A; (&) < &7V and |oy—1-p, ;(§)| < |17, We also remark that

m m—1
l0f (e, €)1 S 181D R ENAEN D o1 @ 1 )],
j=1 h=0

for large |&|, being |A;(§)| < |&]. Therefore,

m—1
sup £ (e, )] < e gD g ),

[El>¢ h=0

for some § > 0. By applying Plancherel’s theorem on the initial data, it immediately follows
that

m—1
. 51
I, Y 2qeize) S € D Nunll grarea-n.
h=0

On the other hand, for sufficiently small ¢ > 0, for any & : |§| < e, we distinguish two cases:

— if 4j(0) = —mc, then |A;(£)| < C and |oy—1—p, j(&)| < 1€, thanks to (6);

— if 4,;(0) = 0, then |A; ()] < |57, thanks to (7), and |op—1-5, ;)] < [§" >,
for any h < m — 2, thanks to (6), whereas we recall that og ; = 1. We also remark
that |1 (§)| < |&] thanks to (6).

Our plan is to estimate

m—1
16116 @F @ 4;€) 3 o1, €)1 ©)|
h=0

L2(j§|<e)
m—1
< Z I1Kj.n(§) 3Aj($)t||L2(|g|5g) el Loe
h=0
where we set
Kin (@) =15 O ©)* Aj(6) om1-n,j (©).
We remark that |, ||p < [lupllz1. For j such that A ;(0) = —mc, we immediately obtain

K jn@®)] < gl
which clearly is in L2(|S | < é&); hence,
1K (&) €™ 21 <e) S €77,

for some 6 > 0. Now, let j be such that A ;(0) = 0. In this case, we obtain

€|l +h=h if h=0,...,m—2,
; <
|Kj,h($)|~ ’|E||a|+k_(m_2) i h=m—1. (13)
In particular, K ; 5 are in L%(|&| < &) forany h =0, ..., m — 1, thanks to (5) [incidentally,
we remark that condition (5) may be relaxed if u,,—1 = up—2 = -+ = up—¢ = 0 for

some £ > 2 in (3)].
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If + < 1, we simply estimate the L2(|€| < &) norm of K ; ,¢*/' by a constant. Let t > 1.
By the change of variable = \/¢&, we immediately derive

K 2 n K: 2
/ |%.|2(\a\+k—h)e—272|5| de < t—7—|a|—k+h/ |9|2(|a|+k—h)e—272|9\ do.
I§1<e

n

Since the last integral is bounded, we obtain

n_ lal+k—h

IKjne 2qei<e) SA+D75 2, h=0,...,m—2;

la|+k—(m—2)
2 .

IK jm-1€"" 1 2g1<e) S (LHDTT

By gluing the estimates obtained for | (z, M r2qe)>e) and (e, I L2 jg)<e)» We conclude the
proof of (4).

We now remove the assumption that A;(¢) are distinct for any & # 0. By Lemmas 2
and 4, we know that all possible zeros of the discriminant are contained in a compact subset
of R" \ {|§| < &}. In any bounded neighborhood V' C R" \ {|§] < &} of a zero of the

discriminant, it still holds true

m—1

HEN™0f (. &)l 2y < CtTe " D anE) 20
h=0

for sufficiently large C, C; > 0, uniformly for all zeros; hence, estimate (4) remains true.
[m}

3 Additional remarks
Remark 2 In the proof of Theorem 1, the L' regularity of the initial data only came into play

at low frequencies, whereas the H lof+k—j regularity of u;, j =0, ..., m — 1, only came into
play at high frequencies. More precisely, estimate (4) may be replaced by

m—2
195 0fut, )2 <€ D1 + 07 e <o)
j=0
_n_laltk—m=2)
+CU+1)4 z litm—1llzoo gl <e)
m—1
+Ce D ENT a2 g ) (19
j=0

for some ¢ > 0, C > 0 and § > 0, which do not depend on the data.

Remark 3 The constants C and § in Theorem 1 depend on the positive constant ¢ > 0 in (3),
and in particular, they cannot be uniformly fixed for any ¢ € (0, co). However, it is easy to
see that estimate (4) may be replaced by

m—2
k R DR s =
1920 u(t. M2 <Cr D €+ '074 7 ujllp
Jj=0

+ Cl(c_2 + c_lt)_4

n _ |la|+k—(m—2)
2 lm—1ll 11
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566 M. D’Abbicco, E. Jannelli

m—1
+Cre” D ujl getsis (15)
j=0

where C1, §;1 > 0 do not depend on the positive constant ¢ > 0, neither on the data.

