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Abstract We construct a damping term for general higher-order strictly hyperbolic homo-
geneous equations with constant coefficients. We derive long-time decay estimates for the
solution to the Cauchy problem, and we show that no better dissipative effect can be obtained
with a different damping term.
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1 Introduction

We consider a m-th-order homogeneous equation Lu = 0, with m ≥ 2, in the general form

L ≡ ∂mt +
∑

1≤|α|≤m

bα ∂
m−|α|
t ∂α

x , (1)

where bα ∈ R. We assume that the operator L is strictly hyperbolic, that is, for any ξ �= 0,
setting ξ ′ = ξ/|ξ |, its symbol satisfies
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P(λ, iξ) ≡ λm +
∑

1≤|α|≤m

bα λm−|α|(iξ)α =
m∏

j=1

(λ − i |ξ |a j (ξ
′)), (2)

for some a j = a j (ξ
′), real-valued, such that a j (ξ

′) �= ak(ξ ′) for any j �= k and ξ ′ ∈ Sn−1.
In this paper, we show that the operator with symbol cP ′(λ, iξ), where c > 0 is a positive
constant, is a damping term for the operator Lu. Here and through all the paper, with the
notation P ′(λ, iξ), we mean that the derivative of the symbol is taken with respect to λ.

Our main result is the following.

Theorem 1 Let L as (1), be a strictly hyperbolic homogeneous operator with sym-
bol P(λ, iξ) as in (2), c > 0 be a positive constant, and M the homogeneous operator
with symbol P ′(λ, iξ). Then the solution to

{
(L + cM)u = 0, t ≥ 0, x ∈ R

n,

∂
j
t u(0, x) = u j (x), j = 0, . . . ,m − 1,

(3)

satisfies the following long-time decay estimate:

‖∂α
x ∂kt u(t, ·)‖L2 ≤ C

m−2∑

j=0

(1 + t)−
n
4 − |α|+k− j

2 ‖u j‖L1

+ C(1 + t)−
n
4 − |α|+k−(m−2)

2 ‖um−1‖L1

+ C e−δt
m−1∑

j=0

‖u j‖H |α|+k− j , (4)

for any α ∈ N
n and k ≥ 0, such that

n

2
+ |α| + k > m − 2, (5)

and for some C > 0, δ > 0, which do not depend on the data.

Theorem 1 extends the corresponding well-known result for the damped wave equation

utt − �u + ut = 0,

to general, strictly hyperbolic, operators of order m ≥ 2. Motivated by Theorem 1, we say
that cMu is a damping term for Lu.

The motivation to study decay estimates for the operator L + cM , for some c > 0, is
based on the fact that its symbol P(λ, iξ) + cP ′(λ, iξ) is the first-order approximation of
the symbol P(λ + c, iξ), which roots are ia j (ξ

′)|ξ | − c. In particular, the real parts of these
roots are uniformly bounded by a negative constant, as it happens for the roots of the full
symbol of the damped Klein–Gordon equation,

utt − �u + ut + u = 0,

which solutions exponentially decay as t → ∞.
The proof of Theorem1 is based on the properties of the roots of the full symbol P(λ, iξ)+

cP ′(λ, iξ), which we derive in Sect. 2.
The main novelty of our paper consists in the explicit construction, given any strictly

hyperbolic homogeneous operator of orderm, of an homogeneous operator M of orderm−1
which produces a dissipative effect. The choice of M is, in a certain sense, optimal; indeed,
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we show (see Proposition 2 in Sect. 3) that no homogeneous operator of order m − 1 can
produce a stronger dissipative effect.

In the setting of long-time estimates for higher-order equations with constant coeffi-
cients, we address the interested reader to [11], where dispersive and Strichartz estimates are
obtained, by assuming suitable hypotheses on the roots of the full symbol of the operator, in
particular hypotheses of geometric type.

A huge literature exists for dissipative hyperbolic systemswith constant coefficients, under
suitable assumptions on the lower-order term and its relations with the first-order term. We
address the interested reader to [12], and to [1] and the references therein, being aware that
this cannot be an exhaustive list. Recently, dissipative estimates for first-order hyperbolic
systems with time-dependent coefficients have been obtained in [15].

Decay estimates for the L2 norm of the solution to a dissipative problem, obtained by using
additional L1 regularity of the data, are a very useful tool to attack semilinear problems. For
the damped wave equation, decay estimates of this type have been used to derive the sharp
critical exponent for the global existence of small data solutions to problems with power
nonlinearity |u|p (see [5,6,13]) and with nonlinear memory [2]. For the wave equation with
time-dependent, effective damping term 2c(t)ut , decay estimates of this type have been
derived and applied to the semilinear problem in [3,4,7,10,14].

