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Abstract Let S be a semi-direct product S = N x A where N is a connected and simply
connected, nilpotent, non-meta-abelian, 3-abelian Lie group and A is isomorphic with R¥,
k > 1. On S, we consider a class of second-order left-invariant differential operators of the
form £, = L% + Ay, where o € R*, and for each a € R¥, L is left-invariant second-order
differential operator on N and A, = A — (o, V), where A is the usual Laplacian on Rk, We
prove an upper bound for the Poisson kernel for the operator £, .
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1 Introduction
1.1 Statement of the main result
Let S be a semi-direct product, S = N x A where N is a connected, simply connected,

3-meta-abelian, nilpotent Lie group and A is isomorphic with R¥. We identify A with its Lie
algebra a. The dimension k of A is called the rank of S.
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Specifically, we assume that

N = Ni x (N x N3)
= N| x Ny x N3, (L.

where N;, i = 1,2, 3, are abelian Lie groups with the corresponding Lie algebras n;. To
avoid trivialities, we assume that N3 is non-central in N (Otherwise, N is meta-abelian.).

Then, there are bases {X1, ..., Xg }. (Y1, ..., Yy}, and{Zy, ..., Zg} forn;,i = 1,2, 3,
respectively, such that

{Xi7---delaYl’-~-7Yd2»Zl7~-~aZd3}

forms a Jordan—Holder basis for the Lie algebra n of N. We assume that these bases are
ordered so that the matrix of ad is strictly lower triangular for all Z € n. We assume in
addition that this basis diagonalizes the ad, action on n. We use these bases to identify ny,
no, and n3 with R R% and R, respectively, and we use the exponential map to identify
N; with the corresponding Lie algebras n; = R% .

For g € §, we write g = x(g)a(g) = xa = (x,a), where x(g) =x € Nanda(g) =a €
A denote the components of g in N x A. Similarly, forx € N, we write x = m(x)v(x)w(x) =
mow = (m, v, w), where m(x) = m € N, v(x) = v € Np, and w(x) = w € N3 denote
the components of x in N1 x Ny x N3.

Let
Ay ={&1,.... 84},
Ay = {V1,..., 04},
Az ={VY1,..., V¥4l

be the roots of the ad, action on n, ny and n3, respectively, corresponding to the given bases.
Let
A=A UA>»UA3.

Hence, for all H € a,

ady Xi = [H, X;1=§H)X;, 1=i=d,
ady Y; = [H,Y;1=9;(H)Y;, 1<j<d, (1.2)
ady Zy = [H, Zi) = yu(H) Zy, 1 <k < ds.

Letd =d| +dy+d;. Forl <i <d, we set

& 1 <i<d,
Ai = l?i_d], di+1=<i=<d +d,
Viedi—d, di+dr+1<i<d.

We refer to the class of N A groups defined above as 3-meta-abelian N A groups. Similarly,
we can define a class of k-meta-abelian N A groups. This is a quite large class of N A groups.
It is not difficult to see that the AN parts of classical semisimple Lie groups of type A,, By,,
and Dy are all k-meta-abelian for some k.

A simple example of 3-meta-abelian N A group is the group of all upper triangular 4 x 4-
matrices with positive diagonal.

@ Springer



Poisson kernels on nilpotent groups 295

The principal object of study in this work is the left-invariant differential operator on S,

d d 3
Lo=Ag+ D FIOXT 4D POy 4" @72, (1.3)
j=1 j=1 j=1

where, for o = (a1, ..., ;) € R,
k
Ag = D (3 — 20ida,),
i=1

and the X;, Y;, and Z; are considered as left-invariant differential operators on Ny, N2, and
N3, respectively. We are particularly interested in the bounded harmonic functions for this
operator, i.e., bounded functions F on § satisfying L, F = 0.

A fundamental result of Damek [3] implies that bounded L£,-harmonic functions exist
provided the following positivity assumption (which we also assume) holds:

ri(@) > 0, Vi (1.4)

In particular, none of the ; are identically 0 and the A; span a* (Their joint nullspace consists
of vectors annihilated by ad, .). We set

At ={a eR*: Aj(@) >0for1 <i <d).