In order to prove (15), let & be a solution to Li + Miu = 0. Then, for any ¢ > 0,
u(t, x) = u(ct, cx) solves Lu+cMu = 0. In particular, it solves (3) with initial data u ; (x) =
c18]ii(0, cx), for j =0,...,m — 1.

Applying Theorem 1 to & and performing the change of variables into (14), straightforward
calculations lead to (15). .

Itis easy to see that the decay terms C (241~ §- e in (15) blows up as ¢ — oo,
whereas the decay term C 1e~ 81" reduces to the constant C; at ¢ = 0. The first case hints
to some kind of overdamping phenomenon: if the damping coefficient is larger, the decay
estimate becomes worse. On the other hand, the second case is related to the fact that removing
the damping term we may no longer expect decay of the energy, in general.

Remark 4 If we drop the assumption of additional L' regularity for the data, we may easily
modify the proof of Theorem 1, getting the following

Proposition 1 Let L as (1), be a strictly hyperbolic operator with symbol P (A, i&) as in (2),
¢ > 0 be a positive constant, and M the operator with symbol P' (L, i&). Then, the solution
to (3) satisfies the following long-time decay estimate:

m—2
_lel+k—j
19208 u(e, M2 < C D (A+07 2 llujl gratsis
Jj=0

lot|+k—(m

2
+C(1+1)" 2 letm—1ll 2
forany o € N" and k > 0, such that |«| +k > m — 2.

In particular, taking |o| + k = m — 1 in Proposition 1, we may derive the following decay
estimate for the (m — 1)-th-order energy of the solution to (3):

m—1 m—1

2 -1 2
D0 ut Mo < CA+D7" D Nkl o1
k=0 k=0

Remark 5 To prove that the choice of M in Theorem 1 is optimal, we show that a different
homogeneous operator of order m — 1 may not produce a stronger dissipative effect. Namely,
we have the following.

Proposition 2 Let P(X,i&) be a m-th-order homogeneous strictly hyperbolic symbol as
in (2), and let
m—1 ) )
Pi(h,i8) = D dj N GilE D

j=0

be a (m — 1)-th-order homogeneous symbol withdy > Oand d;j(§") e R, j=1,...,m —1.
Then, the following properties hold:

(a) If Py is a hyperbolic polynomial whose roots are at most double, and all the double roots
are (simple) roots of P, then all roots A j (&) of P (A, &)+ P’ (X, &) = 0, but one, satisfy

IRe 2, (&) < &1
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A damping term for higher-order hyperbolic equations 567

in a neighborhood of & = 0, whereas the other one verifies A ;(0) = —dj.
(b) If Py does not fall in the previous case, then P (1, i&) + P1(X, i&) has, for some & # 0,
at least one root with strictly positive real part.

Proof We fix &' € §"~! and for any p > 0, we set & = p&’.

First, let a;(£’) be a (real) root of P(A, &) = 0, which is also a root of Pi(%,&’) = 0.
Then, 4;(§) = ia;(§")p is a purely imaginary root of P(x, i&) 4+ Pi(A, &) = 0. For any
root A;(¢§) with this property, we may divide both P(A,i&) and Pi(X,i&) by A — X;(&);
hence, it is not restrictive to assume that P(A, ") = 0 and P; (A, £’) = 0 have no common
roots. Therefore, the two cases (a)—(b) reduce, respectively, to:

(i) If Pi(A, &") is a strictly hyperbolic polynomial whose roots are all different from the
roots of P(X, £'), then all roots A ; (&) of P(X, i&) + P'(A,i&) = 0, but one, satisfy

IRe 2, (6)] < &1

in a neighborhood of § = 0, whereas the other one verifies A ;(0) = —do.

(ii) Let Pi(A, &) be a polynomial whose roots are all different from the roots of P(A, &').
Moreover, let us assume that at least one root of Py (A, §") = 0 is multiple, if all its roots
are real-valued. Then, P(A,i&) + P1(A, i&) has, for some & # 0, at least one root with
strictly positive real part.

By virtue of Lemma 3, there exists one root A (&), of P(A,i&) + Pi(A, i) = 0, satisfy-
ing Ax(0) = —do, whereas |1 ;(£)| < |£], for any j # k. Recalling that we fixed &' € sl
we define n; := A;/(ip), which satisfy [n;| < Ce, for j # k, as we did in the proof
of Lemma 2. We define Qg(n) = (i,o)_(m_ﬁ)P,g(n, &), B = 0,1, as in (8)—(9), and we
consider the equation

ipQo(n;) +cQi1(n;) =0.