Throughout the paper, we shall use the notation f � g to denote that ∃C > 0 such that
f ≤ Cg. Moreover, for any ξ �= 0, we shall denote ξ/|ξ | by ξ ′.

2 Proof of Theorem 1

Definition 1 In the following, by λ j (c, ξ), for j = 1, . . . ,m, c ≥ 0 and ξ ∈ R
n , we denote

the roots of the full symbol

P(λ, iξ) + cP ′(λ, iξ) = 0,

taken in a such way that λ j are continuous with respect to c, ξ and that λ j (0, ξ) = i |ξ |a j (ξ
′).

When c > 0 or, respectively, ξ �= 0, is fixed, we will occasionally omit the dependence
of λ j (c, ξ) from c or, respectively, from ξ .

Lemma 1 It holds Re λ j (c, ξ) < 0, for any j = 1, . . . ,m, c > 0 and ξ �= 0.

Proof We fix ξ �= 0. For sufficiently small c, the roots of P(λ, iξ) + cP ′(λ, iξ) are distinct.
We fix one of them, say λ j (c). Taking the derivative with respect to c of the equation

P(λ j (c), iξ) + cP ′(λ j (c), iξ) = 0,

in a neighborhood of c = 0, we obtain

P ′(λ j (c), iξ) λ′
j (c) + P ′(λ j (c), iξ) + cP ′′(λ j (c), iξ) λ′

j (c) = 0.

In particular, at c = 0 we get λ′
j (0) = −1. Indeed, P ′(λ j (0), iξ) �= 0, otherwise, λ j (0)

would be root of both P(λ, iξ) and P ′(λ, iξ), which contradicts the strict hyperbolicity
assumption.

Therefore, there exists a maximal interval (0, c̄(ξ)) such that Re λ j (c, ξ) < 0 for
any c ∈ (0, c̄(ξ)). By contradiction, let us assume that c̄(ξ) �= ∞, that is, Re λ j (c̄, ξ) = 0.
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560 M. D’Abbicco, E. Jannelli

Denoting λ j (c̄, ξ) = iτ j , where τ j ∈ R, it follows that

0 = P(iτ j , iξ) + cP ′(iτ j , iξ) = im
m∏

k=1

(τ j − |ξ |ak(ξ ′)) + im−1
m∑

	=1

∏

k �=	

(τ j − |ξ |ak(ξ ′)).

One of the last two terms is real, and the other one is purely imaginary, so that both
P(iτ j , iξ) = 0 and P ′(iτ j , iξ) = 0, but this contradicts the strict hyperbolicity assumption.

�

Remark 1 The strict hyperbolicity is also a necessary condition to have a negative real part
for all roots of the full symbol, and for any ξ �= 0. Indeed, if there exists a multiple root a j (ξ

′)
of P(λ, ξ ′) = 0, for some j = 1, . . . ,m and ξ ′ ∈ Sn−1, then

P(λ, iξ) + cP ′(λ, iξ)

admits a root λ j (ξ) = i |ξ |a j (ξ
′), in particular its real part is identically zero at ξ .

Setting ξ = 0, we immediately see that there exists k ∈ {1, . . . ,m} such that

λk(c, 0) = −mc, λ j (c, 0) = 0, for any j �= k,

due to P(λ, 0) + cP ′(λ, 0) = λm + cmλm−1. For a fixed c > 0, as |ξ | → 0, we need to
estimate Re λ j (ξ), for any j �= k. We have the following.

Lemma 2 Let λ j (ξ) be a root of the full symbol P(λ, iξ) + cP ′(λ, iξ) = 0, satisfy-
ing λ j (0) = 0. Then,

|Im λ j (ξ)| ≤ K1|ξ |, −K2

c
|ξ |2 ≤ Re λ j (ξ) ≤ −K3

c
|ξ |2, (6)

in a neighborhood of ξ = 0, for some K1 > 0 and K2 > K3 > 0, independent on c.
Moreover, if λ	(ξ) is another root of the full symbol P(λ, iξ) + cP ′(λ, iξ) = 0, i.e., 	 �= j ,
satisfying λ	(0) = 0, then

|Im λ j (ξ) − Im λ	(ξ)| ≥ K4|ξ |, (7)

in a neighborhood of ξ = 0, for some K4 > 0, independent on c.