It also follows from [3] that under our assumptions, the bounded harmonic functions are
precisely the “Poisson integrals” of L°(N). To describe this concept, let x be the modular
function for left-invariant Haar measure on S. Thus, for all g € §,

[ seos = x| o
s s
where ds is left-invariant Haar measure on S. Then,
x(g) = det(Ad(g)) = €™, (1.5)

where
d
00 = ZM- (1.6)
j=I

Assumption (1.4) together with [3] implies that there exists a Poisson kernel v for L.
That is, there is a C* function v on N such that every bounded £, -harmonic function F on
S may be written as a Poisson integral against a bounded function f on the quotient space
A\S =N,

F(g)z/ f(gz)v(z)dzz/ F@V " 20)dz, g = (20, a0),
A\S N
where
() =va 'z 'a)x (@), where V(z) =v(z7h). (1.7)

Conversely, the Poisson integral of any f € L°°(N) is a bounded £, -harmonic function.
Our goal in this work is to obtain explicit estimates on the rate of decay of v on N. To
describe our results, we require some additional notation.
Fort e RTanda € AT, let

87 = Ad((log ) | -
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Then, t — &f is a one parameter group of automorphisms of N for which the corresponding
eigenvalues on n are all positive. It is known [10,12] that then N has §{-homogeneous norm:
A non-negative and subadditive continuous function | - |, on N which is homogeneous with
respect to §%, i.e.,

|8;Xx|ot = t|x|q,

and |n|, = 0ifand only if n = e.
For a subset A, C A, anda € A, define

VA, (@) Jmin @/,
= min A(a).
YA, (@) Anelkno (@)
We set
K1) ={xeN:|xlg =1}.

For every x € N, there is precisely one x, € K (1) such that 8&lmxo = x. Thus, we have a
map
N3x=(m,v,w) — X, = (M, vy, wy) € K(1).

The following is our main result.

Theorem 1.1 Let v be the Poisson kernel for the operator Ly, definedin (1.3), witha € A™.
Under the above assumptions, for every ¢ > 0 there exists a constant ¢ = cg o, p > 0 such
that for all points x = (m, v, w) € N1 x Ny X N3,
c(L+|xla) P, if (mo,0,0)]a > e,
v(x) < 1e+1xl) 72, if 10,05, 0)|0 > &, (1.8)
e+ Ixl) 5, i 10,0, w)le > &,

where

B1 =V al@)yala),
B2 = 7A2UA3(01))’A2UA3((1),
B3 =V as(@ya;(@).

In particular, there is a constant ¢ = cq, p > 0 such that

v(m,0,0) < c(1+ |(m,0, O)Ia)fﬂ‘, forallm € Ny, (1.9)
(0, v,0) < c(1+ (0, v,0)|q) 7, forallv € Ny, (1.10)
(0,0, w) < (14 (0,0, w)|e) ™, forall w € N3, (1.11)

Remark 1.2 Notice that 81 < B < 3.

Remark 1.3 We note that [18, Theorem 1.1] says that on a large class of nilpotent Lie groups
N containing the 3-meta-abelian groups one has that for every g > 1, thereisc = ¢4 4,4 > 0
such that for all x € N,

2—
V(x) < el + |xly) Ta 7A@, (1.12)

In many cases, the estimate in Theorem 1.1 is strictly sharper than (1.12) since clearly the
inequalities

2
“Va@yala) < i fori=12,3,
q
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can hold for many choices of A and «. Also, unlike (1.12), the estimates in Theorem 1.1
differentiate between the various directions of approach to infinity.

Remark 1.4 We should also remark that in [20], we proved the analog of Theorem 1.1 in
the 2-meta-abelian case. We found that there are essential difficulties if one wants to prove
a similar estimate for the Poisson kernel on k-meta-abelian group with k& > 3. In Sect. 1.2
below, we describe these difficulties in more details (See in particular Remarks 1.5 and 1.6.).