As p — 0, if follows Q(n;) — 0, that is, n; tends to aroot 77 of Q.
We first consider case (i). Then, Q1 has m — 1 distinct, real roots, which are not roots
of Q¢. Then, we may closely follow the proof of Lemma 2, obtaining, in particular

Re’j(p)| S p*,  forany j #k,

in a neighborhood of p = 0.

When we consider case (ii), we distinguish two cases.

First, let assume that Q1 has real-valued roots and that 7 is a root of Q1 with multiplic-
ity £ > 2. Then, there exists a set [ C {1, ..., m}, with £ indexes, such that n; — 75 for
any j € Iy, as p — 0. We may write

inQo+ (n; — M 01 =0, foranyj eI,

where Ql =01/(nj — ﬁ)@ is a polynomial of order m — 1 — £ such that Ql(ﬁ) # 0. Then,
in a neighborhood of p = 0, it holds Qo (7;), Ql (nj) # 0 and we may write

1
nj=n+¢;pt, foranyje€l,
where ¢; is a £-th-order complex-valued root of —i Qo(n;)/ Q 1(n;). In particular,

Imn; =Img;p?,
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since 77 € R. Due to —i Qo(ﬁ)/él (n) € iR\ {0}, it follows that
Im¢; <O, for some j € Iy,

in a neighborhood of p = 0. Therefore,
Rel; = —Img;p'tt =0,

for some j € I; and for some & # 0.
Finally, let us assume that Q' has a nonreal-valued root. Since all the roots are conjugated,
we may find a root 7 satisfying Im 7 < 0. It follows that

Imn; — Imn > 0,
for some j, in particular, Re A ;(§) > O for some & # 0. O

Remark 6 1t is well known that the solution to the Cauchy problem for the damped wave
equation
uy — Au~+2cu; =0 >0, xeRY,
u(0, x) = up(x) (16)
ur (0, x) = ui(x)

with initial data in the energy space and with additional L' regularity, satisfies the following
decay estimates (see [8], Lemma 1):

la]

18%8%u(t, Y2 < C(L+ 07577 *(Jlugl 1 + 1)
+ Ce™ (uoll gtk + e | giorsi1), (17)
where C > 0 and § > 0 do not depend on the data.

An important difference between (4) and (17) is that each time derivative of u only brings

an additional (1 + t)_% decay rate in (4), whereas it brings an additional (1 + s decay rate
in (17). This difference is related to the fact that oscillations are excluded at low frequencies
for the solution to (16), i.e., the roots of the full symbol of the damped wave equation are
real-valued for small values of |£|. This property cannot hold for equations of the form
(L +cM)u = 0 when m > 3, due to (7) in Lemma 2, namely for any &’ € §"~1 there exists
at least one root with nonzero imaginary part for small values of |£].

However, if we only consider second-order equation, and we assume that b1 (¢") = 0 for
any &' € S, then we may improve estimate (4).

Proposition 3 Let

Lu= Ut + Z baagu,
la|=2

be a strictly hyperbolic operator, i.e.,

by(E) = D ba(E)* <0,

|or|=2
forany &' € §"~1. Then, for any ¢ > 0, the solution to

Lu+2cu; =0, t>0, xeR",
u(0, x) = uo(x) (18)
ur (0, x) = uy(x)
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satisfies the decay estimate (17).

The result in Proposition 3 covers the classical result for the damped wave equation,
obtained for b, (§') = —1.

Proof Itis sufficient to follow the proof of Theorem 1, having in mind that the roots A+ (¢, &)
of the full symbol are real-valued for small values of |£|, namely,

ra(e) | TEEVEEB@IER i = —haE)leP,
* —c iV ENEP =2 ifc? < —by(E)|E

In particular, A4 (§)] < —bz(S’)|§|2/c, in a neighborhood of £ = 0, therefore, (13) is
replaced by

\Y

19)

|Kjn(E)] < &2, (20)

With this modification, estimate (17) immediately follows. ]

Remark 7 The asymptotic profile of the solution to (18) is the same of the solution to the
Cauchy problem for the heat-type equation

Vit 3 Dgja badSv =0, >0, x€eR",

v(0, x) = vo(x) 1)

where vg = ug + (2¢)"'u; (see, for instance, [9]). More precisely, we get extra decay
rate (1+1)~! for u — v, with respect to the corresponding estimate for u and v, i.e., we have
the following:

_n_ el g
182 8f (u(t, ) —v(t, )l 2 < CA+075 2 (Jlugll o1+ llurl 1)

-4
+Ce™ (luol asss + Nl ).

This effect is called diffusion phenomenon, and it depends on the fact that the roots of the
full symbol are real-valued at low frequencies.
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