Before proving Lemma 2, for the sake of brevity, we introduce the following.

Notation 1 We define

b j (ξ
′) =

∑

|α|= j

bα ξ ′α, j = 1, . . . ,m,

so that

P(λ, iξ) = λm +
m∑

j=1

b j (ξ
′) λm− j (i |ξ |) j .

To prove Lemma 2, we need the following preliminary result.

Lemma 3 Let P and P1 be two homogeneous polynomials in normal form, respectively, of
order m and m − 1, namely,

P(λ, iξ) =
m∑

j=0

b j (ξ
′)λm− j (i |ξ |) j , P1(λ, iξ) =

m−1∑

j=0

d j (ξ
′)λm−1− j (i |ξ |) j ,
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A damping term for higher-order hyperbolic equations 561

with b0, d0 ∈ R \ {0}. Then, there exists one root λk(ξ) of the full symbol P(λ, iξ) +
P1(λ, iξ) = 0 such that λk(0) = −d0/b0, whereas all the other roots satisfy |λ j (ξ)| � |ξ |,
for j �= k.

It is clear that it is sufficient to prove the statement of Lemma 3 in a neighborhood of ξ = 0,
since |λh(ξ)| � 1 + |ξ | for any h = 1, . . . ,m.

Proof Being P(λ, 0) + P1(λ, 0) = (b0λ + d0)λm−1, the first part of the statement is clear.
We may write

R(λ, ξ) := P(λ, iξ) + P1(λ, iξ)

λ − λk(ξ)
=

m−1∑

	=0

g	(ξ)λm−1(i |ξ |)	,

which is a polynomial with respect to the variable λ, with coefficients g	(ξ)(i |ξ |)	, 	 =
0, . . . ,m − 1. In particular, g0 = b0. We claim that g	(ξ) are bounded functions of ξ , in a
neighborhood of ξ = 0. In turn, it follows that the roots of R(λ, ξ) are bounded by C |ξ |, for
some C > 0.

To prove our claim, we consider P + P1 as a polynomial with respect to the variable λ.
Therefore, from

b0λ
m +

m∑

j=1

λm− j (b j (ξ
′)i |ξ | + d j−1(ξ

′))(i |ξ |) j−1

= P(λ, iξ) + P1(λ, iξ) = (λ − λk(ξ))R(λ, ξ)

= b0λ
m +

m−1∑

	=1

λm−	(g	(ξ)i |ξ | − λk(ξ)g	−1(ξ))(i |ξ |)	−1

− λk(ξ)gm−1(ξ)(i |ξ |)m−1,

we derive

g	(ξ)i |ξ | − λk(ξ)g	−1(ξ) = b	(ξ
′)i |ξ | + d	−1(ξ

′), 	 = 1, . . . ,m − 2

−λk(ξ)gm−1(ξ) = bm(ξ ′)i |ξ | + dm−1(ξ
′).

We may now prove our claim by finite induction. There exists a neighborhood of ξ = 0
such that |λk(ξ)| ≥ |d0|/(2|b0|). Then, we may estimate

|gm−1(ξ)| = |bm(ξ ′)i |ξ | + dm−1(ξ
′)|

|λk(ξ)| ≤ 2|b0|
|d0| |bm(ξ ′)i |ξ | + dm−1(ξ

′)| ≤ C,

for some C > 0. Let us assume that gm−h(ξ) is bounded for some h ∈ {1, . . . ,m−2}. Then

|gm−(h+1)(ξ)| = |bm−h(ξ
′)i |ξ | + dm−h−1(ξ

′) − gm−h(ξ)i |ξ ||
|λk(ξ)| ≤ C ′,

as well. �

Proof (Lemma 2) Let us fix ξ ′ ∈ Sn−1, and let ξ = ξ ′ρ, for ρ > 0. For any ρ ∈ (0, ε), we
define η j := λ j/(iρ). Then |η j | ≤ C , by virtue of Lemma3.Wemaywrite the polynomials P
and P ′ in the form

P(λ, iξ) = (iρ)m
m∑

j=0

b j (ξ
′)ηm− j ≡ (iρ)mQ0(η), (8)

123



562 M. D’Abbicco, E. Jannelli

P ′(λ, iξ) = (iρ)m−1
m−1∑

j=0

(m − j)b j (ξ
′)ηm−1− j ≡ (iρ)m−1Q1(η). (9)

Being |η j | ≤ C , also Q0(η j ) and Q1(η j ) are bounded, with respect to ρ. Moreover,
Q0(η j ) �= 0 and Q1(η j ) �= 0, since Q0 and Q1 have distinct roots. Now, we consider

iρQ0(η j ) + cQ1(η j ) = 0.