1.2 Strategy of the proof

Let i, (resp., T;) be the semigroups of measures (resp., operators) generated by £ . Itis known
(see Sect. 6.1) that the Poisson kernel v is equal to lim;_, oo 7Tx (14;), Where mx(g) = x(g) is
a projection from S onto N. To get some information on u;, we use a well-known formula
which express T; as a skew-product of the diffusions on N and A. (The idea of such a
decomposition goes back to [13,14,22]. In the context of NA groups with dim A = 1, this
decomposition was used in [4-7], and later was generalized by the authors and applied for
dim A > 1, see, e.g., [17,19].)
Specifically, for o € C([0, 00), A), A = RF, let

di dy d3
o _ 28 (0 (1) y2 20j(o(1)y2 29 (o (1) 72
= E eI Xj—i— E e’ Yj—i— E e Vi Zj, (1.13)
j=1 j=1 j=1

considered as a time-dependent left-invariant differential operator on N. It is known that then
LS, generates a time-inhomogeneous diffusion on N with transition kernel PN1 N2 3 N30

t > s > 0, and the corresponding evolution operators US}Y,MNMM 7 (see [2,21]). The
skew-product formula says that

T, f(x.a) = BUN VM0 £ (o), = B (f PN (o (1), (1.14)

for f € C.(N xR¥)andr > 0, where the expectation is taken with respect to the distribution
of the Brownian motion o (t) € R¥ with drift —2c, starting from a, i.e., 0(0) = a, and
generated by A. The subscript N in the convolution *y means that f is convolved with the

kernel Ptl\g #N2XN3.O with respect to the first variable in N.

The next step is to disintegrate the kernel PN' AN N30 using [20, Theorem 1.2] (see also

section 3 in [19]) which is a skew-product formula similar to formula (1.14). Specifically,
from the decomposition (1.1), the time-dependent family of operators

dy d3
fon = S 3 ez, 119
=1 =1

gives rise to an evolution on Ny x N3 = R% x R% that is described by a kernel P,}Yf N30
The semi-direct product N> x N3 is a 2-meta-abelian group. Thus, we have a relatively good
knowledge about the kernel P,xz N30 (see [20]). Let n(r) = (n™2(r), n™3 (1)) be the process
generated by £F, N5+ The skew-product formula from [20] gives that

UxINNQNNB Gf(m v, w) ‘,(v w) Nl(f’]f( nNQ([) nNz(t))’m (116)
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where the subscript in the expectation means that n(s) = (v, w), and Uﬁl,l’a’" is the family

of evolution operators generated by the operator

d )
ﬁjfvrz _ Zeﬁj(a(t)) (Ad(n(f))|n1Xj) )
j=1
Formula (1.16) allows us to compute and estimate in Sects. 5 and 6 the kernel P,{V; AN2 X N30
on certain subsets of N which, it turns out, are sufficient for our purposes (See formulas (5.1),
(6.3), and (6.5).).

Remark 1.5 In [20], we proved a result analogous to Theorem 1.1 for meta-abelian groups,
i.e., in the 2-meta-abelian case. The generalization to the 3-meta-abelian case is complicated
by the lack of an appropriate estimate for P! *N2*¥3:7 yalid on all of N. The fact that it
is possible to obtain a good estimate for the Poisson kernel on all of N by piecing together
estimates of P,{VS‘ *N2XN3T o0 subsets is somewhat surprising.

Remark 1.6 In order to consider k-meta-abelian N A groups with k > 4, we need a better
understanding of the situation for k = 3. In particular, we need to invent some methods

which allow us to produce a good and global Gaussian estimate for Pt{\é' NN Tf e

try to apply methods from [20], the problem of estimating Pﬁl NN amounts to the
good knowledge of the properties of the time-inhomogeneous process 7(¢) generated by the
time-dependent operator (1.15). We hope that if this estimate is obtained, then we will be
able to apply induction argument and eventually get estimates for the Poisson kernel for all

k.

1.3 Structure of the paper

The outline of the rest of the paper is as follows. In Sect. 2, we recall some basic facts
about exponential functionals of Brownian motion. In Sect. 3, we consider the evolution
process n(t) on Ny x N3 generated by the operator (1.15) and state the estimate for the

corresponding transition kernels. Next, in Sect. 4, we study the evolution kernel on N1 which

is the second ingredient of the skew-product formula (1.16). In Sect. 5, we prove an estimate

for the kernel P,}YY‘ #N2N3.7 Finally in Sect. 6, we construct the Poisson kernel and prove

our main theorem.
2 Preliminaries
2.1 Exponential functionals of Brownian motion

Let b(s), s > 0, be the Brownian motion on R staring from a € R and normalized so that

E, f(b(s)) = ilﬁ / FOx+ aye™ 1 dx @.1)

a = . .
4ms JR

Hence, b(s) has a normal distribution with mean Eb(s) = a and variance Var b(s) = 2s.