Due to

|Q1(η j )| = ρ

c
|Q0(η j )|,

it follows Q1(η j ) → 0, as ρ → 0, that is, η j tends to a root η̄ of Q1. We recall that η̄ ∈ R,
being Q1 hyperbolic. We may write

Q1(η j ) = (η j − η̄)Q̃1(η j ),

therefore,

η j − η̄ = −i
ρ

c

Q0(η j )

Q̃1(η j )
;

that is,

λ j = iρη j = iρη̄ + ρ2

c

Q0(η j )

Q̃1(η j )
.

We notice that η̄ may be zero, in general, unless bm−1(ξ
′) �= 0, but, recalling that Q0(η̄) �= 0

and Q̃1(η̄) �= 0, due to the strict hyperbolicity assumption, we get

Re

(
Q0(η j )

Q̃1(η j )

)
�= 0,

for sufficiently small ρ, thanks to η j → η̄ ∈ R. By the compactness of Sn−1, it follows that

|Im λ j (ξ)| ≤ K1 |ξ |, K3

c
|ξ |2 ≤ |Re λ j (ξ)| ≤ K2

c
|ξ |2 ;

recalling that Re λ j < 0, this concludes the proof of (6). Now, we prove (7). We define η	 =
λ	/(iρ) as we did for η j . As ρ → 0, η j and η	 tend to two different roots η̄ j , η̄	 of Q1.
Being Q1 a strictly hyperbolic polynomial, it follows, from the previous representation, that

|Im λ j − Im λ	| = ρ|Re η j − Re η	| = ρ|η̄ j − η̄	| + O(ρ2) ≥ C ′ρ.

Using the compactness of Sn−1, we conclude the proof of (7). �


Finally, we need to estimate the behavior of λ j (ξ) as |ξ | → ∞. We have the following.

Lemma 4 The roots of the full symbol P(λ, iξ) + cP ′(λ, iξ) = 0 satisfy

lim|ξ |→∞Re λ j (ξ) = −c, lim|ξ |→∞
(|ξ |−1Im λ j (ξ) − a j (ξ

′)
) = 0, j = 1, . . . ,m. (10)
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Proof As in the proof of Lemma 2, we fix ξ ′ ∈ Sn−1 and we set ξ = ξ ′ρ, where ρ > 0.
For any ρ ≥ M > 1, we define again η j := λ j/(iρ). Clearly, |η j | ≤ C . We write again the
polynomials P and P ′ in the form (8)–(9) and we consider

Q0(η j ) − i
c

ρ
Q1(η j ) = 0.

As ρ → ∞, Q0(η j ) → 0, that is, η j → a j (ξ
′). Let Q0(η j ) = (η j − a j )Q̃0(η j ). We

obtain

η − a j = i
c

ρ

Q1(η j )

Q̃0(η j )
,

so that

λ j = iρη j = iρa j (ξ
′) − c

Q1(η j )

Q̃0(η j )
. (11)

Multiplying (11) by ρ−1, we immediately obtain the second part of (10), for ρ → ∞. On
the other hand, we see that Q1(a j ) = Q̃0(a j ), since

Q̃0(η) =
∏

	�= j

(η − a	), Q1(η) = Q̃0(η) + (η − a j )
∑

	�= j

∏

κ �=	, j

(η − aκ ),

so that the first part of (10) follows from (11) as ρ → ∞. �


In particular, from Lemmas 1 and 4, it follows that

∀ ε > 0 ∃ cε > 0 : Re λ j (ξ) ≤ −cε ∀ ξ : |ξ | ≥ ε . (12)

We are now ready to prove Theorem 1; from now on, we shall denote by û(t, ξ) the
(partial) Fourier transform of u(t, x) with respect to the x variable.

Proof (Theorem 1) Assume first that all λ j (ξ) are distinct for ξ �= 0. After performing the
Fourier transform of the equation in (3), we may write

û(t, ξ) =
m∑

j=1

eλ j (ξ)t Δ j (ξ)

m−1∑

h=0

σm−1−h, j (ξ) ûh(ξ),

where

Δ j (ξ) =
∏

k �= j

1

λ j (ξ) − λk(ξ)

and

σ0, j = 1, σ1, j = −
∑

k �= j

λk, σ2, j =
∑

k<l

λkλl + λ jσ1, j ,

σ3, j = −
∑

k<l<p

λkλlλp + λ jσ2, j , . . .