Remark Our normalization of the Brownian motion b(s) is different than that typically used
by probabilists who tend to assume that Var b(s) = s.
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Ford > 0 and > 0, we define the following exponential functional
[e.¢]
Iy = / (A1) g 22)
0

Theorem 2.1 (Dufresne, [9]) Let b(0) = 0. Then, the functional I, is distributed as
4y /2)_1, where vy, ;2 denotes a gamma random variable with parameter j1/2, i.e., Yy 2
has a density (1/F(u/2))x%7le’xllo’+oo) (x).

As a corollary of Theorem 2.1, by scaling the Brownian motion and changing the variable,
we get the following theorem (See [17, Lemma 5.4] for details.).

Theorem 2.2 Let o (u) = b(u) — 2au be the k-dimensional Brownian motion with a drift
—2a,d >0, and let € (R")* be such that £(a) > 0. Then,

o0 g ' o0 4 ed@(a) du
E.f (/0 e (rr(u))du) =Cip.a€ (a)/o f(u)u_g/ exp _2d2(2u 77

where 0 = 20(a) /€)%

Remark Exponential functionals of type (2.2) are called perpetual functionals in financial
mathematics, and they play an important role there (see, e.g., [15,16,23]). In particular, the
distribution of the integral over finite interval (0, ¢) in (2.2) has many applications in Asian
options (see, e.g., [1,8,11]).

2.2 Notation for exponential functionals

For a continuous function o : [0, 00) — A = Rk,
!
Ni(s. 1) =/ WDy, i =1,....d,
N
r
%08 1) =/ iy i =1,..., d,
5

t
A‘,Tvs’k(s,t):/ Ve Way k=1,...,ds,
N

and .
g,’j(s,;):/ Wy =1,...d.
N

We also define, fori =1, 2, 3,

d,' di
A s ) =D A (5.0, A% .0 =[] A% 6.0
Jj=1 j=1

Finally, we put

3 3
A 55, 1) = ZA(;VI_’E(S, N, A%pGs.0 = HA%,I_,H(S, 7).

i=1 i=1
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2.3 Moments of exponential functionals
The following lemma follows from Theorem 2.2.

Lemma 2.3 The functional A‘;,,j (0,00), j =1,...,d, has a finite s-th moment (for every
a eRK)
E"A‘I’\,’j(O, 0)* < 400

if and only if X ; (ot)/||)\||2 > s, where | - || is £2 norm on R¥. In particular, A j(O, o) has
all negative moments.

2.4 Action of A on N

For a € R*, ®(a) denotes the action of @ on n, see (1.2). By (1.2), the automorphisms
{®(a)}, crr leave n;, i = 1,2, 3 invariant. We identify linear transformation ® (a) on n with
d x d matrix,

*@|, 0 0
*@y=| 0 o@[, 0 |,
0 0 @@,
where
S, = diag [19...., @],
‘£I>(a)’nz = diag [eﬂ‘(“), o eﬁdz(“)] ,

<I>(a)|n3 = diag [ewl(”), e, e"’ds(“)] .

Let o be a continuous function from [0, +00) to A = R¥. We define

(1) = D(o(1)). (2.3)

3 Evolution kernel on N> x N3

In this section, we consider time-dependent operator on N> x N3,

dy d3

glszs = Z e20j(@(0) Y,2 + Z ez'///("(’))Z%.
j=1 j=1

The operator Cj’vzx N3 gives rise to an evolution on No x N3 = R%2 x R% that is described

N2 X N3,0 N> X N3,0
Pt,s Ut,s

by a kernel and the corresponding operator
N> x N3 is a 2-meta-abelian group.

The Euclidean space R” is endowed with the usual scalar product (x,y) = x -y =
Z?:l x; y; and the corresponding 02 norm ||x|| = (x, x)1/2.

The following estimate is proved in [20, Theorem 4.1].

. The semi-direct product
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Theorem 3.1 There are positive constants C, D and k, such that for allt > s > 0 and all
(v, w) € Na x N3,

1/2 1/2 pN2 X N3,
Qo (s: DA, 1 (s, 02PN (v, w)

Dllw|? Dlv|?