By Plancherel’s theorem, we want to estimate the L2 norm of

|ξ ||α|∂kt û(t, ξ).
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Let ε > 0. By (12) we know that Re λ j ≤ −cε for any ξ : |ξ | > ε and j = 1, . . . ,m. More-
over, for large |ξ |, taking into account Lemma 4 and the assumption of strict hyperbolicity,
we get |Δ j (ξ)| ≤ |ξ |−(m−1) and |σm−1−h, j (ξ)| ≤ |ξ |m−1−h . We also remark that

|∂kt û(t, ξ)| � |ξ |k
m∑

j=1

eRe λ j (ξ)t |Δ j (ξ)|
m−1∑

h=0

|σm−1−h, j (ξ)| |ûh(ξ)|,

for large |ξ |, being |λ j (ξ)| � |ξ |. Therefore,

sup
|ξ |>ε

|ξ ||α||∂kt û(t, ξ)| � e−δt |ξ ||α|+k
m−1∑

h=0

|ξ |−h |ûh(ξ)|,

for some δ > 0. By applying Plancherel’s theorem on the initial data, it immediately follows
that

‖û(t, ·)‖L2(|ξ |≥ε) � e−δt
m−1∑

h=0

‖uh‖H |α|+k−h .

On the other hand, for sufficiently small ε > 0, for any ξ : |ξ | ≤ ε, we distinguish two cases:

– if λ j (0) = −mc, then |Δ j (ξ)| ≤ C and |σm−1−h, j (ξ)| � |ξ |m−1−h , thanks to (6);
– if λ j (0) = 0, then |Δ j (ξ)| � |ξ |−(m−2), thanks to (7), and |σm−1−h, j (ξ)| � |ξ |m−2−h ,

for any h ≤ m − 2, thanks to (6), whereas we recall that σ0, j = 1. We also remark
that |λ j (ξ)| � |ξ | thanks to (6).

Our plan is to estimate

∥∥∥|ξ ||α|(λ j (ξ))k eλ j (ξ)t Δ j (ξ)

m−1∑

h=0

σm−1−h, j (ξ) ûh(ξ)

∥∥∥
L2(|ξ |≤ε)

≤
m−1∑

h=0

‖K j,h(ξ) eλ j (ξ)t‖L2(|ξ |≤ε) ‖ûh‖L∞ ,

where we set

K j,h(ξ) := |ξ ||α| (λ j (ξ))k Δ j (ξ) σm−1−h, j (ξ) .

We remark that ‖ûh‖L∞ � ‖uh‖L1 . For j such that λ j (0) = −mc, we immediately obtain

|K j,h(ξ)| � |ξ ||α|+m−1−h,

which clearly is in L2(|ξ | ≤ ε); hence,

‖K j,h(ξ) eλ j (ξ)t‖L2(|ξ |≤ε) � e−δt ,

for some δ > 0. Now, let j be such that λ j (0) = 0. In this case, we obtain

|K j,h(ξ)| �
{

|ξ ||α|+k−h if h = 0, . . . ,m − 2,

|ξ ||α|+k−(m−2) if h = m − 1.
(13)

In particular, K j,h are in L2(|ξ | ≤ ε) for any h = 0, . . . ,m − 1, thanks to (5) [incidentally,
we remark that condition (5) may be relaxed if um−1 = um−2 = · · · = um−	 = 0 for
some 	 ≥ 2 in (3)].
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If t ≤ 1, we simply estimate the L2(|ξ | ≤ ε) norm of K j,heλ j t by a constant. Let t ≥ 1.
By the change of variable θ = √

tξ , we immediately derive
∫

|ξ |≤ε

|ξ |2(|α|+k−h)e−2 K2
c |ξ |2t dξ � t−

n
2 −|α|−k+h

∫

Rn
|θ |2(|α|+k−h)e−2 K2

c |θ |2 dθ.

Since the last integral is bounded, we obtain

‖K j,he
λ j t‖L2(|ξ |≤ε) � (1 + t)−

n
4 − |α|+k−h

2 , h = 0, . . . ,m − 2 ;
‖K j,m−1e

λ j t‖L2(|ξ |≤ε) � (1 + t)−
n
4 − |α|+k−(m−2)

2 .

By gluing the estimates obtained for ‖û(t, ·)‖L2(|ξ |≥ε) and ‖û(t, ·)‖L2(|ξ |≤ε), we conclude the
proof of (4).