1
< C(lv]I% + 1)exp | — - 1
Az (o) % + flwl] + 220 A%, (5. 1)

1
loll® + flw]?
+CA%. (s, )P exp| -D— ).
N3, x A, 5 (s, 1)
Remark Here, k, is the smallest non-negative integer such that
(adx )"t ’nz =0, VX en;.

Note that k, > 0 since by hypothesis N3 is non-central.

4 Evolution kernel on N

Let
10 = (00,1 0) = (' ©,.... 1" @)

be the time-inhomogeneous Markov process generated by the operator

d ds
o _ 20 (0 (1) y2 20 (0 () 72
N2><1N3_ze ! YJ+Z" ! Zj
Jj=1 Jj=1
considered in Sect. 3.
Now on Np, we consider time-dependent operator

di
t/’vln _ Zezsf(a(t))(Ad(’?(’mmXf)z'
j=1

The following notation will be useful. For a n x n invertible matrix A, we set
B(A)x)=2""A""x.x and D(A) = 27) "% (det A)~'/2. 4.1)

Since N is abelian, the transition kernels P,Zi' T of the time-inhomogeneous process w (t)

generated by E(Ir\,ln are given (see Proposition 2.10 in [19]) by
_ o.n -
P 'y = D (4576, 1)) B C0) o), (42)
where
t *
A (s, 1) = 2/0 [Ad @@ [, o7 @l [ [ad @) |, 7w, | au,

where @7 (u) is defined in (2.3).
Exactly in the same way as Lemma 3.3 in [20], one can prove the following lemma.

Lemma 4.1 There is a constant C > 0 such that

DAY (s, 1)) < CAS, s, )71/,

@ Springer



302 R. Penney, R. Urban

5 Evolution kernel on N1 x N3 x N3

To get the kernel PNl R N23N3.0

see [20, Theorem 1. 2])

, we apply the skew-product formula (1.16) (for the proof,

pNNNST (0 0,05 m, v, w) = lim EO 00P PN 0; myYe ((1)), 5.1

where for (v, w) € N> x N3 = R?2 x R% given and & > 0,

Ye (v, w') = e~ 2B 1p () (W), @) (W)

is the (normalized in Ll) indicator function of the product of two e-balls around v and w,
d d3
Bew) =[] Blwp.,  Bew)=]]Blw)
and

le(x) =[x —¢/2,x+¢/2].

The following theorem will be used in order to get the estimates for the evolution kernel

P,{\g' #N2XN3.9 o those sets which are necessary for the upper bound for the Poisson kernel.

Theorem 5.1 There is a constant C > 0 such that for every t > s > 0, and for every
(m,v, w) € N| x N x N3,

PNV (0,0, 0 m, v, w) < CAG, (s, 02PN (0,05 0, w).
Proof 1t follows from (4.2) and Lemma 4.1 that
PN m) < PNT(0:0) = D (A5G, 1)) < CAF (s,
Then, from (5.1)

P (0,0,00m, v, w) < CAR (5.7 im EG )9 (7(0))

Clearly, N
lim Eg .0 Ve (n(1) = P77 (0,0 v, w)

and the lemma follows. ]

6 Poisson kernel on Ny x Nz x N3

In this section, we will give the proof of Theorem 1.1.

6.1 Construction of the Poisson kernel

Here, we recall the construction of the Poisson kernel v—the principle object of our study.
At the same time, this construction provides convenient formula for the Poisson kernel. Let
i, be the semigroup of probability measures on S = N x RF generated by Lq. It is known
[5] that

Aim Gy (), ) = 0, 1),
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where 7y denotes the projection from S onto N and (i, f) = (u, f), f(x) = f(x’l). Let
a € R¥ and let 11 be a measure on N. We define

(1, )= (u, f o Ad(a)).

For a € R¥, we have
Vi(x) =v(a 'xa)x @7, xeN, (6.1)

where yx is as in (1.5).
We will need the following fact (see [17, Lemma 4.1] for a proof).

Lemma 6.1 We have
W' ) = lim Gy (i)®, f) = lim 8 £ 7(0,0,0: -, f),

where le,\g *N2NLO e the evolution kernel for the operator LY, defined in (1.13).

6.2 Upper bound for v*¢

Our main aim in this subsection is to obtain an upper bound for
V) = v((se) e (se)) x (se) !

for all s < 0, where @ € AT is a drift vector of the operator (1.3). Then, in Sect. 6.4, in
order to get an upper bound for v we will apply a simple homogeneity argument together
with some comparison results about evolution kernels.

By Lemma 6.1,
Vv (m, v, w) = lim EZ, PN N90,0,0; m, v, w). (6.2)
t—oo ’
Hence, in order to estimate v*% we need to estimate PtAg' XN2XN3. The main results of this

section are the following upper bounds for v*¢.

Theorem 6.2 Let o € AT, and let K3 be a compact subset of N3 such that 0 ¢ N3. Then,
there is a constant ¢ = cA k3.« > 0 such that for every s < 0, and all w € K3 C N3,

e (O, 0, w) < Cefpo(sot)eSVA3 (e)yas (01).

Theorem 6.3 Let o € AT, and let K> be a compact subset of Ny such that 0 ¢ N,. Then,
there is a constant ¢ = cp k,,« > 0 such that for every s <0, and all v € K, C N»,

V(0 v, 0) < ce PN Y s @1ag0ns (),
6.3 Proofs of Theorems 6.2 and 6.3

We start with three lemmas. In all of them, the exponential functionals are on the interval
0, 00), i.e., Af’* denotes A‘*”*(O, 00).

Lemma 6.4 There is a constant C > 0 such that for all s < 0 and a € AT,
E?a (AOA'/ n)il f Ce*Z,D()(S(X)
and

EJ, (Ag/,n)fl Al x < Ce™ 2P0,
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Proof We have
ES (A )~ = e PSR (AR

The expected value EJ (A‘I’\,yn)_] is finite. This follows by applying Cauchy—Schwarz
inequality succesively and the fact that exponential functionals A?v, j have negative moments
(Lemma 2.3).

Similarly, since s < 0 and o € AT,

AN T A s = ZE H(AN P

1

=g

d3 d
— Ze—Zpo(saHWj(sa)Eg H(A k)—

j=I k=1

k#j
<e 721)0(&0{) ZEU H(A k),
#J
d
Again, by Lemma 2.3, the expectations EJ H (A% k) Ufor j =1,...,ds are finite. O
k#/

The next two lemmas follows immediately from the proof of [17, Lemma 6.2] and the
inequality (6.3) on p. 269 in [17].

Lemma 6.5 Let o« € A™. For every B > 0, there is a constant ¢ = cpy ap > 0 such that

foreverys <0,
— o —
Efe PIANx < co®7 a3 @ra@)

Lemma 6.6 Let o € A*. Forevery B > 0, there is a constant ¢ = CAz,A3,a,p > O such that

foreverys <0,

B o B/ st A% 2) 25T aguns (Vayun, (@)
sa — ‘

Proof of Theorem 6.2 By Theorem 5.1,
PN N90,0,050,0,w) < CAY, (0,07 2P 770, w).

From Theorem 3.1, since 0 ¢ K3 there is a constant ¢ > 0 such that for all w € K3,
PN2><1N3 U(O w) <
CA%, (0,07 2A%, 10,072 (1 + A%, £(0,0)7?) ™/ 50

Consequently, for w € K3,

P90, 0,0; 0,0, w)
< CAZ, 0,072 (14 A%, 5 (0, 0)1/2) ™/ M2 00, 63)

Using (6.2), we get that for all w € K3, (note that below the range of integration in all
functionals is (0, +00))

(0,0, w) < CEZ, (A% )~ /2 ANz
+ CE?a(A}‘v,n)‘”z(A‘,’v}, )1/2e AR (6.4)
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By the Cauchy—Schwarz inequality

e N2
V0,0, ) = C (B, (A% )2 (Bg e 2/ )

_ 12 —2¢/49, o\ /2
O (B, (A7 ) 1A%, 5) 77 (B )

o

Now Theorem 6.2 follows from Lemma 6.4 and Lemma 6.5. O
Proof of Theorem 6.3 By Theorem 5.1,
PlNNT0,0,0;0,0,0) < CAS, 10,072 PN (v, 0). 6.5)

From Theorem 3.1 with w = 0, since 0 ¢ K, there is a constant ¢ > 0 such that for all
v € K»,