We now remove the assumption that λ j (ξ) are distinct for any ξ �= 0. By Lemmas 2
and 4, we know that all possible zeros of the discriminant are contained in a compact subset
of Rn \ {|ξ | ≤ ε}. In any bounded neighborhood V ⊂ R

n \ {|ξ | ≤ ε} of a zero of the
discriminant, it still holds true

‖|ξ ||α|∂kt û(t, ξ)‖L2(V ) ≤ CtC1e−cε t
m−1∑

h=0

‖ûh(ξ)‖L2(V )

for sufficiently large C,C1 > 0, uniformly for all zeros; hence, estimate (4) remains true.
�


3 Additional remarks

Remark 2 In the proof of Theorem 1, the L1 regularity of the initial data only came into play
at low frequencies, whereas the H |α|+k− j regularity of u j , j = 0, . . . ,m−1, only came into
play at high frequencies. More precisely, estimate (4) may be replaced by

‖∂α
x ∂kt u(t, ·)‖L2 ≤ C

m−2∑

j=0

(1 + t)−
n
4 − |α|+k− j

2 ‖û j‖L∞(|ξ |≤ε)

+ C(1 + t)−
n
4 − |α|+k−(m−2)

2 ‖ûm−1‖L∞(|ξ |≤ε)

+ C e−δt
m−1∑

j=0

‖|ξ ||α|+k− j û j‖L2(|ξ |>ε), (14)

for some ε > 0, C > 0 and δ > 0, which do not depend on the data.

Remark 3 The constants C and δ in Theorem 1 depend on the positive constant c > 0 in (3),
and in particular, they cannot be uniformly fixed for any c ∈ (0,∞). However, it is easy to
see that estimate (4) may be replaced by

‖∂α
x ∂kt u(t, ·)‖L2 ≤ C1

m−2∑

j=0

(c−2 + c−1t)−
n
4 − |α|+k− j

2 ‖u j‖L1

+ C1(c
−2 + c−1t)−

n
4 − |α|+k−(m−2)

2 ‖um−1‖L1
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566 M. D’Abbicco, E. Jannelli

+ C1 e
−cδ1t

m−1∑

j=0

‖u j‖H |α|+k− j , (15)

where C1, δ1 > 0 do not depend on the positive constant c > 0, neither on the data.
In order to prove (15), let ũ be a solution to Lũ + Mũ = 0. Then, for any c > 0,

u(t, x) = ũ(ct, cx) solves Lu+cMu = 0. In particular, it solves (3) with initial data u j (x) =
c j∂ j

t ũ(0, cx), for j = 0, . . . ,m − 1.
ApplyingTheorem1 to ũ and performing the change of variables into (14), straightforward

calculations lead to (15).

It is easy to see that the decay termsC1(c−2+c−1t)− n
4 − |α|+k− j

2 in (15) blows up as c → ∞,
whereas the decay term C1e−cδ1t reduces to the constant C1 at c = 0. The first case hints
to some kind of overdamping phenomenon: if the damping coefficient is larger, the decay
estimate becomesworse.On the other hand, the second case is related to the fact that removing
the damping term we may no longer expect decay of the energy, in general.

Remark 4 If we drop the assumption of additional L1 regularity for the data, we may easily
modify the proof of Theorem 1, getting the following

Proposition 1 Let L as (1), be a strictly hyperbolic operator with symbol P(λ, iξ) as in (2),
c > 0 be a positive constant, and M the operator with symbol P ′(λ, iξ). Then, the solution
to (3) satisfies the following long-time decay estimate:

‖∂α
x ∂kt u(t, ·)‖L2 ≤ C

m−2∑

j=0

(1 + t)−
|α|+k− j

2 ‖u j‖H |α|+k− j

+ C(1 + t)−
|α|+k−(m−2)

2 ‖um−1‖L2

for any α ∈ N
n and k ≥ 0, such that |α| + k ≥ m − 2.

In particular, taking |α| + k = m − 1 in Proposition 1, we may derive the following decay
estimate for the (m − 1)-th-order energy of the solution to (3):

m−1∑

k=0

‖∂kt u(t, ·)‖2Hm−1−k ≤ C (1 + t)−1
m−1∑

k=0

‖uk‖2Hm−1−k .

Remark 5 To prove that the choice of M in Theorem 1 is optimal, we show that a different
homogeneous operator of orderm−1 may not produce a stronger dissipative effect. Namely,
we have the following.

Proposition 2 Let P(λ, iξ) be a m-th-order homogeneous strictly hyperbolic symbol as
in (2), and let

P1(λ, iξ) =
m−1∑

j=0

d j (ξ
′)λm−1− j (i |ξ |) j

be a (m − 1)-th-order homogeneous symbol with d0 > 0 and d j (ξ
′) ∈ R, j = 1, . . . ,m − 1.

Then, the following properties hold:

(a) If P1 is a hyperbolic polynomial whose roots are at most double, and all the double roots
are (simple) roots of P, then all roots λ j (ξ) of P(λ, iξ)+ P ′(λ, iξ) = 0, but one, satisfy

|Re λ j (ξ)| � |ξ |2
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in a neighborhood of ξ = 0, whereas the other one verifies λ j (0) = −d0.
(b) If P1 does not fall in the previous case, then P(λ, iξ) + P1(λ, iξ) has, for some ξ �= 0,

at least one root with strictly positive real part.

Proof We fix ξ ′ ∈ Sn−1 and for any ρ > 0, we set ξ = ρξ ′.
First, let a j (ξ

′) be a (real) root of P(λ, ξ ′) = 0, which is also a root of P1(λ, ξ ′) = 0.
Then, λ j (ξ) = ia j (ξ

′)ρ is a purely imaginary root of P(λ, iξ) + P1(λ, iξ) = 0. For any
root λ j (ξ) with this property, we may divide both P(λ, iξ) and P1(λ, iξ) by λ − λ j (ξ);
hence, it is not restrictive to assume that P(λ, ξ ′) = 0 and P1(λ, ξ ′) = 0 have no common
roots. Therefore, the two cases (a)–(b) reduce, respectively, to:

(i) If P1(λ, ξ ′) is a strictly hyperbolic polynomial whose roots are all different from the
roots of P(λ, ξ ′), then all roots λ j (ξ) of P(λ, iξ) + P ′(λ, iξ) = 0, but one, satisfy

|Re λ j (ξ)| � |ξ |2

in a neighborhood of ξ = 0, whereas the other one verifies λ j (0) = −d0.
(ii) Let P1(λ, ξ ′) be a polynomial whose roots are all different from the roots of P(λ, ξ ′).

Moreover, let us assume that at least one root of P1(λ, ξ ′) = 0 is multiple, if all its roots
are real-valued. Then, P(λ, iξ) + P1(λ, iξ) has, for some ξ �= 0, at least one root with
strictly positive real part.

By virtue of Lemma 3, there exists one root λk(ξ), of P(λ, iξ) + P1(λ, iξ) = 0, satisfy-
ing λk(0) = −d0, whereas |λ j (ξ)| � |ξ |, for any j �= k. Recalling that we fixed ξ ′ ∈ Sn−1,
we define η j := λ j/(iρ), which satisfy |η j | ≤ Cε, for j �= k, as we did in the proof
of Lemma 2. We define Qβ(η) = (iρ)−(m−β)Pβ(η, ξ ′), β = 0, 1, as in (8)–(9), and we
consider the equation

iρQ0(η j ) + cQ1(η j ) = 0.

As ρ → 0, if follows Q1(η j ) → 0, that is, η j tends to a root η̄ of Q1.
We first consider case (i). Then, Q1 has m − 1 distinct, real roots, which are not roots

of Q0. Then, we may closely follow the proof of Lemma 2, obtaining, in particular

|Re λ j (ρ)| � ρ2, for any j �= k,

in a neighborhood of ρ = 0.
When we consider case (ii), we distinguish two cases.
First, let assume that Q1 has real-valued roots and that η̄ is a root of Q1 with multiplic-

ity 	 ≥ 2. Then, there exists a set I	 ⊂ {1, . . . ,m}, with 	 indexes, such that η j → η̄ for
any j ∈ I	, as ρ → 0. We may write

iρQ0 + (η j − η̄)	 Q̌1 = 0, for any j ∈ I	,

where Q̌1 = Q1/(η j − η̄)	 is a polynomial of order m − 1 − 	 such that Q̌1(η̄) �= 0. Then,
in a neighborhood of ρ = 0, it holds Q0(η j ), Q̌1(η j ) �= 0 and we may write

η j = η̄ + φ jρ
1
	 , for any j ∈ I	,

where φ j is a 	-th-order complex-valued root of −i Q0(η j )/Q̌1(η j ). In particular,