N2x N3,
A%, 0, f)1/2A7V3,n(0, t)l/th’OM 39 (v, 0)

< Ce MRz cag 50,012 MO0
—c/(A%, £ (0.0+AF, £(0.1))

Np.® N3.®

< C(+ A%, 50,0 e

As in the proof of Theorem 6.2, we conclude that on K>, (the range of integration in all
functionals below is (0, +00))

vs()l(o7 v, O) < CE?D[ (A(]TV H)_l/zeic/(A[Iilz,Z(O’t)+A{17V3,):(0't))
—}—CE? (A<17V n)—l/z(A(;V ):)l/ze_c/(A(;"zef(O’t)+A7V3~E(O’I))
o N 3, M
This together with Lemma 6.4 and Lemma 6.6 finish the proof. O

6.4 Upper bound for the Poisson kernel v

Having Theorem 5.1, Theorem 6.2, and Theorem 6.3, we are ready to prove the estimate for
the Poisson kernel.

Proof of Theorem 1.1 By continuity of v, there is a constant C, > 0 such that forall x € N
with the norm |x|y < 1, we have v(x) < Cg.

Consider x € N with |x|, > 1. Let 6 = Ad((log?)a). Then, |67 x|, = t|x],. We write
xasx = 8% X, with |x,]¢ = l and s < 0. Then, |x|, = ¢~ > 1. Let K(1) = {x, :

exp(—s)
|Xola = 1}. By definition (6.1) of V%, we get
V(x) = V(g %0) = v((s0) T xp(s@)) = PV (x,), (6.6)

where pg = Z‘;zl Aj. Now, estimates (1.10) and (1.11) follow from Theorems 6.3 and
6.2, respectively, if we apply (6.6) to x = (0, v,0) and x = (0, 0, w), respectively. Then,
Xo = (0, v,,0) and x, = (0, 0, w,). Estimate (1.9) is a consequence of (1.12). Finally, in
order to prove (1.8), we proceed as follows.

Let U7 (v, w), (v, w) € Ny x N3, be the estimate for the evolution kernel PI{%NN‘“’U
(0, 0; v, w) given by Theorem 3.1.

By Theorem 5.1,

PN (0,0,0:m, v, w) < CAG, (0,07 2PN (v, w)

< CAY, n(0. 072U (v, w). 6.7)
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Note that 15/\8 XN2XN39 (0 0. 0: m, v, w) has the same estimate. Now we consider (m, v, w)

ina compac’t sets K (1) (clearly, 0 ¢ K(1)). By Lemma 6.1 and (6.7),

. SN N
V¥ (m, v, w) = ,ET&EfaPz,oMNM 39(0,0,0; m, v, w)

< CEZ, A%, 11(0,00) " 2UZ (v, w). (6.8)

Notice that it follows from Theorem 3.1 that there is ¢ > 0 such that for all (1, w) €
K(1)N(Ny x N3),and all t > 0,

Uz (v, w) < cld7 (0, w) and U7 (v, w) < cldy (v, 0).
Applying the above inequalities to (6.8), we get
V¥ (m, v, w) < EJ, A 11(0,00)"2UZ, (0, w)
and v**(m, v, w) < EZ, A%, (0, 00)™"2UZ, (v,0).
In fact, the quantities
E7, A%, 10, 00) 2420, w) and A%, (0, 00)"2EZUZ, (v, 0)

are estimated in the proofs of Theorem 6.2 and Theorem 6.3, respectively. Therefore, we have
that for every ¢ > 0, there exists a constant ¢ = ¢, A o such that for all (m, v, w) € K(1),

VY (m, v, w) < ce DS As @OV @ G 11 > e 5 0

and
VSUl(m, v, w) < ce*PO(Sa)eSVAZUA3(OC)VAZUA3(01) if ||U|| >e>0.

Thus by the homogeneity (6.6),
v(m, v, w) < c(1+|(m, v, w)le) 74 || = & > 0

and
v(m, v, w) < (1 + [(m, v, w)lg) 7 A20As @V @ G 1y > 6 5 0,

The inequality (1.8) follows. O

Open Access This article is distributed under the terms of the Creative Commons Attribution License which
permits any use, distribution, and reproduction in any medium, provided the original author(s) and the source
are credited.
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