Im η j = Im φ jρ
1
	 ,
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since η̄ ∈ R. Due to −i Q0(η̄)/Q̌1(η̄) ∈ iR \ {0}, it follows that
Im φ j < 0, for some j ∈ I	,

in a neighborhood of ρ = 0. Therefore,

Re λ j = −Im φ jρ
1+ 1

	 > 0,

for some j ∈ I	 and for some ξ �= 0.
Finally, let us assume that Q1 has a nonreal-valued root. Since all the roots are conjugated,

we may find a root η̄ satisfying Im η̄ < 0. It follows that

Im η j → Im η̄ > 0,

for some j , in particular, Re λ j (ξ) > 0 for some ξ �= 0. �

Remark 6 It is well known that the solution to the Cauchy problem for the damped wave
equation ⎧

⎪⎨

⎪⎩

utt − �u + 2cut = 0 t ≥ 0, x ∈ R
n,

u(0, x) = u0(x)

ut (0, x) = u1(x)

(16)

with initial data in the energy space and with additional L1 regularity, satisfies the following
decay estimates (see [8], Lemma 1):

‖∂α
x ∂kt u(t, ·)‖L2 ≤ C(1 + t)−

n
4 − |α|

2 −k(‖u0‖L1 + ‖u1‖L1
)

+ Ce−δt(‖u0‖H |α|+k + ‖u1‖H |α|+k−1

)
, (17)

where C > 0 and δ > 0 do not depend on the data.
An important difference between (4) and (17) is that each time derivative of u only brings

an additional (1+ t)− 1
2 decay rate in (4), whereas it brings an additional (1+ t)−1 decay rate

in (17). This difference is related to the fact that oscillations are excluded at low frequencies
for the solution to (16), i.e., the roots of the full symbol of the damped wave equation are
real-valued for small values of |ξ |. This property cannot hold for equations of the form
(L + cM)u = 0 when m ≥ 3, due to (7) in Lemma 2, namely for any ξ ′ ∈ Sn−1 there exists
at least one root with nonzero imaginary part for small values of |ξ |.

However, if we only consider second-order equation, and we assume that b1(ξ ′) = 0 for
any ξ ′ ∈ Sn−1, then we may improve estimate (4).

Proposition 3 Let

Lu ≡ utt +
∑

|α|=2

bα∂α
x u,

be a strictly hyperbolic operator, i.e.,

b2(ξ
′) :=

∑

|α|=2

bα(ξ ′)α < 0,

for any ξ ′ ∈ Sn−1. Then, for any c > 0, the solution to
⎧
⎪⎨

⎪⎩

Lu + 2cut = 0, t ≥ 0, x ∈ R
n,

u(0, x) = u0(x)

ut (0, x) = u1(x)

(18)
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satisfies the decay estimate (17).

The result in Proposition 3 covers the classical result for the damped wave equation,
obtained for b2(ξ ′) = −1.

Proof It is sufficient to follow the proof of Theorem 1, having in mind that the roots λ±(c, ξ)

of the full symbol are real-valued for small values of |ξ |, namely,

λ±(ξ) =
{

−c ±
√
c2 + b2(ξ ′)|ξ |2 if c2 ≥ −b2(ξ ′)|ξ |2,

−c ± i
√
b2(ξ ′)|ξ |2 − c2 if c2 ≤ −b2(ξ ′)|ξ |2. (19)

In particular, |λ+(ξ)| � −b2(ξ ′)|ξ |2/c, in a neighborhood of ξ = 0, therefore, (13) is
replaced by

|K j,h(ξ)| � |ξ ||α|+2k . (20)

With this modification, estimate (17) immediately follows. �

Remark 7 The asymptotic profile of the solution to (18) is the same of the solution to the
Cauchy problem for the heat-type equation

{
vt + 1

2c

∑
|α|=2 bα∂α

x v = 0, t ≥ 0, x ∈ R
n,

v(0, x) = v0(x)
(21)

where v0 = u0 + (2c)−1u1 (see, for instance, [9]). More precisely, we get extra decay
rate (1+ t)−1 for u − v, with respect to the corresponding estimate for u and v, i.e., we have
the following:

‖∂α
x ∂kt

(
u(t, ·) − v(t, ·))‖L2 ≤ C(1 + t)−

n
4 − |α|

2 −k−1(‖u0‖L1 + ‖u1‖L1
)

+ Ce−δt(‖u0‖H |α|+k + ‖u1‖H |α|+k−1

)
.

This effect is called diffusion phenomenon, and it depends on the fact that the roots of the
full symbol are real-valued at low frequencies.
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